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An affine theory of unified interactions is reviewed. Einstein’s free gravitational equation emerges as a
special case of the proposed equations of motion on superspace. For this example the vacuum is
spontaneously broken to be globally Lorentz invariant. Flat superspace is defined and the corresponding
algebraic properties studied. Next the graded de Sitter group is introduced and various contractions
performed. From these we obtain and discuss supersymmetry as well as some spin-3/2 algebras. Finally,
form invariance under Fermi displacements is employed to develop a powerful calculational technique, an

example of which is presented in the Appendix.

I. INTRODUCTION

In the past few years there has been a good deal
of activity in developing affine theories in super-
space!-® (i.e., a space containing commuting as
well as anticommuting coordinates). Local in-
variance on superspace demands the inclusion
of both Bose and Fermi fields as gauge fields,
thus providing a natural framework for unifying
various or all interactions. In Refs. 4 and 5 we.
also analyzed the modes of symmetry breakdown
at the vacuum level. Depending upon the condi-
tions, we obtained the Lorentz or various super-
symmetric metrics. Most of these metrics were
noninvertible and/or theories with torsion.

In this paper we further pursue the formalism
developed in Ref. 4. In Sec. II. we review some
of this material. In Sec. III we show how the spon-
taneously broken Lorentz line elements lead us to
an exact solution to our proposed equation of mo-
tion. While we do introduce a cosmological con-
stant into the superspace equations, it disappears
and we retrieve Einstein’s free gravitational
equation (with no reference to the internal-sym-
metry group). We then proceed in Sec. IV to ex-
amine the “flat” limit of superspace. The purpose

"is to obtain the analog of the Poincaré group on
flat superspace (FS). In Sec. V we consider var-
ious contractions of the graded de Sitter group,
so as to obtain and discuss supersymmetry and
generic spin-3 algebras. Sections IV and V allow
us to briefly discuss the mass and spin of FS mul-
tiplets in Sec. VI. Section VII discusses the con-
sequences of form invariance under Fermi dis-
placements. In particular, it leads to a calcula-
tional device which considerably reduces the effort
needed in obtaining the desired field equations.

An example of this procedure is presenfed in the
Appendix for a space consisting of one Bose and
two Fermi coordinates.

II. NOTATIONS AND REVIEW

We shall try as far as possible to keep this
paper self-contained. Thus a brief summary of
the formalism developed in Ref. 4 for curved
superspace is presented below.%”

We use z4 to‘denote collectively Bose (x*) as
well as Fermi (6*) coordinates. The index u runs
over the Bose dimensions (which need not be the
traditional 4 of space-time) and the index a runs
over Fermi dimensions (including internal-sym-
metry indices). Internal-symmetry indices will
be explicitly exhibited, when needed.

Since

[ ,2%]=0, [x*,6*]=0, and{6¢*,¢}=0,
we can write
2428 = (=1)%28z4=0, (2.1)

where the Grassmann parity a=0 or 1 according
to whether A is Bose or Fermi, respectively.
Let us define the set of (coordinate-independent)

operators a4, @°% (r,s=1,2,...,%) with the fol-
lowing generalized commutation relations:
a’ad®, - (-1)®aPa*=0, (2.2a)
@ 8%, - (-1)%a%,a, =0, (2.2b)
atasy - (-1)%a%a,4=5,°64 . (2.2¢)

In terms of these creation and annihilation oper-
ators, the generators G,® of the graded pseudo-

Lie group GGL (Ng,Nz,R) of real, general linear
transformations, can be written as

6,2= 2,0, (2.3)
r=1

Then, the required algebra is
GABGCD - (_1)(a¢b)(c¢d)GcDGAB

=6BCGAD - (_1)(afb)(c+d)6DAGcB X (2.4)
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On superspace with coordinates z#, local gauge
transformations U(z) are defined as

U(z)=exp[G, Pwz4(2)], (2.5)

where wz#(z) are the “gauge parameters.” It was
shown in Ref. 4 that the gauge transformations
generated by U(z) are in 1:1 correspondence with
general coordinate transformations z4=z"4(z).
Thus, for a contravariant vector V4, one consid-
ers

Vs_—__—asA VA
and its transformation law is then given by

V' (2)=U@)V()U(2).

On the other hand, there are two types of covariant
vectors W, and W;, whichtransform, respectiv-
ely, as 8,¢/9z* and 8, ¢/8z*, where ¢(z) is a
scalar, i.e., ¢’(z’) —¢(z) and R and L mean right
and left derivatives. (Thus, V4W; is a scalar
and so is W,V%.) For W, and W,, one forms

W= WAaAs ’
Wi=a* Wz,
which transform according to
Wi=Uwy-,
Wi=UWU™.

Now let us consider more ‘complicated tensors,
for example, G*5.,. We require that it trans-
forms as if it were in the factorized form

G* 5cp = (G A(2)NG,5(2 )NG4 (2)NG 1p(2)) .
We now define
G"50,(2) = (@ 4G A (2 )Ka® G ,5(2 )NG4, (2)aC XG p(2)aP,)
=", d® J(-1)G*5.p(2)]a° b, .

