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Feynman integrals for two-particle inelastic scattering are studied in the limit that the ratio of particle
masses to all relevant invariants vanishes. The discussion applies to renormalizable field theories including
quantum chromodynamics. Dominant contributions arise from momentum configurations which recall the
parton model. The results can be applied to cross sections for single-particle or multiparticle inclusive
reactions and to cross sections averaged over small regions of phase space.

I. INTRODUCTION

One of the main challenges of strong-interaction
physics is to reproduce the successes of the par-
ton model' from quantum chromodynamicss (QCD).
The characteristic feature of applications of the
parton model is the use of the impulse approxi-
mation. That is, scattering processes involving
high-mass final states are described by the inco-
herent sum of single kaid scattexings of individual
components of the original hadron(s).

Thus the leptoproduction total or jet cross sec-
tion at high Q' is assumed to be governed by the
point scattering of a single charged parton, while
the hadron-hadron production of high-mass pairs
of muons or wide-angle hadronic jets is assumed
to be dominated by the pointlike interaction of two
partons, one from each hadron, '

In a quantum field theory, the parton-model
Ansatze and their systematic higher-order correc-
tions can be derived if two requirements are met:
(l) The theory should have a small effective cou-
pling' g(Qs) at high Qs so that the Feynman dia-
grams with the fewest vertices can dominate the
cross section if Qs is large enough, and (2) there
should be no mass divergences such as log(Qs/ms)
in the quantities for which we hope to make a per-
turbative prediction. Such logarithms invalidate
the perturbation expansion by making it a power
series in g(gs) log(Q'/ms). They also indicate. the
importance of long distance effects, for which per-
turbation theory may be unreliable.

QCD satisfies the first requirement because it
is asymptotically free, ' but the second require-
ment depends on the process considered. In gen-
eral, some kind of phase-space averaging over
jetlike configurations in the final state is neces-
sary to obtain a totally mass-independent cross
section, such as in e'e annihilation. ' Failing
that, it may be possible to factorize a cross sec-
tion or functional thereof into perturbative (mass
independent) and "nonperturbative" (mass depen-
dent "wave function") parts.

For the total leptoproduction cross section, as
is well known, the Wilson operator-product ex-

pansion' guarantees such a factorization for ap-
propriate moments of the cross section.

Mueller proposed' an extension of this type of
factorization to other inelastic processes. In
particular, he found such a factorization of mo-
ments of one-particle inclusive annihilation in P
theory and proposed that it might also be proved
in QCD perturbation theory. Politzer extended
this conjecture to massive- p. -pair production in
hadron-hadron scattering, ' and recent work has
confirmed it."

In this paper, we prove to all orders in pertur-
bation theory for any renormalizable field theory
including QCD, that for two-body scattering pro-.
cesses giving rise to any highly inelastic final
state, the cross sections are dominated by a sin-
gle hard scattering.

If there were no mass dependence at all in the
cross section, the process could be thought of as
a completely short-distance phenomenon. We
will show, by a direct examination of Feynman
integrals, that short-distance interactions with
large momentum transfers take place at a single
point. This is the key to a QCD formulation of
the intuitive parton picture and its systematic high-

' er-order corrections in light of points (1) and (2).
Our result is applicable to jet and massive-

lepton-pair production in lepton-hadron and had-
ron-hadron scattering as well as to single-particle
or multiparticle inclusive cross sections in e'e
annihilation. We have used it elsewhere' to
prove factorization in jet and lepton-pair produc-
tion in lepton-hadron scattering and (subject to
certain assumptions) in hadron-hadron scattering.

Our proof is based on power counting in a totally
massless field theory. Although in this application
we are looking for the class of graphs that give
mass divergence, the techniques we use can also

. give an upper bound for the power behavior of
nondivergent graphs.

