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Calculation of Q decay amplitudes and partial widths
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All the Lorentz- and SU(3)-invariant coupling constants involved in the decays of axial-vector nonents into
a p nonet and a n nonet are calculated. The S- and the D-wave amplitudes for Q decays are then

expressed only in terms of the mixing angle a of Q mesons. 'the partial widths, the D/S ratios, and the

F&/Fo ratios for Q decays are then plotted against a. We find that if Q2~K n is dominated by the S
wave, then the processes Q, -+pK and Q&~coK are dominated by the S wave, while the processes Q&~ K~m,

Q, ~pK, and Q~ -+ coK are dominated by the D wave. We also find that F& ——Fo for the processes

Q, ~pK and Q&~coK. The predicted decay amplitudes and partial widths for Q decays are given for
a = 45'.

I. INTRODUCTION

Recently, there has been convincing experimen-
tal evidence' that there are two Q mesons as pre-
dicted by the quark model. However, the measured
partial widths are still rather uncertain. In the
present paper, we calculate the Q decay amplitudes
and partial widths based upon the D/S ratio' for
B-e)), SU(3) symmetry, the quark-model phase
constraint, '~ and the Okubo'- Zweig'-Iizuka' (OZI)
rule. In order to perform the above calculations,
we should first calculate the SU(3)-invariant coup-
ling constants involved in the decay of an axial-
vector meson into a vector meson and a pseudosca-
lar meson. Since the above decay process involves
two partial waves, there are two types of coupling
constants, denoted by F and G. We thus have two
D-type coupling constants, denoted by F~ and G~,
and two F-type coupling constants, . denoted by F~
and G~, and similarly for singlet coupling con-
stants. The two D-type coupling constants are cal-
culated by using the known D/S ratio for B -(d)) and
the OZI rule, while the two E-type coupling con-
stants are calculated through the quark-model
phase constraint which related (D/S) s „, to
(D/S)„„.All other singlet coupling constants are
then calculated based upon the OZI rule. In this
way, we have calculated all SU(3)-invariant coup-
ling constants involved in the decays of axial-vec-
tor nonets into a p nonet and a m nonet.

In our analysis, the SU(3)-invariant coupiing con-
stants are also Lorentz invariant, these Lorentz-
and SU(3)-invariant coupling constants are linear
combinations of the partial-wave amplitudes. This
is different from the conventional SU(3)-invariant
coupling constants with definite orbital angular mo-
mentum, which are not Lorentz invariant when two
or more partial waves are involved in the decay.

Let Q„and Q~ belong to the A, and B octets, re-
spectively, then the physical Q mesons, denoted by
Q, and Q„are assumed to be the linear combina-

tions of Q„and Q~ with mixing angle o( This. mix-
ture of Q„and Q~ is due to (SU(3) breaking. Based
upon this mixing scheme and the above calculated
Lorentz- and SU(3)-invariant coupling constants,
the S and D--wave amplitudes for Q decays are ex-
pressed only in terms of a. The partial widths;
the D/S ratios, and the F,/F, (E, is the helicity
amplitude) ratios for Q decays are then plotted
against n. We find that if Q, -K*m is dominated by
the S wave, then the processes Q, —pK and Q, —vK
are dominated by the S wave, while the processes
Q, -K*)), Q, -pII, and Q, - ~K are dominated by
the D wave. We also find that F, =F, for the pro-
cesses Q, —pK and Q, -~K. We also tabulate the
predicted amplitudes and partial widths for Q de-
cays at n =45', which are consistent with experi-
ments. We note that the conclusion of the S-wave
dominance of the processes Q, -pÃ is in agreement
with the experiments, ' while the conclusion of D-
wave dominance for some Q decays is contrary to
the usual thinking that all vector-pseudoscalar de-
cays of Q mesons are dominated by the S wave.

In Sec. II, we calculate all the Lorentz- and
SU(3)-invariant coupling constants. In Sec. III, we
express the Q partial-wave amplitudes in terms of
the mixing angle o. and draw the figures for D/S
ratios and partial widths. The helicity amplitudes
are defined and the F,/F, ratios are obtained in
Sec. IV. The conclusions and a discussion are
given in the last section.

