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General structures of the mass matrices resulting from a quark-Higgs-boson Yukawa interaction are
discussed. We assume that there are two sets of Higgs bosons in a six-quark SU(2), X SU(2)z X U(1) gauge
model and require that the interaction be invariant under a general discrete symmetry. We find three
physically acceptable mass matrices including those of Fritzsch and Hagiwara et al. Special attention is paid
to the phase of the vacuum expectation value of the Higgs boson, which is related to CP violation. A mass
relation among six quarks, m, = m,(m,m./m;mJ)'"?, is obtained for the latter models. No new mass matrices

are found when there are three sets of Higgs bosons.

I. INTRODUCTION

There is recent interest in computing the Cabibbo
angle in terms of quark mass ratios in six-quark
models'~? in the framework of a gauge group
SU(2); X SU(2), X U(1). In order to reduce the
parameters, specific discrete symmetries have
been used. In a previous article,® an extended
Cabibbo current in a six-quark gauge model is ob-
tained in terms of Eulerian angles which are func-
tions of the quark mass ratios and phases in the
quark mass matrices. The.model predicted CP
violation for |AS|=1 nonleptonic decays, a long-
lived heavy quark and a dominant b-quark decay
mode b —u. It is interesting to examine whether
other such cases may exist in six-quark models.
We therefore consider the general type of discrete
symmetry Q,~n'Q,, ®;~x'¢, (|n‘|=[x|=1)
together with the symmetry @, —Q;, ¢, ¢, (if
needed) and pursue the question of how many phy-
sically interesting mass matrices exist, where @;
and ¢; represent the quark and Higgs field, re-
spectively. We assume left-right symmetry and
require that the Cabibbo (Eulerian) angle! be ex-
pressible in terms of quark mass ratios and
phases. The maximum number of Higgs bosons
which interact with quarks should be three due to
the latter requirement, unless there are some
relations among vacuum expectation values of
Higgs bosons. The one-Higgs-boson case leads to
trivial mass matrices. The two-Higgs-boson
case is the most interesting and is discussed in
detail. The three-Higgs-boson case which is
given in the Appendix leads to either mass ma-
trices which are included in the two-Higgs-boson
case or to one which is physically unacceptable.

Interesting results are obtained in the two-Higgs-
boson case. A mass relation exists between the
upper quark (x, ¢, t) and the lower quark (d, s, ).
There are three physically acceptable mass ma-
trices, i.e., the F model,? the O model,® and a new

18

model. It is shown that when m,, m <wm, and
my,mg, <my, the Glashow-Iliopoulos-Maiani
(GIM) mechanism® is well satisfied in the u, c, d,
s sector.

The plan of the paper is as follows: In Sec. II
we discuss the discrete symmetry that leads to
various Higgs-boson-quark couplings, in Sec. III
the resulting mass matrices, and in Sec. IV the
extended Cabibbo current for the Fritzsch model
and a new model. Finally, remarks are made in
Sec. V and a new quark mass relation is presented.

II. HIGGS-BOSON-QUARK COUPLING
AND DISCRETE SYMMETRY

We propose that a quark mass matrix is gen-
erated by a quark-Higgs-boson Yukawa interaction
for the case of two Higgs bosons,

H= ). g0,@:x$,@,.+H.c., @)
i,j=1,2,3
n=1,2

where the Higgs scalars ¢, transforms as (3,3, 0).
Interactions of the form §,,¢,Q,,, Where ¢,
=T,¢p}T,, are eliminated by requiring invariance
under the discrete transformation @;; - Q;,,
Qir~ ~iQiry P~ —i¢,. The Q;;  represent the
quark doublets, Q,; »=(uo,do)z, ry Qoz, r=(CorSo)z, rs
and Qsz, = (4o, bo)z, 5 .

The coupling constant g%, in (1) that are taken to
be real are suppressed and the discrete trans-
formation

QI.R’ 62R’ 631@’ QlL’ QZL! QSL

- naél Ry TIDQZR’ ncésk’ ndQl L neQ2Ly ansL (2)
is considered, where a, b, ¢, d, ¢, and f are
arbitrary numbers and |n?|=1. Then the quark

part @,;zQ,, is transformed to
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nmd na*e na'f QlL
(613, Q-zny 633) e pbre pb*s @z |- 3)
T,c*d T’c*e nc*f QSL

We impose left-right symmetry, extract an arbi-
trary phase 7°*%, put n=7°"and £=n°" (|7 = ||
=1), and obtain

1 n &
n 7 . (4)
£ tn £

There are six independent phases (1,7, 5,1)2, 52,
&) in (4). When the Higgs fields ¢, and ¢, trans-
form so as to cancel out the phases above, then
one obtains a Hamiltonian invariant under a dis-
crete transformation. When some of the phases
are equal, then there are some interesting coup-
lings. The general conditions that any two of them
have the same value are given as (a) n= £, (b)
nE=1, (¢) n®*=1, and (d) n=£. It is noted that the
alternative cases £=7° and £%=1 to (a) and (c),
respectively, lead to the same result when the @,
and @, quarks are exchanged.