II. ZERO-MASS LIMIT FOR TWO-PARTICLE INELASTIC
SCATTERING

In this section we describe our approach to
mass divergences in perturbation diagrams. We
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are interested in final states with particles pro-
duced at wide angles relative to the initial direc-
tions. If we study single or multiparticle inclusive
cross sections, certain line energies may be
fixed. Otherwise, we always deal with cross sec-
tions integrated over a small region in final-state
phase space. We study asymptotic properties and
therefore neglect nonleading contributions sup-
pressed to order m2/E2 where m is any fixed
mass scale and E is the initial center-of-momen-
tum energy. In perturbative calculations the re-
maining mass dependence turns out to be logarith-
mic and is therefore associated with divergence in
the limits E ~ and m - 0.

To identify interesting mass dependence we study
the limit m-0 in the relevant Feynman diagrams.
This limit is chosen for convenience and in gen-
eral should only be considered as a "bookkeeping"
device. Only for quantities which turn out to be
finite in the zero-mass limit is any real connec-
tion with a truly zero-mass theory proposed. We
do not even claim that such a theory exists, only
that certain quantities can be calculated "as if" it
did. Physical masses are taken to zero, while
the renormalization mass is taken to be of the
same order as the energy.

The discussion in this paper is quite general,
and applies to any theory without super-renormal-
izable interactions whose vectors are Abelian or
non-Abelian gauge particles. The diagrams dis-
cussed in the text will be drawn without distin-
guishing particle type. Here, as in Refs. 5 and 10,
it turns out to be useful to work in a noncovariant
gauge in mhich longitudinal polarization does not
propagate for vector lines. This may be an axial
gauge" (whose propagators introduce additional
singularities in Feynman integrals which, how-
ever, decouple from cross sections), or one of
the class of noncovariant complex gauges of Ref.
5. We need not make the choice explicit at this
point.

A general perturbative contribution to a 2- n
process may be represented as in Fig. 1, where
I~ ' and I'~ ' are the vertex function diagrams
formed by cutting graph I". Such a, contribution
will be referred to generically as T„' '.

The external lines of I" may be either elementary
or composite particles. We can introduce special
vertices in the perturbation diagram to represent
wave functions where external composite particles
couple to any number of internal elementary
lines. Our only assumption about the wave func-
tions is a standard one: that they fall off more
rapidly than perturbation theory as any of the
"constituent" elementary lines increases its in-
variant mass or transverse momentum relative
to the composite particle direction. This means
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FIG. 1. Cut-graph contribution to a 2 n cross
section.

that any region in the loop momentum space where
one or more constituent lines has invariant mass
of order E2 is automatically suppressed by a power
of E' relative to what mould have been found with
only elementary vertices.

The normalization of the wave function requires
that it be defined with an overall factor which may
be inversely proportional to some power of a fixed
mass. Aside from such factors, the presence of
mave functions can only suppress the behavior of
the Feynman integral in the zero-mass limit, and

therefore the discussion will be carried out entire-
ly in terms of elementary external lines. We re-
emphasize that none of the details of the wave
function are necessary to these arguments-all
we have assumed is that a cutoff in constituent
momenta exists.

We now come to the central observation on which
the entire remaining discussion is based: Mass
divergences in T~ ' come from "pinch singular
points"" in n-particle phase space and I'~&~, loop
momentum space where uncut lines go on-shell
in such a way that integrals are trapPed at the
corresponding singularity. Otherwise, the inte-
grals defining T' ' can be evaluated after a defor-
mation of contours chosen to avoid the singular
point altogether.

The singular points at which integrals are
trapped are characterized by a simple condition:
The reduced diagram formed by contracting all
lines off-shell at the singular point must represent
a physically realizable process in space-time. "
This means that each vertex in the reduced dia-
gram may be taken to represent a space-time
point, connected by the free propagation of the
lines. If all lines are massless, this propagation
is always on the light cone. Lines carrying zero
momentum have infinite wavelength and can con-
nect any tmo vertices in this picture. Figures
2(a) and 2(b) give simple examples illustrating
these principles. Both are possible reduced dia-
grams for some I'~ ' with vectors indicating the
direction of spatial momenta for each line in some
frame. In our diagrams, the S, denote soft ver-
tices (where, at the singular point, threshold re-
arrangements of parallel momenta take place) and
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FIG, 2. (a). Exarnp1e of reduced diagram of graph
at pinch singular point. The H& and S& denote hard and
yoft vertices, respectively. The lower case letters n,
b, c, etc. denote the directions of jet-related lines.
(b). An example of a nonpinch reduced diagram.

the H, denote hard vertices (where scatterings oc-
cur above threshold}.

