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It is shown that if, in a calculation of high-transverse-momentum (pg meson production in hadron-hadron

collisions, one includes not only the scale-breaking effects that might be expected from asymptotically free

theories but also the effects due to the transverse momentum of quarks in hadrons and further adds

contributions from quark-gluon and gluon-gluon scattering to those of quark-quark scattering then the results

are not inconsistent with the data. The approach yields the correct magnitude and an apparent approximate

1/p, behavior in accord with single-particle data for the energy range currently observed. Two-particle

correlations are examined. Because of scale-breaking effects and the presence of gluons, the theory does not

have the problem of predicting too many away-side hadrons at large p, as did an earlier quark-quark

scattering "black-box" approach. %'e conclude that the quantum-chromodynamics approach is in reasonable

accord with the data although theoretical uncertainties (especially at low pj) make incontrovertible

conclusions impossible at present. Crucial tests of the theory require higher pj than are now available;

estimates for this region are made.

I. INIODUCTION

%e investigate whether the present experimental
behavior of mesons with large transverse mo-
mentum in hadron-hadron collisions is consistent
with the theory of quantum-chromodynamics (QCD)
with asymptotic freedom, at least as the theory is
now partially understood. It is shown that if things
behave more or less according to current theo-
retical ideas, the experimental data at high P~
would be explicable with reasonable choices for
currently unknown quantities (such as the dis-
tribution of gluons in the proton and the fragmen-
tation functions describing gluon jets). The theory
of @CD might provide an adequate explanation of
all the experimental results that we have discussed
in previous papers (hereafter referred to as FF1'
and FFF~).

Vfe and others' ' investigated this large-P~ ex-
perirnental behavior phenornenologically. In par-
ticular, the view that large-P~ mesons are gen-
erated by hard large-angle collisions between
quarks present in the initial hadrons has been
found to be very fruitful. The outgoing quarks are
assumed not to come out freely, but to distribute
their momentum over a series of hadrons that
form a "jet" in the general direction Of the "origi-
nal quark. "

This view when compared in detail with all
available experiments is found to be successful
in many regards. In particular', the distributions
of particles in single-arm experiments and the
large ratio of jet to particle cross sections are
successfully interpreted or predicted. To do this,
the differential cross section for quark-quark
collisions, dD'/dt ("black-box" cross sections),

was taken to vary as f(t/s )s ' in disagree-
ment with field theory which expects s ' behavior.
The size and angular dependence, 2300 mb/
(-st ), was chosen empirically. In addition, in
FF1 and FFF, the effects of collisions of gluons
(a.s constituents within hadrons) were omitted.
At that time, there was no experimental evidence
to require their existence.

The f(t/s)s 4 behavior was chosen as a direct
result of assumptions that parton distributions
scaled with energy and the observation that ex-
periments done at two or more different center-
of-mass energies W but at a fixed x~ =2P~/W
and fixed angle showed the invariant cross section
varying as P~ '.

It is necessary to include a transverse momen-
tum, (k,)„„ofthe quarks within the initial
hadrons to account for much of the data'" "; for
example, observations in two-arm experiments
of P.,t (Ref. 15) (i.e., lack of coplanarity of the
beam, target, and two outgoing hadrons). " Some
of the apparent large P, of a hadron can be due to
the initial transverse momentum of the incoming
quarks. This vitiates the direct scaling connection
between a dpi/dt =f(t/s)s "and the invariant cross
section behaving like P, '" at fixed x, and 9,m .
However, as long as (k,)„., is 600 MeV or less,
the effects on the single-particle invariant cross
section are not great and in FFF we limited our-
selves to values not higher than this.

There are, however, two serious discrepancies
with experiment which indicate that, in spite of
the successes, something is wrong with the black-
box model. First, recently measured values of
I',„t seem to be higher than expected so that
(k )„,must exceed 500 MeV. That would mean
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that the scaling argument leading to s ' for the
quark-quark cross section was wrong in the range
of data used. That is, the P~ ' behavior of ex-
periment would be accidental and not fundamental.
For example, a, quark-qua, rk cross section vary-
ing only as s ' could (with a (k )„,big enough
to explain the large P,„,'s observed) produce an
apparent P~ ' hadron scaling.

Second, in two-arm experiments with events
triggered on one side by a high-P, hadron (the
"toward" side), the number of particles with large
P, on the opposite side (the "away" side) was ex-
perimentally only about —,

' of the number predicted.
Some of this is accounted for by increasing
(k )„„but not all, by far. The only explanation
available in the approach is that the outgoing mo-
mentum on the away side is distributed more
softly (distributed among more hadrons of lower
momentum) than is typical of a quark; that is,
there is more than one component contributing to
the high-transverse-momentum jets. This is evi-
dence for the need to include gluons as well as
quarks in the description of high-Pj phenomena.
It requires both gluons and the assumption that
gluons fragment into a distribution of hadrons of
lower avera, ge momentum than does a quark.

These discrepancies lead us to include gluons
in an analysis of high-P~ hadron-hadron collisions,
and to the further suggestion that QCD field theory
might not be inconsistent with what is observed.
Although with large values of (0 )„„the scatter-
ing cross section behaving like f(t/s)s ' will yield
a P~ ' behavior over the range of data, this still
differs from the naive field-theory expectation of
s '. (Including gluons does not help produce a
p, ' behavior. ) But in the theory of QCD, there
are a number of small scale-breaking effects to
notice. The effective coupling constant falls
logarithmically with energy. The incoming parton
distributions should not sca.le, but at high x should
fall and at small x rise as Q' increases. Effects
in this direction are already seen in ep and pp
scattering and have been analyzed in Refs. 17-20.
An analogous modification of the fragmentation
functions B",(z) is also expected theoretically.
None of these effects alone change the effective
apparent P, power index N,« in P, "«& very much
and yet they all work in the same direction and
together, a,s we show, they can change N,«from
the naive 4 to about 6 in the energy range of pres-
ent experiments. (The scale breaking due to the
large value of (k~)», then brings N,«to about 8
over this range. )

Thus the possibility exists that QCD can provide
the full explanation of all the high-energy high-P~
experimental results. We analyze this possibility
in this paper. Some of our findings have been

presented in Refs.. 21 and 22. We wish to expla, in
our approach in detail here. The net result is to
demonstrate that this possibility is very real. "

The main problem in such an analysis is that
no complete calculation of a prediction for QCD
for any phenomenon —even qualitative ones such
as the confinement of quarks —has yet been made.
At present, the mathematical complexities are
still too great. However, at very high energy or
high momentum transfer Q, the theory is asymp-
totically free; the effective coupling constant falls
with increasing Q'. As emphasized by Politzer, "
this permits calculation of those parts of a col-
lision involving high Q'. Yet every real process
involves high and low Q' together and the precise
separation of these parts and hence exact definition
of the theory for hadron-hadron collisions is a
problem for the (we hope near) future. We shall
proceed here in a preliminary way.

What we do is include all the ingredients thought
to be present from existing ideas on QCD. We
assume that the effective coupling behaves as
o,(Q2) =12m/(251nQ'/A') with A determined from
the scale breaking observed in eP and pP col-
lisions. The distribution of constituents f (quarks
and gluons) in the proton G»;(x, Q') and their
fragmentation functions D, (z, Q') are given a Q'
dependence in accord with QCD analyses of eP
and pP collisions. The theory gives formulas for
scaling violations (Q' dependences), but the func-
tions must be known at some nominal reference
momenta, say QD'. The distributions G», (x; Q ')
are determined from fits to the eP and pP data.
For the quark fragmentation functions D(z, Qo')
we use the distributions of our previous quark-jet
paper" and take Q,'= 4 GeV'. We hope that data onthe
quark fragmentation functions from e'e, ep, pp,
or vP experiments will soon be available to test
the Q' dependence expected from QCD and to allow
for a more precise determination of them.

For the fundamental constituent cross sections
for quark-quark, . quark-gluon, and gluon-gluon
scattering, we have taken the first-order pertur-
bation scattering expected from QCD"" (see
Table I) and normalized absolutely by the effective
coupling ngQ'). This replaces the arbitrary size,
energy dependence, and angular dependence of the
black box in our previous papers.

Thus it would seem that we have little freedom
of arbitrary choice. This would be true were it
not for the distributions of gluons in the proton
G»,(x, Q,'), and the distribution of hadrons in a
gluon jet D~~(z, Q,'), at the reference momenta.
These two functions are not constrained much by
other experiments and are thus essentially arbi-
trary. We have chosen these with an eye to ex-
periment. In particular, we have chosen D~(z, Qo')
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TABLE I. Cross sections for the various constituent
quark-quark, quark-gluon, and gluon-gluon subpro-
cesses. The differential cross section is given by d&/dt
=&n~ (Q )(A~ /s, where n, (Q } is the effective coupling
given by Eq. {3.1).

Subprocess

q;q~ q;q

q;q q;q.
4 s2+u2

9

6.

4 s2+u2 s2+t 2 8 s2

9 't u 27 ut

4 s2+u~ t 2+u2 8 u2

9 t 2 s2 27 st

q g q&g —— „„+
9 @t ks st

2 t2 2

q;q; q;q;

q;q; q;q;

This table is identical to that in Ref. 29.

