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The Fierz-Pauli Lagrangian for massive particles with spin s = n + 1/2, n integer, is examined in the
limit of vanishing mass. A considerable simplification occurs. The potential & is a Rarita-Schwinger spinor-
tensor of tensorial rank n. The “spinor-trace” h’, defined by h,, =9"hys.. does not vanish, and neither
does h”"=(h')’; but h'" does vanish. The wave equation admits a gauge group, h — h + sym grad &,
with § = 0. The most interesting feature is that the source t need not be divergence free, only the )
traceless part of p*t,, must vanish. This weaker condition on ¢ turns out to be sufficient to guarantee that

only helicities 4 s are transmitted between sources.

I. INTRODUCTION

This paper complements our study® of massless
fields with higher, integer spins and demonstrates
that the main results have close analogs in the
case of half-integral spins. The motivation for
our work will not be repeated here.

It is remarkable that the sources of massless
fields with spins =22 need not be conserved. As
in the case of integer spins we find that only the
traceless part of the divergence needs to vanish.
(“Traceless” here refers to the spinor trace, see
below.) Again it turns out that this condition is
sufficient to guarantee that real quanta have hel-
icities +s only.

We follow the procedure of Singh and Hagen, 2
constructing the Fierz-Pauli Lagrangian in terms
of Rarita-Schwinger tensor-spinors ", " (n=s
—4) and doublets of tensor-spinors yn2 Pn-3, .. .,
all of these are traceless in the sense that
Y*¥, ... =0. In this paper the term “trace” is
always used in this sense; trace y=3’, ¥),...
=7*¥, .., Summation on the spinor index being
implied.

II. LAGRANGIAN FOR THE MASSIVE CASE

The most general Lagrangian for the free,
massive field, invariant under the extended Poin-
caré group, is

£= ZW‘O‘J’/‘PH (F*7'B,p *¥*+H.c.)
RSn

+mPPod*], (2.1)

where ¥",y"! are symmetric, traceless, Dirac-
Rarita-Schwinger tensor-spinors, ¥* for k<n -2
is a pair of such objects; a,a ,,8,0,0,, are
real numbers; «,,B,,0, for k<n -2 are Hermi-
tian 2 2 matrices and 8, , is a 2X 1 matrix. All
spinor and tensor indices are contracted, p,=—i8/
8x*, #=v*p,, and p - ¥* means p“y%,.... The

Euler-Lagrange equations are, for k=n,n~-1,...,
OTF (0, YR + By gd * V14 BLpY* 1+ moyd*)=0.
(2.2)
The variations (6%)*”"** are symmetric and trace-
less and may be replaced by #y*y” +++, where u is
a Dirac spinor. The left-hand side of (2.2) be-
comes
T YD)+ [/ (R + 1)]p 835 1(y)

+ By pY N y)+ mo gy}, (2.3)
where 3, now stands for differentiation with re-
spect to ¥* and ¥*(y) is the polynomial

P(y)=yhy” ey, . (2.4)

The statement trace ¥*=0 is equivalent to ¥ *8y*(y)
=0. Equation (2.2) is satisfied for all traceless,
symmetric 63* if and only if (2.3) vanishes for all
y,% such that 6*"y,y,=0, &y +y=0.
The expansion of ¥* by spin content, in the frame
p=0, is given by
P)= 2[00 —ay ~yy P

1<k
—byR (ORI — e M), (2.5)
with coefficients a=(k ~1)/2(k+1) and b= (% - 1)
(2 —=1~1)/4(k+1) determined by the constraints
y 8 f(y)=0=7 *8 P**(¥). The vanishing of (2.3)
is equivalent to, for Isk<un,
yopo(ak,lzpk'l+ Bbl'ld)k"hl + B;lpk-l")"" mohlpk" ___0 ,
(2.6)
with
a,, = (l+1)/(k+1),
Bu,1 =Bull+ 1+ 2)(k =1)/2k(k+1).

