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A generalization of superalgebras-leading to a new Lie structure of color algebras is proposed. The three-
color extensions of osp(4;1) (super—de Sitter) and su(2,2;1) (Wess-Zumino) superalgebras are presented.

I. INTRODUCTION

There are two known ways of introducing a gen-
uine unification of space-time and internal sym-
metries via the supersymmetry scheme:

(i) graded de Sitter algebras osp(4;N), admit-
ting O(N) as an internal symmetry, 2 :

(ii) graded Haag-Lopuszanski-Sohnius conformal
algebras su(2,2; N), with U(N) as integral sym-
metry group.ts? '

In these unification schemes flavor and color
groups are treated in the same way—as the sub-
groups of O(N) or U(N), respectively. It seems de-
sirable todistinguish flavor and color degrees of
freedom by introducing different structures of flavor
and colov algebras. An interesting effort inthis di-
rection was made by Glinaydin and Giirsey® by in-
troducing nonassociative octonionic color alge-
bras.*® In this paper we propose for color a new
algebraic structure, but we stay in the framework
of associative algebras.

The conventional Z, grading, leading to super-
algebras containing only fermionic and bosonic
generators, can be generalized in several ways.”
In this paper we shall consider one of the simplest
generalizations basedona Z,® - ®Z,HZ, grad-
ing.>® We call these new algebraic structure
color superalgebras.*®

In particular we define the color-de Sitter and

- color-conformal superalgebras in such a way that
the charges generating the color group are para-
bosons and the spinorial supercharges are para-
fermions. We see, therefore, that in our scheme
the color algebra is not a Lie algebra, because .
its different generators have anticommutation re-
lations.

The mathematical aspects and some results on
classification of color superalgebras are consider-
ed in Ref. 11. In the present paper, after intro-
ducing the color space and the corresponding gen-
eralization of the grading structure, we review
in some detail the three-color case (Sec. II). Fur-
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ther we present the explicit realizations of the
color—de Sitter (Sec. III) and the color-conformal
superalgebra with three colors (Sec. IV). Finally
in Sec. V we discuss ways in which the Z,6Z,9Z,
color algebras have different implications from
conventional superalgebras.

II. COLOR SPACE AND COLOR STRUCTURES

In order to introduce the color degrees of free-
dom we consider a set of generators X; 3, where
d=(a,,...,a,)is an n-component vector whose
components are integer numbers modulo two (o,
=0or 1; v=1,...,n). The 2" vectors & form a
vector space, which we call a color space with
n colors. We denote by X3 (X, 3 € X3) the set of
generators corresponding to the same &. A color
superalgebra X is given by a bilinear map, denoted
by (, ) of X XX -~ X with the following three condi-
tions:

(i) closure relations,

(X3,X3) CXz.3 (2.1)

[it follows from (2.1) that the color algebra with »
colors is a Z,® ***®Z, (with » Z,’s) graded alge-

bral;
(ii) symmetry properties,
X3 XD = (CDEPN B X B (2.2)

(iii) generalized Jacobi identity,
(X385, 5, X, 3> (=1)@P 4 cycl perm=0.
(2.3)

One can show’ that there are only two nonequiva-
lent choices for the scalar product (&,5) which
are consistent with the relations (2.1)-(2.3):

(i) symplectic antisymmetric scalar product,

(&,E)a=a132"‘a261+”.+an-lﬁn—an6n-l (24)
[the scalar product (2.4) can be defined only if n

is even];
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(ii) Euclidean symmetric scalar product,
(&’E)s=a151+azﬁz+ @B, (2.5)

In this case » can be any positive integer.

The structure of the color superalgebra is de-
termined by

(i) the choice (2.4) or (2.5) of scalar product,

(ii) the number of colors (n=1,2,3,...).

We denote the color structures with the scalar
product (2.4) by C(n;a) and with the scalar product
(2.5) by C(n;s). In particular if n=1, we obtain
the conventional superalgebras.!

The basic difference between the C(n, a) alge-
bras and the C(n,s) algebras is that for the former
the “diagonal” product

Xz, Xz, =Kz, Xz,;5]
is always a commutator, while for the latter it
can be a commutator or an anticommutator. The
C(n, a) algebras appear also as subalgebras of
the C(n,s) algebras as will be seen from our ex-
amples.

We shall now discuss the simplest color struc-
tures.