"softer" than D,(z, Qc') because of experimental
features of high-P processes, and our success
depends on this choice in several of the compari-
sons.

The theory of QCD also may explain how P,„, can
be so large. "*"" For example, sometimes two
quarks hit and scatter to two quarks plus a rela-
tively hard radiated gluon, so that the two out-
going quark jets a.re out of momentum coplanarity
by the momentum of the gluon. These effects can
be calculated, and we a.re engaged in such calcu-
lations. What we have done here is a temporary
expedient. %'e have simply taken the k, distribu-
tion measured for p.

' p pa.irs in PP collisions
(where similar gluon emissions are possible) as
a measure of an "effective" k of quarks in the
initial hadrons to mimic the effect of such 2-3
constituent processes. This is not precisely cor-
rect and the Q' and x dependence of the high-k,
tail to the effective transverse momentum of
quarks in the hadrons is not handled properly in
this manner. We hope to improve on this at a,

later date.
We begin in Sec. II by reviewing the successes

of the quark-quark black-box approach and to
examine closely its failures. The ingredients
used in our QCD approach to high-P processes
are explained in Sec. III and the results presented
in Sec. IV. We reserve Sec. V for summary and
conclusions. The agreement with experiment is

very satisfactory. Quantum chromodynamics
might well be the correct theory behind these
phenomena.

II. THE QUARK-QUARK SCATTERING BI,ACK-BOX

APP.ROACH' '0

A. Successes

In spite of the rather ad ho@ way in which we ad-
justed the quark-quark scattering cross section
dd/dt, many predictions of the black-box approach
did not depend sensitively on it and were in agree™
ment. with experiment. As discussed in the sum-
mary of FFF, the conclusions that did not depend
strongly on the precise value of the internal trans-
verse momenta of the quarks with hadrons were
the most successful. They include:

(1) Predictions for the large-p~ single-particle
ratios were quite successful. The w '/w (and
K'/K ) ratios were predicted to become larger
at high x since in this region the constituents
that collide are predominantly u quarks that frag-
ment more often into w' (K") than» (K ). Simi-
larly, the mixing of the g meson implied that q/»0
should be about & at high x, also in agreement with
data. The high-x, K'/s' ratio was used to deduce
that D» (z)/D„' (z) must be about —, at large».
Recent lepton data are consistent with this de-
duction. "

(2) The number of n "s"and jets" "produced
with a pion or proton beam is consistent with the
expectation that the quarks in a pi.on carry, on the
average, more momentum than they do in a pro-
ton.

(3) The quark-scattering approach predicted
that the cross section for producing a jet of had-
rons is considerably larger than that for produc-
ing a, single meson at the same P~." For example,
the model predicted a jet (quark) to single particle
(s n) ratio of about 3'70 at x =0.4 and 8, =90'.
The expectations were in good agreement with
subsequent jet trigger experiments. "'4'

(4) A distinctive feature of the model was that
high-P particles are not isolated but members
of a cluster (jet) of particles representing the
fragmentation of the quark. In single-particle
triggers, one expected to see the remainder of
the jet as an enhancement of associated particles
in roughly the sa,me direction a,s the trigger. With
one additional assumption"' about the character
of fragmentation, the number of particles accom-
panying a large-P~ trigger could be successfully
under stood.

(5) There is now considerable experimental
support for the overall four jet structure shown
in Fig. 1 for a large-P~ event. These agreements
between the quark scattering approach and experi-
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ment indicate strongly that quarks play an impor-
tant role in the production of high-P~ mesons. In
particular, they show that the mesons responsible
for high-P, triggers probably arise from quarks
that have fragmented in a manner similar to that
observed in lepton-initiated processes.

B. Failures

As noted in the Introduction, the quark scatter-
ing black-box model does not agree in detail with

FIG. 1. '(a) Illustration of the four-jet structure re-
sulting from a beam hadron (entering at left along dotted
line) colliding with a target hadron (entering at right
along dotted line) inthe c.m. frame: two jets with large
P& (collection of particles moving roughly in the same
direction), one called the "toward" (trigger) side and
one on the "away" side; and two jets with small P~ that
result from the breakup of the beam and target hadrons
(usually referred to as the "soft hadronic" background),
(b) Illustration of the underlying structure of the large-
P~ process &+ & &&+ &&+&. The large-P~ trigger had-
ron && occurs as the result of a large-angle scattering
of constituents (g, + gq- q, + aq), followed by the decay
or fragmentation of constituent ~ into a towards-side
jet of hadrons (one being the trigger @&) and constituent
d into an away-side jet of hadrons (one being &2). The
quantities &„&yy ~@g, ~J.Q are the longitudinal fraction
of the incoming hadrons &, & momentum and perpendic-
ular momentum of constituents &, & and &&, ~g &~~, ~~g
are the fraction of the outgoing constituents longitudinal
momentum and perpendicular momentum carried by the
detected hadrons &i and @,.

all the results of high-P& experiments. It disagrees
with data in the following ways. "

(1) Large-p events are far less coplanar than
first expected from a two-to-two scattering sub-
process as shown in Fig. 1. Our first guess '"
that (k )„,=(k,), ,~=330 MeV resulted in a too
narrow away-side I',„, distribution. Even our
final choice in FFF of (k~)„,=500 MeV yields
more coplanarity than seen in recent experiments.
(2) The quark-quark scattering model predicts

too many high-P particles on the away-side of a
large-P trigger. For example, the number of
away hadrons with z~ ~ 0.5 (Ref. 42) for a p~
=4.5 GeV/c trigger at 8=45' and W= 53 GeV is
predicted in FFF to be 3-4 times larger than
seen experimentally by the CCHK group. "

(3) Not only does the model predict too many
away-side particles, it predicts many more posi-
tives than negatives on the away side. For a
trigger P of 3.0 GeV/c, 0, =90'and %=53 GeV/
c,

'

the model predicts about 50%%u~ more positives
than negatives on the away side with p (away)
&1.5 GeV/c. Recent data from the CERN ISR
(Ref. 43) show about equal away-side positives
and negatives under these ciruumstances. These
are serious problems for the model. The last two
imply that (at the smail-x, values probed by ISR
experiments} the recoiling away-side parton does
not fragment in a manner similar to that observed
by lepton experiments. Furthermore, as dis-
cussed in FFF Table 4, we cannot simply increase
(k „)I, , to improve our agreement with (1) and (2).
The value of 500 MeV was as large as we could
take in FFF without spoiling our agreement with
the energy dependence of the single-particle cross
section. We feel that it is not useful at present
to try to 'fiddle" the quark scattering model to
make it agree with recent experiments, particular-
ly since there is an emerging candidate theory of
strong interactions that apparently hms the fea-
tures necessary to repair the failures of the black-
box model.

Q2
g' 12m

4w (33 —2')[1n(Q'/A') + C] ' (3.1)

where n~ is the number of quark flavors (we use
nz =4). The constant C represents corrections
that, in general, differ from process to process

III. THE INGREDIENTS TO THE QCD APPROACH

A. Effective coupling n, (Q2)

The effective strong-interaction coupling constant
falls logarithmically with increasing Q', where Q
is some characteristic momentum in a collision.
In general, the effective quark-quark-gluon cou-
pling is expected to have the form
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but can, in principle, be calculated (although this
might be quite difficult in practice). 4' The quantity
A is an unknown scale factor that can be deter-
mined from the amount of "scale breaking" ob-
served in a given experiment. Analysis of the
scale breaking in eP and pP collisions indicates
that A is in the range 0.3 to 0.'t GeV/c (with C

0) 17 -20

For eP collisions, Q is the four-momentum
transfer from the electron to the quark. On the
other hand, the correct kinematic quantity to use
for Q' in the constituent subprocess shown in Fig.
1 is not known. This problem is, of course, re-
lated to the unknown + C in (3.1). For definiteness,
we will take C =0 and choose

IO'

IO

103

IO 2

--- A =0.4 GeV/c, no smear

A =0.4 GeV/c, &ki)h-q=848 NleV

p,'(~/p,'I~ . '

x = 0.20

~
A

I I I I I

p EcI(T/cI p veI'SLIs p 8 =90

q+ q~q+q Subprocess

~ W
~ W

~ ~

Q' =2s t u/(s'+ t'+u'), (3.2)

N„, = —In(o, /o, )/In(p„/p„), (3.3)

where o'„ is the invariant cross section (at fixed
x,) at P», . Including an n, that depends on Q'

according to (3.1) and (3.2) produces an Edo/d'P
that decreases faster than I/P~' at small P~
(N,« =4.8 for 2 ~p, & 10 GeV/c at x~ =0.2) but
approaches the 1/P, ' behavior at large P . This
can be seen by the dot-dash curve in Fig. 2 where
we plot p, ' times the predicted Edo/d'p arising
from quark-quark scattering at xJ =0.2 versus
P~ using A =0.4 GeV/c. One sees that including
the n,(Q') dependence brings one a small way
toward the flat (1/P ') dependence seen experi-
mentally at p~ ~ 6 GeV/c.