II. LORENTZ- AND SU(3)-INVARIANT COUPLING
CONSTANTS

The two Lorentz-invariant coupling constants,
denoted by F and G, for an axial-vector meson de-
cay into a vector meson and a pseudoscalar meson
are defined by
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(2)
P'

D= (36v) "'~ — F+—G,
m go+ Nl TPl

where M is the mass of the decaying axial-vector
meson, and q is the magnitude of the c.m. momen-
tum of the final particles. The factors outside the
brackets in expression (2) guarantee the following
normalization:

where A. 's are helicities and m is the mass of the
final vector meson. The above coupling constants
can be shown to be real because of time-reversal
invariance. The Lorentz- and SU(3)-invariant
coupling constants are then obtained by dividing E
and G by the appropriate SU(3) Clebsch-Gordan co-
eff icients.

It is well known that there are two axial-vector
octets: the A., octet and the B octet. The Lorentz-
and SU(3)-invariant coupling constants for the A,
octet decays into a vector octet 2nd a pseudoscalar
octet are of E type and are denoted by E~ and G~.
For the decays of the B octet, the Lorentz- and
SU(3)-invariant coupling constants are of D type
and are denoted by F~ and G~. Therefore we have
four octet coupling constants for the decays of
axial-vector mesons into a vector meson and a
pseudoscalar meson.

In order to calculate the coupling const3nts, we
first express these coupling constants in terms of
partial-w@ve amplitudes. The 8- and D-wave
amplitudes can be shown' to be

M
S = (72«) ' '

~
2+—(F—,G

m] m'

2 Z/2 1
&&&8 (3} &» (]5)1/2 D &

1
&&&& (~) G&» (15)1/2 D &

(5)

where F &» and G&» are the Lorentz- and SU(3)-in-
variantt

singlet- octet- octet coupling constants.
Since the Okubo-Zweig-Iizuka rule implies" F,»
= (2/5)' 'F~ and G &»= (2/5)'/'G~, expression (5)
reduces to

3q&/a
G„,q= —

I
G

5)

(6)

1
Fu+r&&A&+ ~p FF ~

(7)

By substituting expression (6) into expression (4),
we can expr ess E~ and G ~ in terms of the decay
width and the D/S ratio of the decay B-&»v. The
values of E~ and G~ can then be calculated direct-
ly. We use I"(B-vw}=150MeV and D/5'=0. 3, and
obtain E~= +6093.3 MeV and G~= +12 730.9 MeV
with E~ and G~ having the same sign.

In order to calculate the E-type coupling con-
stants, we consider the process A., —pm, in whi. ch
only the E-type coupling is allowed by charge-con-
jugation invariance. By means of SU(3) Clebsch-
Gordan coefficients we have

1.(I -1-0)=-, (iSi'+ iDi'),

for the S- and D-wave amplitudes. From expres-
sion (2), we can express the coupling constants in
terms of the partial-wave amplitudes. Since we
want to calculate the Lorentz- and SU(3)-invariant
coupling constants from the known width and D/S
ratio of B meson decay, it is convenient to express
the coupling constants in terms of the decay width
and the D/S ratio. The expressions are

~3~ri ~»
E=2M

~
~

sin(8+ P),Ev )
2m' 6«I'l '/'sin(8+ P')
q' q ) sin(P- P') '

(4)

where we define tan8=D/S, cosP=1/v3, cosP'
=(I+K') ~/2 with K= v2(qo —m)/(q, +2m), and P's
are in the first quadrant.

