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A simple method for constructing Adler’s algebra with N quark source charges is
presented. As a byproduct one obtains some interesting properties of direct products
of U(n) X matrices. It is shown that already for N = 3 Adler’s “trace” condition is not

satisfied.

I. INTRODUCTION

In a very interesting paper! Adler has presented
an extension of the equations of U(z) chromo-
dynamics introducing classical, noncommuting
source charges (if the charges are regarded as
¢ numbers, in color-singlet states they lead to a
Coulomb force law?). In this approach the alge-
braic properties of the theory depend on the num-
ber and type of the sources, and Adler has illus-
trated in detail the quark-quark and quark-anti-
quark cases.

In this note we first reformulate the algebraic
structure of Adler’s theory thereby clarifying,
at least in our view, its physical content. We
next consider the problem of N noncommuting
quark sources. It turns out that finding Adler’s
algebra for N quarks amounts to solving an amus-
ing mathematical problem concerning the proper-
ties of tensor products of N+ 1 A matrices. This
problem is formulated in Sec. III and solved for
the N=1, 2, and 3 cases.

II. OVERLYING ALGEBRAS

In our understanding the essence of Adler’s idea
can be rephrased as follows. Let us assume that
we have a system with P sources @, &%), - - -, @p)
(@=0,1,...,n%~-1) corresponding to various rep-
resentations of Un) [U(r) is called the under-
lying algebral,

(Q&), Qoo =1/ @y,
[Q%), Q5] =0, (1)
a,=1,...,P,

where f°% is totally antisymmetric and f°% = 0.
The Egs. (1) define a Uk)® Uk)®: - - & Un) (P
times) algebra. In the U(3) case, for example,
@(; may correspond to the three-dimensional
(quark) representation, @, to the three-dimen-
sional (antiquark) representation, @ to the nine-
dimensional (adjoint) representation, etc. A
system with N quarks and N antiquarks only (N

+N=P) will be denoted by (N, N).

We now define a new algebra called the over-
lying algebra. Consider two sets of matrices u®
and v* (@=0,1,...,n%-1). Their product is
another set of matrices w® defined as

w*=P*(u,v)= =P (v,u) =g @ - %), (2)
where
gabc =dabc +ifabc (3)

[@°* is a totally symmetric tensor with d°® = (2/
7)Y/26% and equal to the usual SU() d symbol
otherwise]. The product defined by Eq. (2) satis-
fies a Jacobi-type identity:

P, Pv,w))+ P, Pu,v))+P'(v, Pw,u))=0.
4)

Assuming that the overlying algebra closes, let
us takeabasisz4(i=1,2,...,q; a=0,1,...,%2* - 1)
for it (g denotes the number of generators of the
algebra, g = P) and write

P(z;,2;)=C}z5% - (5)

If the sources Q) can be expressed as a linear
combination of the generators z¢, the structure
constants C?l- define the overlying algebra corres-
ponding to the sources Q(y).

Let us observe that the overlying algebra is a
Lie algebra.? In order to show it, we take into
account that the U(r) A\* matrices satisfy the
identity

)‘axb:gabc)\c , (6)

and multiply Eq. (2) by A°>. With the notation
(repetition of an index implies a summation over
it)

W=)\“-w°, U=)J’-u”, V=X°+2° (7)

(A B denotes the direct product of the matrices
A and B), we have

w=uv-vUu=[U,V], 8)
and thus the product P*(u,v) is replaced by the
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usual commutator, and the substitution of Eq. (5)
into Eq. (4), gives the standard Jacobi identity
for the structure constants of a Lie algebra.

We denote the minimal overlying Lie algebra
corresponding to the sources (1) by L,. For dif-
ferent sources @ one obtains, of course, dif-
ferent algebras L,. Since the matrices Q) are
given once we specify the sources, by definition
one deals with a certain representation R of L,.
As shown in Ref. 1 a classical gauge theory with
noncommuting sources with gauge fields corres-
ponding to the adjoint representation of Ly [not
U(n)] can be constructed if for the representation
R of Lq the generators Z; =)*-2z{ ([2;,2;] =C},Z,)
satisfy a “trace” condition. Taking for the defi-
nition of the “trace”!