B. The quark and gluon distributions G(x, Q2)

In the QCD approach, the "effective" quark dis-
tributions in a proton, G~,(x, Q'), do not scale.
The influence of this on vW, (x, Q') for ep and pp

where s, t, and u are the usual Mandelstam s, t,
and u invariants but for the constituent subprocess.
This form for Q' is symmetric in s, t, and u and
approaches —t in the case k «s. This uncertainty'
in the form for Q' and, correspondingly, the lack
of knowledge of + C makes predictions at low Q'

(i.e., low P ) in hadron-hadron collisions a bit
uncertain.

If the distribution of quarks within the proton,
G~,(x), and the fragmentation of quarks in had-
rons, D,"(z), both scale, then the invariant cross
section Edo/d'P for pro. ducing a large-P~ meson
reflects directly the energy dependence of the
quark-quark cross section do/dt. Thus if the
latter behaves as h(t/s)/s", then the former be-
haves as f(x~, 9, )/P~'". The cross section for
the scattering of partons in field theory (see Table
I) with n, =constant yield 2n=N « =4 where we
define

IO'—

I

2 6 8
p (GeV/c)

I

IO l2 14

FIG. 2. The behavior of pJ. times the invariant cross
section E«/d3p for pp & +& at 80.m. = 90 and &J.= 0,2
arising from the QCD subprocess g+ 9- 9+9 calculated
with A = 0.4 Gev/~. If the quark distributions within pro-
tons, G~ (&), and the quark fragmentation functions,
&,' (&), scale and if the strong interaction coupling ~,
is constant, then PJ. &«/d3P behaves like PJ. at fixed

J. and, m (dotted line). Allowing && to depend on Q
according to (3.1) yields the dot-dashed curves. Includ-
ing the expected Q dependence && (Q ) and ~~ (&, Q')
results in the dot-dot-dashed curves. Finally, allowing
&, {Q~),G~ (&, Q~) and &~ (&, Q ) all to vary with Q in a
manner expected from QCD results in dashed curve and
the solid curve is the result after smearing with (&J.)g~
=848 MeV and O'J. ) &-—439 MeV. The shaded area re-
presents uncertainties due to the way in which one cuts
off the low & and t singularities in «/d~. Above pJ o 3.5
GeV/& at ~, =90', the results are insensitive to the de-
tails of this cutoff procedure.

scattering has been studied" ' and may account
for the lack of scaling seen in these experiments
over the range 4.0 & Q' ~ 20.0 GeV'. We use the form
ulation of Ref. 18 to extrapolate these functions to
the higher-Q region needed in analyzing high-p~
hadron data (see Table II for the range of Q' sam-
pled).

In an asymptotically free field theory, scale
violations are generated by gluon corrections
typified by gluon bremstrahlung from a quark and
by quark-antiquark pair creation by a gluon. One
can predict the behavior of the constituent dis-
tributions G;(x, Q') given that they are known at
some reference momenta Qe [large enough so that
n,(Qe') is small enough to make perturbation theory
applicable ]. Following Ref. 18, the moments of
the distributions
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W(GeV) P'(GeV/c) (z,) (Q„) (GeV) (Q2) (GeV2)

53
53
53
53
19.4
19.4
19.4
19.4
19.4

500
500

1000
1000

2 ' 0
4.0
7.0
9 ' 0
1 ' 94
3 ' 0
4.0
6.0
7.0

10.0
30 ~ 0
10~ 0
30.0

0.68
0.75
0.81
0 ~ 84
0.74
0.86
0.89
0.92
0 ' 94
0.58
0.69
0 ~ 53
0.61

1.25
0 ~ 86
0.61
0.54
1.53
1.77
1.76
1.46
1.46
0.16
0.10
0.21
0.10

7.9
33.7
96.5

149.0
4.8
7.6

15.5
42 ~ 9
58.5

525
3003

751
4184

1

M, (nq') = , x "G,.(x, Q')dx
0

are given in terms of the moments at Q, by

M~{n, Q') =+M;(n, Q')R;~(n, Q', Q'),
i=y

(3.4)

(3,5)

where B,,{n, Q', Qo') is a known matrix (depending

TABLE II. The mean values of z„Q„, and Q resulting
for pp ~ +X at 90' in the QCD approach with A = 0.4
GeV/c, and where z~ is the fraction of the constituent mo-
menta carried by the trigger hadron |see Fig. 1};Q„ is
the component of momentum of the constituent scattering
toward the trigger (Q„=4„,+&~, see Table I and Fig. 2 of
FFF); Q2 is defined by. Eq. (3.2).

on A) and i corresponds to the constituent types
(u, d, s, c, n, Z, s, c, gluon). The final resulting dis-
tributions at Q' are calculated by inverting (3.4)
by an inverse Mellin transform [Eq. (13) of Ref.
18].

Figure 3 shows the predicted Q' behavior of
vg, {x,Q') resulting from an analysis of the ep
and JLtj data. The x dependence of the parton dis-
tributions at the reference momentum, G~(x, Q,

'
=4 GeV'}, was chosen to agree with experiment.
Unfortunately, the analysis of eP and pP is rela-
tively insensitive to the input gluon distribution
with the proton. We take xG,(x, Q,') =xG', (x, Q,')
=(1+9x)(1—x)' at the reference momentum. lt
integrates to a total momentum for gluons within
the proton of 50%. The resulting Q' dependence of
G, ,(x, Q'.) is also shown in Fig. 3. Both vW, (x, Q')
and xG~ .,(x; Q') exhibit a rise at small x and a
decrease at large x as Q' increases. The effect
is particularly dramatic for the latter.

The QCD interpretation of the eP and pP in-
elastic-scattering data has some ambiguities be-
cause one expects, not only the logarithmic scale
breaking shown in Fig. 3, but also other correc-
tions falling more rapidly with Q'. The latter
would be unimportant at very large Q'~ 50 (GeV/
c)' but are important in the Q' range probed by
the current data. One example of such a correc-
tion is the O{m'/Q') correction (m is proton mass)
generated by usirig x ' and not x as the argument
of the structure functions. Here

SCALE BREAKING A=O. 4 GeV/c

0.5 -„
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FIG. 3. (a) The predicted Q dependence (scale breaking) of the electroproduction structure function for the proton
~+&(&,Q ) arising from the constituent (quarks, antiquarks and gluons) distributions &;(&,Q ) used in this analysis. The
distributions at high Q are calculated from the distributions at the reference momentum Q02 ——4 GeV~ using a @CD mo-
ment analysis with A= 0.4 GeV/&. In asymptotically free theories, one expects a decrease in the number of high-& con-
stituents and an increase in the number of low-& constituents as Q increases, Also shown is the value of &~~(&) (in-
dependent of Q ) used in the quark-quark black box model of FF1, (b) The predicted Q2 dependence of the distribution
of gluons within the proton &&p g(&, Q )=&g(&, Q ) used in this analysis. The distribution at high Q is calculated in
terms of a distribution at the reference momentum Qo ——4 GeV given by &g(&, Qo') = (1+9&)(1 —&)4.



3326 R. P. FEYNMAN, R. D. FIELD, AND G. C. F03( 18

x x-m x /Q (3.6)

This leads to scale breaking that is about half the
observed amount in the large x ~ 0.3 region. How-
ever, one can construct variables of a similar
type (for instance x,„~„introduced by Atwood")
that can describe all the observed large-x scale
breaking in terms of O(m'/Q') corrections. Such
models give essentially no scale breaking at low
x and the important feature of the QCD approach
is that the same value of A describes the scale
breaking at both low and high x. This is shown
in Fig. 4. It should be noted that the fit to the low-
x data is poorer than that at high x although the
trend with Q' is given well in both cases. This is
because the low-x data is new data that was not
available when the parameters of the QCD solution
were determined. " In Ref. 18, we not only con-
sidered structure functions that were a function
of x but also z more complicated and probably
more realistic formalism developed by Georgi
and Politzer. " This includes O(m'/Q') terms
not only in the argument of the structure functions
[similar to (3.6) above] but also as overall multi-
plicative factors. It turns out that the O(m'/Q')
terms tend to cancel among themselves and this
formalism is phenomenologically equivalent to the
simple formulation we use here. In particular,
essentially the same value of A =0.5 GeV/c is
found in the best fit of both formalisms.

If one includes the scale-breaking effects of
G;(x, Q ) in addition to the running coupling con-
stant o.,(Q'), the resulting PP- v'+X cross section
arising from the quark-quark subprocess has an
N,«equal to about 5.0 and 5.5 for the range 2.0
- P~ -10.0 at x~ =0.2 and 0.5, respectively. The
scale breaking of G, (x, Q') has little effect at x
=0.2 (see Fig. 2) because at this x one is sensi-
tive to G;(x, Q') near the values of x that are
stationary as Q' increases.