Let us first consider the case (a) = £ in which
case (4) becomes :

Ty
g g g (5)
£ £ 8

We find from (5) that the Higgs fields can couple

to @,z and @, in the following ways in matrix
form®:

(¢ &, ¢ﬂ
A=| ¢, ¢, ¢,
L_¢2 b, ¢1_,

F0 6, 6
o=|¢, ¢, 0
(P2 0 &
0 ¢, 0 0 0 ¢
F=|6, 0 ¢,|, B=| 0 0 ¢,
0 ¢, & ¢ ¢ O

(£=1), (6)

(£=1), Q)

(&=1).

(8)

The notation £=1 (following the Higgs coupling)
means t=exp(27i/n). Trivial cases in which the
u. ¢, d, s sector decouples from the ¢, b sector
are neglected. The matrices which coincide with

A, O, F, and B by 'exchange of @; and @; quarks
are also neglected because they are equivalent.

The second case (b) n£=1 leads to the same
matrices as in (a) because if we set 7= ¢! in (4),
multiplying by £* and transforming (@,, @., Q) to
(@, @, @), we obtain (5). There are two addi-
tional matrices in case (c),

¢ b1 @2 0 0 ¢
C=|¢1 & ¢ |, D=| 0 0 ¢, [(n=1). (9)
¢ ¢ O b2 b2 ¢,

The case (d) does not lead to any new matrix.

We now discuss the quark mass matrices for
the Higgs coupling given above and show that the
physically acceptable models are F, O and a new
model D. We incorporate the consequences of
left-right symmetry, g%,=g%;. The condition
that the Eulerian angles in weak currents be ex-
pressible in terms of quark mass ratios and
phases requires that the number of parameters
in mass matrices should at most be three up to
phases. Therefore, in order to reduce the number
of parameters, we sometimes assume invariance
of the interaction under the exchange of some
quark fields @~ @, which imposes corresponding
equalities among the couplings g%, We can per-
form the exchange due to the fact that the strong
interaction (mediated by gluons), electromagnetic,
and weak interactions are invariant under the
exchange.

II1. MASS MATRICES

Let us take up model A of (6) that includes six
coupling constants. We introduce a (discrete)
symmetry (Q,, @, Qs) = (@2, @, Qs) which yields

gl=gl, and g2,=g%,. The resulting mass matrix,
when the neutral scalar Higgs fields develop
vacuum expectation values, can be written as
B ayvy
mSy=la B v|. (10)
Yy v b
The phase of y and the common phase of a, 8, and
b are suppressed. Upon exchange (redefinition)
of (QU Qz: Qs) - (Q:;’ Qz; Ql)’ one obtains
by v
my=|v B af. (11)
Yy a B

A constant unitary transformation leads to
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b V2v 0 0 0 et
UmPU=|{V2y B+a 0 |, m%y=] 0 0 Re't |, (15)
0 0 B-a ve'® Be o '
10 0 (12) where the subscripts of the parameters in the
matrix elements are suppressed. The quark mass
v=|0 1N2 1WV2 |. terms take the form 27,., ,93ze**m%3,+ H.c., and
0 1NZ —1/V2 legL,R: {u0, Co, tO)L, p» and ngL,R'_' (dos Sos bO)L, g The

In view of the fact that a weak current is invariant
under a constant unitary transformation, the @,
quark is decoupled in the resulting weak current
from @, and @,. In model C of (9), after intro-
ducing (Q,, @z, @)~ (2, Q,, Q5) symmetry and

(Q15 Q25 Qs) ~ (@3, @2, @,) exchange, we obtain

0 vy v
mi={y B a,

Yy a B

which upon comparison with (11) indicates that
this model also belongs to a decoupled case. The
model B of (8) gives zero and two degenerate
eigenvalues, so it is not interesting.

We now have the nontrivial quark mass matrices
for models O, F, and D, given in (7), (8), and (9).
After imposing the symmetry (@, @, Qs);

- (Q1,Qs) Qz)L, g and (¢,, ¢,) ~ (¢,, ¢,) for the O
‘model, the resulting mass matrices can be written
as

matrix m$ of (13) differs from Fritzsch’s Hermi-
tian mass matrix due to the fact that here the ex-
pectation values of the Higgs scalar are complex,
whereas there it is the coupling constants that are
complex. The mass matrix mY of (14) is discussed
in Ref. 3, so no further remarks are made. The
mass matrix m% is a new case that is discussed

in Sec. IV.