The k loop momentum in the graph of Fig. 2(a}
is trapped at its singular point, while the one in
Fig. 2(b) is not. This is because the lines emitted
at vertex S, can both arrive at the space-time
point corresponding to S„since they both travel
at the same velocity (the speed of light) in the
same direction. The emission of a line at S,
makes no difference. In Fig. 2(b), on the other
hand, there is no way in which two lines emitted
at vertex 8, and traveling in opposite directions
can arrive at vertex H, after free propagation.
The existence of pinch singular points is a useful
condition for mass divergence, but it is only a nec-
essary condition, and can be strengthened.

In Ref. 5 a power-counting prescription has been
developed to determine whether or not the integral
in the neighborhood of a given pinch singular point
can give rise to a mass divergence in partially
integrated cross sections.

The advantage- of this point of view is that it af-
fords a systematic way of studying the behavior
of an arbitrary Feynman integral. Our procedure
consists of starting with the most general class of
pinch singular points and then using power count-
ing to show that most of them do not lead to mass
divergences. By this we do not necessarily mean
that the integral over the neighborhood of a pinch
singular point is finite. In loop momentum space,
pinch singular points lie on multidimensional sur-
faces. Power counting is done in terms of the
"normal" variables which parametrize the space
locally perpendicular to each surface; The re-
maining variables which parametrize the surface

itself, are called "intrinsic", by way of contrast.
The precise nonzero energy of any particular line
is always an intrinsic variable. Fixing one or
more suchenergy, as in multiparticle inclusive
cross sections, therefore does not affect our rea-
soning.

The more lines that go on-shell at a given pinch
singular point, the lower the dimension of the sur-
face. For example, suppose

2
$

2 ~ ~ ~ $
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on a surface S, of pinch singular points, There
will in general be at least one other surface S, of
pinch singular points, containing S„where

1 '=0
1 2 N

It may happen that power counting indicates that
points on S, do not give divergence. This simply
means that integrating over some region & where

l, through E~ are constrained to go on-shell
togethe~, leads to a finite result. For example,
& may be defined so that for all 1~i,j ~N,

lq /E) I (2.I)
I,'/E,

with e some fixed small number. Obviously, the
intersection of f with S, consists entirely of S,.
Notice that some of the normal variables of S, are
intrinsic variables of S,. Power counting must be
performed again for S„and it may well indicate
the possibility of divergence. If S, leads to diver-
gence and S, does not, it simply means that, as
the intrinsic variables of S~ are integrated over,
no additional logarithms develop when they pass
through the subsurface S,.

These observations suggest the spirit in which
we mean our reduced diagrams to be interpreted.
Lines which are contracted in a reduced diagram
are not necessarily off-shell everywhere in the
range of the integral being discussed. We only
require that when they are pinched on-shell within
the integration range, it is at singularity surfaces
which do not give rise to logarithmic enhance-
ments.

We also stress at this point that the power-
counting scheme we apply to our study of cut
graphs appropriate to -inelastic final states can be
applied to any graph where we choose to force
some set of lines to be at a singular point (such as
in an amplitude as distinct from a cross section),
even if in fact it is possible to deform the contours
of integration away (a nonpinch surface).

The reduced diagram of any singular point can
be decomposed inta two subgraphs, one consisting
of all lines with zero momentum, the "soft sub-
diagram", the other of all lines with finite mo-
mentum. The finite-momentum subgraph can itself
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k h, „(k)= n„+-1 k„ (2.2)

and one of the line denominators is cancelled at
any such pinch singular point. (It is easy to ver-
ify that integrating over the subspace k n=0
leads to no enhancement. See Appendix A of Ref.
10). Numerator momentum factors perpendicular
to the jet direction Me unsuppressed, but they
vanish at least as fast as the square root of l' or
E" near the singular point.