Under the group element U,

UG”44,(2)U~=(@ 4G " ,(2')Ka® G1z(2"))
X (Gcl(z")a®XGip(2")a”,)
= ﬂ"'AaBs[(_l)abG IAE CD(Z f)]aDuact

=G”§W(Zl) .

This again illustrates the one-to-one corres-
pondence between gauge transformations and co-
ordinate transformations.

It is worth remarking that all functions of the
type'G"¢,,, in which all Bose and Fermi indices,
(A4,B,...) have been contracted, have zero Grass-
mann parity. We shall call such quantities “re-
duced tensors.”

To first order, the gauge parameter w,,“(z) is
related to the coordinate transformation,

2" =24+ EA(2),

by

(2.6)

The Lorentz metric is chosen as 7,,=(—,+,+,+).
We work in the Majorana representation with all
?’s real and

{rusvit=2m,,, (2.7)

¥s°=-1 and the metric in Dirac space, 17,4, is
chosen to be 71“6=—(C“)m3, where C is the charge
conjugation matrix. We define o**=3[y", 7*].

III. SUPERSPACE EQUATIONS OF MOTION AND
EINSTEIN’S FREE GRAVITATIONAL EQUATION

In this section we shall review a previously pro-
posed equation of motion on superspace,* and show
how it contains Einstein’s free gravitational equa-
tion. The first step is to discuss the covariant
derivative and the resulting Yang-Mills connec-
tion. From the latter, we may then construct the
field strengths on superspace, which finally leads
us to a very simple equation of motion.

The connections that are defined on the super-
space are to be expanded in a power series in the
Fermi coordinates. This power series terminates,
and the coefficients are to be taken as the dynam-
ical fields of the theory.

Consider a reduced tensor 7%} 4., which trans-
forms under U as

T = UT (U™ (3.1)

where {s} =8;85...5,, etc., then as shown in Ref.
4 we may define a right covariant derivative

DT 110 =D\ T' gy 002, (3.2)

which will also transform according to Eq. (3.1)
provided

3
{ = (s} . ls} .
DT 51w =55 T thiw+ T T yiw ] 3.3)

and T ,(z) transforms according to

3 8,23
r(z") = [UI‘B(Z)U'1+ UEE%U‘{I‘—E)-‘;%. (3.4)

Thus, T ,(z) plays the role of a connection as in
the standard Yang-Mills theories. One writes

I‘A(z)=GB°I‘C~BA¢ (3.5)
In theories with no torsion
réBA=(__)(b+1)614c)*acerc. (3.6)

In terms of ', two field strengths [transform-
ing according to Eq. (3.1)] may now be construc-



ted of which a particular linear combination is
R ., where

R, =a*R;ga®, (3.7
and
Rip=—(-1)T ;G p+(-1)° O%T ;8¢
+(=1)7"T 4F 5T 5% = (-1)°T 47T 3% .
(3.8)

In a space of only Bose coordinates, Rz, would
be the contracted curvature tensor.

The simplest equation of motion one can choose
which has nontrivial solutions is

D,R,,=0. (3.9)

Since, to this point we are dealing with a purely
affine theory, one might wish to consider instead
of Eq. (3.9) Schridinger’s variational principle®
extended to superspace. Another attractive pos-
sibility is an extension of the Einstein-Strauss
theory.’ However, we should remark that the
failure of Eq. (3.9) on a purely Bose space does
not apply to superspace, and one can acommodate
Fermi as well as Bose fields. Here, we shall
show how one recovers Einstein’s equation for
the free gravitational field.

We first exhibit the Lorentz metric as a spon-
taneously broken solution of Eq. (3.9).* In par-
ticular we look for a solution in which I'z4; has
the symmetry of Eq. (3.6) and is independent of
all the coordinates. The nonvanishing components
of the connection are

r g"w:)ll = FA(LB&)M) = (.),“)Bawl)nm_*_ (7'57';;)30. (Mz)"m ’

(3.10a)
and
Flam cen )=—F‘:Bn)(am)
=(MY") 6 3) i+ (MV5Y* Vs M 3) 5
(3.10b)

where M, are matrices in the internal-symmetry
space with My=-MT and M,=M7. Inserting Eq.
(3.10) into (3.8) and that into Eq. (3.9) we find
that Eq. (3.9) is satisfied provided M,=M,=0.
Hence from Eq. (3.8) we obtain only one nonvan-
ishing component of R ;5:

R, =41, tr(M,>+M}?), (3.11)
where 17,, is the Lorentz metric. This strongly
suggests that we define a metric tensor by

1
grszaAvgﬁBaBsEXR(n)’ (3;12)

where R (,,, is the symmetric part of R, and with

r8?
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A=4tr(M,2+M,?). (3.13)
Then from Eq. (3.9) we have
Dtgrs:O (3.,14)

and hence the covariant derivative of g, van-
ishes. If we denote by g°;, the “vacuum metric,”
thenall components of g° s, vanish except for

& =Ny (8.15)

Thus while we can define a metric g5, its in-
verse g8 does not exist (in the whole super-
space). Hence a Riemannian geometry cannot be
developed on the superspace under these circum-
stances and we must continue to work with a
purely affine theory. We note that the internal-
symmetry group has been left totally arbitrary up
to this point.

