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Covariant, constrained two-body dynamics, with both particles put on their mass shells, is proposed as a
generalization of the Bakamjian-Thomas-Coester relativistic quantum-mechanical scheme. The Weinberg
infinite-momentum limit of the latter scheme is investigated, and a covariant formulation of the two-body
problem in the light-front field theory approach is made. We find several equivalent versions of the three-
dimensional, covariant, two-body integral equations. Among these equations we get one in which the
covariant two-body propagator has the form identical with the nonrelativistic case, i.e., we have a quadratic
structure in the relative momentum and the ordinary reduced mass. We discuss connections between different
schemes, emphasizing the variety and the uniqueness of the off-shell extensions.

I. INTRODUCTION

There exist in the literature very many practical
proposals for dealing with two-body and many-
body problems in the relativistic man-
ner.' 814 17,1821,2429 However, some approaches
are noncovariant,?"*%24 gnd other schemes pos-
sess arbitrariness® in writing three-dimensional,
two-body integral equations. There are special
recipes such as the “minimal relativity’® scheme,
with which one would like to correlate the findings
from nonrelativistic nuclear physics with those
which are necessary to explain relativistic pro-
cesses.

The medium-energy facilities for studying the
pion-nucleus interaction provide a large amount of
data, in which relativistic effects must be taken
into account. Also, the isobar nucleon modifica.
tion” of conventional nuclear physics calls for
taking into account the mesonic degrees of free-
dom in a relativistic framework with some effec-
tive Lagrangians. ‘The nucleon-nucleon interac-
tion contains some effects, which are due to rela-
tivistic features, and it is desirable to disentangle
them from pure dynamical effects.® ‘

The original motivation for the present work was
the aim to find a relativistic scheme in which the
Glauber formula could be derived as the eikonal
approximation in the relativistic three-body prob-
lem.° For a two-body subsystem we found® thatthe
Abarbanel-Itzykson'® result for the sum of ladder
and crossed ladder diagrams can be reproduced
for the fully on-shell # matrix in a covariant, eik-
onal, potential scheme, in which we use the condi-
tiong *P =0, wheregq is the Wightman-Garding rela-
tive four-momentum and P is the total four-mo-
mentum. In an earlier work'! we found that the
real potential correction to high-energy proton-
proton scattering, in the range of laboratory mo-
mentum 20-1500 GeV/c, explained very well the
phenomenon of breaking the geometrical scaling.

18

The present paper is organized as follows. The
noncovariant, relativistic, quantum two-body dy-
namics, proposed by Bakamjian and Thomas?® and
largely developed by Coester,®* is recapitulated
in Sec. II, where we also study Weinberg’s infinite-
momentum limit.'* In Sec. III we propose a co-
variant generalization of the scheme given in Sec.
II, using constrained dynamics, similar to the
scheme suggested recently by Todorov,"® but with
both particles constrained by their mass shells.
A field-theoretic description, based on the light-
front field theory approach, is presented in Sec.
IV, where we find a covariant Weinberg equation
with a propagator such as in the nonrelativistic
case. In Sec. V we make a comparison of differ-
ent approaches including four classes of the most
popular three-dimensional, two-body schemes.
Conclusions and some remarks concerning the
relativistic Schrddinger equation are given in Sec.
VI. Two appendices contain normalization of am-
plitudes and several details corresponding to the
case of unequal masses.

II. NONCOVARIANT RELATIVISTIC QUANTUM
MECHANICS AND THE INFINITE-MOMENTUM LIMIT

In this section we recapitulate several known
facts from the scheme developed by Bakamjian
and Thomas,? Coester,®* and other,'* and we em-
phasize the variety of the equivalent two-body
integral equations.

In relativistic quantum dynamics, particles are
on their mass shells, but the whole two-body sys-
tem may be off the energy shell. For such a sys-
tem, Bakamjian and Thomas introduced an inter-
action » in the invariant mass of the two-body
system, as a rotationally invariant function of the
c.m. relative three-momentum K and a relative
coordinate . Thus for noninteracting and inter-
acting cases, the respective mass operators are
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o= (K2 +m,2) 2 + (K2 +m,2) /2
@.1)

-

h=hy+v(K2, 52, K-P).

Consecutively, the generators of the time trans-
lation are

Ho=(h? +B9)/2,

(2.2)
H=n+D%)' /2,
where P is the total three-momentum.
The Mdller operators are defined as
Q, :}32 exp(iHt) exp(—iH yt) (2.3)

and, by applying the Kato theorem,'® Coester® re-
writes them as

Q,-= }gg exp(iht) exp(~iht). (2.4)

Assuming a regular v, it can be shown® that Q.
satisfies

1=Q_-4 fm [exp(ihyt) JoS2. exp(~ihgt). (2.5)
(0]

The Hilbert space of the free-particle states is
spanned by the eigenstates of H, denoted as |Pk).
The dependence on P follows from translational
invariance, and it is sufficient to consider states
denoted as [E). Acting on such states we have
n&_=Q_hy, and defining a scattering operator

T=08., (2.6)

we get from Egs. (2.5) and (2.6) the two-body,
half-off-shell, integral equation

@ | T|R) = & | 0| R
- lim f ARAE! v [Kny @ |7 [K)
x [wE”) - wE)-ie]*, (2.7

where w(k)=(k®+m,2)"/2 + (B +m,?)"/2. The energy
shell is determined by %% in Eq. (2.7), and in the
following we shall denote it as

2 — 2_1 1 2 2 1.~ 2 2
=k =35 - 3(m> +m,?) + 1s7 (m * — m,%)?,
where s is the invariant mass squared equal to the

c.m. energy squared. The normalization of 7 is
such that

do = do

at” Trks dﬂ Co M,

TS = ﬂsks-zs [1 - (m 12 - m22)23-2]2

X KE’ ITIE Ik’2=k2=ksz lz, (2.8)

where £ is the invariant momentum transfer
squared. Some more details concerning normal-
ization are given in Appendix A.