Now consider a pinch singular point whose re-
duced diagram has no soft lines, and jets with only
two external momenta. Each jet then forms a
self-energy, as in Fig. 3(a). In this case, dimen-
sional analysis indicates logarithmic divergence
for the internal integrals of each jet subdiagram.

be split into "jet subgraphs", each made up of a
set of lines (possibly only one) with precisely par-
allel spatial momenta. Each such jet subgraph
has a set of internal loop momenta and a set of in-
dependent finite external momenta. These will be
referred to as "jet momenta" below. Among them
are p, and p, which will be called "external graph
momenta. " A nontrivial example of a jet subgraph
is given by the lines labeled by a in Fig. 2a. The
internal loop k of the graph is also an internal
loop for the a jet, and p, and q may be taken as
its independent jet momenta. Roughly speaking,
one can associate the soft subdiagram with "in-
frared" divergences, and the jet subgraphs with
"collinear" divergences.

We now give four necessary conditions at a gen-
eral pinch singular point for maximal divergence.
Maximal divergence will turn out to be logarith-
mic. The power counting leading to these condi-
tions is the same as in Ref. 5.

(A) The external lines of the soft subdiagram
are vector lines only.

(B) The external lines of the soft subdiagram
attach to jet subdiagrams at three-point vertices
only.

(C) Within each jet subdiagram, no vertices
connect more than four lines.

(D) Any jet is connected to any hard vertex by
at most one line.

Condition (D) plays an important role in proofs
of factorization. ' It holds only in the noncovariant
gauges where longitudinal polarizations do not
propagate on vector lines. To see how it comes
about, consider a vertex connecting three vectors
of momentum /, l', and -E-l'. The vertex is as-
sociated with a sum of numerator momentum
factors, each of which contracts with a gluon
propagator. Consider a pinch singular point where
all three lines are in a jet, so that their momenta
are proportional. In the axial gauge, "

(a)

I"IG. 3. (a). An example of a reduced diagram with
only jet "self-energies" that has logarithmic diver-
gence. (b). Same reduced diagram with additional jet
external momentum attached to hard vertex. This case
is power suppressed in the axial gauge.

Next, consider Fig. 3(b), where a single line has
been added to J,. All the jets are still self-ener-
gies, except for J„which now has an extra ex-
ternal momentum attached at three-point vertex
S. The power counting for all the other jets is
still logarithmic, but in J, there are now two new
internal lines, l and p —E, and two conditions on
the new loop momentum /, l'=l P =0. In the Feyn-
man gauge, where longitudinal polarization can
propagate, there is no suppression from the three-
point vertex, and the power counting remains log-
arithmic. In the axial ggugq, however, this pos-
sibility is eliminated by (2.2). This reasoning is
easily generalized to arbitrary order.

In other gauges longitudinal polarizations can
propagate, so point (D) no longer holds. The
final result, that only graphs with one hard
vertex can give divergence, is gauge invariant.
Without point (D), however, the two-particle re-
ducibility of the final reduced-diagram pinch sin-
gular points discussed in Ref. 10 would not hold
and thus the implementation of the final convolu-
tion form for the processes considered in Ref. 10
would be more difficult.

III ~ ANALYSIS OF HARD INTERACTIONS

In the last section we pointed out that momen-
tum-space configurations which give rise to mass
divergences must correspond to physically real-
izable processes in space-time. These processes
involve the scattering of "jets", consisting of
lines with finite energy, and soft lines. We also
pointed out that, in the axial gauge, the integral
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is suppressed for any momentum configuration
where more than one line from any jet subdiagr. am
attaches to a hard vertex. . In the space-time pic-
ture, this means that only one particle from each
jet is involved in each of the hard-scattering
"events". This is suggestive of a parton picture
of hard scattering. In this section, we deepen
this correspondence by showing that the interac-
tion producing large transverse momentum. occurs
qt a single point in space-time. That is, we apply
power counting to prove the following statement.

ProPosition. Divergence at any pinch singular
point is never worse than logarithmic. Pinch sin-
gular. points of T~~' which give logarithmic diver-
gence as mIE- 0 have only one hard vertex on
either side of cut &. Pinch singular points whose
reduced diagrams have two or more hard vertices
can be integrated over without producing any en-
hancements in the integral.