We now wish to start considering the equations
of motion obtained from Eq. (3.9) for the dynam-
ical fields. We here restrict our attention to the
simplest case, which is the free gravitational
field. Thus we introduce the usual vierbein field
e®,(x), where a is the local Lorentz index and
 is the world index. It is related to g,,(x) by

e, (x)e® (x)n,,= g, (x) . (3.16)
From our previous considerations we also have
guv(x)=nuv+huv(x) ’ (3.17)

where 7,,(x) is the dynamical gravitational field.
We now modify Eq. (3.10a) so as to include the
gravitational field via e°,(x). Thus the only non-
vanishing components of the connection are (for
this free gravitational case)

(Bn)_ T (Bn)
r T

(am)u unlam)
= ()%, % ()M + (7 Fu e )M,
(3.18a)
and
Ti(x)=Tr(x), (3.18b)

with I'},(x) to be determined. In fact, from Eq.
(3.14) and Eqgs. (3.18), we obtain
guur‘;tI:%(gu).,o"'guo,).-gm, u)° (3'19)

This equation only involves Bose indices [ &uro
=(8/9x%g,,(x)]. From Eq. (3.17) it is clear that
the inverse of g,,(x) exists in the Bose subspace.
That is, we may define g*(x) by

£°80u= Ol (3.20)
Hence Eq. (3.19) becomes

T3 =38""(8ur 0 * Buo,n = Bro, u) » (3.21)
which gives T'}, as the usual Christoffel symbol
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of the second kind in terms of the metric g, (x)
in the Bose subspace only.

We now insert Eq. (3.18a) and Eq. (3.21) into
Eq. (3.12) which may be written as

Ré§=7\g*8, (3.22)
where
Rzp=3[Rzp+(-1)"""" Rz ,]. (3.23)

Rjp is given by Eq. (3.8), and A by Eq. (3.13).
Letting A=y, B=v, and using Eq. (3.16) we find
that the A\gz, term on the right-hand side of Eq.
(3.22) is exactly canceled and we obtain

RE,(g,)=0, (3.24)

where R® (g,,) is the contracted curvature ten-
sor, formed with respect to only the Bose com-
ponents of the metric. We have thus recovered
Einstein’s equation of motion for the free grav-
itational field in spite of the fact that we do not
have a Riemannian geometry on the full super-
space. ,

Similar results were obtained in Ref. 10. How-
ever, there the internal-symmetry group had to
be U(1) in contrast to the present situation,
where the internal-symmetry group is left totally
arbitrary.

IV. FLAT SUPERSPACE

The procedure for obtaining the Lorentz group
from the general linear group GL(4,R) is well
known. A constant symmetric “metric” g,, is
used to lower the indices of the group generators
G,°. The generators %,, of the Lorentz group are
then given by the antisymmetric combination

hu-v = G“)‘g,w - vag).u °
We can carry over this procedure with only
minor modifications to obtain the analog of the
Lorentz group in superspace.
A constant metric g5 needs to be found in

superspace which plays the role of g,, used above.

The symmetry requirement is

g,i3=(-1)°”"°b BA-* (4-1)
Then, the combination
has=G4°8es - (-1)"G%s, (4.2)

satisfies the algebra
hABhCD - (_ 1) @b) cv )hCDhAB
=(=1) 0y oa
— (1) aoy o
— (=1)ap*lavc)cra )hBDgéA

+(=1) 0@ gsp. (4.3)

This is our generalization of the (homogeneous)
Lorentz group to superspace. Before we discuss
physical implications, a few words about g;, are
in order. If we do not wish to entertain extran-
eous parameters, we are limited to choosing

gu.a = 0 . (404)

Even though g,, has been chosen to be zero, the
Bose-Fermi operators #,, are not zero. (Thus,
the Bose and Fermi spaces are not disjoint.) Us-
ing Eq. (4.4), we can write Eq. (4.3) in terms of
its tensor components explicitly as

[huv’ hAo] = huogvx - h)wguo

~Torn + 8o » (4.52)
s Pra 1= R uars = Hyairn > (4.5b)
(Puys has]=0, (4.5¢)
Ve hogh = ~asi+ Hunkfan » (4.5d)
(4e gyl = =P y8ap = M up&ur » (4.5e)
(Zaps Pys] =Pasys = Mye as

+ g5 8ya = Mya 8po - (4.5f)

An interpretation of the set of operators £ ,,
can be attempted along the same lines as the Bose
operator %,,, which generates Lorentz transfor-
mations. Just as an arbitrary Lorentz transfor-
mation can be written as

— ,=0/2)h, 0t
Uy,=e /20y ,0 s

where w"’=-w"* are the six parameters neces-
sary to characterize the infinitesimal Lorentz
transformation

xru ~ (6Mvv+ wulglv)xv s
we can say that the transformation

U=eg-1/2hpwBA

with (constant) parameters. w54 =_(-1)®w43, is
related to the infinitesimal transformation of the
coordinates

ZIAu(GAB_'_ wACgéB)ZB- (4.6)

Thus, scalar products of the type V « W= VAg;, W2,
where V4 and W? are vectors, are invariants
under U.