Now we consider the decay process B -(dw. The
coupling constants are of D type because of charge-
conjugation invariance. By means of the SU(3)
Clebsch-Gordan coefficients and the ideal &»-Q

mixing, we have

By substituting expression (7) into expression (4),
we can express E~ and G~ in terms of the decay
width and the D/S ratio of the decay, A, - p&/. The
D/S ratio of the process A, - p&/ can be related to
the D/S ratio for the process B-&»«by means of
the quark-madel phase constraint"

(8)

where E~ is the helicity amplitude. From Ref. 9,
we know that F, is proportional to S+D/02, while
F, is proportional to S- v 2D. Then expression (8}
implies

This gives the value -0.15 to the D/S ratio for the
process A, - p«. With I'(A, - pv) =300 MeV, the F-
type Lorentz- and SU(3)-invariant coupling con-
stants are calculated to be E~=+6526.8 MeV and
G =~5405.8 Mev.

Now we have four sets of values for the Lorentz-
and SU(3)-invariant coupling constants. Since only
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G (1) 188 818 111

F„,= -10899.9 MeV, G„,=-2277.4 MeV,

(12)

where the notations F z& and G &» are used in ex-
pression (5). Therefore, we have calculated all
the nonvanishing Lorentz- and SU(3)-invariant cou-
pling constants involved in the decays of A. , and I3
nonets into a p nonet and a n nonet.

III. D/5 RATIOS FOR Q WIDTHS

Let Q„and Qs belong to the A, and B octets, re-
spectively. The physical. Q mesons, denoted by Q,
and Q„are assumed to be mixing states of Q„and
Qs, i.e.

Ql = COSA Qg+ S inQ Q s 3 (13)
Q, = —sinn Q„+ coso. Qs,

where a is the mixing a,ngle. Then the above ex-
pression (13) and the isoscalar factors immediate-
ly give the following expressions for various cou-
pling constants defined by expression (1):

the relative signs among them is important, the
above four sets of values reduce to two sets of val-
ues with different relative signs among the coupling
constants. In the following calculations of the D/S
ratios, the helicity amplitudes, and the partial
widths for Q decays, the Lorentz-invariant octet
coupling constants given by

FF = -6526.8 MeV, GF = 5405.8 Me V, 10
FD=6093.3 MeV, GD= 12 730.1 MeV

are used. The other set of values with F-type
coupling constants changing sign will be discussed
in the last section.

In order to calculate the singlet coupling con-
stants, we use the Okubo-Zweig-Iizuka (OZI) rule
to relate the singlet couyling constants to the octet
couplings. The complete relations are shown" to
be

I 211/2gill g188 g818 2(2)1/mg881 l 6& gD 3

. where g„„„ is the SU(3)-invariant coupling con-
stant in he process v, - v, + v, with v; representing
the SU(3) multiplet, and gD is the D type co-upi, ing.
The normalization is such thatg„, „...'(gD) is the
sum of the squares of the couplings of all pairs of
particles in v, and v, to any one particle in v, .
Since the process in which an A, nonet decays into
a p nonet and a m nonet has zero D-type coupling
constants, all the singlet coupling constants for
this process vanish according to expression (11).
For the process in which a B nonet decays into a p
nonet and a pseudoscalar nonet, we have, by means
of Eqs. (10) and (11), the following values for sing-
let coupling constants:

&(1)=F188=F818=F111= & Me»
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~
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FSEQ
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1(
Er~, Q
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~
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1(. 3E ~Q —=
i
slllo Elz+, ,li2coso(ED

(.E~«, —
2(3)lie I

sinn E~+ (5)„,cosa E

(14}

In the above expressions for F„~z and F„«, the
ideal (d-(II) mixing and the Okubo-Zweig-Iizuka rule
are used. A similar expression also holds for the
coupling constants G. From expression (14), we
obtain

Fpzq, =-&3F Eq, ,
(15)EpEQg +EicKQ2 3

and similar equalities for G. These equalities then
imply that I'(Q, -pK) = 31'(Q, - (6)K) and I'(Q, -pK)
= 31'(Q,- (6)K) if (d and p mesons have the same mass.