For simplicity, we now put m, =m,=m, and in
Appendix B we collect the relevant formulas for
m, #m,. A different two-body equation from Eq.
(2.7), but equivalent to it, can be found®* if we use
again the Kato theorem, and instead of Eq. (2.4)
we write

Q,=lim exp(izm ™ h’t) exp(—izm ™ k2t). (2.9)

Then, we define an interaction V and a corres-
ponding scattering operator T as

V=m0 = hy?) = sm ™ (hov +vho +07), (2.10)

T=VQ.=m™(h,T +Th,). (2.11)

From Egs. (2.5), (2.9), (2.10), and (2.11) we get
& |1 [B =G|V [k)
~ tim [ A |v £ |7 )

X (B"*m™ = BPm™ —i€)™. (2.12)

Notice, that the two-body propagator in Eq. (2.12)
has in the denominator the quadratic dependence
of the momenta, as in the nonrelativistic case.
The same two-body propagator as in Eq. (2.12)
can alsobe found from the following procedure. We
multiply Eq. (2.6) from the left- and right-hand
sides by the operator 3m™/2(h,+ w)'/2, where w
is a parameter. Then, using Eq. (2.5), we take
the matrix elements between the states (1'{"] and
|k), set the value of w to be equal to w(k), and
performing the ¢ integration in Eq. (2.5) we get
the two-body equation in the form of Eq. (2.12),
but instead of V and T we obtain V and T, respec-
tively. The fully off-shell matrix element of V,
which appears in the kernel of such an equation, is

(& | V&)= dm ™ [w(k?) + w(k) |/ XK o |[K7)
x [wEm)+w@® /2 (2.13)

This should be contrasted with
@ |V [ = {w () o [B7)+ (e DR o [K7)

+ (E/ [v2 IE/I)]' (2.14)
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The matrix elements of T and T are related in the
same way as V and v. Again, such a relation is
different from the one which holds between T and
T and follows from Eq. (2.11). ‘

The fully off-shell matrix elements of V and v
are independent of w(k), the energy shell. (When
going fully on shell the matrix elements of V and/
or v may depend on energy if they are nonlocal
interactions. This should not be confused with the
energy independence of the fully off-shell matrix
elements of V and v.) Therefore, we call V and
v potentials, while I7, explicitly depending on
w(k), we call a quasipotential. The two-body equa-
tions, of the form of Eq. (2.12) with either V or
V, describe the same dynamics but in a different
way. The matrix elements of V and V are very
different both off shell and on shell. Only the
fully on-shell elements of T and T coincide, as
it should be for measurable quantities normalized
in the same way. However, the off-shell exten-
sions of T and T are completely different, though
the propagators are identical in both equations.
There is no question of the uniqueness of the off-
shell extension of either V and T or V and 7T once
the matrix elements (l?lv Iﬁ”) are given as an in-
put. This is transparent in Egs. (2.13) and (2.14).

The variety of equivalent two-body integral equa-
tions can be enlarged either by using the Kato
theorem, with functions different from before, or
by acting with operators different from 4m ™/ 2(h,
+w)'/2, In Sec. V we present some more examples
of them. Now we obtain from Eq. (2.12) an equa-
tion with the form of the Weinberg equation.'?
However, there is an essential difference between
this equation and the original Weinberg equation.
The most important difference is in the energy
dependence of the fully off-shell elements of the
irreducible kernel. '

Let us take the limit [P |-, keeping P,2- B2
fixed, and let us use Weinberg’s parametrization?
of the particle’s momenta. For n<(0,1), we have

§1=77P+(L, §z=(1—71)§—<L,
where T%ql =0. For a finite ,-15 ] =P we consider
the Lorentz transformation to the c.m. system,
and we get

k,=71P coshg - [(nB +q,)? +m?]/2 sinh¢,

where
coshg ={(n°P* +q,* +m*)*/2

+[(1 = m)?PP+q2+m*[/2A™,

sinhg =PA-1
= P({(nzpz+q12+m2)1/z
+[(1 _ 77)2P2 +q12 +mz]l/ 2}2 _Pz)-llz .

Taking the limit P -, with 1 and EL fixed, we
find

limk, = (n- 3)[(@,® +m®)n™ (1 - n) /2,
limw (k) = [(g,2 +m®)n™ (1 = ) /2, (2.15)
limd®z=$n"3/2(1 - )™/ %(q,2 +m?)* 2dnd %q,. |
Finally, defining an amplitude M by the equation
Mm"q,” [M [n'q)) = (2m)°2m w' /(R ")
X @7 T [n'q) e *(k"), (2.16)
and similarly defining the matrix elements of I in
terms of V, we get the following two-body equa-

tion, equivalent to Eq. (2.12):

(M)=(D) - 3(2m)* [an"atqm(1 ="

q112m2 q 2+ m? |
X (I)<M> [’7”‘(.1 - 17") - 77?1 - 77) - 16]
2.17)

This is the Weinberg'? form of the two-body equa-
tion. However, here the fully off-shell elements
of I are independent of w(%), the energy shell, as
can be seen from Eqs. (2.16) and (2.14). This is in
contrast to the irreducible kernel in the original
Weinberg equation which we disucss in Sec. IV.

III. COVARIANT, TWO-BODY DYNAMICS

It is possible to find a covariant generalization
of the scheme given in the preceding section. We
start by discussing a free two-body system, and
denote the particle’s four-momenta by p,, p,, the
total four-momentum by P=p, +p,, and for the
relative four-momentum we take the following
combination of p, and p,:

q = kP~ BiDs, @.1)
where

My ='%[1 +(m? - mzz)P-z] ’

My = z[1 = (m?-m,)P?],

m, and m, are the rest masses, and P? denotes
the four-dimensional scalar product with the sig-
nature (+ - — —). The four-vector ¢ is known as
the Wightman-Garding'® relative momentum, and
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for the on-mass-shell momenta it is guaranteed
to be a spacelike four-vector, since then the scal-
ar product g P vanishes. The Hilbert space of
the free two-body states is spanned by the fully-
on-mass-shell states

‘P1(P12 =m,®) p, (0% =m,2)).

Two-mass shell constraints are equivalent to the
following two constraints on the relative and total
four-momenta:

q*P=0, (3.2)

PP [(=g*+m )2+ (-g* +m,?) /P P=0.  (3.3)
The two-body states

lg(Eq. (3.2))P(Eq. (3.3))

have 6 degrees of freedom, as in the nonrelativ-
istic case. This is in accordance with the fact that
the contraction of the Lorentz group to the Gal-
ilei group does not decrease the number of com-
muting operators.