M";(n, Q2) = z"D,"(z, Q') dz, . (3.'I)

are given in terms of the moments at some ref-
erence momentum Qo by an equation similar to

C. The fragmentation functions D",. (z, Q )

The experimentally measurable constituent
fragmentation functions D,"(z, Q') (here i ref. ers to
a gluon or au, d, s, c, u, d, s, c quark) are ex-
pected, in asymptotically free theories, to show
scale breaking (Q' dependences) similar to that
predicted for vW, (x, Q2).'6 " The moments of the
fragmentation functions to a given hadron. A given
by

SCALE BREAKING IN

INELASTIC e, p. SCATTERING
QCD A= 0.4 GeV/c--—QCD A= 0.5 GeV/c
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(3.6). Namely,

M,"(n, Q') = Q M( (n, Q,')R, ,(n, Q', Q, '),
1

(3.8)

where the matrix R;,- is simply related (but not
equal to) 8;,." One then uses the Mellin-trans-
form technique of Ref. 18 to invert (3.7) and ob-
tains D', (z, Q') in terms of these functions at the
reference momentum Q

' (we take Qo' =4 GeV').

I I I I I & I

8 l6 24 3240
Q {GeV/c)

FIG. 4. Comparison of the scale-breaking effects (Q~

dependence) expected from an asymptotically free theory
with data on ~p and Pp inelastic scattering at &=0.033
and 0.08 (Ref. 20) and at &=0.5 (Ref. 72). The theory
comes from the analysis of Ref. 18 using A = 0.4 GeV/&
(solid curve) and A= 0.5 GeV/~ (dashed curve).
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As explained by Gross, ~' the Q' dependence of a
distribution function depends on its shape at the
reference momenta. The faster the function
D(z, Qo') falls off with increasing z at large z, the
faster the large z points fall as Q' is increased
above Q0'. It is important when considering the
fragmentation functions to distinguish the dis-
tribution of primary (or direct} mesons from the
final net distribution (which includes decay prod-
ucts). The above moment analysis should be ap-
plied to the former not the latter. This is, of
course, a bit difficult since we do not know ex-
perimentally exactly how many resonances are in
the quark jets at Qo'. What we shall do is to use
the results of Ref. 27 (hereafter called FF2) at
the reference momentum Q,'=4 GeV'. The dis-
tribution of primary mesons at Q,

' is then given
by

zD(z, Q ) VERSUS z
IL/ I I I ~

/
~ ~ ~

- (o) u~vr'
I I I / I I I I i I I g
A =0.4

Q2 -4
~o ~ ~ o ~ toQ2 IP

Q2 50

—(b) gluon~ 7i A = 0.4
Q2 =4
Q2 IQ—.—Q =50

Io'

lo 2

IQ 3

Ip~00 0.2 04 06 08 00 0.2 04 06 0.8 I.O
Z Z

D,'(z, Q;) -A,"f(1-z}+B"E(z),

with A," and B"given in Table I of FF2 and

E(z) =E(z) -f(1 —z)

with

f(1 —z) =f(g) =1 —a+3ag'.

(3.9)

(3.10)

FIG. 5. The Q2 dependence of the fragmentation fonc-
tion for a I quark to a ~, D„' (&, Q'), expected from an
asymptoticaOy free theory. The distributions at high
Q2 are claculated from the distribution at the reference
momentum Qp =4 GeV using A=0.4 GeV/c, ~here D~
(&, Qp2) is taken from the analysis in FF2. Q) Same as
(a) but for the gluon fragmentation function D~' (&, Q ).

The parameter a is chosen to be 0.77 and E(z)
is given by Eq. (2.23) in FF2. The distribution of
primary mesons in a gluon jet at Qo' is assumed
to have the form

D" (z, Q ') =B"E~(z),

where we arbitrarily take

E~(z) = 3(1 —z)'/z,

(3.11)

(3.12)

where we have assumed, as discussed earlier,
that the gluon fragmentation function falls off
faster with increasing z than do the quark func-
tions.

We take the primary mesons precisely as ex-
plained in FF2 as being either pseudoscalars
(v, K, etc.) or vector mesons (p, K*, etc.) with
equal likelihood. We use the QCD moment method
to calculate the primary meson (pseudoscalar plus
vector meson} distributions at any desired Q'. The
resonances are then allowed to decay and we form
the total net (direct+indirect) distributions at that

Typical results are shown in Fig. 5.
The effect on the predicted large-P invariant

cross section of including scale violations of the
fragmentation functions is that the N,«now be-
comes 5.8 and 6.4 between P~ =2 and 10 GeV/& at
x =0.2 and 0.5, respectively. Large-P results
are particularly sensitive to scale violations of
the D(z, Q') function since these violations are
largest at high z (see Fig. 5) and this is precisely
the region sampled by the calculations.

D. Transverse momentum

As we learned in FFF, constituents have a large
internal transverse momentum inside the proton.
Such effects (called smearing) are particularly
important for large-P~ calculations, due to the
"trigger bias" which selects the configuration in
which the initial quarks (or gluons) are already
moving toward the trigger" ""(see Fig. 3 of
FFF) In QCD. , this transverse momentum of the
partons can arise from two sources illustrated
in Fig. 6.

Firstly, in a proton beam, quarks are confined
in the transverse direction to within the proton
radius. Therefore, from the uncertainty princi-
ple, they must have some transverse momentum.
This momentum is intrinsic to the basic parton
"wave function" inside theproton. As illustrated
in Fig. 6(a), one might expect the wave function
to have a term where the trigger parton k is
balanced by another constituent (or constituents)
which has the opposite 4, and most of the remain-
ing longitudinal momentum. Consider now the
plane farmed by the beam, target, and a 90' trig-
ger hadron (called the x-z plane in Fig. 6). Typ-
ically, the trigger arises from the fragmentation
of a constituent with k „&0which is balanced by
the remaining constituents having Aj„&0. One ex-
pects to see this negative 0 „as a shift in the
beam and target jets at large Ix~~ I. This shift
(i.e., nonzero (k~, )) of the beam jet as one in-.
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~Away Side

(a} Type I: k~ Intrinsic to Wavefunction
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Proton Beam
:-::::::::i
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10'
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I l I

drr/dMdYd k&(pp~~+p +X}
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Y= 0.0
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: Beam and Target Jets &p„&gQ
---~ quarks~ gluons

(b} Type II: Effective k& due to Brernstrahlung

g~t Trigger Quark

2~3 subprocess 1

c

Basic 2~2 subprocess

Proton Target
I
q~

C

10 8—

~Away Side

Beam and Target Jets &p„&-0

FIG. 6. (a) Illustration of the nonperturbative. compo-
nent of the transverse momentum of quarks within proton
that is intrinsic to the wave function of the proton. One
expects this transverse momentum to be balanced by the
remaining constituents in the proton which can, in turn,
fragment into particles at high &ff. The away-side con-
sists of the recoiling quark 9'g and two slightly shifted
jets, one from the beam and one from the target. (b)
Illustration of the perturbative component to the trans-
verse momentum of a quark with a hadron which is due
to the bremstrahlung of a gluon before the basic 2- 2
scattering occurs. In this case, the trigger quark is
balanced by two away-side jets, one from the quark 9z
and from the radiated gluon 9&.

creases the P~ of a 90 trigger has recently been
observed by the British-French-Scandinavian
(BFS) group at ISR'o (see Fig. 14 or Ref. 22).

Secondly, in QCD, one expects to receive an
"effective" k~ of quarks in protons due to the
bremstrahlung of gluons. This perturbation term
is illustrated in Fig. 6(b). It corresponds to in-
cluding two particle to three or more particle
processes (2-8) rather than just the two particle
to two particle 2-2 scatterings. For such sub-
processes, the k of the quark p, is balanced by
a. gluon jet on the away side which subsequently
fragments into many low-momentum hadrons.
In addition, the mean value of the effective kj is
expected to depend on the x vy, lue of quark p, and
an the q' for the processes. Separating the origin
of the transverse momenta into Types I and II as
seen in Fig. 6 is a bit artificial since both mech-
anisms occur simultaneously.

10-IO

— Exp (-0.54 k&)

10 I I

0.0
I

1.0
l

2,0
k (GeV/c)

I

3.0 4.0

FIG, 7. The transverse-momentum spectrum,
«/&M&~& &~, of muon pairs in PP collisions at ~= 27.4
GeV, ~»= 8 GeV, and rapidity ~= 0 from Ref. 51. Also
shown is a Gaussian fit of the form exp (-0.54 ~~ )
which yields %Q ~= 1.2 GeV and is interpreted as imply-
ing %j)& =848 MeV.

The effective constituent transverse momentum
is directly observed in the Drell-Yan process
PP- p. 'p. +X. Current data" indicate that
(k )„+u- is about 1.2 GeV(see Fig. f). There
ha, s been much speculation about how much of the
dimuon 0, spectra, shown in Fig. 7 is due to the
wave function (Type I) and how much is explained
by @CD perturbation calculations (Type II)."""
The latter predicts a high-0 tail to the distrjbu-
tion that falls roughly like a power and a mean
that depends both on x and Q' of the muon pa, ir.
For the present analysis, we shall parameterize
the transverse momentum of the constituents in
protons by a Gaussian with (fr~), , =848 MeV
which produces for the Drell-Yan subprocess the
curve shown in Fig. 7. We shall take this dis-
tribution to be independent of x and Q' and to be the
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same for quarks, antiquarks, and gluons in the
proton. In so doing, we are not handling properly
the x and Q' dependence of the high-k tail ex-
pected from QCD bremstrahlung. At a later date,
we hope to calculate and include the 2-3 processes
expected by QCD. For the present, we merely
use the data in Fig. 7 to give us an "effective" 4,
distribution and include only 2-2 subprocesses.