Su,v)=%@® +v%°), 9)
one requires
S@,Pw,w))=SPu,v),w). (10)

Notice that the “trace” S is not a ¢ number, but a
matrix. In order to cast the “trace” condition in
the language of the generators (7), we define the

8 operation on a matrix W=2%-w® as

S(W)=8 (A% -w?) = (trA%)w* . (11)
We then have
S(,v)=38QU, v}, (12)

where {U, V}=UV + VU, and the condition (10)
reads

sdu, [v,wl}t -{lv,v],wh=0. (13)

In the special case (this applies to the examples
of the next section) in which the matrices Z; cor-
responding to the R representation of L, close
not only under the Lie product but also under the
Jordan product,

;) Zj]f Chizn, 12, 2,4=A}Z,, (14)

Eq. (13) is equivalent to
(CinAY; - CHLATIS(Z,)=0. (15)

In the next section we present the method of
finding the L, algebras in the case of N quark

sources [this is the (N, 0) case inAdler’s language].

III. ADLER’S ALGEBRA FOR N QUARKS
A. Formulation of the problem
We now specialize to the case in which the

sources in Eq. (1) are N quarks (@%)=3Muy @
=0,1,...,n2=1):
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(M, )‘?oc)] = 2if abc)tfa) s
(16)
[A?(x)’ )\(bB)] =0 (a:ﬁ'—: 1; e ;N);

where the U(z) A matrices close under the usual
multiplication of matrices: '

Mo ey =8 ** Neyy - )

We also take another set of A matrices that we
denote by A,.

In order to construct the overlying algebra, we
consider the matrices

Z1=No* Moy Z27 Ny Ny -+ 5 Zx= Ny My »
(18)

and look for the matrices Z,,,,...,Z, such that
the matrices Z; (i=1, ..., q) close under the product
defined by the commutator:

(2:,2;1=C};2, . (19)

This is a straightforward but tedious exercise
which implies repeated use of Eq. (17) and of known
identities for the g* symbols.?> The Lie algebra
(19) depends not only on the number of quarks N,
but also on the choice of the underlying U(z). Once
the structure constants C'i‘j are computed, a second
and even more laborious calculation is needed to
find to which specific Lie algebra they correspond
(the Lie algebras one obtains are reductive, not
simple).

We have found that an enormous simplification
of the calculations is obtained from the following
two observations.

(a) The matrices

XA= Mg+ Ap+e s 2y @=0,1,...,n%-1) (20)
which generate a U(r) algebra

[x*, x"] =if *™x° (21)
commute with the matrices Z;:

[x*,z]=0. (22)

(b) The Af, matrices play the same role as the
matrices Ay (@=1,2,...,N). Thus the gen-
erators Z; [which are scalars under the U(n) alge-
bra (21)] can be arranged into multiplets which
correspond to different representations of the
permutation group of N+ 1 objects, Sy. ;-

We are now in the position to formulate our
mathematical problem:

Take N+1 sets of U) A matrices A (o
=0,1,...,N; a=0,1,...,n%~1) and »® matrices
X*® defined by Eq. (20); consider the matrices Z;
constructed out of direct products of Ay, matrices,
which commute with X*; and find the Lie and
Jordan algebras generated by the Z; matrices.
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As one can notice we have asked also to find the
Jordan algebra (the product in this case is defined
by the anticommutator {A,B}=AB + BA) generated
by the matrices Z;. We have done so because the
A matrices close under both the Lie product and
the Jordan product and the same remains valid
for the Z; matrices.

We certainly did not solve the problem in its
full generality, although we guess that the result
would be very neat. For N=1,2 we treat the U(x)
case, while for N=3 we present in detail the U(2)
case. For U(2) the number of independent tensor
products which are scalar under the U(2) algebra
given by the X* generators (¢=0,1,2,3) is smaller
and the overlying Lie algebra may have fewer
generators.

The coefficients g®* in Eq. (17) are, for U(2),

%% = 59055 4 §05% 4+ 5oOGD — 252052950 1 jeae |
(23)
where €° is totally antisymmetric and
€% =0, ®B=1, (24)

At this point we introduce a definition which will
be useful in further developments. Let us assume
that we have a set of matricesA"(»=0,1,...,m?=1)
and B (s=0,1,...,%* - 1) satisfying the relations

[AH,A'z] =24fTITBATS

[B*1, B®2] = 24fs192%3ps3 (25a)
[A7,B%]=0,
(CRWACES T SCEVIER
{BS1, BS2} = 24°15253B%3 | (25b)
{A7,B%}=0.