We define the following quantities
'2

S),zQ —('72)l )
~

2+—El —,GzF 1(2, F qO qM
m m'

S,pQ=(72m) 2+ —~E,—,G, ,
,]2 q„r q ~

m) m

G q = (36z) —,
(

— Z„q—G„),,(2q' ( m M
m I, qo+ m m

G q (36c) —,
(

—=P + G), —1]2 q f m I
m i, (IG+m m

where M and m are the masses of the Q me-
son and the vector meson, respectively, V denotes
vector meson, p denotes pseudoscalar meson, and

q is the c.m. momentum of the final particles.
Then from expressions (2) and (14), we obtain the
following expressions for various S-wave ampli-
tudes:

=1 F ' 3 DSz,q
——cosasz, c q, ~, s(nas „, ),
1 F 3 ~ DS c =3 cosaS zc —

(3) z sinaS, zq ),
1 F 3 ~ DS„q ——
),~, cosa S q —

( )a, sinaS zq)
(17)

DS *,q =—-sins, q+ (6),~ cosa S,c),
D3, q

— —sino, zq +( ),~, cosaS,„q,),
1 F 3 D

S~rQ 2( )1y2 slIlos S~rQ +
( )lpga CosoiSicEQ
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The corresponding D-wave amplitudes are obtained
by replacing S„~o and Sq~c by D„J and D f~o, re-
spectively, We note that the above S- and D-wave
amplitudes satisfy the decay-width expression (3).
From expression (I"I), we see that S,rc, = -~3S„ro,,
S,ro, = -+3S„zo„and similar relations for D-wave
amplitudes if the ~ and p mesons have the same
mass.

Since the values of Lorentz- and SU(3)-invariant
coupling constants are already given in Eq. (10),
the quantities S~~q, S~~q, D&~q, and D&Iq can then
be calculated directly. After. calculations, we ob-
tain expressions which express the partial-wave
amplitudes in terms of the mixing angle only. The
final expressions for the S- and D-wave amplitudes
of Q, decays are

75

70

20

15

SK+,q, = -696.3 cose+ V29.7 sine,

DK*~q1 = 64.1 cose+121lo sine,

S,Kq, = -660.6 cose —796.0 sine,

DPKql =13.7 cose -20.3 sine,

S„Kq, = 379.0 cose+ 464. 5 sine,

D„Kq, = -4.5 cose+ 8.8 sine .

(18)

30
I

35
I

40

(dog}

55 60

The corresponding expressions for Q, decays are

SK*,q, = 663.1 cose+ 728.1 sine,

DK+,q, = -215.3 cose+ 109.0 sine,

FIG. 1. 0. is the mixing angle in degrees. I"(Qf pK)
and 1(Q& E*~) are represented by the solid and the
dash-dot curves, respectively.

SpKq 687 2 cosa + 712.4 sine

DpKq = -'181.1 cose —86.9 sine,

S„Kq,=404.8 cosa -40V.V sine,

D„Kq, = 93.3 cose+ 45.0 sine .

(19)

In the above calculations, we use mq, =1290 MeV,
m, ,=1400 MeV, m, =493.V MeV, m„=782.7 MeV,
m, =773 MeV, mK*=892.2 MeV, and m, =139.6
MeV. We note that the partial-wave amplitudes
given in expressions (18) and (19) have the dimen-
sion of mass expressed in units of MeV. Through
these relations, we can easily express the Q par-
tial widths in terms of the mixing angle e.

If the process Q, -K*v is dominated by the S
wave as .reported, ' then both cose and sine terms
in expression (19) should have substantial contri-
butions to S~,q and shouldlargely cancel in
D~,q,. This implies that the mixing angle shouM
be positive and around 45'. A similar conclusion
was also obtained by us in a previous analysis"
based upon the S-wave dominance. We therefore
plot, against the mixing angle n, the D/S r.atios
and the partial widths of Q mesons decaying into
pE, E~n, and ~E in Figs. 1-6.