In a manner similar to that illustrated in Fig.
6, the emission of gluons after the hard-scatter-
ing (2 -2) subprocesses induce an "effective" k
of the hadrons that fragment from the outgoing
quarks because one is really seeing two jets
rather than one. As for the quark distributions
in the proton, we do not include these effects (we
also neglect the interferences that arise between
the amplitude for emitting gluon before and after
the hard 2-2 process) and for the present take
the transverse momentum distribution of hadrons
from outgoing quarks (and gluons) to be a Gaussian
with (k,), „=439MeV independent of z or Q' as
in FF2. Again, this is not precisely correct and
we hope to improve this in later work.

E. The cross sections d& tdt

In the QCD approach, one includes not only the
contributions from quark-quark scattering but
also the contributions from quark-gluon and gluon-
gluon scattering. We include all seven processes:

qq, qq-Q'q, qq qq, gq gq, gg' gg, gg
-qq, qq-gg, and gg-gg, where gis a gluon.
Each 2-2 differential cross section, dD/dt, is
calculated to first order in perturbation theory
with an effective coupling constant n,(Q') as in

(3.1). These cross sections have been calculated
previously by Cutler and Sivers" and by Com-
bridge, Kripganz, and Ranft" and for complete-
ness are given in Table I." All these cross sec-
tions behave as s ' at fixed t/s (and for constant
n, ) so that including gluons does not help in
changing N, ff from 4 to 8 but gluons are important
in increasing the magnitude of the low-x„cross sec-
tion to agree with data. ""' In addition, we will
see that gluonp play an important role in under-
standing the high-P, correlation data.

Including gluons, unfortunately, introduces an
uncertainty (at low x ) in the high-P predictions.
As explained in Secs. III B and III C, the gluon
distribution in a proton and the gluon fragmenta-
tion functions are essentially unknown. We only
know that the total momentum carried by quarks
and gluons in a proton is that of the proton and
similarly the total energy carried by all the hadron
fragments from a gluon is the gluon energy. Many
of our high-j, predictions depend on these un-
known distributions, for the QCD quark-gluon and

gluon-gluon scattering cross sections are large.
If one accepts QCD as the correct description for
high-P processes, then one could eventually hope
to use the hadron-hadron data to help determine
these functions. For the present, we simply cal-
culate with our initial guesses for G~,(x, Qo') and
D,"(z, Q,') and do not attempt to find the optimal
forms for these functions by fitting high-P~ data.

As discussed in great detail in FFF, cross sec-
tions of the type given in Table I are not adequate
once one allows for a nonzero transverse momen-
tum of constituents in the hadrons or of hadrons
from in the outgoing jets." This is because they
diverge at s, u, or t equal zero which can occur
once (k~)„,or (kj), I, is nonzero. To remove
this unwanted singularity in the integral, we sim-
ply replace s, t, and u in Table I by s +MD p

JMO'

—t, and Mo'- M, respectively, with Mp 1 0
Geg'. ' Because we are generating the transverse
momentum of the constituents by a Gaussian, the
results for hadron production at large P are not
sensitive to this ad hoc cutoff procedure. With the
large-k~ damping, characteristic of a Gaussian,
once one has removed the infinity at say t =0 (by
whatever means), one never samples this low-t
region when calculating high-P~ meson production.
This would not be true for a transverse-momen-
tum distribution falling off less rapidly with 4'~

(for example, like a power) so that the large-k
tails expected by the QCD processes in Fig. 6
will have to be handled differently in the future.

Because (k~)„,is large, one does begin to be-
come sensitive to the low-s and -I, cutoff at low
P~. This is illustrated in Fig. 2 where we show
the results for PP- n 0+X at x~ =0.2 and 0,
= 90' arising from quark-quark scattering before
and after smearing. The shaded area represents
uncertainties due to varying the low-s and -t
cutoffs. The region of p, ~3.5 GeV/& cannot, at
present, be used to quantitatively test the QCD
ideas since this region is sensitive to the cutoff
procedure. " For P~ ~ 3.5 GeV/&, on the other
hand, the manner of cutoff is not important and
tbe result depends only on the amount of smear-
ing (i.e., on &0 &~,).

IV. RESULTS

A. The single-particle cross section

p
8 behavior

Figure 8 shows a comparison of the predicted
and experimental behavior ot pj' times &dv/d'p
for PP - n. +X at 6I, = 90' and x~ = 0.2, 0.35, and
0.5 versus P . The dot-dashed and solid curves
are the final results before and after smearing,
respectively, with A =0.4 GeV/c. The dashed
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FIG, 8, The data on Pq times Edo'/d P for large P& pion
8

production at 8&.m.——90' andf»«&1, ——0.2, 0.35, and 0.5
versus P1. (open squares: 'Ref. 73, solid dots: Ref. 74,
crosses: Ref. 75) compared with the predictions (with
absolute normalization) of a model thai incorporates aB
the features expected from @CD. The dot-dashed and
solid curves are the results before and after smearing,
respectively, using A= 0.4 GeV/& and the dashed curves
are the results using A = 0.6 GeV/& (after smearing) . .

curves are the results (after smearing) using
A =0.6 GeV/c. The effect of smearing (at fixed
xs) is to increase the low-P, predictions (by about
a factor of 10 at P =2 GeV/c and x =0.2) while
not affecting much the high-P, region. For the
range 2.0 & p &6.0 GeV/c at x, =0.2, and 4.0
~ p, ~ 10.0 GeV/c at x =0.5, the results are
roughly independent of Pj (when multipled by P~').
However, this p~ ' behavior is only a "local" ef-
fect. It holds only over a small range of P (at
low P, ); the region depending somewhat on x,.
As P~ increases, the predictions approach the ex-
pected P~ ' behavior. This can be seen more
clearly in Fig. 9 where we plot the predictions and

IO 2
0 IO

pz (GeV/c)
20

FIG. 9. The same as Fig. 8 except we now plot P~
times &«/d3P versus Pg at &y ——0.2 and &, m

= 90'. One
clearly sees the asymptotic approach to an Edo/d p u
pg 4 behavior at fixed &1.,

data times P ' at x =0.2 a,nd 8, =90'. The be-
havior becomes P, ' only asymptotically, but by
p~ =10 GeV/c at this x, it is fairly close (about
Pi ').

As illustrated in Fig. 2, the low-P~ region is
sensitive to the small-s and -t cutoff employed. "
However, because of the Gaussian falloff of the
transverse momentum distributions, the results
a,re completely insensitive to the form of the cutoff
for pj ~3.5 GeV/c at 8, =90". For example,
Table II shows that the constituent subprocess
has a mean momentum (Q, ) =1.76 GeV/c for a
p„=4 GeV/c trigger at W=19.4 GeV but even for
this large "trigger bias", only 12% of the total
PP- ~ +X cross section arises from the region
~t ~& 10 GeV' and none arises for It ~& 5 GeV'.

The data on Edc/d'P at fixed 8' = 19.4 and 53
GeV versus P~ are compared with the theory in
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at present be calculated precisely as the results
depend sensitively on the unknown gluon distribu-
tions, the shape of the transverse-momentum
distributions of the quark within the hadrons, the
nature of the low-s and -I; cutoff, our choice for
Q', and possibly higher-order corrections [such
as the + C in Eq. (3.1)j. It may be that ail of the
invariant cross section down to P~'s as low as
1.5 or 2.0 QeV/& is due to the scattering of quarks
and gluons as described by QCD. On the other
hand, it may be that other nonleading constituent
subprocesses such as the ones estimated by
Blankenbecler, Brodsky, and Gunion" make some
contributions in the range of 1.5cp, s 4.0 GeV/c
with QCD dominating at the higher P, 's.

2. Angular dependence

In FF1 we used the data shown in Fig. 11 to de-
duce that do/dt ~1/st' was the preferred form
for the angular dependence of quark-quark scatter-
ing. We must now see if the QCD predictions are

3.0 40 5.0 6.0 7.0
p (GeV/c)
L

8.0 9.0 pp m++X versus x
II

p =2.0 GeV/c N =53 GeV

FIG; 10. Comparison of a @CD model (normalized
absolutely} with data on large-P~ pion production in pro-
ton-proton collisions as ~= && =19.4 and 53 GeV/&
with ~,.~, —-90 (open squares: Bef. 73, solid dots: Bef.
74, crosses: Bef. 75, solid triangles: Bef. 76, open cir-
cles: Ref. 77). The dot-dashed and solid curves are the
results before and after smearing, respectively, using
~ = 0.4 6eV/~ and %u„=848 MeV and the dashed curves
for A=0.6 GeV/~ (after smearing). The contribution
arising from quark-quark, quark-antiquark, and anti-
quark-antiquark scattering (i.e, no gluons} is shown by
the dotted curves (after smearing).

