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The rate for the decay of any pseudoscalar meson H* into two identical muons p* and another
pseudoscalar meson h T is calculated in the tree and box-diagram approximation. This double-8 decay is
assumed to be induced by a Majorana lepton N, of mass m,. The rate for K ~ decay at rest is 3.3 X 1076
sec™! for m, =2 GeV/c? and it is 4 sec™! for the charmed meson F ~ decay. Detailed dependence of the

decay rate on m, is given.

I. INTRODUCTION

Recent high-precision experiments’ searching
for p~—~e vy and L~ +nucleus — e~ +nucleus demon-
strate that muonic quantum number does not con-
vert to electronic quantum number.? Thus, the
mixing between muon and electron, if it exists at
all, must be very small. The question of violating
electron quantum number by two units has been
examined in nuclear neutrinoless double- 3 decay

(A, Z2)~(A, Z +2) +2e". (1)

The accumulated experimental evidence® indicates
that this mode is highly suppressed. For gauge-
theory models of weak and electromagnetic inter-
actions where the gauge group is SU(2) X U(1) and
the leptons are arranged in doublets such that the
left-handed (L) and right-handed (R) doublets exist
symmetrically,

e\ and N , (2)
e [, e Jr

where N, is a heavy Majorana lepton,* reaction (1)
will proceed as a second-order weak process. It
has been shown®® that current data® imply the mass
of N, is greater than 10° GeV. Consequently, the
right-handed electron must couple predominantly
to a four-component Dirac particle.

The question remains whether or not the right-
handed muon can form a doublet with a massive
Majorana lepton, N, giving the following struc-
ture®:

(V“) and N . (3)
b/ L LT /R

A clear experimental signature can be obtained
by searching for rare muon double-j decay of a
charged hadron H* into another hadron %¥ or into
the doublet (e* v,) plus two identical muons, u*:

H* = h* +pu* +pt, (4)
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One such example will be the kaon decay mode:
K¥—a* +u¥ +u™, (5)

which is kinematically allowed. However, we
have found no experimental information on this
reaction.”

In this paper we will study the reaction (4) in
detail. We shall assume that the mass of N,, de-
noted by i ,, is greater than the mass, my, of
the parent hadron, H, which we will assume to
be a 0~ meson. The decay (4) will then proceed
through the tree diagram Fig. 1(a) and the box
diagram Fig. 1(b). The specific lepton-number
nonconservation is transmitted through the propa-
gation of the virtual Majorana lepton N,. The cross
in Fig. 1 denotes a mass-insertion term  ,N,N¢,
where N is the charge-conjugate field of N,.
This mass insertion acts as a source or a sink of
N,. The amplitude squared, A2, for the process
given by the tree graph Fig. 1(a) will then in gen-
eral be for m,>niy

7
my

A2~G 4
F moz

Fef#, (6)

where Gy is the Fermi coupling constant f,, and
J» are respectively the form factors of the axial-
vector part of the charged weak current for the

mesons H and k. The factor »,2 comes from the
mass insertion and the two fermion propagators

appearing in the Feynman diagram, and the mass
m 4, supplies the correct dimension. In the case
of kaon decay atrest[Eq. (5)] and for m,~3 GeV/c?,

A% ~107% sec™ M

with a Cabibbo factor sin®6. included. However,

a phase-space factor cuts it down to® a rate R

~1078 sec™. An estimate using the box diagram

Fig. 1(b) gives the same order of magnitude for

the case of reaction (6). For details see Sec. IL.
On the other hand, the purely lepton mode

K™= u pe'y, (8)
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FIG.1l. Feynman diagrams for the neutrinoless muon-
ic double-B decay of pseudoscalar mesons. The cross
denotes a mass insertion term moﬁpRN;fR which acts
as a source and sink for Majorana fermion lines. The
tree graphs is given in (a) and the box graph is repre-
sented in (b) while (c) is the box graph in the limit
of large W-boson mass.

does not proceed via the box diagram and it is less
suppressed kinematically. However, it is a four-
body decay and its actual rate is lower than the
three~-body mode for kaon decays giving

R~2x10710 gec™. (9)

In general the estimates using the tree diagram
have an enhancement factor when the parent meson
and the Majorana lepton are almost degenerate
in mass. This comes from the propagator in the
virtual-lepton line in Fig. 1(a). A factor-of-100
increase over the rate as given in Eq. (7) for
m, ~500 MeV/c? is obtained. This feature coupled
with the larger phase space available makes mes-
ons with heavy-quark content such as thi¢ L mesons
more favorable for detecting the effects of N, if
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it exists. Otherwise, one can set a limit on its
mass. However, the charmed-meson decays pose
more background problems than the kaons.