For further development of the constrained dy-
namics it is useful to carry out some consider-
ations for a classical two-body system. Such a
system is described in a 16-dimensional phase
space of two four-momenta p, and p, and two can-
onically conjugate position-space four-vectors
x, and x,. In the x space we introduce two four-
vectors for the two-body system. One is the rela-
tive position ¥ =x, - x,, and the second is an ana-
log of the center-of-mass position. The second
four-vector we denote as capital X, and we define
it through the relation

Xy *dp+x,° dp,=X*dP +x* dq . (3.4)
Substituting Eq. (3.1) into Eq. (3.4), we get
X=X, + ¥ o= [x* Pm2-m,2)P™4P. (3.5)

It is straightforward to verify that if x,p, ,' and
X5, P, satisfy the standard, canonical Poisson
brackets, then x, ¢ and X, P also obey them as
should be because of Eq. (3.4).

In the 16-dimensional phase space we restrict
ourselves to a timelike four-vector P, and we de-

)

PP/ = (P, P, My Py My, P My ™),

k=(P, My, P, P, My !Ny, PyP, M IN,™, 1 +P,2M,"'Ny ),

fine a 12-dimensional subspace by using two con-
straints given by Egs. (3.2) and (3.3) and adding to
them two extra constraints for defining a parame-
trization in the constrained space. Our four con-
straints are

¢,=q*P=0, _

X, =xP=0, (3.6)
Dy =P*- [(-q2+m12)1/2+ ('q2+m22)1/2F =0,

X, =X,-1=0,

where ¢ is the time in the frame of reference, in
which the components of the four-vector P are

P,, P, P, and P,. It.is useful, but not neces-
sary, to use the notation of the Dirac-Poisson
brackets in the constrained space. We do it in two
steps, first using ¢, =X, =0, then ¢,=x,=0. The
Dirac-Poisson brackets are denoted by a single
asterisk and a.double asterisk respectively, and
for two quantities f and g they are definéd in terms
of the ordinary Poisson brackets as

{rgb*={fet+ e Hugt - {rxHe g dox,
{rep*={rgh
+[{fe, Xz g} - {Fx e g 1w, 1)

For any pair of ¢, X,, ¢,, X, the double-asterisk
brackets are equal to zero. However, the double-
asterisk brackets between the components of the
four-vectors x, ¢, X, and P are no longer of the
canonical form. Nevertheless, it is possible to
define a new set of variables which have the can-
onical form of the double-asterisk brackets needed
for the quantum program.

To define the new variables we introduce a vier-
bein which we denote as Pklm. It contains
a unit timelike four-vector P(P?)™/2, and three
orthonormal spacelike four-vectors «, I, and m.
Thus, we have Pek =Pel=Pem =K+l=Kkem =l-m
=0, and k¥2=1*=m?=-1. Such a vierbein
was used by the present author in connection with
the eikonal approximation'! and the relativistic
Glauber formula.® Its explicit construction in
terms of Py, P,, P,, and P, was given by Faus-
tov.!" Denoting (P?)!/? as M,, and P, +M, as N,,
we have the following components of the vierbein

four-vectors!®:

(3.7)

l=(PxM0-1’ 1 +Px2M0-1N0-1,PxPyMO-lNO-I:PszMO-lNO-l);

m=(P,My*, P, P,M'N, 1 +P2M7INyL, Py P, M "IN,
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Any four-vector can be projected on the Pklm
vierbein. For example, instead of ¢ and x

we can store the information about these four-vec-
tors in-the following scalar products:

ap=q°PM,", q,=-q-k, q;=-q-l, q,=-q-m,
xp=xPMyt, x,=x°K, %;5x°1, X, =xem.

The scalar products ¢q,;,, and x,;, are the new vari-
ables which have the following double-asterisk
brackets:

{%a d®P¥* =5,?, where a or B=x,l,m
' (3.8)
Ko PP* =0, {g,P*P*=0, where n=0,1,2,3.

Knowing projections on the vierbein Pklm, and

the vierbein four-vectors, we can reconstruct a
given four-vector. For example, we have

q =PM,"qp +Kkq . +lq, +mq,,.

If we are given qpqm, Xpcims X', and P*, then we
can write ten Poincaré generators,

Hy= (% +m A2+ (522 + m22)1/2’

ﬁ0 =%, (0% +m D)2 + %, (p,2 +my) /2,

. (3.9)

PO =§l '+52,

Jo =X X By + % X By,
where the index 0 on the left-hand side denotes
the noninteracting case. In the constrained space
we have gp=xp=0, and

My=(ql+a:* +q ' +m,?)?

+ (qn2 +‘I12 +qm2 + m22)1/2.

The vanishing double-asterisk brackets {g,P*}**
and {g,,qg** enable us to formulate the quantum

program with the use of the states |g,;,P (P?=My?).

They are eigenstates of the free Hamiltonian
Hy={P*+[(q,2 +4,® +q,2 +mD)'?

+(@l+a. +a,2 +m) P2 (3.10)
To introduce an interaction we follow the basic
idea of Bakamjian and Thomas (many details of
our work and that of Bakamjian and Thomas are
different) and change the mass operator of the

two-body system. For the noninteracting case we
have
My=pip +bsyp, (3.11)

where p; and p, are eXpressed in terms of ¢ and P
as

by,y=%q + Uy, P,
with

By,o=3[1%(m? = my?)M,™?). (3.12)
In the presence of interaction we keep the condition
gp=0 as a condition on the state vectors, where
in the Pxlm vierbein field we put P*=M,%, so we
have