A. Two colors
We have
Xz X(0,00%(1,05%X (0,139 X (1,1) -

If n=2 we can have two color structures: C(2;a)
and C(2;s). The generalized commutation rela-
tions appear as follows:

C(2;a)
[X(o,o)’X(al.az)]CX(al,az) ’
K00 Xa,0lCX 0,0
[X(o.x)’X(o.n]CX(o,o) ’
{X(l.o)?X(o.n}CX(l,l) ’
[X(l,x)rX(l,l)]CX(o.o) ’
{X(I.O)’X(l.l)}CX(O.l) ’
{X(o.x)rXu.l)}CX(l,o);

C(2;s)

(2.6a)

Ko,0: X anan] X (ay,a0 5
X0 Xa,0t < Xo,0
{X(o,l)’X(O,l)}CX(O,O) ’
[XU,O)’X(O,U]CX(LU ’
[X(l.l)rlX(l.l)]CX(o.o) ’
H 0 XX
{X(o,l)?X(x.l)}CX(x.o) .

(2.6D)

We see that the generators X,,,), X(o,1), 2nd
X(,,1) are parabosons in the C(2,a) case; in the
(2,s) case, the generators X, ,, and X, ,, are
parafermions.

B. Three colors

We have

Xz: X(o,0,0) ‘(colorleSs),
X(1,0,001% (01,00 X (0,0,1) (re€d, white,blue) ,
X1,1,00X 1,001 X (01,1 (Picolored) ,
X(1,1,1y (tricolored).

The only possible color structure is C(3;s). The
generalized commutation relations appear as
follows:

[X(o.o,o)vX(ot,B.'r)]CX(ouB.r) ) (2.73.)

{X(l.O.O)9X(1'0'0)}CX(0.0.0) ’
{X(o.l.o)’X(o.l.o)}CX(o,o,o) 3
{X(o.o,l)’X(o.o.l)}CX(o,o,o) ’
[X(x,o.o)’X(o,x.o)]CX(1,1.0) ’
X 1,000 X 00,01 X 10,19 5

[‘X(O:I.O)’X(O’O:I)]CX(O.I:I) 5

(2.7b)

[X(1,1,0)vX(L.l,o)]CX(o.o,o) ’
[)((1,0.1)’)QI.O,I)]CX(O.‘O,O) ’
[X(o.l.l)>X(0,1,1)]CX(0,0.0) ’
{X(l,l.o)’X(x,o.l)}CX(o.l,x) ’
{X(l,l,o)’X(o.l,l)}CX(l.o.x) ’

{X(D,I,l)?X(I.O.l)}CX(l,l.O) 5

(2.7¢)

{X(1.1.1)>X(1.1,1)}CX(0,0,0) ’
{X(l,l.l)rX(l.o,o)}CX(o.l,l) ’
{X(x.l,l)sX(o,l,o)}CX(x.o.l) ’
[X‘(1.1.1)_’X(1,1,0)]CX(0.0.1) ’
[X(x.l.l)’X(l.o.l)]CX(o.l.o) ’

[X(l,l.x):X(o.x.l)]cx(l.o.o) ’

(2.7d)

{X(x,l,o) ’ X(l,o,o)}cX(o,l,o) ’
{X(lvloo) ’X(O,l,o )}Cx(ltov‘)) ’

[X(1,1.o)sX(o,o.x)]CX(l.l,l) 5

(2.7e)

and analogous two sets of three relations for
X(1,0,1y @and X (g 1.4y, respectively.



From the set of relations (2.7) we see that

(a) The set of generators X, ,,o) forms a Lie
algebra. In this sector one should put bosonic
generators describing space-time as well as
flavor symmetries [see Eq. (2.7a)].

(b) The generators X(,,0,0y5 X(0,1,005 X,
are parafermionic [see Eq. (2.7b)].

(c) The generators X,,,, 0, X(1,0,1)» X(0y1,1) 2T€
parabosonic, and this sector contains the color
charges. It is interesting to observe that the set
of generators [see Eq. (2.7¢)]

(0,0,1)

X(o.o.o)aX(l.x,o)’X(1,o.1)’X(o.1,1)

forms a C(2;a) subalgebra.

(d) The charges X, ,,,, are fermionic [see Eq.
(2.7d)]. We shall consider examples of color
superalgebras with X, , ,,=0. IfX.  ,,#0it
seems plausible to relate these generators with
leptonic degrees of freedom.

III. THE COLOR-DE SITTER ALGEBRA

Our first example is the three-color extension
of the graded de Sitter algebra osp(4;1), which are
denote by osp(4//1,1,1). The generators of
osp(4/l1,1,1) can be represented by the following
real 7X 7 matrices:

» 00 1 0
A (4x4) -CF (4% 3) . c- 00 0 1 ,
F (3x4) B (3x3) -10 0 O
0-1 0 0
(3.1)
where ATC+CA=0, F arbitrary, and
BT=B, B, =B,,=B,=0. (3.2)

We introduce the following basis for the matrices
(3.2):