Next we discuss the case when m,>m , >m,,
The virtual line in Fig. 1(a) becomes real, and in
principle one can observe the decay of N, via
the sequence

H*~ N, (102)
utehs (10b)

or
uwt+e"v,, (10c)

Since no such striking signature is observed in
kaon decays one can immediately rule out the
possibility that 7, lies between the mass of the
kaon and the mass of the electron, #,. Similarly
one can search for double-p3 decays in charmed
mesons that are produced in electron-positron
annihilation.® One such mode will be

D*= u*N, (11a)
N prme (11b)

and m; will be given by the invariant mass of the
wr7™ pair. The main experimental difficulty is to
detect the neutral Ny which will be rather long-
lived and will behave very much like a neutron.
Nonobservation of such a mode will immediately
set m > my,.

The final case when m, <m, corresponds to
having a Majorana muonic neutrino of very light
mass.'® One can test this possibility by doing
neutrino oscillation experiments,'! but this is
beyond the scope of ‘this study.

In Sec. II we spell out the assumptions and the
details of the calculation. Cases when the box
diagram dominates over the tree diagram or vice
versa are given. In Sec. III we discuss our re-
sults of treating the three-body phase space ex-
actly via numerical methods. Finally, in Sec. IV
we will discuss our results and their implications.

II. MODELS AND CALCULATIONS

We will consider SU(2)X U(1) gauge models in
which both the left-handed and right-handed elec-
tron and muon and their neutrino are arranged in
doublets as given in Egs. (2) and (3). The neu-
trinos v,, and vy, are assumed to be massless.
The neutral Dirac lepton N, is taken to have a
mass greater than that of the charmed quark so
that it is assumed not to have been produced at
present accelerator energies. It does not enter
into our calculations. The weak-interaction La-~
grangian involving the Majorana fermion field N,
is assumed to have the form?!?



3414 JOHN N. NG AND A. N. KAMAL 18

£ =Nuiv*(1 +7)8 Ny~ m N, (1 + )N},

—-f2w}jf+widh+H.c.), (12)

where Nj=C 1\7,1 (C denotes the charge-conjugation
operator) and f is the gauge coupling. The inter-

mediate-vector-boson field is denoted by W". The
leptonic weak charged current j:, is given by

G =EY" A +yINy+ Ty (L= vvy

+ey’(L =)y, +8v° (L + )N, ++ -+, (13)

where we have neglected terms involving other
possible heavy leptons. Such a current will not
have an axial-vector part in the neutral current.
For the hadronic charged weak current we adopt
the usual Glashow-Iliopoulos-Maiani (GIM) form

Ji =cosfc[E M1 —y)d +T ¥ (1 = vy

+sinfc[ay* (1 —)s +Sy 1 = y)d] ++ -,
(19)

where we have used u, d, s, and ¢ to represent
the up, down, strange, and charmed quarks, res-
pectively, and 6. is the Cabibbo angle. Here we
have neglected possible right-handed currents,
since they involve much heavier quarks and thus
are irrelevant for us. As we shall see below, our
calculation is general enough that including heavier
quarks follows straightforwardly. Since we have
assumed universal weak coupling, the gauge coup-
ling constant will eventually be replaced by the
Fermi coupling constant G via the relation

Ge _ S
V2T M, 9

where M,? is the mass of the intermediate boson,
and Ggm,® =1.023X10"° (m, is mass of the proton).
The Majorana fermion N, is described by a two-
component Weyl field with definite helicities speci-
fied by the projection operators 3(1 +y,) for anti-
particles. The mass term in Eq. (12) is not di-
agonalized. This can be easily done by the Pauli-
Giirsey transformation.'®

For clarity we will give our calculations for 0~
decays only. In particular, we study the following
decays:

K~ = -yt (16a)
D™=y umt, ' (16b)
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FIG. 2. Quark diagrams for the decays (a) K~ i7",
(b) D"— ppr*, (¢) D" p K", () F*—pp'K*, and (e)
F~— p u~n" with Cabibbo factors given for each case.
The diagrams on the left-hand side and the right-hand
side for each case correspond respectively to the tree
and the box graphs of Fig, 1.