WoPip= LiPep =0, (3.13)

but we modify the operator Eq. (3.11) into the op-
erator

M=pp+pp+ o, (3.14)
where ¢ is a function of q,;, and x,,;,, about which
we shall tell more later on. The change from Eq.
(3.11) to Eq. (3.14) is the same as from &, to 2
=hy+0 in the preceding section. [The change
from (3.11) to (3.14)is also similar to the one
which appears when passing from the evaluation of
the propagator to the evaluation of the irreducible
kernel in the Weinberg equation. In particular,
in the lowest-order approximation to the irreduci-
ble kernel, when we evaluate the contribution to
the energy of the system from the exchange of one
leg, we must add to the energies of two propagat-
ing particles also a contribution from the ex-
changed leg. ] In the presence of interaction our
two particles remain on their mass shells, but
the whole system goes off the energy shell to the
nonrelativistic case. Indeed, using the vierbein
Pklm with P2=My?, we have as always pium
== Povim =qxim» and from Eqs. (3.13) and (3.14) we
get py,9p =14, M, leading to two mass-shell con-
straints py,,p° — 4,2 = 4:% = @l =m0

The function ¢ has to satisfy some regularity
conditions, such as continuity, boundedness, mono-
tonicity in domains, and a proper behavior at in-
finities. We shall assume all of them, and for
more details we refer to the papers by Kato!® and
Schierholz.'® Here, we only consider the variables
on which ¢ depends, and the form of this depend-
ence. We can verify that if ¢ is a function of the
following combination of q,;,, and x,;,,,

@ = (p(qxz +q12 +qm2) xu2 +x12 'l"xm2 ’

@k +q1%1 +q X)),
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where the subscript + means a symmetrized prod-
uct, then the double-asterisk brackets between
any pair of constraints remain the same if we re-
place the constraint ¢, =0 by

@4= P~ [(=g? + m D)2 + (=% +m,?) /2 + o =0.
(3.15)

Solving this constraint for the time component of
P we get the following total Hamiltonian H, in the
presence of interaction:

H ={f’2 +[@l+a. +q,° +m12)“2
+ @ +a77 + g, +mg?) P+ PHY2,
(3.16)
The Mgller operators
Q, = lim exp(iH?) exp(—iH )

can be rewritten in two different forms using the
Kato theorem with the functions

fi(H) =(H2— '1;2)1/2=M’

and

FoM) =5~ M2+ M2 (my? - my?)?,

where p =mm,(m; +m,)™! is the ordinary reduced
mass. We get

Q, = lim exp(iMt) exp(—iM i)
2>t

=1lim exp[ify (M)t ] exp[-if, (M)¢t].

t—> %0

(3.17)

For the interacting case we build the Poincaré
generators as

H’ P; K; :f: Q-(}10’ Pl)’ KO’ JO)QI ’

where H,, 50, ﬁo, and :fo are given by Eq. (3.9).
(When the two-body system has a bound state, then
we have to add to the above generators an extra
term corresponding to the projection on the space
of the bound states. For more details concerning
this modification we refer to Fong and Sucher. 14
The generators of the space translations P are the
same for the noninteracting and the interacting
case because P commutes with Q..

The commutation of P with H can be also used
for rewriting €, in the form containing the proper
time of the two-body system T =#(1 + P%s~1)"1/2,
where s is the invariant energy squared, an eigen-
value of M02. We can follow Jordan, Macfarlane,
and Sudarshan,!* and use the Heisenberg picture
to represent transformation to the c. m. system.

Taking the Lorentz transformation along E,, set-
ting P, =P, =0, and denoting cosha = (1 + P%s™)!/2,
we get for the interacting and free systems the
following transformations of H and Hy:

H—H cosha - P,sinha, Hy,—H,cosha - P,sinha.

These transformations inserted in the definition of
the Mgller operators give the following final result,
after using the commutation of H and P and the
Kato theorem with f(H) =M (cosha)™:

Q, = lim exp(iH¢ cosha) exp(—iH,f cosha)
=lim exp(iMT) exp(~iM,T).

In correspondence with v and V, defined in Sec.

1I, we introduce, besides ¢ =M — M,, also

o =f,(M) - f,(M,). (3.18)
The two-body scattering amplitude corresponding

to ¢ is defined as T = ¢82_, and its matrix elements
have the property

(qzmx'm' P'(P'2 =M52)|T1‘Iksz(P2=Moz)>
=6 D®" = BYGlotone | T |@utm),  (3.19)

which follows from translatignal invariance.. (The
dependence of a { matrix on P could be also found
from the following procedure: We define the ¢
matrix by the equation ¢ =(H - H))Q., and derive
an integral eqyation for it as in Sec. II. In such
an equation, P appears explicitly because of Eqgs.
(3.10) and (3.16). However, when doing this, it
is important to notice that both H and H, are P
depende&t, and therefore also the difference H

— Hj is P dependent. An attempt along these lines
was made by L. Heller, G. E. Bohannon and F.
Tabakin [Phys. Rev. C 13, 742 (1976)]; however,
the Pdependence was only taken into account in the
propagator and was not considered in H — H, whichis
complicated.) Threed functions in Eq. (3.19) show
the trivial dependence of T on the total three-mo-
mentum. The nontrivial dependence of T on the
fourth component of P* can be simply taken into
account if we use the notion of the projections on
the Pklm vierbein for the four-vector P*.

Then, instead of writing P*, we put

Pp=M,, P,=0, P;=0, P,=0.

In terms of the components in the frame of the
Pklm vierbein , the four-vectors PM,™, «, I,
and m are, of course, (1,0,0,0), (0,0,0,1),
(0,1,00), (0,0,1,0). The primed total four-mo-
mentum P’ has in the unprimed vierbein frame
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the components Pjp,;,,. However, because of the
6 functions in Eq. (3.19), we get :

P!'clm =Pklm=0' (3. 20)

The component P} is equal to M{, since P'?=M{2.
Using Eqgs. (3.7) and (3. 20) we find that in the

@LinP (P2 =M |T | g 1P P? =MD)) =6 (Pl @otm | T | dtm)-

Pklm vierbein frame, the four-vectors P'M}™, «!
I’, and m’ are exactly the same as PM,™, « , I
and m. Therefore, when working with the com-
ponents Pp =M, Py;,, =0 and Pp =My, P};,, =0, we
can simplify Eq. (3.19), using only one vierbein
Pklm, and we get .

(3.21)

We also find that gp =0 since ¢’-P’ =0 and Py,;,,=0. Thus, the T matrix is evaluated for the following

values of the four-vectors ¢, P, q’, and P’:

@p=0,qum, Pp=Mj, :'dm:OlT I‘Ip =0, qxtmsPp =My, Py =0).