010 001 000
L,={100|, L,={000 |, L,={00 1
000 100 010

(3.3)

which are the generators of a C(2,a) algebra [see
Eq. (2.6a)],

{I1’L2}=L3a {L21L3}=L1’ {L3,L1}=L2

(3.4)

Choosing 12 fundamental real parafermionic gen-

erators X(1.0,0)=Qa:v X(o,1.0)=Qa;27 X(o.o.l)‘_'Qu;a
(a=1,...,4) as real matrices (Q,;;),, (:=1,2,3;

18 COLOR-DE SITTER AND COLOR-CONFORMAL SUPERALGEBRAS 387

a,b=1,...,7), which have in the (4+¢)th column
the elments (C,,,...,Cq4,0,0,0) and in the (4
+4)th row the elements (84,,...,044,0,0,0) and
using the generalized commutation relations (2.7),
one optains the three-color superalgebra OSp(4[(1,
1,1) which reads as follows:

(a) Three copies of the fundamental superalgebra
osp(4;1),

{Qa;i,Qps:}=(045C)o M 4p (3.5)
i=1,2,3, A,B=1,2,3,4,5,

where the ten real 4x 4 matrices 0,5 (0,,=5[¥,,
Y]y Ous==05,=7,; 7, in the Majorana representa-
tion) form a basis for sp(4; R). The 7X 7 matrices
M , 5 span the A sector of the matrix (3.1) and
satisfy the commutation relations of de Sitter
o(3,2) algebra.

(b) Definition of color charges

[Qa;uQB;z]:CmBL3 s Li=X(,1,0
[Qa;wQB; 3]=CaBLzr L,=X(1,0,1) 5 (3.6)
[Qa;2)Q5;3]=caBL1’ L,=X (51,0 -

The 7X T matrices L; ({=1,2,3) have only the
entries in the B sector given by the formulas (3.3),
and they satisfy the algebra (3.4).

(c¢) Covariance properties of supercharges.

The fundamental supercharges @,,; transform
under the rotations of the de Sitter group as O(3, 2)
spinors. The color indices tranform as follows:

[LnQa;x]:Oy {Lz’Qa;1}=Qa;sz
{LuQa;z}:Qa;ay [LzyQa;z]=O’ (3-7)
{Llath;s}:Qa;z’ {LzyQa;a}:"Qa;) , ete.

IV. THE COLOR-CONFORMAL ALGEBRA

The second example is the three-color extension
of Wess-Zumino superconformal algebra su(2, 2;
1), which we denote consequently by su(2,2|1,1,
1). The generators of su(2,2l|1,1,1) can be de-
scribed by the following complex 7 X 7 matrices
[for the definition of C, see Eq. (3.1)] with vanish-
ing supertrace (trM =trH):

M (4x4) —CF (4x3) (4.1)
F(3x4) H(3x3)
where
M'n=-nM ,

Nap: diagonal, 1y, =1y, = ~155= ~Ny,= 1,
F arbitrary,
H=H".
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The eight Hermitian 3 X 3 matrices H are obtained
here as the realization of the following extension
‘of the C(2, a) algebra (3.4) by new six generators
I,,H, (i=1,2,3;H,+H,+H,=0) and we obtain a new
C(2,a) algebra:

{11’12}=L3¢ {12713}'—'1’1’ {13,11}=L2,
[11’11]=2iH1’ {Il’L2}=13’ {11,L3}=12,

{12:L1}=Iz, [Iz,L2]=2i1'£; {IzyLa}=I1 ’ (4.2)
{13’L1}=I3: {IS7L2}=II’ [y, L,]=2iH,,
[Hl’ I]=2L,, [H11L1]=2I1 s

[Hu 2]=[H1113]=0a [HuLz]: [H17L3]=0’

ete.
It is easy to check that if we choose L; given by
the Eq. (3.3), we get

0 720 0-0 ¢ 0 00
IL=|-i00|, =000 |, ,=|0 0 &
00O -2 00 0 -2 0
(4.3)
and
00 O -100 1 0 0
le 01 0 y H2= 000 . H3= 0 -10
00 -1 001 0 0 O
(4.4)

We see that we have obtained the three-dimen-
sional representation of the su(3) algebra as a
representation of a C(2,a) algebra. We represent
the 12 fundamental complex parafermionic gen-
erators as complex 7x 7 matrices (Q,;;),, With the
elements (C},,...,Ci,0,0,0) in (4+4)th column
and the elements (8,,...,054,0,0,0) in (4+4)th
row, where C*=3(1xy,)C, 6*=3(1+y,), and in the
Majorana representation (C*)*=C~, (6*)*=6". The
color superalgebra su(2,2]/1,1,1) has the following
form:

(a) Three copies of the fundamental superalgebra
su(2,2;1) (i=1,2,3),

{Qa,uQe i} (r*ClagPy

Q&)= -z CasKy ‘ (4.5)