Killing vectors for flat superspace have been
obtained and discussed by Kannenberg.!*

To form the analog of the Poincare (or inho-
mogeneous Lorentz) group for superspace, we
need the “translation operators” BP4= (B, p%),

In the next section, we discuss in some detail the
appropriate contraction scheme of a de Sitter
superspace with one extra Bose dimension to ob-
tain these momentum operators P4, For now,
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we borrow some results obtained there, which
show that

[p*,P*]=0, (4.7a)
(B, B*]=0, (4.70)
[B*,n ,L]=(6",,P,.—6AP) (4.7¢)
[P*, h,,]=06" P (4.7d)
[P+ yhag]=0, (4.7€)
[P*,h,]=0, (4.75)
{P% ko, }=0"4P, , (4.7g)
[B*, g, ]=56%P,+ 5%, Py. (4.7h)

Equations (4.5) and (4.7) constitute the totality
of generalized commutation relations for the gen-
erators of inhomogeneous tranformations in FS.
These transform the coordinates according to

24 =A4p284C4, (4.8)

where A%, and C# are constant parameters.

The Fermi (Majorana) coordinates 6*™ carry the
internal-symmetry index m along with the Dirac
index a. We can define the “generalized charges”
on the curved superspace as

=D 84l
r
where the matrices M, are the (direct) product
matrices formed out of the 16 Dirac matrices
with the internal-symmetry matrices T, of the in-
ternal-symmetry group GL(N), where m,n
= 1 ’ 2 9. ’N'
For FS, however, we have a smaller allowed
set of charges: :

Q"kE_%h(am)(en)(mkg-x)(am)(Bn) , (4.10)

where the symmetry Ay ) =% (8ny(am) t€118 US
that only those matrices I, are allowed for which

9, = g -9, Tg = ~I, . (4.11)
Thus, for the Majorana case, i.e., no internal
symmetry, only two sets of operators survive:

Q,=2T, = ~thyu(y, g7)8, (4.12a)

M,)*",a,5" (4.9)

and
QMVE+ 2Euv= ‘%haB(ouvg-l)aB .
It can easily be shown, using Eq. (4.5f), that
[T, T]=2,,. (4.13)

(4.12pb)

© Z,, is clearly the spin part of the total angular
momentum operator M,,,

M,,=hy,+2,,. (4.14)

On the other hand, if we consider purely in-
ternal-symmetry charges, formed out of the iden-

tity element of the Dirac (Clifford) algebra and
some internal-symmetry matrices T, then the
condition (4.11) tells us that T',’s must be anti-
symmetric.

V. SUPERSYMMETRY AND OTHER ALGEBRAS AS
CONTRACTIONS OF GRADED DE SITTER GROUPS

Let us consider a flat superspace (FS) with one
extra Bose dimension, i.e., Bose coordinates £°,
a=0,1,2,3,5 and Fermi coordinates &*™ with
the same Fermi indices (am) as before.!' This
possesses a four-dimensional Majorana repre-
sentation of the ¥ matrices of the form given by
Eq. (2.7),

o Vob=21,, (5.1)

with all ¥’s real, ys®= -1 and 7;;=~1. Thus,
homogeneous tranformations in the Bose sector
form the group O(3,2) since n,,=(-1,1,1,1,-1).
If we let u run over the index 5 as well, Egs.
(4.5) remain valid. Let us choose for the extended
space, g,,=0,845=1kN,, With & fixed independent
of the coordinates, and g,, =1,,-

Consider the hypersurface defined by

£=Ry,(z),
£ =x",(2), (5.2)
E¥=06%0,(2),

where

1+ (1/4R?)(x%+ i)k 66)
—(1/4R?)(x2+iA%k66)’

(2)= 1

P2 )= T T (1/aR%)(x2+ iN’ 66) °

and R and X are fixed, independent of coordinates.
Clearly, then

1(2)_
(5.3)

£4g 1588 = —R%0 2+ (x%+iX%E00)@,?
= -R?%, (5.4a)

by virtue of Eq. (5.3), defines a hypersphere of
radius R. This induces the following line element:

ds®=dt g pd®
= @2z Ndx"n, dx" + iEN?d 6", g d ) . (5.4D)

In Egs. (5.4a) and (5.4b), the Bose values of A are
now those of a.
Next consider the tranformations U(¢) given by
U(t)= e-u/z)nABwBA )
Equation (4.6) tells us that
£ (5%, + W% sp)E8 . (5.5)