D™~ K, (16¢)

F~—y (i6d)
and

F~= mioK*. ’ (16e)

We display in Fig. 2(a)-2(e) the quark diagrams
corresponding to the reactions (16a)—(16e). Using
the GIM current, we see that (16d) dominates over
(16e) for F~ meson decay, and (16c) is not Cabibbo
suppressed in the box diagram, whereas for the
kaon the decay, (16a) is Cabibbo suppressed.
Hence, for the charmed mesons the decays to
study are (16c) and (16d).

For definiteness we will give the calculation for
the reaction H~—["I"h*. The transition amplitude
is given by perturbation theory as

(l-l‘h+|11->=—f4fd4xfd4x'fd"y fd‘*y'm,,v(x-x')m,,c(y—y')(hv'l-IJg(y)j;’(y')j’;(x')J:(x)IHf), (1)

where the W-boson propagator is given by
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- d* . - M,°
A;lu(" _xl) = f (2734 e‘q * g‘“:IZ _q‘l;z:é ¥ . ' (18)

Since the leptonic current has no strong interaction, knowledge of the two-current correlation function
MPE =i 2| ) ‘ (19)

will determine the transition rate completely. The completeness condition dictates that

M= 3 (| T8 | )l T E)

allx

=(r 810X J5 | H ) +{ Bt T 6N (6 JE H ) 422+ . (20)

In Eq. (20), the first term denotes the vacuum intermediate state insertion, the second term gives the
single-particle state insertions, which in our cases are neutral meson states, and the dots represent
higher-multiplicity particle states. The vacuum intermediate state results in the tree diagram [Fig. 1(a)]
and the single-particle intermediate state gives the box diagram [Fig. 1(b)]. We shall also assume that
the higher-multiplicity intermediate states do not make a significant contribution. Thus, the decay amp-
litude is then the sum of the tree-graph amplitude 7, and the box graph amplitude 7,. As we have seen
before, owing to the structure of the GIM current the charmed-meson decays have either T, or T, as the
dominant decay mode. On the other hand, for the kaon decay in Fig. 2(a) both amplitudes are proportional
to sing, cosf..

Now we return to the general case. The tree-graph amplitude 7) is given explicitly by

T :i(MLzz)zmo(h-”z ‘0){ A +v) (k-4 f["(';eo;)-(ll ;Yj)if 2—];!1 —mo)(L+%) %ia(ly) _ - 12)} Ol |y, (@1)

where the kinematics is defined in Fig. 1(a), and we have taken the large-M,? limit. Using the principle
of partially conserved axial-vector current and then squaring the amplitude we obtain the rate R, for H de-
caying at rest as given below:

111 (o [Pn (@, z
R\ =3 3y @a¢ ) 2E, Y 2B, ) 250 ¢-L-L-pll

_GCEmfyft [ &L [l [ Epa s
-G me, J & Eg—hé(k—ll—lz-p)
x((X'M—;:l‘m{Z(lz'p)[2(ll'k)(k-p)—(ll°p)m,,2]—mhz[z(ll'k)(lz'k)—(ll'lz)mﬁz]}

" m{z @ )20, R)(R=p) = (1,* p) my’] - mk2[2(l2 R, R) = (1,0 1) m*]}

+(AM2—2k'll)2(2AMz—2k' l2)2 {z(k'P)[(k'P)(ll'lz) - (ll'.b)(lz'k) - (lz'P)(l1°k)]

+mg® (201, p)(1ye p) = m, 2 (1, 1)] +2m,2 (1, B) (1, k)}) X (Cabibbo factor) ,

(22)
where
AME=m 2 +m2-m2. v 23)
The quantities f, and f, are given by
Ol Jf | H) =i f ey (24a)
and v
(Rl |O=if,py. (24b)

For the case of K~ decay, fy and f, become f,, the weak kaon form factor and f,, the pion decay constant
respectively. The appropriate Cabibbo factor that multiplies Eq. (18) can be read from Fig. 2.
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In the limit m > m,, Eq. (18) becomes
R G1?4!”2Z1|-2 d3l1 d lz f
1 "‘G>>"‘H ﬂzmuzmﬁ

and hence falls as m ~2.'*

q(k -p- ll - l2)(l].