Before giving the proof, we observe that the re-
sult is strongly suggested by the space-time pic-
ture of 2-n scattering. Consider, for example,
Fig, 2(a). Hard vertices H, and H2 are both con-
nected to the vertex S2 by lightlike paths, parallel
to 0, while they connect to each other by another
lightlike vector b. H, and H2 must be at the same
point in space-time. It would not be surprising
if this restriction in configuration space were as-
sociated with a suppression in momentum space,
and this turns out to be the case.

This example generalizes to all orders. A11

particles of jets which include one of the external
lines (referred to below as "forward jets") are
at the same point in space at any given time. This
is because they are all connected by parallel light-
like paths to the same first interaction in the jet,
where the single external line "decays" into sev-
eral parallel-moving particles. But then, all
lines in the two jets intersect at the same point P.
A hard interaction at P may produce new jets, but
since the products of the scattering are all moving
away from P at the speed of light, further inter-
action can take place only between parallel-moving
lines. There are therefore no new hard interac-
tions. Zero-momentum (infinite wavelength) lines
can always be exchanged between jets, but this, of
course, involves no new hard vertices. This pic-
ture is special to the case of two particles in the
initial state. It does not generalize to three or
more.

We now go on to prove the proposition. As we
will see, the power-counting result applies to a
large class of singular points, including all pinch
singular points.

It should be commented here that the power-
counting methods we develop in this paper apply
to give an upper bound to all pinch singular points
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FIG. 4. (a). Reduced diagram representing a con-
tribution to an elastic scattering cross section, in this
case, the interference of a single hard scattering and a
Landshoff diagram (Ref. 14). Here it is Qlustrated as
an "ordered" singular point. (b). Same diagram after
jet reduction of lines k~ and k3 and soft vertices S2 and
$3. (c). Same diagram after total jet reduction.

in two-body hard scattering, including those which

are not divergent. An example of such an applica-
tion is to the Landshoff-type elastic scattering
graphs" [such as Fig. 4(a)] where our power-
counting bound is actually saturated.

Lemma 2. The power-counting degree of diver-
gence for a singular point (pinch or not) with K
connected jet subdiagrams in its reduced diagram
is bounded from below by

K

P =D - g —.'(n, -1)-K+ 4. (3.1)

Here n, is the number of independent external mo-
menta of the ith jet, including external graph mo-
menta. Consider the set of normal variables
whose vanishing ensures that all finite external jet
momenta go on-shell in the specified directions,
for fixed external graph momenta p, and P, . Nor-
mal variables are chosen so that denominators in
each jet depend on them linearly near the singular
point. The volume of the region in loop momen-
tum space where the absolute value of every nor-
mal variable is bounded by a small number X is

In the space of normal variables, XD is the
scaling behavior of the volume element times the
Jacobian of transformation from loop momenta to
normal variables.

Proof. Equation (3.1) is proved by a straight-
forward reapplication of the power counting of
Ref. 5.
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Without going into the details, some light may
be shed on this rather unintuitive formula by the
example of Figs. 2 and 3. As described in the last
section, adding an extra independent line to any
jet leads to, at most, two new dominators if the
attachment is made at a three-point vertex. The
momentum factors associated with the vertex lead
to a numerator suppression of the order of the
square root of the denominator size near the sin-
gular point. This is the source of the factor & in
(3.1). P positive in (3.1) indicates no divergence,
and P =0 logarithmic divergence. Equation (3.1)
holds in general only for the noncovariant gauges
mentioned above, where longitudinal momentum
does not propagate. In particular, it is derived
using condition (D) of the last section: That jet
subdiagrams are connected to hard vertices by
only one line. Other cases are easily seen to be
suppressed by a power relative to (3.1). This
means, for example, that there is no hard vertex
with forward scattering.

Definition. An "ordered*' singular point is one
at which vertices may be ordered so that energy
always flows to the right in the corresponding re-
duced diagram, which will also be referred to as
ordered. This is equivalent to the condition that
in no loop of the reduced diagram does energy
Qow in the same sense as the loop momentum for
every line in the loop. Ordering is a necessary,
but not sufficient, condition for a singular point
to be a pinch singular point.