Let us first consider the transformations with
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w™=c*/R,
W =re*/R , (5.8)

wh% = ilza(rui) ,
where as in Ref. 5, T'* =y*M +y*y,N, with M and
N internal-symmetry matirices possessing the
symmetries, M=MT and N=-NT, such that
(nT*T = (nT*). €“ is a constant Majorana spinor.
Then, Egs. (5.2)—(5.6) can be used to show that
for large R,

S xM eyt et —i(eT*0)+ O(1/R), (5.7a)

6" ~ 6% 4+ € —E%\—z-x“nw“(l""eho(l/R) . (5.70)

Thus, for large R, the operator P, =[(1/R)hs, ]
generates translations in x* —a well-known re-
sult. However, the same extra Bose dimension
also provides a Fermi generator, [(1/R)h,,], which
for large R generates translations in *. Thus, as
alluded to in Sec. II, we have indeed obtained the
momentum operators P# as large-R limits of a
graded O(3,2). If we extend Eqgs. (4.5) so as to
include the index u=5, one easily derives Eqgs.
(4.7) in the limit R -,

But where is supersymmetry? Equation (5.7a)
is acceptable as is, Eq. (5.7b) is not. We need
the further contraction ZA%2— . Only then, are
the supersymmetry transformations

x™M~x* —jeTHg
and (5.8)
9%~ g%y e®

retrieved.
More can be learned from the generators. Con-
sider the spinor operator

1l

1 by
Ve ahuﬂ(r")ﬂa+(ﬁ)hm. (5.9)

Using Egs. /4.5), one finds that

e, Vab=2i("a8) (o),

= 2P, (NT*)ys , (5.10)

only when the following limits are taken:

R+,

2

Me=, (5.11)
but

A%

20

This is the set of contractions which have to be
made to obtain supersymmetry.

This procedure has the added advantage of indi-
cating how to obtain algebras other than those of
supersymmetries. The crucial point is to notice
that the fermion operators

1

lu.a E_hua ’
e (5.12)

by
Ny Eﬁhsot

have the following asymptotic (anti) commutation
relations:

{lua,Lgt=0, (5.13a)

{na,net=0, (5.13b)
and

{Lya,nghE =i, 144, (5.13c)

where = denotes that the particular contractions
of Eq. (5.11) have been performed. This immed-
iately suggests that spinor-vector operators W,,
can be constructed using [, ,, ng, and ¥ matrices,
such that they anticommute asymptotically to the
momentum operator f’,, multiplied by some ¥ ma-
trices. We show two examples of such spinor-
vector algebras.

A. Consider

Woa=l,o+nar,)% - (5.14)
It is easily seen using Eqgs. (5.13) that
{Wu.ot ’ st}é (_i)[ﬁu(nyv)a5+13v(n7u)as] . (5'15)

It is also obvious that under the Lorentz group
generators h,,, W,, behaves as a four-vector and
under #,,4, it behaves as a four-spinor. Also,

{Wuouﬁu}éo'

This example can be straightforwardly general-
ized to include internal-symmetry matrices.
B. As another example consider

Suot Elvﬂ(avu)ﬂa"'nﬂ(yu)sa . (5-16)
For this case, we find
{Su.ot ’ Svﬂ}:__ (—i)ﬁl["]“(m’v)w
+ (M w)as = 200 (M12as
—48uvku(n7075)a3] . (517)

An algebra similar to the above has been pre-
sented in Ref. 12. It contains only the last term
on the right-hand side of Eq. (5.17) but misses
the first three. With an appropriate subtraction
[see Eq. (5.15)], the first two terms on the right-
hand side of Eq. (5.17) may be eliminated, but not
the third term. Thus, that algebra does not fol-
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low, at least from our proposed contraction
_ scheme.

From our point of view, the basic algebraic
structure is given by Eqgs. (5.13). If spin-% con-
stant spinor parameters €’®, are introduced via
w*® and w5* then generalized supersymmetry
follows.'® On the other hand, if one entertains
constant vector-spinor parameters €*%, then
spin-} algebras emerge.

VI. MASS AND SPIN OF FS MULTIPLETS

We now consider very briefly the physically
interesting and important question of defining the
“mass” operator on FS. It can be shown that the
following operator, IM?, is a Casimir operator on
FS:

=~ L a6 hop 6 (6.1)

For large R, it reduces to

“ A 1
W= = (BB) = g (7))

R large
A2 ,
_<?) [lua(nd)aslw}nu ] . (62)

Equation (6.2) shows very clearly that if one
performs the necessary limits given by Eq. (5.11)
to obtain supersymmetry, both the second and
third terms go to zero giving us the standard re-
sult

Iz =¢—ﬁu13“ .