(3.22)

The matrix elements {g};, IT’],‘,M) satisfy the following two-body integral equation, which can be derived

here in the same way as in Sec. II,

(T)=(¢)-2ulim f PG () (T N +a7? +4,,7 -

It is also evident that for the { matrices T and
T we can find the corresponding covariant analogs.
However, we cannot work with the projections on
the Pklm vierbein fields and take the limit |P|
—o, with Py - P? fixed, since then two of the vier-
bein four-vectors would be undetermined, having
two infinite components.

IV. COVARIANT WEINBERG EQUATION WITH A
QUADRATIC PROPAGATOR

In field theory the basic two-body equation is the
Bethe-Salpeter equation.'® It is an exact equation,
as shown by Gell-Mann and Low?° if the irreduci-
ble kernel contains an infinite series and the particle
propagators are the full two-point Green’s func-
tions. (The Bethe-Salpeter equation for the two-
body Feynman kernel can be viewed as a definition
of the irreducible kernel. Such a kernel should
contain all couplings to the many-body states,
while all disconnected diagrams should be taken
care of in the propagators corresponding to the
physical masses of particles.) However, in prac-
tice one is forced to take a finite sum of diagrams
for the irreducible kernel, and then the Bethe-
Salpeter equation is only an approximate equation.
In general, the irreducible kernel of the Bethe-
Salpeter equation is nonlocal and energy depen-
dent, but in some cases, like the ladder approxi-
mation in the scalar theory, it is local and energy
independent.

In parallel to the standard Feynman perturbation
theory one may also write the “old fashioned” per-
turbation rules for the S-matrix elements. Then,

qK2 - qu - qm2 - ie)".

(3.23)

—

all particles in the intermediate states are on their
mass shells, and instead of the Feynman propaga-
tors for each particle we have energy denominators
for each state. Kadyshevsky? developed such a
scheme and found a two-body integral equation
which plays the same role as the Bethe-Salpeter
equation in the standard theory. Again, if the
kernel contains all irreducible diagrams and the
propagator is the full one, then such a two-body
equation is exact by definition of the irreduci-
ble kernel. However, in contrast to the Bethe-
Salpeter case, this irreducible kernel is non-
local and energy dependent even in the lowest-
order approximation. Weinberg!? considered the
infinite-momentum limit of the old-fashioned per-
turbation rules and wrote a Bethe-Salpeter—type
equation, with the ladder approximation for the ir-
reducible kernel.

The Weinberg infinite-momentum rules can also
be found in the light-front field theory (LFFT) ap-
proach. Such schemes were developed by many
authors,?2 but most useful for us is the series of
papers by Yan et al.2®. There, all popular renor-
malizable field theories were studied and a formal
proof of the equivalence of the LFFT with the
standard field theory is given. The S-matrix op-
erator is defined by the Dyson formula,

S =T*exp (—z’ fd"xH,(x)) )

with T* denoting the x,=x,+x, ordered product,

which can be expanded in the perturbation series
analogous to the old-fashioned time-ordered per-
turbation expansion. Then, instead of the energy



18 COVARIANT TWO-BODY DYNAMICS AND THE WEINBERG... 3683

denominators we have the p_=p,—p, denominators,
and the conservation of the p,=p,+p, and b, com-
ponents. The on-shell particle momenta are de-
termined from the simple relation p,p. —p,2=m?,
which is linear in p_.

For our purposes the main object of interest is
the two-body matrix element of the S-matrix op-
erator. Taking the S-matrix operator between the
on-mass-shell states, we have a well-defined
total four-momentum P in the initial state. It is
a timelike four-vector and it can be used for de-
fining the Pklm vierbein, introduced in the pre-
ceding section. This vierbein can be taken for

defining the following combination of variables
which play the role of the + and L components:
D1pEP1sP11sPim, and similarly for the second par-
ticle. The momenta of the individual particles are
on their mass shells, thus the relative momentum
g and the total momentum P obey the relationsg * P =0
and P?=M2=4(m?+q,% +q,%+q,7), for m,=m,

=m. The case m,#m, is given in Appendix B.

The + and L components of the total momentum
are conserved; therefore, we have the following
structure of the matrix element of the scattering
matrix M:

(Pp+P}, P}, Ppo=Pl=MP(Pp+ Pl qp+qL, qtp; q' *P'=0|M|Pp=M,P,,,=0,g5=0,q,,,)

=0(Pp+ P ~Pp)0 P (P} Xap+0L, qin| M |Gy,  (4.1)

where in the final state we used the same vierbein Pxlm as in the initial state. We note, that if Mj#M,,
then the final state is not in the c.m. system. Introducing the standard notion of the light-cone variable
N=(prp+pJPp+P )", we have n=%+qPp™, N'=3+gh+q)PH+P!)™, and we get the Weinberg equation

O Qo | M| 0q 1= 00" @ [ 1% | 141,

_%(2")-3 f dﬂ"dzqﬁ',,,n"'l(l _ n")‘l(ﬂ'qim Ilenr/q ;lmxnnq ;Im |M I nq'm>

x (@ +q22+m®n" 1 =1")* = (@2 +q, 2 +m2n (1 =)t = i) (4.2)

where (0’ q},|I%|n"q”,) is the irreducible kernel,
depending on the energy shell, determined in Eq.
(4.2) by (g,>+9,.2 +m*)n™* (1 =n)™=s. The lowest-
order approximation to I is given below, in Eq.
(4.7). If I¥ would contain all irreducible diagrams,
and in Eq. (4.2) there would be the full propagator,
then Eq. (4.2) would be the definition of I¥, because
the two-body matrix element of M is already de-
fined. In this sense, Eq. (4.2) may be considered
as an exact equation such as the Bethe-Salpeter
equation with the full irreducible kernel, and the
full propagator.