The matrices A" and B® are a representation of
the Lie algebra U(n)® Ur) given by (25a) and of
the Jordan algebra (25b). We will denote the al-
gebra (25a) and (25b) by A@n)DA ().

We now present the solution of our problem for
N=1, 2, and 3. The “trace” condition (10), (15)
is discussed in each case separately.

B. One-quark algebra
In this case k
X= Mo+ Ay » (26)

and there are two independent matrices Z, and Z,
which satisfy the condition

x*,z,]=0. ) 27)
We have

Z,=No' Ny, Zp=1. (28)

The Lie algebra is
[ZnZz]:O; (29)
and the Jordan algebra is

{z,z}=82,, {2,,Z2}=22,, {Z,z}=22,.

(30)
If we make the transformation
A=5Z,+5Z,, B==5Z,+}3Z,, (31)
we have |
[A,B]=0, {4,B}=0,
(32)

{A,A}=24, {B,B}=2B.
Thus, the Lie algebra is U(1)® U(1) and the Jordan

algebra splits into the sum of two one-dimensional
algebras. With the definition given by Eq. (25) this
isa A(1)®A(1) algebra. Notice that the “trace”
condition (15) is satisfied since the structure con-
stants C}; vanish.
C. Two-quark algebra
We have
X=X+ A+ ALy, (33)
and the matrices which commute with X® are
Z, =g Noys Z2=No" M) Z3=No* N
Zq:fnbc)‘?o)' A(bo)'x(:o)z Zs=1. (34)
At this point it is useful to arrange the matrices
Z; into multiplets corresponding to irreducible

representations? of S, (the group of permutations
of three objects):

representation (2, 1)
1 .
U,= \}—_1_‘2.‘(21—&2) s
U2=% Z,+Z,- 2Z,),
representation (3)
=L(Z,+Z,+Z)).

representation (1°) (35)

1
W=——2z,
yiz v
representation (3),

Y=1Z,.

One uses now the properties of the Clebsch-
Gordan series for S; to find the Lie algebra ina
transparent form. For instance, from the branch-
ing rules
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(2,1)®(2,1)=1%+ « - |

(36)
1’'®(2,1)=(2,1),

where the discarded terms do not appear in the
antisymmetric form (a commutator gives only
antisymmetric combinations), we have

Uz Ul=2W, [U,,W]=2iU,, (W, U, =2iU,,
(37)

v,ul=[v,U))=[vV,W]=
=y, w]

[Y,ul=[Y,U,

, =Y, v]=0.

It is now convenient to make the transformations
A’=y-vV, A'=U,, A’=w, A’=
B=V,

Uz

and one obtains
[A%, A%] =24 A",
{Au,Ab} = 2dabcAc,

[4%, B]=0,
{B, B}=2B, {A°,B}=0.
The Lie algebra is U(1)® U(2), and using the
definition given by Eqs. (25), it is a A(1)® A(2) al-

gebra. The “trace” condition (15) is satisfied
since

(38)

$(4Y) =% [3(2,) - 8(2,)]

F[(trx(o) 0y = (trade, %, 1=0,

8(4%) =8(4%=0.

D. Three-quark algebra

In the three-quark case

X9=2%,) + A, A%y *A %, - (39)

The matrices which commute with X¢ are®

_ . _3G )@ —3a .)a
H =)0y My, Ha=X%0)° Ay H3=X00)"2%, »

— . — . =32 o)a
H‘l_}‘a(l) Aa(z)’ H5~Aa(1) a(3)’ HG_K(z) A(3)’

— gabc b
L= N0 Ny A ey L
ab
L= "%, M) A sy

Ky =X%, My " Aoy Mgy Ko =2

abe b )¢
=N o0 My M@
(40)
abce: «)C
L= 0%, M) %) »
@ 38 30 )0
© XMy A

K3=X%, M5y Ay Ay, L=1.