But, if A% remains finite then only the third
term is negligible and we have a left-over “spin
contribution” to the mass operator. In general,
therefore, FS multiplets should be labeled by the
eigenvalues of the JM? operator which does include
the second term. This should be contrasted with
the mass degeneracy present in supersymmetric

N 1 .
2is(%,0)=8apro1®)+ D y?gﬁB[al'-oa"](x)eal <o g%,
= "

Clearly then, the following functional identity holds:

Ne]
m}gmm(x) exx)(— ; ) , (7.2)

(=1)"

gaiplx, 0)= exp(g —;X——géntu‘,,,a"](x)ea

multiplets, where mass is defined completely
through the momentum operator 13“. Presently,
we are following this exciting possiblity to obtain
allowed patterns of “mass shifts” in an FS multi-
plet.

The Pauli-Lubanski operator

1
Wy, = gﬁ guanv).Mm

(where the indices u, etc., take on five values)
allows us to form

I,=Ww,W,n*",

which, however, is not an invariant on FS. This
is, of course, the underlying reason for a given
supermultiplet containing particles of different
spin.t?

VII. FORM INVARIANCE IN THE FERMI SECTOR

As discussed in Sec. II, the general formalism
envisions expanding the connection (and/or the
metric tensor) in a power series in %™, whose
coefficients are the dynamical fields. In examples
with realistic internal symmetries, the resulting
number of terms is very large. For instance,
calculations of every Taylor coefficient of the

"Ricci tensor Ry, in terms of the fields intro-

duced in the metric tensor gz,, becomes pro-
hibitively tedious. In fact, no complete result
for such cases exists so far.

In this section we show that a judicious use
of invariance under global Fermi displacements
allows us to calculate all the coefficients of 6
in R ;p provided the zevoth ovder in 6 has been
calculated in an arbitvary gauge.

The method starts out from the following iden-
tity. Consider the 6 expansion of a tensor

g[B(x: 9)'

(7.1)

where in Eq. (7.2) no symmetry is assumed for gs;, with respect to the indices € and D.

Now, consider a global Fermi displacement
ea-‘elot=9a+€a’

where €% is a constant spinor.

(7.3)

We now require form invariance of the tensdr gap under the transformation (7.3). That is to say,

gAB({Qr’l (x)}; 6,) =ng({Qn(x)} ’ 9) ’

(7.4)
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where @} (x) is the transformed field corresponding to £2,. So, the change

ﬁgzualaz. .. anz(x)"':‘jxa[onl. cea ay®@)e

=(- l)n*ngB[al. coo ) (x)e®

Thus, for form-invariant tensors, we may substitute for Eq. (7.2)

81s%, 9)=expeg 1 Jepray. .. a oy ®)8”
aizo n! n

Defining the operator

o)
5géD[oc ...an](x)

N=1 1 P 5
= — Ja — )C+ds sl
Qum 3, a7 ooy ey @) ) gt

we may equivalently write

gaplx, 9)=e°aea gxam](x)e'odea . (7.8)

Now consider the connection T'z4.(x, 6). Ina
metric theory, T's4.(x, 6) is a known functional of
&ip, 9u8ip, and (9/20%) g15. Noting that for any
field ¢

3n6¢=5(3ulp) ’
one easily derives that

Ty clx, 6) =eQ°‘ear1§Acm](x)e—°“ea , (7.9)
where T’z ,; (%) is the coefficient of the zeroth
term in 6 of I'z4,(x, 6). The construction of
Tg4cro; ) requires only  g4%205(x), £2510; @),

and g3 5.q; (¥). However g%, (x) is completely
determined from gzp(,,() and thus a considerable
amount of labor involved in inverting the full me-
tric is avoided. Finally, Eq. (7.9) allows us to
obtain the full 'z (x, 8). Of course, we do not
need to carry it out completely, because the de-
sired quantity Rzp.,, only requires knowledge of
T'z#(x, 6) to first order in 6. Rjzz(x, 6) can

be obtained from R}y, (*¥) through an equation
analogous to Eq. (7.9). Clearly, similar proced-
ures can be used to obtain the Lagrangian density
L(x, 6) provided L, (*) is known. Anyone who
has ever attempted to generate a superspace La-
grangian or all the equations of motion will ap-
preciate the great saving of labor.

In the Appendix, we illustrate this technique via
an example which is nonphysical but computation-
ally involved.

The spontaneous breaking of a local SS to a glo-
bal one implies the choice of a gauge and hence
for such theories the above procedure is not di-
rectly applicable, '

(7.5)

N1
84B0] (x)exP(’g; . ) (7.6)
(7.7

@)

VIII. CONCLUDING REMARKS

In this paper, we have reviewed a theory of in-
teracting fields,* formulated on superspace., We
have shown how this theory contains Einstein’s
free gravitational equation of motion. We have
also examined the relationship between the gen-
eral superspace theory and its flat limit. This
study shows that the “antisymmetric” part of
GGL(N 5, Ng, R) contains generalized supersym-
metry upon certain group contractions. It also
permitted us to construct the displacement opera-
tors for both the Bose and the Fermi coordinates
via a graded de Sitter group. Form invariance
under Fermi displacements was utilized in devel-
oping a procedure for calculating all the coeffici-
ents of 6 of any tensor provided the zeroth order
in 6 is known in an arbitrary gauge.