{Quasi5 Q41 = (04,C)agM*” +2C oD + 4(¥ CagT; 5
where the set Jy, = —Jx, (K,L=1,2,...,6) of the
conformal generators

JHV:MMV7 Jll =Pu _KU' ’ (4.6)

Jse=D, Jue=P,+K,

satisfies the o(4, 2) algebra, and spans the M sec-
tor of the matrices (4.1). Three axial charges 7,
commute with J;; as well as among themselves;
they define the unique flavor charge

T=5(m, + T+ T,) (4.7)

and the generators of the Cartan subalgebra of the
C(2;a) algebra (4.2),

H=3(Ty=m,), H,=3(r,~7,), 4.8)
Hy=5(m,—m). :
(b) Definition of color charges
[Qus1s@s2]1=2 [Capla+i(rCasls],
[Qu;1,Q855]=2 [Capla+ i(YsClagle] s (4.92)
[QOI;Z’QB*;B]:é[CaBLl+i(YSC)OIBIl]7
or
[Qa;1,@p;a]=2 [Casls = i¥iClagls], ~  (4.90)

etc. We see that for SU(2,2[1,1,1) the two-colors
sector has the form

X(1.1.o)=(L3’ 3)
X010 =Ly, 1) -

X(l 0,1) (Lz’l) ’
(4.10)

(c) Convariance properties of supercharges.

The generators @ ;; transform under the con-
formal group as SU(2,2) spinors, i.e., twistors.
The color indices transform under L; according
to the set of relations (3.7). Besides this we get
new relations

[,,Qu;1=0,
{1, Qa2 =i(rs)ags;s » (4.11)
{1,,Qa;5t=1(r)agQs;,  etec.,

and
[Qa“,HJ:O,
[Qasr,Hol= =Qa;y (4.12)
Qa1 Hs]= Qs -

. The transformation under the single flavor
charge (4.7) has the form

["’Qa;i]=—%(')’5)a,sQ5;i . (4.13)

V. CONCLUDING REMARKS

We have considered Z,®Z,® Z, graded super-
algebras and have shown through two examples
[the osp (4]11,1,1) and the su(2,2]/1,1,1) color
algebras] how one can obtain a unification of space-
time and “color” symmetry. Are these algebraic
structures “new”? A similar question appears
also when one considers the parafield realization
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of color.'? Actually the algebras of the creation
and annihilation operators that one encounters in
parastatistics for the three-colors case are solv-
able algebras of the type C(2,a) for parabosons
and C(3,s) for parafermions; for these algebras
there exists a transformation (the Klein trans-
formation) which turns the C(2, @) algebra into a
Lie algebra and the C(3,s) algebra into a super-
algebra. Such a transformation generally does
not exist if the color algebra is not solvable. A
first insight in the problem of “novelty” can be
obtained if one compares for example the osp(4|i1,
1,1) algebra with" the superalgebra osp(4,3), one
then observes that the structure constants are
identical although the product can be a commutator
in one case and an anticommutator in the other.
Let us consider now the three Pauli matrices 7,
(¢=1,2,8) (7,7;+ 7,7, =20,;) and take any represen-
tation of the osp(4l|1,1,1) color superalgebra. We
can now consider the algebra formed by the ma-
trices

X(O.O.O)’ TIX(I.'O.O)J’ TZX(O,I,O),I9

T3 X (oosnnis T1iT2X (11,0004 5 (5.1)

7173X(1.0.1).i7 TZTSX(O.I.I).i’ 7-17'27'3‘)((1.x.1).19

where X, 4.,),; are a representation of the
osp(4ll1,1,1) algebra. It is a trivial exercise to
show that the generators (5.1) form a representa-
tion of the osp(4, 3) algebra. This representation
may be irreducible, fully reducible, or not fully
reducible. As shown in Ref. 7 this argument gen-

eralizes for any Z,®Z,® *** ®Z, graded color
algebra. Thus the novelty of the osp(4ll1,1,1) col-
or superalgebra as compared to the osp(4/|3)
superalgebra is that they have different represen-
tations.'' For physical applications, however, it
is not yet clear if there is a novelty (this point still
has to be studied). It is possible that when writing
a field theory for the osp(4l|1,1,1) algebra one is
forced to take certain representations such that
for all practical purposes through changes of no-
tation one obtains the same results as if he had
started with an osp(4, 3) algebra. We hope to
come back to this point in a further publication.
The main purpose .of this paper was to show that
there are mathematical structures which go beyond
the Z, graded superalgebras and which may be
useful. The Z,$Z,®Z, color superalgebras is
only one example. There exist other possibilities
such as the one based on a Z,®Z,®Z,0r 2,82,
grading as suggested in Ref. 7.
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