It is possible to make a change of variables and
get the propagator in Eq. (4.2) in a quadratic form.
According to Eq. (4.1), the total four-momenta in
the initial and final states are, respectively,

P=(Pp=M,=Vs,P,,,=0)
and
P’=(Pp=3My+3M@M,™, P,

2 -
=%MO_%M{) MO I’P;m=0)’

where M}?=P"*= (P}, +P!)(P}-P!). Thus, from
the condition ¢’ *P’'=0 we get ¢p P, —¢LP.=0, and

r

using it, together with the above relations, we find
an identity

4 ~ a5 = (gp+q!)?(P}+ P!)2P"?

=(n' -3PME. (4.3)

Let us now introduce two new vierbeins P’k’lm,
and P”k”lm, with the I and m legs unchanged,
because of P}, ,=PJ =0 and Eq. (3.7). Working
with new and old vierbein components, we find
from g’ *P’=0=¢” * P” the following relations:
q'P'=qil’"=01
(4.4)

2_ 12 2 n2_ _n2 n2
qn"‘qx —qp, Guw =4y '-qP .

Finally, using Egs. (4.3) and (4.4), we get, as in
Eq. (2.15), »

qw=0" =3)(P"P/2
P =gy +qi +m?n" (1 -n")",
dqlwd®q}, =in""""*(1 —n")3/2
X (q??+q2% +m2an"d%", , (4.5)
and substituting them in Eq. (4.2), we obtain



3684 J. M. NAMYSEOWSKI 18

<q;’lm|Mqulm>=<ql:'lmllwlqnlm>

5@ [ @0l e 17| @i (@i M i) @02 1407 =R i), (4.6)

where k22=3s —m?2. For illustration, we write the ladder approximation to I¥. It is the Weinberg expres-

sion in terms of our variables

(@l im| Tiader| 42 1) = =82 Am* + (@} = a7+ (@ =) + &' = x") ("M = x"M?) + | =x" [ 0452 +M?) =T},

where

’ ’ -1 " " n-1
x'=q. My, x"=quM] .

The following features of I¥,

action, if in the conventional theory we take P2=P’?

(4.7)

Yadder Should be noticed: (1) For Mj=M[ =M, we get the standard Yukawa inter-
=M¢?, and g °P=q’°P=0. (2) For M{#M, or M #+ M,

we get an explicit dependence on M, which plays the role of the energy shell. Thus I¥ . . is energy-depen-
dent. (3) For either My#M, or M{+M, the matrix element {gfs;,, 1% 10z |¢1n) does not depend on the dif-
ferences between the variables in the bra and ket, but separately on each of them. In this sense it is a

nonlocal interaction.

Equation (4.6) may be rewritten for the amplitude T instead of M. The fully off-shell connection between

these amplitudes is

(@ke 1m l T anclm>=é @) m MG G 1 IM qulm>M0-l/2' (4.8)
Inserting it in Eq. (4.6) we get for the matrix elements {g’s,,|7 |¢,;, the following equation:
@r= ) = [ @V 0N alE 0l D) -2 i), (4.9

where V¥ is connected to I¥ in the same way as T
and M in Eq. (4.8). The kernel V¥ is energy de-
pendent and nonlocal, so we may call it a quasi-
potential. The propagator in Eq. (4.9) has the re-
quired structure with the quadratic denominator,
as in Eq. (3.23), but the energy dependence of V¥
precludes the identification of it with ¢.

V. COMPARISON OF THREE-DIMENSIONAL FORMALISMS

In Secs. III and IV we presented the exact three-
dimensional formalisms in the framework of
relativistic quantum mechanics and field theory,
respectively. In the literature there are many
more three-dimensional, two-body formalisms,
and we would like to find some connections be-
tween the presented schemes and the schemes
taken from the literature.

The necessary requirement for two exact
schemes to be physically correct is to give the
same fully on-shell Z-matrix elements. Thus, the
on-shell matrix elements of either the T" ampli-
tudes, evaluated from Eqs. (3.23) and (4.9), or

T

the M amplitudes, evaluated from Eqgs. (2.17)

and (4.2), must coincide for any physical values
of s and the invariant momentum transfer squared
t. We notice that if P'2=P?=gs, then the P’klm and
Pklm vierbeins coincide. For the irreducible
kernels, the condition is only a sum rule in
the form of the right-hand sides of the above
equations taken fully on-shell. Therefore, there
is no unique relation between the irreducible
kernels from Sec. III and the corresponding
kernels from Sec. IV, although in each section
separately, the off-shell extensions of the ir-
reducible kernels are uniquely defined if the
operators ¢ or ¢ are known, and the Lagrangian
and a set of diagrams for the irreducible kernel
are given, respectively. It would be completely
incorrect to identify the irreducible kernels from
Sec. III with these from Sec. IV both off-shell and
on-shell, because the kernels in Sec. IV are
energy dependent, and the off-shell extension is
different in Sec. IV than in Sec. ITII. The example
of the kernels V and V, given in Sec. I, shows
that it is insufficient to have the same propagators
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to identify the kernels either on-shell or off-
shell. In connection with this we would like to
make some comments concerning the so-called
“minimal relativity” scheme introduced in Ref.
6. The minimal relativity factors M,;™/2, M /2
appear in Eqs. (2.16) and (4.8), but we can not

-

{P fdsq;'xm MY [F@ryP My M2~ s - ie)]‘l} ' 2

i {P [ @3 (170 (2myny (- s z-a]'l}

where P denotes the principal value. However, in
general this equality will be violated, because the
off-shell extension of I and M on the left-hand side
is different than the extension of I¥ and M on the
right-hand side, and the principal-value integral
crucially depends on the off-shell extension. It

is also inappropriate to consider® that the poten-
tial ¢ in Eq. (3.23) is related to the nonrelativistic
potential (like the Reid potential) through the
minimal relativity factors. This would correspond
to identifying the Reid potential with I, while the
correct nonrelativistic limit of ¢ corresponds
simply to taking ¢ for small momenta, with no
extra factors.

To get a field-theoretic model of the interaction
defined in Sec. III we should first choose a La-
grangian and a set of irreducible diagrams for
I¥, Then, we solve either Eq. (4.6) or (4.9) and
take the fully on-shell elements of this solution.
Next, we choose an ansatz for ¢ or ¢ and solve
an appropriate equation from Sec. III, fitting
some parameters in the ansatz to the on-shell
value obtained from the field-theoretic equation.
The ansatz cannot be uniquely determined on the
level of the two-body theory. We have to test it
further in the many-body calculations.