Fig. 10. The agreement is quite remarkable.
It is almost as good as the black-box model (Fig.
13 of FF1) where we chose the behavior of der/dt

and the normalization to fit the data. The results
before smearing are also shown (dot-dashed
curves). Smearing has little effect for P, =-4.0
GeV/& at II'= 53 GeV but has a sizable effect (even
at p = 6.0 GeV/c) at W = 19.4 QeV due to the steep-
ness of the cross section at this low energy. The
contributions to the total invariant cross section
from quark-quark elastic scattering (plus qq
-qq and gq-qq) are shown in Fig. 10 (dotted
curve). Gluons make important contributions to
the cross section at small x~ (x~ & 0.4).

We cannot at this time say whether ihe slight
disagreement in the normalization of the theory
seen in Figs. 8, 9, and 10at low x~ (about a factor of
2 at p~ =2 GeV/c and W = 53 GeV) is significant.
At these low values of x'~ and P~, the theory cannot

FFI
Qco A =0,4

I
I 1

CL

I 0 '

Irl

pj

IO

IO 0.2 04 0.6 I.O

FIG. 11. Data on the &f/ dependence of the invariant
cross section for PP 7t + & at ~= 53 GeV and Pi=2.0
and 3.3 GeV/& (solid dots: Bef. 74, solid triangles: Ref.
78, solid Squares: Ref. 79) compared with the results of
a @CD model with &=0.4 GeV/& (solid curves}. At these
low-P~ values, the predictions are sensitive to the low &

and ~ cutoff of «/dt. At any fixed P&, the uncertainty
due to the cutoff procedure (illustrated by the shaded
areas} is greater at large &~i. Also shown (dashed
curves) are the results from the quark-quark black-box
model of FF1 which was adjusted to fit these data.
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GeV/& versus &II.

consistent with the same data. Figure 11 shows
the QCD results with A =0.4 GeV/c (after smear-
ing) for the x„dependence of Fdo/d'P for PP-g'+X at p =2 and 3.3 GeV/&and W =53 GeV.
As noted earlier, the predictions are a bit low
at this low P; however, the QCD x„dependence
is not in gross disagreement with the data. Un-
fortunately, comparison with these low-P~ data
is not very significant. First, with the large value
of (k~)„,we are now using, the results for these
P values are sensitive to the manner in mhich we
remove the singularity in do/dt at t (or u) equal
zero. This is particularly true at large xII where
the constituent scattering occurs at small f (or
u) values. We have tried to indicate this un-
certainty by the shaded region in Fig. 10. Secondly,
since this region is so sensitive to smearing,
the results depend on our assumption that (kj)»
is independent of the x, of the quark p. Modifying
this assumption could change the resulting xII
dependence.

Furthermore, in the QCD approach, the x~, de-
pendence of the invariant cross section does not
directly reflect the angular dependence of dc/dt.

Figure 12 shows that the various QCD subprocesses
have differing xII dependences so that the result
depends not only on the various d8/dt but also
on the amount of each term. For example, the
gluon-gluon scattering contributions fall off fast
with increasing xII. We could cause the predicted
Edo/d'p to fall off more rapidly with x„by in-
creasing the amount of gluon-gluon scattering [by
changing the relatively unknown functions
G~ ~(x, q2) and &; (z, Q')].

3. Particle ratios

As mentioned earlier, and as shown in Fig. 10,
gluons make an important contribution to the
single-particle invariant cross section at low x~.
However, since the gluon fragmentation function
has been chosen to be considerably smaller at
large z than the quark fragmentation function, an
experiment demanding a large-P, meson trigger
is "biased" in favor of the toward-side constituent
being a quark rather than a gluon. Table III gives
the fraction of the single-particle cross section
arising from the various combinations of toward
and away constituents. At 8'= 53 and P ~ 4.0
GeV/c, 45% of the we cross section arises from a
toward-side quark having scattered off a recoiling
gluon while 27% arises from the quark recoiling
off another quark (a total of 72%). Tables III and
IV show that for x, ~ 0.3, the toward constituent
for single-particle triggers is almost always a
quark. This quark, however, scatters off both
quarks and gluons in the other proton so that the
recoiling constituent is quite often a gluon. At
W = 53 GeV, a v' trigger with P~ =4.0 GeV/&, . the
toward constituent is a quark (or antiquark) 72%
of the time while the away constituent is a gluon
62% of the time.

This "bias" for quarks rather than gluons in
singj. e-particle triggers means that the predictions
for ratios of different kinds of particles will not
be very different from those of the quark-quark
scattering black-box approach. As shown in Fig.
13, PP- (v'/m ) +X ratio predictions of QCD are
smaller due to the contamination from the gluon
decays (gluons fragment into equal numbers of
positives and negatives). They are in equally good
agreement with data. The QCD particle ratios do
not "scale" as did the FF1 results (i.e., they are
a function of x and W at fixed 8, ). The curve
displayed in Fig. 13(a) is calculated at W= 19.4
GeV and increases slightly as W increases (by
about 20% in going from W=19.4 to 53 GeV/&).

B. The jet cross section

The "bias" in favor of toward-side quarks does
not occur when one triggers on jets rather than
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on single particles and, as can be seen in Table
IV, gluons make up a sizable fraction of the total
jet cross section. With our guesses for the gluon
distributions, gluons are responsible for I3/o of
the jet triggers at p„=4 GeV/c, W= 53 GeV, and
0, =90'. Fven at higher-x values such as Pj
=6.0 GeV/c, W =19.4 GeV, 8, =90', gluons still
make up 45% of the jets. Because of the presence
of gluon jets and because the quark fragmentation
functions D,"(z, q') are smaller at high z due to
scale-breaking effects, the jet to single-m' ratio
is now predicted to be larger than it was for the
quark-quark black-box approach. This is seen in
Fig. 14 where we plot the invariant cross section
for PP-Jet+& divided by PP- no+X at 0, =90
versus x,. In the QCD approach, this ratio no
longer "scales. " It is a function not only of x~
(at fixed 8, ), but also of W. We show results
for 8'=19.4, 53, and 500 GeV.

As noted in Ref. 5V, the quark scattering model
in FFI and FFF agreed quite well with the jet
cross section observed experimentally at 8'
=19.4 GeV a,nd 3 ~ p~ ~6.0 GeV/c. We might now

be concerned that the @CD results for the jet cross
section are larger than FFI by a factor of about
5 in this region. We have, however, previously
been somewhat naive when comparing theory with
experiment. What we show in Fig. 14 is the cross
section for producing a quark (or gluon) with a
given momentum (divided by the v~ cross section
at the same momentum). However, as we noticed
in Ref. 2V, quarks of a given momentum (equal
to their energy) cannot produce jets with the mo-
mentum of all particles equal to the energy of all
particles. Our jet model in FF2 gives E„,—P,
=1.2 GeV for quark jets. Since the cross sec-
tion for producing jets falls so steeply, the cross
section for producing a jet with a given P, is
considerably smaller than that for producing one
with a given E„,. As explained in Ref. 41, it is
the former that is more closely connected to what
is measured experimentally. At W =19.4 GeV/c,
we estimate that the cross section to produce a
jet where P, =5 GeV/& at 90' is about 10 times
smaller than the cross section to produce a jet
whose 8„,=5 GeV/&. If we correct for this effect,
the new QCD prediction at W= 19.4 GeV is within
a factor of 2 of the old (incorrectly interpreted)
FF1 results that appeared to agree so well with
the data.

The difference between E„, and P..,. of a jet
arises, of course, from low-momentum particles
that have energy due to their mass (or k~) but
have little momentum P,. This is tangled with
the experimental uncertainty in all hadron-jet
experiments concerning low-P~ particles. One
cannot be supe that one is not losing the low-j,
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TABLE IV. Fraction of the pp & +X and pp jet+X cross section at O,.m =90' arising
from the case where the toward-side (or trigger) constituent is a u, d, or antiquarks Q =u+d
+ s or a gluon. Also shown is the fraction arising from the case where the recoiling or away
side constituent is a u, d, or antiquarks Q or a gluon.

& (GeV) P~ (GeV/&) Trigger
Toward side

d Q Gluon
Away side
d Q Gluon

53
53
53
53
53

x'
jet

jet
x'

0.20 0.20
0.12 0.10
0.36 0.25
0.12 0.09
0.55 0.26

0.13
0.14
0.09
0.05
0.05

0.43
0.64
0.27
0.73
0.13

0.14 0.09
0.18 0.09
0.23 0.09
0.20 0.08
0.28 0.14

0.06 0.70
0.08 0.63
0.05 0.62
0.02 0.69
0.05 0.53

19.4
19.4

3.0
3.0 jet

0.46 0.29
0.13 0.08

0.06 0.19
0.04 0.74

0 20 0 11 0 03 0 66
0.21 0.08 0.02 0.68

19.4
19.4

6.0
6.0

pro

jet
P.73 0.24
p. 37 0.17

0.03 0.42 0.15 0
0.45 0.36 0.14 0

0.43
0.50

500
500
500
500

10
10
30
30

pro

jet

jet

0 ~ 18 0.17
0.05 0.05
0.37 0.23
0.11 0.08

0.18
p.06
0.14
0 .10

p.44
0.81
0.24
0.69

0.21 0.08
p.13 0.11
P.29 0.12
0.21 0.11

0.09
0.07
0 ~ 05
0.06

0.60
0.66
0.53
0.60

jet particles that a,re not well collimated or gain- .

ing low-P~ ba,ekground from the beam and target
jets in Fig. 1. Only by doing a very careful anal-
ysis, including the precise acceptances of a given
experiment, can one distinguish between the re-
sults of FF1 and the new QCD approach in spite
of their rather large differences. One might hope
someday to distinguish experimentally between
gluon and quark jets. The gluon jets are a,ssumed
to have a, higher multiplicity of particles each with
lower momentum on the average. In addition, un-
like the quark jets discussed in Ref. 27, gluon jets
will carry on the average no net charge (or
strangeness, etc.).