The proposition is to be verified by finding a
lower bound on D in (3.1). D depends only on how

jet momenta scatter at hard vertices; it is inde-
pendent of the internal structure of the jet sub-
diagrams. To make it easier to study, we con-
struct a method for the further simplification of
reduced diagrams to a form which exhibits only
the relevant structure. Here and in the rest of the
proof, soft lines are neglected. Their presence
does not affect the arguments given below.

Lemma 2. The reduced diagram R of any or-
dered singular point may be further reduced by
the contraction of lines to another ordered "jet-
reduced" diagram R with only hard vertices, con-
necting lines from more than one jet subdiagram.
The total number of vertices in R is the number of
hard vertices in R, and the number of lines in R
ls

(3.2)
f=l

Proof. If 8 has any soft vertices at all, there
is at least one subset of lines / in R, which direct-
ly connects a "soft" vertex s to a hard vertex v.
If there is more than one s, pick the one closest
in ordering to v. Similarly, if there are several

n] —1, z —1, . . . ,K. (3.3)

Otherwise, P& 0.
Proof. Consider an arbitrary ordered jet-re-

v's, pick the one closest in ordering to s. As-
sume s is before v. Contracting the lines l to a
point reduces the number of soft vertices by one,
leaves the number of hard vertices the same, and
preserves the ordering of the remaining vertices
and lines so long as there is no vertex t such that
energy flows from s to I; and from t to v. Is there,
then, always at least one pair of vertices s and v
which satisfy this condition? They can be found
as follows. If such a t exists, there is an alternate
path of energy flow from s to v passing through t.
By construction, the first vertex in this path after
s cannot be hard, and the last vertex before v can-
not be soft. Therefore, along the path there is at
least one pair of hard and soft vertices such that
the soft vertex is to the left of the hard vertex
and is connected to it by at least one line. %'e call
this pair s' and v'. Now either the line (s) I con-
necting s' and v' can be contracted while preserv-
ing the order of other lines, or not. If not, the
construction may be repeated to find a third pair
s" and v". Eventually, the original condition
must be satisfied, since there are only a finite
number of vertices in the graph. This gives a
procedure for contracting lines which can be con-
tinued until all soft vertices are eliminated.
Finally, if in the diagram which results from
eliminating all soft vertices, two hard vertices
are connected by two or more parallel lines, these
lines are replaced by a single line which carries
their total momentum. Then the number of lines
left in each jet subdiagram is just the number of
independent finite external momenta of the jets,
less the number of external lines of the graph.
As an example of the reduction process, consider
Fig. 4 which includes a Landshoff diagram. '4

Figure (4c) is the final jet-reduced form.
Lemma 3. Suppose R is a jet-reduced diagram

of T~ with more than one vertex. The entire ex-
ternal momentum of R flows through a single ini-
tial and single final vertex (R therefore looks like
a vacuum polarization graph. )

Proof. By the construction of Lemma 2, and be-
cause there are only two incoming and outgoing
lines, all soft vertices to the left of the first hard
vertex H, are contracted into H» while all those
to the right of the last one H~ are contracted into
H~. But then all momentum flows through H, and
H~. Notice that this result, on which the following
discussion depends, is specific to two-particle
scattering'.

Lemma 4. P =0, and there is logarithmic diver-
gence only if
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dueed diagram A. As observed in the proof of
Lemma 2, any line momentum k'" of 8 may be
considered as the nth finite jet momentum of jet
subdiagram i. At the singular point, all the 0'"
of jet i must be lightlike and parallel, while the
precise direction of the jet may or may not be
constrained. These conditions, which are not
necessarily independent, are satisfied when, the
following variables vanish:

(k'")', all i and n,
y(4), y(f) (s.4)

0. (5)
(~(()) (~(()) =1 —cos8IM 2(80, )

e 0 1 0

The 0"' measure the angles between each momen-
tum k"' in jet i, and a "reference" momentum k,'"
for that jet chosen arbitrarily. The four external
momenta p, and p2 fix the direction of the forward
jets, and they are always chosen as reference
momenta. The momenta in the ith jet depend
linearly on the variables (3.4).