1) (k= p)? (25)

Next we consider the box-diagram amplitude, T,. Explicitly, we have

T,=8f*m° f g%q [7(1,) (¥ - @)1 +9)¥Cu() I 1y, @) = (1, 1,)] (26a)

and

10y, @) =14 - M) (& — q = p)* = M *] [(q = 1,)* ~

The four-momentum carried by the W boson is given by ¢°.
Since we are only interested in an estimate of the contribution to the decay rate due to the

denoted by m;.

o Pl - q)* —mg?]}. (26b)

The mass of the intermediate-state meson is

box diagram we shall make the following assumptions: (i) The couplings of the W boson to the pseudoscalar
particles are given by fe'K, where € is the polarization vector of the W boson, K, is the four-momentum

of the decaying meson, and f is a form factor.

(ii) The form factors f involved in K decay will just be the

K7W and n7W vertices and the former can be extracted from K, decay. On the other hand, at present no

reliable information can be obtained for charmed-meson decays of Eqs. (16b—-16e).
Furthermore, we have used the ’t Hooft—Feynman
The loop integral in Eq. (26) is convergent and one can

shall assume that all form factors are constants.
gauge for the W-boson propagators in Eq. (26a).

combine the denominators in Eq. (26b) using Feynman parameters (see Appendix).

culated from the box diagram (with Mf—_— ) is

__Gr*mg ., dll a’ls
R2"256m,,1r9 wlw 2E,

X{ J2(11)

2 2 R
my®+m =2l k

For simplicity we

Thus, the rate cal-

da
2_E2 54(}3 - l1 - lz "‘P)

[ =28+ 1,71, * 1,) +2m2(1, k) my2 = R+ 1)

-m2m2(l, 0 1,)]

2J(l1)J(l2)mH (11 12)

+(l,—1)+

and J(I) is given in the Appendix. In the limit of
large m,, the controlling mass of the loop integral
is just m as expected and gives

4, 20 2¢2
R2~Gl'_mgili.[h_mﬂ3° (28)

Thus, R, increases as m? for m, large but still
smaller than M2 The final three-body phase-
space is done numerically. For the case where
m, is large and neglecting m, the phase-space
1ntegrals can be evaluated analytically and serves
as a check.

(m,, +my

2 2 . _ .
2-21 k)m 2 +m? -2, k) (my®* +my* =1, k-1, k)}.

@7

II. NUMERICAL RESULTS

As we have seen in Sec. II, the amplitudes cor-
responding to Figs. 1(a) and 1(b) should be added,
since they are respectively the vacuum and single-
particle intermediate state insertion. However,
for D™= K*\"u~ the box-diagram amplitude pre-
vails, being ~ cos®6;, whereas for F~—n*y~~ the
tree-diagram amplitude dominates (~ cos?f;). The
expressions given by Eqgs. (22) and (27) are ade-
quate estimates'® for the decays of Eqgs. (16d) and
(16c).

The mass of the D* meson® is taken to be 1.87
GeV/c? and the F* meson!” is assumed to have a
mass of 2.03 GeV/c*. The form factors f, and f,
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FIG. 3. The rates for D" K*u'p" and F~—puu"r* de-
cays at rest as a function of M,;, The solid line stands
for D~ decay with scale on the right-hand side and the
dotted line gives the ¥~ decay with scale given on the
left-hand side.

are assumed to the same as f;, the K,, form fac-
tors for the kaon. This would be the case for an
SU(4)-invariant theory and it is adequate for our
purposes. ‘ '

In Fig. 3 we show the behavior of the decay rates
as a function of M, for D~ and F~ decays. The
largest rate we obtain is the F~ decay with M
=2 GeV/c? and M, =2.03 GeV/c? is R =4 sec™!
and falls rapidly with M,. The D~ decay rises
rapidly with M, and goes to an M_? variation for

1075
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R (sec)

\
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N
N
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FIG. 4. The rate calculated by the tree diagram for
K™= p"p"m" is given by the solid line and the contribution
from the box diagram is denoted by the dashed line.

large M,. When M_ > 25 GeV our assumption of
M,,?~ » will no longer be good, and the estimate
for the rate will no longer be reliable. Since
charmed mesons are expected to have lifetimes
of the order of 10~ sec, the above estimates
correspond to branching ratios of the order of
10~*% for F mesons and 10~!® for D mesons.