C. The toward-side correlations

The jet physics, discussed in the previous sub-
section, directly tests that particles at high P
are not produced singly but, rather, are members
of a cluster. This aspect of constituent models
can also be tested in single-particle triggers by
observing the accompanying particles produced
near the trigger (in phase space). Experimentally,
one observes an enhancement of particles with
high P accompanying the high-P trigger which
was predicted correctly from the quark scattering
model'" together with an a.ssumption about the
double fragmentation function, D",' +(z„z,)." In
the QCD case, the trigger hadrons usually come
from quarks rather than gluons and, furthermore,
the mean value of z, shown in Table II are similar
to those in FFF." Thus the new predictions, a,s

shown in Fig. 15, are, in fact, very similar to the
quark scattering results. However, the QCD re-
sults have an additional uncertainty due to our lack
of knowledge of the gluon double fragmentation
functions, D~' 2(z„z„Q'). In Fig. 15 where 18%
of the triggers come from gluons, we have as-
sumed that the accompanying particles were just
given by the fragmentation of a gluon with mo-
mentum (1 —z,) times that of trigger gluon. This
ha, s the feature of giving the correct multiplicity
for the produced hadrons; however, it is surely
not exact. For example, for a, x' trigger, one
would expect to find more high-P m 's than m"s
in the accompanying particles. In Ref. 22, an
upper estimate for the effect of the gluon decays
was deduced by assuming that the accompanying
hadrons came from a u (or d) jet carrying all of
the remaining momentum. Comparing with the
CCHK data, this upper estimate and the lower
estimate gotten by dropping gluon term completely
roughly bracket the data.

In summary, we find that the QCD calculations
have somewhat greater uncertainty than those in
FFF coming from the gluon contribution. How-
ever, both models are in good agreement with the
same-side correlation data. .

D. Away-side correlations

l. Away-side multiplicity n(z )

An important consequence of the QCD approach
is that the number of away-side hadrons with
large-P~ (-P„) is predicted to be considerably
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smaller than in the quark-quark scattering ap-
proach. Figures 16, 17, and 18 show that the
number of away hadrons carrying a certain frac-
tion ~~ of the trigger momentum is predicted to
be 3 to 4 times less than the FFF results, and now

agrees quite well with experiment. This reduction
in the away-side multiplicity function, n(~e) is due
to three factors. First, we have increased
(k,)», from 500 to 848 MeV. This results in the
large Q„values shown in Table I (compare with
Table V in FFF) and thus to a reduction of n(ze).
Second, the fragmentation functions D, (z, Q') de-

0.00I—

l I
~

I

2 4

p (GeV/(. )

5

FIG. 15. Toward-side correlation measurements from
CCRS collaboration (Ref. 75) together with the predic-

tions of the @CD approach with A = 0.4 GeV/& and the re-
sults of the quark-quark black-box model of FFF. Pos-
sible background contributions from the fragmentation
of the beam and target are not included.
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FIG. 17. The dependence on the trigger P~ of the away-
side hadron multiplicity»(&p) = (1/0)«/«p, where ~p
= —P (away)/P~ (trig) from the British-F rench-'Scandi-
navian collaboration (Ref. 43) on pp- @~+@&+& at ~
= 53 GeV, ~~

——90 and with an away-side acceptance of
25' in 4' and ~ I&I ~1, ~ Ja„q I & 0.5 GeV/c. The predictions
from the QCD approach with A= 0.4 GeV/c (solid curves)
and the results of the quark-quark black-box model of
FFF (dash-dot curves) are shown. Background contribu-
tions from the fragmentation of the beam and target (see
Fig. 1.and Fig. 6) which might be important for low-Pi
triggers have t been included in either the @CD or FFF
predictions.

5 4
p~ {GeV/c)

FIG. 18. The dependence on the trigger P~ of the num-
ber of away-sidehadronsper trigger with &p —0.5 (a) and
&p —1.0 (b) from the CCHK collaboration (Ref. 15) on pP—~~+ @&+Xat ~= 53 GeV, and ~& averaged over 45 and
20' with an away-side acceptance of 40' in 0 and ~ I2 ~

—3. The predictions from the QCD approach with A = 0.4
GeV/c (solid curves) and the results from the quark-
quark black-box model of FFF (dashed curves) are
shown. Background contributions from the beam and
target jets (see Fig. 1 and Fig. 6) which might be im-
portant for low-P~ triggers have t been included in
either the QCD or FFF predictions.

crease as Q' increases (see Fig. 5) and are
smaller at high z than the FFF values (which now
correspond to Qs=ge'=4 GeV'). Finally, in the
QCD approach, the away-side constituent is quite
often a gluon (see Tables III and IV) which produces
on the average fewer hadrons at large z~ than do
quarks (see Fig. 19). However, as Table V and
Fig. 16 show, the number of away hadrons with
z~ -0.5 arising from gluon jets is still about half
the total. (The fraction decreases as x in-
creases. ) This means that the away-side multi-

' plicity n(z~) is sensitive to the essentially unknown
gluon distributions Ge,(x, Q') and D,"(z, Q').

For both the QCD approach and the quark scat-
tering model, the away-side multiplicity function,
n(ze), is roughly independent of the trigger mo-
mentum over the range 2.0 &p (trig) &6.0 GeV/c
at 8'=53 GeV. This means that the rise in the
data (Figs. 1'I and 18) at small P (trig) must be
ascribed to "background" from the beam and tar-
get jets (see Fig. 1). We do not know how to cal-
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culate this properly at present, but estimates we
have made indicate that this is indeed possible. "
The rise at small P~(trig) in the CCHK experi-
ment (Fig. 18) is larger than that seen in experi-
ment R-413 (Fig. 11) because the former has an
away-side rapidity cut of

~
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&3 while the latter
has
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FIG. 19. The number of away-side charged hadrons
per trigger, +(&p), arising from the case that the away-
side constituent is a quark or antiquark (solid curve) or
a gluon {dashed curve) from the QCD approach with A
= 0.4 GeV/&. The results are calculated for PP ++ @
+& at ~=53 GeV, ~&

——90' with 3.0 —P~ (trig) —4.5 GeV/~.

Another effect of the presence of gluons is that
the away-side positive to negative particle ratios
at the ISR (low x~) are predicted to be consider-
ably different than in FFF. Figure 20 shows that
the QCD approach yields almost equal numbers of
positives and negatives for P~(away) & 1.5 GeV/c
at W =53 GeV and 3.0 &p~(trig) &4.0 GeVjc in
agreement with the recent ISR data." If the away-
side constituent is always a quark or antiquark
as in FFF, then this ratio is predicted to be about
1.5 in gross disagreement with the experiment. "
However, both the FFF model and the QCD ap-
proach predict little dependence of the away-side
particle ratios on the type of trigger species
(i.e., s', s, K', K ). This is because the scatter-
ing forces do not involve flavor exchange (they
are due to gluon exchange). Neither the QCD ap-
proach nor the FFF model can explain the ap-
parently large increase in the away-side positive
to negative ratio when triggering on K observed
by R-413 (Fig. 20). The discrepancy can be seen
more clearly in Fig. 21 where we compa, re the
predictions for the away-side rapidity spectrum
of positives and negatives for a, m and E trigger
with the preliminary R-413 data. "

This question of the flavor dependence of the
constituent subprocesses is an important one.
In models such as the constituent-interchange
model (CIM),""the scattering forces arise from
the exchange of quarks which carry flavor. e' In
these models, drastic changes can occur in the
away-side particle ratios as one changes trigger
species. ' Figure 22 shows data from the Fermi-
lab experiment E-494 (Ref. 64) on the away-side
multiplicity of m', r, E', and K with ~q -0.5
for a trigger meson of type n', n. , K', K at 8'

TABLE V. Total away-side multiplicity (Hef. 59}, &(&&-0.5), per trigger for charged had-
rons in the processes PP -z +h~+X at 8& = 90' predicted from the @CD approach with A = 0.4
Gev/c. Also shown are the individual oontributionS to the multiplicity for s& —0.5 from gluon
and quark fragmentation. fThe function +(&p P~f eg) is defined by Eqs. (6.1) and (6.2} in FFF.]