These matrices can be arranged into S, multiplets

as follows:

representation (22)

1
(fl=—J]._—2-(2H1+2H6—H2—H3—H4—H5) s

@2=%(H2+H5— ~Hy);
representation (3,1)
®L= 4\/* (Hy+H,—Hy, - Hy) ,
62—4‘/_ (2H, - 2H;+H;+H;~H, -~ H,),
1
@3:4"‘/5——(H1“H6+H2+H4‘ -Hy);
representation (2, 1%)
-1
(1 =;1'\/_—"2(13+14) ’
1
G = 4_\/— ( - 212 3)

eo= gy U= 3h - L= 1)

representation (2%)

1
:\)1=;17?(2K1—K2—K3) )
332:%(1{2— K3) 5

representation (1%)

=3(L~L+I;-1,);

representation (4)

F=(H,+H,+Hy+Hy+Hs+H) ;

representation (4)

§=(K,+K,+K,).

The commutation relations of the matrices (41)
are

4809
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[GI,GZ]=2i\/—3—8, [©:,D:]=0, [Qw Qg]=0
(a)leaz))

[g,:,oa]=0 (@=1,2), [8, 31]=8i‘/-3—(a2 "5)2) >

[8,@,]=8i/3 @, @), [8,¢]=[8,8,]=0
(i=1’2,3),

[ei’ejlzieijkek (i=1)2,3)7 [&1,(3'2]:—1:83,

[&31 &1] =1iCy, [&2’ (Ba] =1Cy,

[ay, ®,]= 2i(V2 C +C,),
[@,,B,]=2i€,, [@,,&®,]=-2iV2 e,

[@;,®,]=2i¢,,

[@,,8,]=2iV2 €y -€,), [@,,B,]=-2iV2¢€,,
(42)

[:Dw mi]=[aa:&i]’ [:Dw e{]=[a ) G(] ’
((X=1;2; i=1: 273),

[€1,®,]= 31Dz, [@2®B;]= 20Dy,

[, B,]=0, [€),®,]=i®; - 31D,
[€,,B,]=-iB®, + 7%' D, [€,,8,]=-i®;—3iD,,
[€2,84] =16, + 7o Dy, €4, B =i~ T Dy,
[€0,8,]=i8, - 752,

[(91,0,1]=2i(m2—\/_2_&3), [82‘,61]=2i&1,
[GB,QI]=2i\/_2_ml, ey, a.]=2i®,,

[€;,8,]= -2i(/2 B3 +®,), [C5,Q,]=2V2®,.

¥, §, and L commute with all the other genera-
tors. An inspection of the commutation relations
(42) suggest the following transformations:

1
°0- ——_ (371 1 1_
A= 43 @ i8), A 6 <(Bl 272 QZ)’

1 1
6:———— - —— —
A==€ - s VZ@®,-2,), (43)
A’=-—1——e - ——1—(\/263 -D,), A%=@®
)2 2 2/3 1 27 3
1 1 1 1
BD=1—29+'2'L-—1—2€F, B"="‘—2(—-3 (31—5)1),

1 : 1
B2=2—‘/3=-(62_ﬂ)2), B3=4—\/'—3—'5’

C=%5+358-3L.

-

The matrices A° (¢=0,...,8), B*(»=0,...,3), and
C close under both the Lie product and the Jordan
product: ‘

[A%,A]=2ifA°, [B°, B’]=2if*"B°,

[A°, B’ ]=[A% C]=[P,C]=0, (44)
{A®,A% =24%A°, {B*, B’}=2d***B°, {C,C}=2C,
{Ae, BPy={4% C}={B’ C}=0,

where the f and d symbols are the U(z) symbols
(n=3 for the A® matrices, n=2 for the B®
matrices). The Lie algebra in Eq. (44) is U(3)
® U(2)® U(1), and in the language of Eq. (25) we
have a A(3)®d A(2)® A(1) algebra.

We now show through a counterexample that the
“trace” condition (15) is not satisfied. Using Eq.
(44), the trace condition (15) for the matrices
A® reads

- (foveqete _ placgeve)g (A )=0.,  (45)
Since
8(Hy) = (trXin iy =2 ete., (46)
we have

1
S(AE")=—,—6 [1=2%y -2l
+300y My FENE S Al ]2 0. (47)

If we take =1, =2, and d=5 in Eq. (45), the
left-hand side does not vanish.
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