This work was supported in part by the National
Science Foundation.

APPENDIX: AN ILLUSTRATION OF THE FERMI
DISPLACEMENT METHOD

Here we present, in some detail, an example
of the Fermi displacement method developed in
Sec. VII. The model we consider has, N;=1 and
N_.=2, i.e., one Bose (x°) and two Fermi dimen-
sions (6,,, m=1,2). On the Fermi (internal)
space, we have GL(2,R) invariance, for which
we choose to write the generators G, (@ =0,1,2, 3)
as

i

Z
7 z

i
G,= Gi=5T, G=3T,, Gy=g5Ts. (A1)

The metric tensor g;,(z) can be decomposed in
terms of fields as

o0 (2) = A(x) + 2% (x)60 + F(x)(6G,0) , (A2)



18 EINSTEIN EQUATIONS, SUPERSYMMETRY, AND FLAT... 4395

gom(z) = —'gmo(z) and
=4X (%) + H, (%) (G ,0)
+iz, (%)(6G,6) , (A2b) - 7tx) "A(x)F(x) (A5e)
&pnlZ) = =& (2) The connection I'g(2) is given by
= (Gy) maf25 (%) = 2K(x) (6G,9) L%c(@) = (-1)72{(-1)*g g4, c ()
—4[w(x)G,0T}. (A2c) : + (1) s, p(2)
Form invariance, under a global Fermi dis- -Z5c,a 87 ?) . (A6)
placement, Thus, to calculate “zeroth I'”, we need g4P,,,(x).
x0=x°, (A3) Let
0'=0+¢ : g°°[03(x)=1'i(x) s (ATa)
(with € a constant spinor) gives, through Eqgs. (7.4) & 101(x) =X () , (ATp)
and (7.5), the following rules for variations of g™ (%) =28(x)(G,) (ATc)
the fields: rod 2imn
. The zeroth-order (in 6) version of the equation,
BA() = ~iAR)W (), (ata) e o) 65
: z z)= ,
59,(0) = 2ilf () + 3, (CH () Goe),  (Adb) & EREeEIm e
. allows us to solve for the fields with carets in
6f(x) = iy, (VW (x) , (A40)  forms of gzp(0):
o (x) = iH (x)(G €) , (A4d)
- 4 L 2x(0)Gx(x)]
6H (x) = —4i(z (x)G ,G,¢€) , (Ade) Ax)= n (x) s ) (A8a)
62(x)=0, (A4f)
8s () = 2[€G,w(x)], (Adg) X(x)= W[ X(®)], (A8b)
dw(x) = -K(x)e , (A4h)
6K (x)=0. (A4i) () —— _ X@Gox ()] (A8c)

. . S(x) s?()A(x)
In the above, we have redefined some fields:

Now, Eqgs. (A2), (A6), and (A8) give for
T3 c101()

w1<x)=ﬁx)¢(x> (A52)

(A9a)

G
T 01(*) = 38 InA () — (x) o[x(x) 2x(x)] ()G, (%)

Ax) s(x) ’

T ator)= = g¥nts) =1 E0 0, )+ 70 [oetns )+ szfcf]x () + Fy HaPIC, TG ()], (A9D)
T ?0on(x) = hm(—’%»&—c)zl‘(—”)—) [%[Bohls(x)]ﬁm’+g—lig—(—x)(64(;2) ][1 %} (A9c)
L) = 0 - 3 st )+ B [ 14 2 2 wwr6] + s, (a90)
I‘,,,‘,,[oz(x)=(Gz)mn{A(x);[sz(x)][a 1ns () + 580) 2yl nggsg;‘)]} | (a9€)
L) =28 16,0,0)] - 250, = ) ekt ] - XDEXE 6,) - 2 (G000 . (a9

[The notation H,(x)G, implies a sum over all a #2. ]
To obtain R 35:,;(x), we need all the I' 54 (z) up to first order (in 6), but I',°,(2) to zeroth order only. We
apply the method developed in Sec. VII to boost I'’s to first order in 6 through Eqgs. (A4) and (A9). Thus
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c 2 [H (x)x(x)G c] @+ B G W) )

+s—2%5[¢1<x>czx<x>1[w<x>c R A (X (102

T acn®) = [0 = g5y W] C)

e )[3 Ins (x )*3((—)1]” (G )mn-x—(z%‘f%%—)[x(x)czxu)](wcz)

A(x)s ® T LimH MK (X)G,G )+ & ) 7 )[x(x)sz(x) F) + 20, (¥)G 0, (")](Gz)m.,
%[aolns +I:2(;’§)]( Gz),,+-2—11{1<a Ins + )zpm 2_/&&8;%%;) 2,(x)

—A—(;);(x—) [2()Gx ) ](Gy) e -;\%:)‘i—’%—i)wow(x)f;z),,
+7\—é:2_(x—)1{a(x) m(GaTsz(x))(w'(x)Gz),,+Wya(x) (6,76, x(1) iy, () (A10b)