%'e can now go on to estimate the volume in loop
momentum space where each of the variables in

(3.4) is bounded in absolute value by a small pa-
rameter A.,

(
(y(()}2

~

& )( L((8 (() }2& )( (s.5)

First we note that the (k'")2 are obviously all
independent, so that the volume associated with
their subspace is )(~, where p =Z,.,n, - 4. The
more difficult question is how to bound the volume
associated with the angular variables. It is at
this point that the jet-reduced diagram becomes
useful. It enables us to find an upper bound on the
volume for each choice of reference and nonref-
erence momenta.

Suppose H, and H, are the first two vertices in
jet-reduced diagram R. Because A is ordered,
and all momentum must flow through H„H, must
be connected to H, by a set Iy2 of f» lines, &» 2,
all from different jets, forming f» —1 loops. An
example with r» = 4 is Fig. 4(c). Setting the lines
of I» on shell, we can find the volume in phase
space where (3.5) is satisfied.

Let f» be the number of lines in I» which are
nonreference. It is convenient to treat each of the
following four cases separately:

(1) f„=~„,
(2) I&f„&C„,
(s) f„=l,
(4) f„=O.

(1}Here we can start by choosing the first K» —1
of the line momenta l&' ' connecting H, with H2 as
independent loop momenta. The 8"' for each of

these lines can then be chosen as the polar angle
for each loop. The corresponding volume is X'» '.
This leaves the cosine of the angle 0~("' of the last
line. There are three possibilities:

(a) The spatial
momentary&»),

j&f», span the
three-dimensional space. Then cos 6~(~) is inde-
pendent of the preceeding angles, and the corre-
sponding volume is X~».

(b} The spatial momenta I &»', j& f» are re-
stricted to a plane at the singular point. In this
case l~»" is automatically in the same plane at the
singular point and the volume element is of order
P„C'~2-l/ 2

(c) The 1 &»), j & g» are restricted to a line.
Then l~"' is automatically restricted to the same
line, and there is no further suppression of the
volume element, which remains of order X~» '.

(2) The same reasoning as in (1) gives a maxi-
mum volume element of X~» ""with p= 1, &, or 0,
in cases (a), (b), and (c), respectively.

(3) In this case, the volume element is always
at most A, . %hen the reference momenta span
three-dimensional space, cos 6~(~) of the nonrefer-
ence momentum is an independent variable, even
if the reference momenta are chosen as loop mo-
menta. On the other hand, if the reference mo-
menta do not span the space, the nonreference
momentum may be chosen as a loop momentum.
Such a choice does not lead to an underestimate
of the volume, since by assumption not all the
reference momenta are independent at this point.

(4) The volume is independent of A. in this case.
Suppose we now contract the g»lines which make

up I12' B ause all momenta arriving at H2 ust
come from H„ the result is another ordered jet-
reduced diagram 8', with another set of lines I,',
connecting its first two vertices. The volume ele-
ment from the loop momenta of this subdiagram
can be estimated by just the same rules as above,
independently of Iy2 This procedure can be con-
tinued until, after V-1 steps, with V the number
of vertices in B, the full diagram R has been re-
duced to a single vertex.

The volume element found in this way is bounded
from above by X 0 where

K ) Eg n(-4~ +-.' g (n(-1). (3.5)

The first term comes from the (k"')', and the
second from the phase-space volume found above.

If there are any non- reference momenta at all,
the power of A. in the phase-space volume for any
set of lines I» is always greater than or equal
to —,f», and is an equality only when f»-1, =2.
The choice of reference momenta within a jet can
be made to get the best bound possible. In the ab-
sence of forward scattering at any hard vertex, it
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is always possible to choose reference momenta
so that not all nonreference momenta are paired
in this way. Then (3.6) is an equality only when

(3.3) holds, that is, when there are no nonrefer-
ence momenta at all.