The problem is to choose the parameters
a,,B,,0, in such a way that (2.6) is equivalent
to (Yopo—mP™n=0 and ** =0 for I<k<n. We

(2.7)
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normalize ¢,= -1; then o, must be unity, and the
following determinants must be nonzero and in-
dependent of z=y,p,/m, l=n-1,n-2,...,:

@, .z-1 B!z 0
Btz O 240, [
0 Bn- 1% an-z"z +0pee
0 B pni?
0
‘a2 +0y
(2.8)

When /=7 —1 we have a 2X 2 determinant and
find that it is necessary and sufficient that

a,, /o =n/(n+1),

(2.9)
(B, /6= 20%/(n+1)(20+1).
When [=n — 2 we have a 4 X 4 determinant,
n-l, 1 Bz 00
n+1"-
n-1
Az ( it 1)0"_1 Btz |,
2n -1
0 " ol = 1) _l)z a, _zZ+0,,
(2.10)

where AB/o,_ = —4n*/(n+1)(2n+1). In order that
this be nonzero and independent of z it is neces-
sary and sufficient that the following conditions
hold:

tr(aece)=0,
(n—1)(B'eoeB) = (n+1)(BTeaep)
= ~[2n(n+1)*/(2n+ 1)]o,_, Deta

=[(2n = 1)(n® - 1)2/2n%*(2n + 1)]0"_1 Deto .

(2.11)

Here B is the 2X 1 matrix 8,

X 2 matrices a,_,, 0,_, and

0 —i
€= ( ) .
i 0
These conditions do not determine the para-

meters a, B"_l, 0, 0,-, Uniquely. As pointed
out by Singh and Hagen,? we are free to choose
our basis in each of the two-dimensional sub-
spaces defined by each of the doublets
Y2, P73, ..., in other words @ _,, B,_, 0,., need
to be determined up to an equivalence transforma-

tion only. Nevertheless, real ambiguities seem
to remain. We have not carried out a completely

o @, o are the 2
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systematic investigation to determine all solutions
to the problem. Instead we shall follow Singh and

" Hagen and specialize by requiring that the 2x 1

matrix Bn_l be an eigenvector of the matrix a .
It is easy to see that this produces a great sim-
plification in the limit m - 0; in this case o6nly
yn, Y1 and one of the two components of "2 re-
main-coupled. The coupling scheme of Singh and
Hagen? is. illustrated as follows:

(P"—Z/J"'L“lp;'-z z/);l':i — Z/)’l"4
|~m | ~m ["'m
P2 —ygns grtioeen

The vertical couplings vanish in the limit m - 0.

- With the restriction that 8,., be an eigenvector
of a,_, one easily completes the analysis and finds
a solution that is unique up to equivalence and
given by

an= 1’ an-!.: (2n+1)/2’ ﬁn=n )

o () e ()
0 - . 0
This gives the following Lagrangian for m=0:
L=PPY"+ (n+ 1/2)P Y — P2y
+ [00"p <Y+ (4 DPTEp - Y+ Hoel ]
\ (2.12)

Here ¢, y"*, §"2, are Rarita-Schwinger
tensor-spinors of rankn, -1, n -2 (we have
dropped the subscript on ¥ since the other com-
ponent no longer appears).

III. MASSLESS FIELDS

When m =0 the Fierz-Pauli program fails in
the sense that the field equations no longer imply
the subsidiary conditions *'=0 for I <k <n.
When the parameters are as determined above,
the algebraic equations (2.6) reduce to , for I <n,

I+ enm+1)p" =0,
r+Dm+l+ )0 -1 =D _2n( + 1)y =0.

This shows that the wave equation possesses a
family of “gauge” solutions (solutions not subject
to wave equations), each determined by its ¢’ com-
ponent and having y™"=0. We shall introduce a
notation that allows us to write these gauge solu-
tions in a simple and familiar form.

Let 2 be the symmetric Rarita-Schwinger spin-
or-tensor field of rank » determined by y", y"*,
"2 as follows
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Yr=h-ay, yh'=bY 6h',
1 2
zp“:d(h’—cz: yh) (3.1)
1

PP=eh’, h'=0.

Notation. The sums 25, and Ez include all un-
equal permutations of the tensor indices, thus

3. has n terms and ¥, has n(n - 1)/2 terms.' The

coefficients a, b, c are found by verifying that
tracey”=tracey" = 0; we find a=b=1/2(n+1), ¢
=1/2n. The parameters d,e will now be adjusted
so that the gauge solutions discussed above take
the form .

=), pt, &'=0. (3.2)
1

We express the Lagrangian (2.12) in terms of %
and require invariance under s -+, p£ for &/
=0 and find that this determines d=-n/(n+ 1), e
=-(n-1)/2.