Now, we shall consider four classes of three-
dimensional schemes which originate from dif-
ferent arguments than the one presented in this
paper. The first class is the most popular one
and was established by Logunov and Tavkhelidze?*
as a reformulation of the Bethe-Salpeter equation,
and independently by Blankenbecler and Sugar?
as the two-body unitary reduction of the Bethe-
Salpeter equation. The reduction procedure is
nonunique, and for different possibilities see Ref.
5. The second class was developed independently
by Kadyshevsky,?! on the basis of the old-fashioned
perturbation theory, and by Schierholz,!® within
the framework of relativistic quantum dynamics.
The third class was proposed by Fronsdal and
Lundberg?® in a scheme related to quantum me-
chanics, and by Gross?’ on the basis of the Bethe-

=M(2)=s
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identify the kernels. To emphasize this point let
us make an incorrect, in general, assumption that
the fully on-shell elements of I and I coincide.
Then, from the necessary requirements of the on-
shell equality of the £-matrix elements of M, we
would get the following equality:

(5.1)

M;\2=M§=S’

r

Salpeter equation. The fourth class was developed
by Todorov,?® using equal off-mass-shell con-
tinuation. Recently, it was substantiated!® in a
formalism based on constrained dynamics. We
used, after Todorov, a similar approach in Sec.
IO, but we put both particles on their mass shells.
Let us denote the four classes by the letters
LT-BS, K-S, FL-G, and T. The two-body prop-
agators in these formalisms, for m,=m,=m, are

—[z@mPMy (M2 —s —i€)]*, LT-BS (5.22)
(@M 2 (M) Vs —i€)]?, K-S (5.2b)
[(@m)Vs My M} —V's —ie)]", FL-G (5.2¢)
[s/2 (M2 ~s~i€)]t. T (5.2d)

The amplitudes are normalized as the M ampli-
tude in the first three classes, and as the 7 am-
plitude in the fourth class. For each formalism
we can find two analog equations within the scheme
of Sec. ITI, with the same propagators as above,
but with different off-shell continuations. We de-
note the kernels in these equations as I and I for
the first three classes, and as ¢T and ¢ T for the
fourth class. They are linear in ¢ and ¢, re-
spectively. We write these kernels in the way
they appear in the appropriate integral equations,
<ILT-BS>= —2m(21r)3M<',1/2 <q;m I )

.

q:clxm>Mo' 1/2:
(5..3a)

(IXSy=dm (2m3 (M4 +Vs )/ 2ML ( pdMY
x(My +Vs )1/2,
(I FLCy=dgm (213 Vs (My+V s)™1/2
XM (GYMy 2 (M +V5)H2,
(5.3¢)
(5.3d)

(5.3b)

(pT)=2ms™/2(4),
(I"LT-BS) = —%(2n)3(M;+fs—)1 /2
' XMH2 (@) My 2 (M +V s )2,
(5.4a)
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(T¥5)=(2m)* My (@IM} (5.4b)

(TF0)= (200 Vs M2 ()M /2, (5.4c)

(@ Ty=4s1/2 (M} + V)2 (@) (MY +Vs /2,
(5.4d)

Equations (5.3a) and (5.4b) have the right-hand
side independent of s, so they can be called po-
tentials. The remaining ones are quasipotentials.
The numerical results found in the K-S scheme,
corresponding to Eq. (5.4b), can be considered
as a model of ¢, since the kernel is s independent
and the off-shell continuation is the same as in
Sec. III. In all remaining cases if one wants to
get a model of ¢, or ¢, one has to repeat the
fits, taking the above kernels and the off-shell
continuation as in Sec. III. )

It is also possible to get the LFFT analogs cor-
responding to four propagators in Eq. (5.2). The
kernels in these equations we denote as J for the
first three classes, and as j7 for the fourth class.
We get

<JLT-BS>=<q:'c' im 'leq:c" lm); (5.53.)
(TES)=2(My+Vs Y/ 2MGH 2Ty My /2
X(M:)'+W/'§)-l/2, (5.5b)

(J P&y =25 (M:,+f§)'1/2 IV (MY +Vs)1/2,
' (5.5¢)
(GTy=(2m)3 s-l/zM;-llz (IW>M;'-1/z° (5.5d)

VI. CONCLUSIONS AND REMARKS

The main conclusion of our paper is that sev-
eral, equivalent, exact, covariant, three-dimen-
sional, two-body integral equations, with uniquely
defined off-shell extensions, exist if the inter-
action operator is known or the Lagrangian and
a set of diagrams are given. The two-body prop-
agators may take different forms, but if they are
the same it is yet insufficient to identify the ap-
propriate irreducible kernels. To make the con-
nection between different irreducible kernels we
must take an ansatz for the interaction and per-
form separate numerical fits. The answer is not
unique and must be verified in the many-body
calculations.

Our work should be continued in several direc-
tions. The most natural one is the three-body
covariant framework. On the two-body level, the
vector-meson exchange in the nucleon-nucleon
interaction should be investigated in the frame-
work of the LFFT, using the Weinberg equation,
and incorporating the results of Yan et al.?3 - The

pion-nucleus interaction should be investigated

and the role of the N* system estimated.” A
separate group of problems is connected with
QED, in particular the one-photon exchange?®
should be tested in the three-dimensional Weinberg
equation. Also thebound-state problem®® should be
investigated in the LFFT, and the applications to
the relativistic quark models should be encourag-
ing because of great similarities with the nonrela-
tivistic scheme. Now we shall make some remarks
about topics related to this work.

A. Relativistic Schrodinger equation, and the limit
my >0, Pt ~my? >0

For the unequal-mass case the propagator in the
equation for T is

[f2(Mo(q"")) = f, (M (k) - i€]™

=[z0Mqi2+ 4} + @) -z w7 RS —del,  (B.1)
where

fo (M) =5 p M2+ M2 (m 2 —=m,2)?],

k2=is =3 m2+m2) +is™(m, 2 —m20.
Therefore, for a local ¢ the following differential
equation will hold:

1 (B2, 2 9 ()
i (2 e i) o] o

=3k P(Xm) - (6.2)

For a nonlocal ¢, Eq. (6.2) is an integro-differen-
tial equation. If ¢ is an energy-dependent quasi-
potential, then the nonorthogonality of eigenfunc-
tions must be taken into account because of the
appearance of the functions of s both on the left-
and right-hand sides of Eq. (6.2).