IV. EXTENDED CABIBBO CURRENT

We now consider the quark mass matrix and
the extended Cabibbo current for the Fritzsch
model (13) and the new model (15). The mass
matrix m$% is diagonalized by the transformation
KU P;mSPU,=m, where the subscript ¢ is sup-
pressed and

(0 a 0

my={a O pets |. (13)
L0 be® ¢
0 e Be/b

mdy=| ee®® B 0 | (14)
| Be/b 0 be'

_ _7 c
Jur, g™ wfz,, R'Yull’gL, r= 0L, RLZ, RV ulez, R >

r¢=piviv,r, =

where

cosf,

siné,

—sinf.

cosf.

@ oSind,e™ @ cosf,eit®)

™ cosé -siné 0 T
U,= | sinf cos¢ cosfcos¢ -sing|,
L_siné)sin(p cosfsing cos¢ |
(16)
(e® 0 0 10 0)
P,= 0_ e® 0, K={0 -1 0
Lo 0 1 0 1

Put V' =KU!P,, U=P,U,, then the mass eigen-
states are expressible in terms of the original
states by a biunitary transformation as V'm%,U
=m ;.

Let us define y, ;= PiUN}, and ¢, = e PV sy
and choose P; so that the 2X 2 sector of the exten-
ded left-handed Cabibbo current J,, is real.® The
extended Cabibbo current J,;  can be written as

—@sing, e
-9 000591 ’ (1 7)
1
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cos@ eitv =cosp,cos@,e™'% + sing,sing, ,
sing e = cosp,sing, — e~*¥sing,cosy, ,
cosf ce = cosh,cosb,e 0+ sing,sing, ,
sinf ce'= cosh,sing, — e *%sind, coss, ,
0'=8,-8,, 6=0"-¢&,

tano, = (m,/m /2, tan,=(m,/m)'?,

sing, = ~[(m,, —=m )/m,]*/?

, sing,=~[(m,-m,)/m,)

(18)

1/2

Equation (17) is written in the limit sing,~¢,. The right-handed Cabibbo current is then given below to
the zeroth order in ¢ sihce the right-handed current interaction is suppressed by the mass ratio of the

vector bosons (M, /M, g)? <1,

I'e~ita-2)= PIVIV,P, = (PIKT*K(P,)

cosf e tty)  singe2ioMmHy) 0
=| —singye?* "0} cosh e 2O g . (19)
0 eZi(ﬁ’uw_)
r
The mass matrix mY is diagonalized similarly where

by the transformation KU}PynGPU,= VimQU=m,
where the subscript 7 is suppressed and

cosf sinfcos¢ sinfdsing

U0= ~siné cosfcos¢ cosésing |,
L 0 —-sing cos@
(20)
[e® 0 0 100
Py=1 0 e 0}, K={0 -1 0],
L0 o0 1 0 0 1

where
tan®@, =m /m,, tan’@,=m/m,,
[ai+4(B 2+ D)) 2=m +m,,
a2+ 4(B,%+ y22)]1/2=ms+m,,, - (21)

Q=M =My, CQ=My—Mg,

tang, = 71/31 , tand,= 72/32 .

This is a model that gives m,=m,=0 and 6, is not
expressible in terms of quark mass ratios as one
cannot determine y; and g8; separately.

The left-handed Cabibbo current J,, can be
written as J, ;=¥ ;T ¢z,

r¢=e*Uiv,

cosf. sinf, @,8inf,
=| -sinf, cosb, @,c080, - ¢e® |,
~¢,8inf, @,cos6, — @,e' et

(22)

05=0,-6,, 6=0,-0,.

Equation (22) is written in the limit sing;~¢,. The
right-handed current is again given to the zeroth
order in ¢,

r%e-i(pl- 0y) = VIVzeiG
= K T¥°K

cosf, -sing, 0

=¢?"l sinf, cosf, O |. (23)
0 0 eto
V. REMARKS

We finally compare the three models discussed
above. One notes from (17) and (19) that CP in-
variance is violated for [AS[ =1 nonleptonic decays
in the F model® as in the O model® due to the phase
difference (£+n+6). The CP violation is due solely
to spontaneous symmetry breakdown. By compari-
son of (22) and (23), one notes that the new model
satisfies CP invariance in |AS| =1 nonleptonic
decays.

One notes from (7) that the £,,'@, zQ21, 812" @2£%11zs
and g,,'@;zQ,;, terms couple to the same Higgs
boson ¢,. Therefore, one finds from (7) and (14)
that

Ig121<¢1>i.| =€, |gasl(¢1>¢| =b, (24)

where (¢,); expresses the vacuum expectation
value of ¢,. The parameters are found in Ref. 3 to
be €, =(mgn )''?, by=m,, €;=(mm,)'’?, and b,
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TABLE I. The order of magnitude of the weak-current couplings. The letters «,c,t,d,s,b,
label the quarks and F, O, and D label the models.