We also calculate the values of the S-wave width
X'q, the D-wave width I"D, the total partial width

15 195

—185

g0

I I I I

30 35 &5 . 50 60

a (deg)

FIG. 2. I'(Q2 pX) and I'(Q2 E*7r) are represented by
the solid and the dash-dot curves, respectively.
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FIG. 3. 1(Q&-~E) and I'(Q2-~X) are represented by
the solid and the dash-dot curves, xespectively.
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FiG. 5, (D/S)o &z snd (D/S) Q„are rePresented
by the spijd and the dash-dot curves, respectively.

S,~~ =0 at ~-44'.
2
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10— —0
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40 "0

I

55 60

FIG. 4 (D/S)o &r and (D/S)o Q„are represented by
the solid and the dash-dot curves, respectively. SQ~
=0 at o;=43.7.

a (gag)
FiG. 6. (D/S)& ~z and (D/S)+ „sare reyresented by

the solid and the dash-dot curves, respectively. S~~2
= 0 at & = 44.8'.
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TABLE I. Q decay amplitudes and partial widths calculated at e = 45'. I'~ is taken from Ref. 12.
I

Decay Modes S (MeV) D/S feV) &i//+o ~s (Mev) E'z (MeV) I' (MeV) &~ (MeV)

Q &(1290)—pK
-E*x
~ Q)K

Q2 (1400) pK
-E*m
~ GOK

-1030.0
23.6

596.4
17.8

983.7
-2.0

4.6 x10-'
5.5
5 2xl0

-10.7
-7.6 x10 2

—48.0

-5.7
-7.0

5.7
8.7
6.4

-8.3

1.0
-0.7

1.0
-0.4

0.9
-0.5

75.9
0.1

19.5
4 7x10

197.0
6.0 x10-4

1.6 x10
3.2
5 2 x10"4
5.4
1.2
1.4

75.9
3.3

19.5
5 4

198.2
1.4

100 + 35
12 +13

&32+11
2+1

154+ 52
~0

I', the D/8 ratio, and the 8-wave amplitude 8 by
setting a =45'. These values are given in Table I.

IV. HELICITY AMPLITUDES FOR Q DECAYS

For the decays of an axial-vector meson into a
vector meson and a pseudoscalar meson, there are
three helicity amplitudes, denoted by E.» E„and
E.» with +1, 0, and -1 representing the helicities.
Since the amplitude with helicity +1 is equal to the
amplitude with helicity -1 because of rotational in-
variance, we have only two independent helicity
amplitudes in accordance with the two partial
waves involved in the above process. It is well
known that the helicity amplitudes can be expressed
in terms of the partial-wave amplitudes as follows:

2L+y
N~=N Q ( C(III;022)III ', (20)

L

where X is the helicity, and E' ' are the partial-
wave amplitudes with E' '=8 and F"'=D. In the
above expression, N is chosen such that the con-
ventional normalization,

2 IF, I'+ IE.I'=I (21)

is satisfied. Then we have from expression (20)
the following expressions for the belicity ampli-
tudes:

V. CONCLUSIONS AND DISCUSSION

The values of all octet and singlet coupling con-
stants involved in the decays of axial-vector nonets
into a vector nonet and a pseudoscalar nonet are
calculated and given in Eqs. (10) and (12). In the
above calculations, we use the decay widths of
8-&uv andA, -pv, the D/8 ratio for 8-(dv, the
quark-model phase constraint (8), and the OZI re-
lations (11). We then use the above-calculated cou-
pling constants to express the 8- and D-wave am-
plitudes of Q decays in terms of the mixing angle
o.. These expressions are given in (18) and (19).
Through these relations we can easily express the
Q widths, the D/8 ratios, and the E,/Fc ratios in
terms of n. These results are plotted in Figs. 1-
9.

—10

E = (S &2D)[8(8'+D')]-"2

E, = (v 28+D)[6(8+D')]' '
From expression (22), we immediately obtain

(22)
g
CL.

CP

a l~

E, 2( 2$+D
Ec v 2$ —2D

Since the 8-wave and the D-wave amplitudes for
Q decays are explicitly given in expressions (16)
and (1V) as functions of the mixing angle n, the he-
licity amplitude can also be expressed in terms of
the mixing angle by simple substitutions. We then
plot the ratio E,/E, against the mixing angle in
Figs. V-9. We also give the F,/F, ratios and the
values of Ep for Q 45' in Table I.