Having thus fixed the relationship between 3",
"t ¥'"% and h, we write down the final form of
the free Lagrangian for massless, spin-s=#»
+73 fields:

L=Tiph+nh'Bh’ — tn(n - 1)i"' fn"
—n('p-h+H.c.)
+3nm—-1)@"p-h'+H.e.). (3.3)

To this we next add an interaction term % -t +7 +h,
where ¢ is an external source. Since 2///=0, there
is no loss of generality in requiring £/ =0. The
Euler-Lagrange equations are now

Pre D vBh =53 Sphr =Y yph =y ph!
1 2 1 1
£ 0p-h+5 Y (oo =t.  (3.4)
2 2

One can easily check that the left side of (3.4)
vanishes when % is replaced by the gauge field
(3.2); hence (3.4) is gauge invariant. A concom-
ittant of this fact is that the traceless part of the
divergence of the left side of (3.4) vanishes iden-
tically. Consistency therefore requires that the
traceless part of p - ¢ vanish; that is, the source
must satisfy the following condition:

P-l‘=(1/2n>(271>-t’+2 6p-t"). (3.5)
1 2

Thus it is seen that, as in the case of integer
spins, the source need not be exactly divergence
free. It is remarkable that (3.5) suffices (with
$'7=0) to guarantee that all transmitted quanta v
have helicities +s=+( +3). To show this we first
determine the propagator.
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IV. THE PROPAGATOR

Let Eq. (3.4) be abbreviated by Lz=¢. The solu-
tion is determined up to a gauge field %, and there
exists (for each set of boundary conditions) an
operator G such that the general solution takes
the form 2 =Gt+h. The only acceptable form for
Gis

G=(1/p?4A, (4.1)

where A is a symmetric, first-order, differential
operator. TherequirementonA isthat(LA —p?)t=0
for every source ¢ that satisfies £///=0 and con-
dition (3.5); this means that (AL — p%)% must be
a gauge field for every #.

The equation Lh=¢, Eq. (3.4), may be written
as BLyh =t with

Lp=ph-3 ph, (4.2)
1
Bh=h -3 yh' -3 6h", (4.3)
1 2
B=h e 3yl — S it (4.4)
2n 4 2n & ’ )

This suggests the following ansatz for A:
Ah=§Bn+a ) p(BR) .
1
Then

(AL —p»n =) pt,
1

E=pn + a(2p -h - 26! _Z PRI
1

The field ), p¢ is a gauge field if and only if &’
=0, and this condition fixes a=-1 and

) .
= -1 = ’
Ah=pB h+n 21 ph’. (4.5)

The operator (4.1), with A as in (4.5) will be called
the propagator of the field 4.

V. HELICITY THEOREM

It turns out (as in the integral spin case) that
the only quanta exchanged between different parts
of the source are massless quanta with helicities
S,
Theorem. If the source ¢ satisfies #’//=0 and
condition (3.5), and A is given by (4.5), and p2=0,
then the only contributions to £+ A - £ come from
the helicity components +s (both positive and neg-
ative energies) of £.

Proof. We first show that, when p2=0, t-A-t
reduces tof - A +f with? effectively divergence free.
This reduces the problem to one of two dimensions
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and thenA +{ is traceless; thatis, of helicityts.
Let us put

Zstw.(z pgwn), (5.1)
1
with £ and 7 to be determined. Itis required that
t-A-(t -t)=0; thatis,

(tub)-(Z1 b+ 21>~n-ﬁn') =0.
This holds for all ¢ satisfying the constraints if

and only if the second factor is traceless, which is
the case if we take

51/=0, nll=__€l_ (5.2)

[This also gives (F-t)1""=npt" =0 as we should
expect if f is a source.] Next, we calculate

peE=Y v+ oy,
1 2
1, 1 Y
Ve =i =3 3P E)
—(pp m+2pp-7’.

It is possible to choose &, 1 so that $=0; for ex-
ample by taking n to be any solution of

1 '
p.n':O, Pp"r)=47‘)/'(#t) (5.3)
and £ to be any solution of
= 1 tre i# r (5 4)
prE=gt! 3. :

Adopting (5.2), (5.3), (5.4) we have p - £=0 and
t-A-t=t-A-t=t-A-t. )

To complete the proof, choose a coordinate sys-
tem in which p,=p,=0. Then the index summations
in £-A -+t run effectively over the values 1,2 only.
When the indices are interpreted this way one finds
that the trace of A- [ vanishes, therefore only the
traceless part of ¢ contributes to £+-A - £,
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