T aci®) = <0100 A | @161+ 26 (916D, = ST+ ()G O (C 0 G

G, 1 2 '
[1 xl(&ﬁc)s ég)] <_§Tx)(a°“’(")cz)15mp - _z) Z (Ga)mp(ZGa)1>

1
[(8 1ns (x))5,, +4—(“—)(Gd12)m] [gﬂ?—))—l ——4(xG G )‘+2A (XG )@y, - (sz),)] (A10c)

T, s ()= (Gz)mn{K 1(G2x) [301113 + 1_1&] [11)1, + EZ;(sz) ]

2 i 2K XG.X 2
+K[a Ins + ]H (G,G),, - T ,(sz)[(aosz), Tk ] ” 5,,[1 —7\-:-]+§2—6,p(w62w)

-2:'—‘;"-[——1( G,G ),+(XAG’Q(¢1,, 2 (wG,) )]} (A104)
Lot = 225 (G ) G.), = 520y = 20, = 13 IDAVH (GG )
2 @6),[(2 - $00100) (G;0)] - p(C120 (Bota)

+ K—%m(GzaOX) (szca)n + /_\%-f (XGZX) (aOHn) (G2G a) mn

2 (CAHXC,C), - o2 G XG(WG),

G 2 ' 4i
+ KON (4,6,,)16 g 17 XG2) (G2003) [zp,.+s—<wcz),,] . (A10¢)
) f
We have checked the validity of Eqs. (A10) by Given Egs. (A9) and (A10) we are in a position

recomputing it through the standard method. Need- to compute R 35:0:(¥). The answer is less
less to say, our proposed method is much more con-  awkward in terms of the tilded fields defined be-

venient. low.
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Let ‘ The tilded fields have been defined such that
70 = 1(a.1nA), under t'he local (internal-symmetry) gauge trans-
formation
H
h,;= = ’ 7 =
s x=x, (A12)

1 0’ =[ e22(*)G26G
Se= (Ho+ H? — H? ~ HP) [ePa%a0ee] ,

they transform simply:
A,=(9,Ins+h,) ,

V' =ePabab2 (a’2). (A13)
z 1 (. 3¢ % @, and % transform as 3 does. Also,
s s 2s )’
A=A,
al = wlz A’=A
b =
SX e o (A14)
X=~t77 » (a11) K=K,
(C.0) Ri=ho+ oy B+ N, (D' #2),
5=-Frm s'=eMzs ,
o (0G,) where f,,,.= -4 t1{(G,G,.G,G,) - (G,G,G,G,)].
W =75 We also define some “covariant” derivatives:
- 0
d','z 7])‘1 ,%_ (GTGzX) , D,A, = (30 = 702004 ,
A Dy + (8, = 21, G, G,)& (a’#2) , (A15)
~ K ' :
K=.s1- ’ Do = (8, = 75’0 ~ 2k G Go)X -
.z . - Armed with these definitions then, we can write
E=ppt 4ih(G,G,3) . Ri prog():
i
A~ [ 363x) 2], %6.% 1. A2 XG.X
Rogror(¥)=5-(9G,7) [1 » 2K ]+ AF [1 - lf-&} ZAO[A—(XGzﬂox) - (xc;zz‘p)] + - [1 +2 x—Azl]
- B 2967 R
+(DyA,) [1 - @] — 4iA(G,5) [1 - _&%.’i] - 4A (GG, - 8;'(:5*(;21)05()[1 -2 -’QG—K&] , (A162)

4st/2 - - e 4st? - ~ XG,X
Romio1(0) = = —5— (RGP + 81 /{6, (XG,B) ~ 2(0G,8)%m = —f— (XG,B) m(DoX) + 351/ zm(Dow)(l—x—Aﬁ)

1/2 ek io1/2 O cel/2 ;
346 (1+§—"sz)+3” z«,,,(l_-J—G 2B A - e S D, A

2 o=m A A A 2A 2A 0
ist/2 . (RG.% 3 5 ¥G,% ist/2 . .. ggt/z.
4, o R sy, ( sk Az") - GG Nn - 5T o » (A16b)

R, p01(%) =8(G,) X, where

x=4i(36G, w)[1+ﬂ‘02—")] + 3 06:2)+ 5 016,00 (1+25L) - 2 6,0,6)+ T 4,2 6,0)

-7 1+2-x§2l ~1(6,h) (1+4XCX) | 48(at6,d) (1 - 2XGeX) _6x (1- XX
A 2 A 2 A A

- Lo (14225 ) - Too 6,00 - 5 Gy + 5 (14 2X5E) (at6c)

Following the same procedure utilized to boost I'’s, we can construct R 3p.,,1(¥) and R 3¢, .i(%), using
Egs. (A4) and (A16). Since we do not intend to pursue the resulting equations of motion, we do not bother
to write them here.

We hope that the above discussion will convince the reader of the virtues of the proposed method of cal-
culation.
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