I

35 45
I

50 60

FIG 7 (Et/8'o) o ~ aud {9'(/Ep)c ))a' are repre sented
Qg pK P

by the solid and the dash-dot curves, respectively.
Egp gq = 0 at 0.' = 51.4'.

2
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10 —20 —10

15

]0

Q'
0

u. Iu.

I

&0

a (tjeg)

I

50
I

55 'g0 35
I

50
I

55

FIG. 8. {F&/Ep)& ~~p and (E&/Ep)o r*~ are repre
sented by the solid and the dash-dot curves, respective-
ly. 5"og*~q = Q at ~ = 54.6'.

F&G. 9. (Et/I'p)o ~» and (E&/Ilp) ~z are represented
2

by the solid and the dash-dot curves, respectively.
+, gq =oat ~=52.4 andEO ~q =Q at 0. =3O.(d

2

From Figs. 1-3, the following can be seen clear-
ly: (1) The partial widths of Q, -pK and Q, -Kp'
are dominant for n around 45' in accordance with
the conventional belief. (2) I (Q, -pK~ 3I'(Q, -wE)
and I (Q, -pK) ~ 3I'(Q, -&eK). (3) The maximum or
minimum values of all partial widths occur at ~

45'. Therefore all partial widths change smooth]y
with n around z =45'.

From Figs. 4-6, we draw the following conclu-
sions: (1) The processes Q, -pK and Q, -&uK are
dominated by S waves, while the processes Q,

K*v, Q, -pK, and Q, - &eK are dominated by D
waves, if Q, -8*v is dominated 'by the S wave as
reported. (2) The S- and D-wave amplitudes have
the same sign for the processes Q, -pK and Q,-~E, and have the opposite sign for the process
Q, -K*w. (3) For the processes Q, -K*v, Q, -pK,
and Q, uK, the-S-wave amplitudes vanish at n
-44', and the relative sign between the S- and the
D-wave amplitudes changes across this angle.

From Figs. 7-9, we obtain the following conclu-
sions: (1)E, =Ep for the processes Q, -pK and Q,

'

-&uK (2) For the processes Q, -SPv, Qp-pK,
and Q, -arK, E, and Ep are of approximately the
same order of magnitude and have opposite sign
for a near 45'. (3) For the process Q, K*v, E, '

and I', are of the same order of magnitude and
have the same sign for all 0,.

We note that if m„=m» then we have I'(Q&- pK)
=31'(Q;-&eK) for i=1 and 2. -The conclusion
I"(Q; -p K) ~ 3I'(Q; -&uE ), is due to m„~ m, and is
consistent with the estimation given by Carnegie et
aE." It is interesting to point out that in our analy-
sis we find that the processes Q, -K*v, Q, -pK,
and Q, -&eK are dominated by the D-wave, contrary
to the belief" that all the partial widths are domi-
nated by the S wave. The actual sign of the D/S
ratio for the above processes may help to pin down
the precise value of the mixing angle.

In Table I, X',„,is taken from Ref. 12, in which
the authors claim that all D-wave contributions are
negligible. Therefore F,„, should compare with
our total partial width I'. We suspect that the S-
wave widths for Q, -E*v and Q, -pK given in Ref.
12 are actually the D-wave widths. From Table I,
we see that the predicted total partial widths are
consistent with Z',

In gec. II, we mention that there is another set
of octet coupling constants with E-type coupling
constants changing sign. The transformation
FF- -FF and GF- -GF implies the changes S&pq

-Sypq and Dypq Dypq as can be seen fromF ~ F
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expression (16). These changes are equivalent to
the replacement n-m-a, as can be seen from ex-
pression (17). Therefore this set of coupling con-
stants gives exact1y the same partial widths, the
same D/S and E,/E, ratios as those given by set
(10) except for the mixing angle, which now takes
a value around 135'.
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