In the limit m,~ ®, P?~m,2~x corresponding
to an infinitely heavy particle 2 being on its mass
shell, we get limg=p,, lim p=m,, limk2=E, 2
-m?, where E,, is the fully on-shell energy of
particle 1 in the laboratory system, the rest
system of particle 2. The ¢+ P=0 condition be-
comes p,®=m,%, so we recover the Fronsdal-
Gross approach.

For P2~ = the vierbein field Pxln does not
make sense, but in the static limit, the laboratory
frame is the distinguished one, and the expression
4,2 +4,*+q,° must be replaced by §,%, which deter-
mines the first-particle energy equal to the rela-
tive energy. Therefore, Eq. (6.2) becomes

Gm B2+ @)Y =hm (B —m2)$ or
(Ela.b2 —512—2m1¢—m12)(p=0, (6.3)

the stationary Klein-Gordon equation, correspond-



ing to the energy E,,, of the first particle.
Equation (6.2) may be useful in studying very
strongly bound systems, with the binding energy

comparable to the rest mass. We have in mind the

cases of supercritical fields. In particular, one
can study the conditions for the appearance of the
pionization phenomena, if for ¢ we take the
phenomenological pion-nucleus potential.

B. Symmetry 1 =2

The relative motion, described by the above
Schrodinger equation, is written in terms of
variables which are symmetric under the inter-
change 1=2. The same symmetry also has the
relative velocity

|‘721 ‘ =[1- myEmy? (Pll’z)_zl-l/z-
However,
ky=p !.‘721 |(m1+m2)s'1 /21~ 0212)-1/2 # I;zx , .

In connection with this point, see Ref. 31.

C. Variables in which the Weinberg propagator is quadratic

The particular combination of the standard light-
cone variables, in which the Weinberg propagator
has the quadratic structure in the denominator, is

4,=(M=3) (@2 +m* Pyt —n)t /2 (8.4)

(P'(P?=M)q'(q'P' =0)|S |P(P*=M,*)q(qP =0))

|
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For 7 we can take =3+ (go+q,) (P,+P,)™, or the
Weinberg 7, given in Sec. II, avoiding completely
the notion of the vierbein Pkim.

For the unequal-mass case we have instead of
Eq. (6.4) the following expression:

ae=[n-2-2(m?-mYM*M,,
where
My=((g2+m?) 1™+ (g 2 +m,?) (1 - m)™]/2,
and to get the quadratic structure of the propagator

we have to multiply (P'’2 — P? — €)™ by the factor
[1-0n. —m P M =M 2]
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APPENDIX A: NORMALIZATION OF AMPLITUDES

The fully on-shell matrix elements of the S-ma-
trix operator can be written in the following ways:

=0 (P" = P[5 NG L1 = Trtm) = 210~ M) @ty | T 1m)]

=53(D" = P)[6 @i = Gutm) = 215G 172 =317 G i | T |Gt

=6(P' - P) {a‘“(q;,;, = Q) - @T)56(M - M) H [@m)%2w, ] 2 | M !qkz,,)},

where

w1,2= @ +my, )2, wy, = @ +my, B, (®)=(P1)=(0,0,0), Po=P,=M,

7= —qzlq-P=o

It is useful to notice the following relations:
MO — ((72 + m12)1/2 + @2 +m22)1 /2,
G +my ot =1 M1 £ (m,® =~ my )M,

dg?/aMy=3M[1 - (m,* = m,?)?M™],
t=(q’'- q)z

q% P=q+ P=(

= (gr-q)* - (@1 -4q)" - @h—-q,)"

=q,2+q,* +q,t =1 My® = 5(m > +my?) + 1 My 2 (m,2 = my?)t.

2

- The invariant differential cross section is

7k do fdt =@m) ' (T 2 pa 2 |2
=L@ () |?

16

=m's[1 = (m,? = my2) 22T |2,
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APPENDIX B: m, #m,

The operator relation between T and T, corres-
ponding to Eq. (2.11), is

T =50 [Thy +heT
- (m12 - m22)h0-2(‘rho + ho‘r)ho-z],

where p=mmylm; +my)™, hy= (kR +m,*)!/?
+ (B +m,)'/2, the Mgller operators are

Q, = lim exp(if(k)t) exp(=if(ky)t) ,
with

F)=5p7 0P = n72my? - my?)],
and we used, ‘

V=1 =), T=VE.,

FRR. =2 f(hy),
(B2 = hy™)Q = = by (T by +ho TRy 2.

We note that the function f i3 monotonic and in-
creasing above_|m,? - my*|!/2,
-

In the limit |P|—and 7, q, fixed, we get

J
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limk, =3[ (2n - 1)(@. +m,?) +n%(my? — m,?)]

X[g.2 +m,2 +1 (my? = m ) I RQ =)t 2,

lm® (k) = lim[ (&2 +m,2)1 /2 + (B2 +mi,2)! /2]

=[(q. +m12)77-1 +(q,? +m22)(1 - ]1/2 =M,,

limd®k = 5n71(1 - n)"'M,
X [1- (my*~ mz_z)zMo-‘l]dndqu-

In the covariant LFFT formulation, we have

N=(py, +P1p)M"
=3 +q, My +3(m* - my? )My
dn=4n(1 - M, [1 = (m,? = m,?)?M™]"dg, ,
Mi? = s =[1,(M{) - (V)18
X[1 = (m? = my2) MY 2],

FiM) = fo(Vs) =30 @& +ai® + a7 - kY.

The fully off-shell matrix elements of V" and I"
are connected as follows:

@1 | V" | @i 1) = 5 @0 M1 = (i = g ™M

X[l _ (m12 _ m22)2M6-4]-1/2<‘I{mm|IW|€I£'~zm)M6’-”2[1 _ (Wl12 — m22)23-1M61-2]1/2

X[l - (,m12 - m22)2M6/-4]-1 /2,
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