We illustrate the corresponding results for
kaon double-8 decay in Fig. 4. Since we know the
lifetime of the K mesons, we can give the branch-
ing ratio (B) into.two identical muons, for exam-
ple, for m, =500 MeV/c?

B~ =y ym)/(K™ = all) =4.9x 1074,
for m, =2 GeV/c?,
B=3.3x10"16;
and for m; =20 GeV/c?, we have
B=6x10"1,

IV. CONCLUSIONS

Although the lepton-number-violating decays of
pseudoscalar mesons we have considered have



3418 JOHN N. NG AND A. N. KAMAL - 18

spectacular signatures in the form of two identical
muons, the rates-are all discouragingly small.
The decay mode has the added virtue that it con-
tains no missing neutral particles in the decay
product. Thus, for the D and F mesons which are
produced in e*e~ annihilation machines the candi-
dates for the decays (16b) and (16c) will have the
four-momenta of the decay products reconstructed
to the mass of the parent meson enabling one to
distinguish them from background events. Thus,
in principle no new techniques other than that
used in detecting charged decay, say, K*n~, of
the D° meson are required.’®* Moreover, one needs
a formidably high number of produced D* or D~
mesons to observe the decay.

Although the rate of F-meson decays is more
- favorable, this has to be weighed against the less
copious production of the F* compared to D* me-
sons thus making the experiment just as difficult.

The availability of high-intensity separated K*
meson beams makes reaction (5) the only currently
possible reaction for the search for muonic neu~
trinoless double-8 decay. The present experimen-
tal status has reached 108 in branching ratio for
rare decays. Figure 4 shows that in order to even
set an interesting limit on m_ one requires mea-

surements of rates of the order 1072 sec™!. Thus .
long running time on high-intensity slow K* beams
is required.

The calculation we have done rests on a set of
assumiptions based on gauge theories. Among
them is the assumption of universality of weak-
interaction couplings, i.e., all weak interactions
couple with strength G, and that the doubly
charged exchange currents involved here are me-
diated by two W-boson exchanges. Any experimen-
tal signature above that we have calculated will
indicate a breakdown of one or more of the above
assumptions, and will have profound implications
in weak interactions.

We have seén that the experiments are very
difficult. Since the decays concern the very impor-
tant question of lepton-number conservation and
the existence of Majorana fermions or a doubly
charged current, they warrant careful experi-
mental studies.
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APPENDIX

We derive here the integral that is used in calculating the box-diagram amplitude, 7,. We define (I =1,

or 1,)

4

- d’q (2
I_f4f (@m)* (qz—sz)[(k—q—P)z—M Mg =02~

m, (% - g)* = ms’]

” x[é’r(l/ K)x]
m 4 (271, f d ./o- Dz)s ) (Al)
where
=(my® - 21k +m )% = (m 2 +my® — 21+ k +mg = mP)x +mg (A2)

and the usual Feynman parametrization of the denominators in (A1) has been used. Standard techniques

reduce (A2) to

s*+mg —-m
1+ 5 5 o In e
2s ms

_f_ i \E-V

TMiA\T 1617 S

where
sP=m®+ml -2k 1,
A= (s?+mg —mpP)? —4s?mg,

and

(s +mgE = Mo)? — 2mys? —
: 557 J], (A3)
(A4)
(A5)
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1 (M2 —mg? +s% =VA )(m? —mgZ - s +VA )

J =7X— In
452

T (s +mg - mp)(s® —mg +m?) for A =0

182 ~ms® +mf 1 8% +mg —mS

(m}? —mg +s%+VA Ymz2 —ms —s®—VA )

1
= \/_—::—A— (tan Ny +tan NN

for A>0

)for A<O. (A6)

The quantity J(I) appearing in Eq. (27) is given by the square bracket in Eq. (A3).
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