[gtdl lgts, ,gubl lgcbl Igtbl
2 1/4 1/4 2 1/4 1/4
F mym memg mymy memg ~1
mim, m} mim, m3
2 i/2 2 1/2 2 1/2
0 mgm,m my mﬁm? mem,m, mgmy, 1
mh mf mb mi
1/2 1/2 1/2 i/2
. m m . m m
D sinbgo | —¢ —< sinfg [—F — ~1
my m m, my

=m, so that the equality ¢,/b, =¢,/b, leads to

1/2
m,‘=(ﬂ Zl—‘i) my~3m,. (25)
Mg Mg
This relation holds approximately in the Fritzsch
model.

The strength of the weak current in the u, c, d,
s sector is similar, and the GIM mechanism is
satisfied for the F, D, and O models. There is,
however, a marked difference in the strength of
the couplings between the u, ¢, d, sand ¢, b
sectors. When the weak current is written for
simplicity as

J o= G+ £, Ch+ g d+ g S+ g,th, (26)

the orders of magnitude of g;; in terms of quark
mass ratios are given for the various models in
Table I.

The ratio of the #-quark to #-quark production
in neutrino reactions

R,=0(d~t)/o(d~u)=|gu|®, @

is severely suppressed, R,~10"° in the O model,
while it is reasonable R,~10-2-10"3 in the F and
D models, provided the masses m m im g m m,
=1:1:15:150:500 and Eq. (25) are used.>»® The b
quark produced in high-energy reactions has a
rather long lifetime T(b —uu?)~10"2 sec in the O
model, while it has a short lifetime in the F and
D models. The dominant decay mode of the b
quark is.u for the O model and c for the F and D
models.

It is not possible to explain the trimuon events
in terms of the cascade decay of the ¢ quark in O
due to the smallness of R,, but it is possible in
F and D. On the other hand, a rough estimate
indicates that the production ratio

d(v+N-—u'u*u*+. )/ o(v+N=-pptpt+.. )

is rather large for the F and D models provided

the f-quark cascade process is a dominant process

for trimuon events. Therefore, it seems difficult
to understand the trimuon events by the f-quark
cascade via the weak current that is a consequency
of a discrete symmetry.

A new model does not appear in the case of three
Higgs bosons as shown in the Appendix. There-
fore, the two-Higgs-boson case is sufficient to
express the Eulerian angles in terms of quark
mass ratios. It is remarkable that the F, D, and
O models are the only possible ones that resulted
from the discrete symmetry considered.

ACKNOWLEDGMENTS

We thank T. Hagiwara and B. Mainland for
discussions. This work was supported in part
by the U. S. Department of Energy under Contract
No. EY-76-C-02-1545, *000.

APPENDIX

We study here the three-Higgs-boson case. Since
there are already three parameters {(¢,), (¢,), and
{¢3), no additional parameters can be introduced.
Therefore, one boson, say ¢,, cannot couple to

‘quark fields in the form g;;@ ;@ ;.61 +8,,@ ;75 %1

(j # ) because the off-diagonal coupling &, cannot
be related to the diagonal coupling g;; by any sym-
metry consideration.

In the case in which phases (1,7, &, 77, £2, £) in
(4) are all different, we have a quark—-Higgs-
boson interaction

0 ¢ &,
QR ¢1 0 ¢8 QL’ (Al)
2 ¢3 0

in addition to the interactions which give mass
matrices essentially identical to those of the F



and D model (the only difference is the phase). In
the case (a) n=£%, we have the new matrix

¢ 0 &)
0 ¢ ¢,
¢1 ¢2 0

(g*=1). (A2)

-

In the case (c) n°=1, we have

by b2 B5)
¢2 ¢1 0
¢ 0 0

(n=-1). (A3)

Case (d) n= £ does not lead to a new matrix.
The mass matrix from (A1) is given as

0 a B
a0 7|, (A4)
B v O

where the phases are suppressed. The matrix
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(A4) is diagonalized after eliminating the phases
in the elements. The eigenvalue equation A*
- (|a|?+ 8]+ |¥|x-2|a||B]||r|=0 leads to
tmy +mg +m,=0 and +m, +m +m,=0. Any combi-
nation of signs in these equations is not satisfied
by the usual quark masses.

After introducing the symmetry (Q,, @,, @;)
- (Q,,Q,,Q,) in (A2), the mass matrix is given as

-a 0 vy
D'=f{ 0 -a B (A5)
Yy B 0

This has the same structure as the D model in Eq.
(15),  except for the phases in the matrix elements,
because D’'=D - al (I is a unit matrix). Therefore,
the unitary transformation and the weak current

in the D’ model is almost similar to those in the

D model. The u, d quark masses are nonvanishing
in the D’ model. Equation (A3) leads to a mass
matrix which includes four parameters and phases.
One cannot reduce the parameters to three.
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