Substituting (3.6) into (3.1) gives

Po 0, (3.7)

P)

Ppl
FIG. 5. General reduced diagram giving remaining

mass divergence for a 2 n inelastic process. J& and
J~ are the two forward jets. The blob II containing a
single hard vertex V on either side of the cut is the
hard-scattering subdiagram. The blob G, r eppes ents the
truly infrared divergences that couple the forward jets
and the hard subdiagram.

where again, (3.7) is an equality only when (3.1)
is satisfied. Divergence is therefore at worst
logarithmic.

Lemma 4 enables us to prove the proposition
easily. Because of Lemma 4, forward jets at-
tach to only one hard vertex on either side of the
cut. But then, all momentum not in the forward
jets must be emitted from hard vertex V on the
left, and absorbed at hard vertex V' on the right,
as in Fig. 5, where soft lines have been reintro-
duced in the subdiagram G~. The subgraph H in
Fig. 5 has the same momentum-space structure
as a cut vacuum polarization diagram. It will be
referred to below as the "hard subdiagram. " Be-
cause at a pinch singular point the reduced sub-
diagram H must represent a physical process on
either side of the cut, it cannot contain any hard
vertices other than V and V'.

The external jets J, and J, in Fig. 5 represent
jets made up of lines parallel to P, and P,. These
lines play the roles of "spectators" to the hard.
interaction, and their effects group into a kind of
parton distribution function. The analogy to the
parton picture is still not complete, however, be-
cause zero-momentum lines have not yet been
dealt with. They can connect to either jet and to
the hard subdiagram. The hard scattering is
therefore not yet independent of the spectator par-
ticles, nor are the spectators of each external jet

independent of each other.
The question of how to deal with zero-momentum

lines is taken up in Ref. 10 where the complete
factorization of lepton-hadron production of in-
elastic jets and/or lepton pairs is proved in QCD.
For hadron-hadron scattering, we prove complete
factorization for totally massless QED. In the
latter theory the interaction of truly soft
spectators (G, in Fig. 5) are nontrivial as in QCD
since multiphoton scattering can be divergent
when the fermions are massless. These diver-
gences can be eliminated by a sum over the emis-
sion of soft particles. We believ. e that such a
proof can be carried out for QCD as well.

The argument of Ref. 10 proceeds by summing
over the cuts of subdiagram H depicted in Fig. 5,
and then summing over soft emissions due to cuts
of G,. Then, we found that the remaining mass
divergence of the cross section takes on a simple
form of the convolution of a mass-independent
hard scattering subprocess M(ka, . . .) (which de-
pends on the nonforward invariant mass k') with
the "spectator" processes that make up the for-
ward jets J, For leptoproduction, the result is

a(p, ,p„H is df =Ldx (k,Mp„xp„)J,„(xp„,p„),
(3.8)

where p, and p„are, respectively, the incident
lepton and hadron momenta. For hadron-hadron
scattering it is

e(p„p„k)=disc
1
dx,dx, e(x,x,s -k')
x (gi)a,t, (xiPi Pi)

(3.9)

where p, and p, are the incident hadron momenta.
In Eqs. (3.8) and (3.9), gauge dependence has been
suppressed. Following Mueller7 and Politzer' one
may then factorize these convolutions by taking
appropriate moments. The factored mass diver-
gence, associated only with the forward jets, is
given by the matrix elements of the same twist-
two operators" as for the total leptoproduction
cross section. Likewise, deviations from parton-
like scaling of the hard-scattering part M«„are
given by the anomalous dimensions of these opera-
'tors.

Thus the high-energy approximation to such jet
cross sections does not involve particularly de-
tailed properties of the hadron wave functions. In
parton language, all that appears is the amplitude
that a hadron of momentum P have a given parton
with momentum fraction xP. The analogous final
quantities in these cross sections in the field the-
ory formalism are the forward matrix elements of
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the relevant operators. By way of contrast, the
result does not depend on the amplitude that a pair
of partons have, respectively, momentum frac-
tions xP and yP of the original hadron momentum
P. Such details of the wave function could be im-
portant for processes with more than one hard
vertex. As Landshoff has pointed out, "this may

be the case in wide-angle elastic scattering of
bound states.
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