8 (GeV) S, (GeV/c)
Quark

fragmentation
Gluon

fragmentation Total &&
~ 0.5

53
53
53
53
53
53

2 ' 0
3.4
4.5
5.3
9.3

13.2

0.08
Q.13
Q.17
Q.20
0.35
0.50

0.047
0.052
0.058
0.063
0.060
0.058

0.083
0.050
0.047
0.038
0.022
0.014

0.130
0.102
0.105
0.101
0.082
0.072
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FIG, 20. The number of away-side positive and nega-
tive hadrons with P~ (away) &1.5 GeV/&per trigger with
3.0 —Pq (trig) —4.5 GeV/~ from the BFS collaboration
(B-413) (Bef. 43) on PP &t+& +&where ~——53 GeV

and ~& =90' and ~ &2 ~ &1,0. The results for &, &', &,
and &' triggers are shown and compared to the predic-
tions of the quark-quark black-box model of FFF and the
@CD approach with ~= 0.4 GeV/~ (open. and solid
squares), Background contributions from the beam and
target jets {see Figs. 1 and 6) have not been included in
either the @CD or FFF predictions.

'i

=27.4 GeV and 3.0 &p„(trig) & 5.0 GeV/c compared
to the QCD predictions. The agreement is quite
good. The away-side ratios are roughly indepen-
dent of the trigger species and given approximately
by the single-particle ratios (shown by the wiggly
arrows along the side) which is just as expected
for a flavorless-exchange constituent subprocess.
There is a slight disagreement for the K trigger
but the data do not show the large positive plus
negative sum seen by R-413. In fact, the away-
side number of K' mesons with a, K trigger is
correctly predicted. The data in Fig. 22 from
E-494 are taken off a beryllium target and there
are A-dependence corrections" (we have made no
A-dependence correction to our theoretical pre-
dictions) that make direct comparison a bit
dangerous. Because of this and because of the
appa. rent disagreement between R-413 and E-494

FIG. 21. The away-side rapidity distributions, (1/&«,.&)

d&/d~, of positive and negative hadrons with P~ (away)
&1.5 GeV/& for 90 & and & triggers in the range 3,0
—P~(trig) —4. 5 GeV/c from the BFS collaboration (B-
413) (Bef. 43). Predictions of the @CD approach with ~
= 0.4 GeV/& are shown where background contributions
from the beam and target jets (see Figs, 1 and 6) have
not been included.

for K triggers the question a.s to whether or not
there is any evidence for flavor exchange in the
constituent subprocess is unsettled.

Due to our use of (k~)„,=848 MeV and (k~),
=439 MeV, the mean values of I',„f are predicted
to be considerably larger than the results of FFF
((k~)„,=500 MeV, (k ), «=330 MeV). ln Figs.
23 and 24, we compare both the new QCD results
and the FFF results with the mean values of I',„,
obtained in the CCHK experiment. " The value of
(k )„,= 848 MeV, obtained from the fit to the data
on PP- p, ')t, +X shown in Fig. 7, results in (P,„,)
values that agree better with the hadron experi-
ments, although they are still a bit small. (Some
of the discrepancies may be due to contributions
from the beam and target jets omitted in our
analysis. )
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4. Experimental tests for effects due to &k &&

As seen in Figs. 2 and 8, the basic constituent
subprocess of QCD (before smearing) behaves
roughly like 1/p~' at fixed x~ for 2 & p~ & 10 GeV/

The experimentally observed I/P~' behavior
is obtained by including the effects of smearing
((kj)„,40) which raise the small-p~ prediction
while leaving the large-P~ region essentially un-
changed. This increase at small P, due to the
"trigger bias" effect, can be partially removed
by triggering on events with equally large Pj' s
on the toward and away-side (i.e., z~ =1).""
Thus, in general, we expect the P~ dependence
of the two-particle back-to-back cross section to
differ (in the region where smearing is an im-
portant effect) from that of the single-particle
cross section. This is seen in Fig. 25 where we
plot the two-particle back-to-back cross section
dv/dz~ at z~ = 1 (times p, ') versus p, at x~ =0.35.
It behaves roughly like 1/p~6 over the range 4
& p~ &6.0 GeV/c whereas the single-particle
cross-section results, when multiplied by P~',

FIG. 22, The number of away-side mesons (of type &,
~, &', & ) with ~ —0.75 per trigger (of type
&, & ) from the Fermilab experiment E494 (Ref. 64).
The data are taken at ~ = 27.4 GeV with 3.0 —Pi (trig)
—4.0 for proton-beryllium collisions and are compared
with the prediction of the @CD approach (for proton-pro-
ton collisions) with A= 0.4 GeV/~. No &-dependence
corrections have been made to the theory or the data.

W=55 GeV

-p„GeV/c
l.95

I
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0.6—
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g 45o
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FIG. 24. The dependence on the trigger P~ of the mean
value of the ~&~„g I of away-side charged hadrons with
0.6 —zp —0.7 at ~=53 GeV and 0& averaged over 45 and
20' from the CCHK collaboration {Ref.15) on PP
+&&=&. The predictions for 0&=45 from the @CD ap-
proach with A= 0.4 GeV/c and %g„=848 MeV, %j)~~
=439 MeV (solid curve) and the FFF results (dashed
curve) are shown.

FIG. 23. The dependence on z& of. the mean value of the
~&„& ~ of away-side charged hadrons at ~= 53 GeV and
2.0 —P~(trig) —4.0 GeV/e with ~~ averaged over 45' and 20'
from the CCHK collaboration (Ref.15)on PP ~&+ &&+X.
The predictions from. the @CD approach at 0~ =45 with
A= 0.4 GeV/c and Kz ——848 MeV (solid curve} and the
results of FFF (dashed curve) curve are shown.
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are roughly independent of P over the range. The
two-particle back-to-back cross section dcj
dz~(z~ =1) reflects more closely the dependence
on P, of the basic subprocess without the additional
scale breaking due to smea, ring.

The predictions in Fig. 25 (and in all figures
in this paper) are free from any beam and target
jet background of the type discussed in Sec. IV D1
above. As seen in Fig. 18, below p, = 3.5 GeV/c
this background is important and is presumably
the cause of the rise of dN/dz~ at low P (trig).
Any such increase of the expected dNjdz~ at low

P due to background would vitiate the comparison
in Fig. 25 by making it behave similarly to the
single-particle cross section. . The test must be
performed at P,'s large enough so that the back-
ground contamination is negligible. This is why
we calculated the results in Fig. 25 at x~ =0.35
so that p, ~4 GeV/c.

E. Very-high-energy expectations

Figure 8 shows that the QCD predictions quickly
deviate from a 1/p, ' behavior (at fixed x~) as the
P~ increases yielding a much larger cross section
than expected from the black-box model. This is
also seen in Fig. 26 where we plot the QCD pre-
dictions for p~' times Edo/d'p versus p~ at x,'
=0.05 and 6, =90'. At W=500 GeV, the QCD

FIG. 26. The behavior of Pi times the 90' single-&
cross section, E«/d P, at &~—-0.05 versus P~ calculated
from the QCD approach with A= 0.4 GeV/~ (solid curve)
and A =0.6 GeV/~ (dashed curve). The bvo low-P~ data
points are at ~=53 and 63 (Ref. 74). The predictions
are a factor of 100 (1000) times larger than the flat
(p~ ) extrapolation to ~=500 GeV (1000 GeV).

results are a factor of 100 larger than a straight
(1/p, ') extrapolation and show a factor of 1000
increase at l4'=1000 GeV. In Fig. 2V we display
the predictions for 90' m' and jet production at
fixed N'=53, 500, and 1000 GeV versus P~. The
preliminary high-P~ data from CCOR (Ref. 6V)
at 8'=53 GeV are also shown. The black-box
model and the QCDpredictions agree with each
other and both agree with the data. By going to
higher energy, one can easily discriminate be-
tween the two approaches. For example, at TV

= 500 GeV and p, = 30 GeV/c, the no (jet) cross
section from QCD is roughly a factor of 100 (500)
times larger than the FF1 results. In fact, the
p, =30 GeV/c 90' z' cross section at W = 500 GeV
is predicted in the QCD approach to be about the
same magnitude as that measured at p~ =6.0
GeV/c at Fermilab (W =19.4 GeV).

These large single-particle and jet cross sec-
tions (see also Fig. 14) predicted by QCD, if
correct, will make it very difficult, if not im-
possible, to find the W boson (and other new parti-
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FIG. 27. Comparison of the results on the 90' & cross
section, E«/d P, from the @CD approach with & = 0.4
GeV/& (solid curve) and the quark-quark black-box m.o-
del of FF1 (dotted curves). Both models agree with the
data at ~= 53 GeV (crosses = Hef, 52) where the open
squares are the "preliminary" data from the CCOB col-
laboration (Ref, 67) normalized to agree with the lower-
P~ experiments. The @CD approach results in much
larger cross sections than the FF1 model at ~'= 500 and
1000 GeV. The FF1 results at 1000 GeV (not shown) are
only slightly larger than the results at 500 GeV. Also
shown are the cross sections for producing a jet
at 90 (divided by 1000) as predicted by the @CD ap-
proach {dashed curves} and the FF1 model {dot-dashed
curve).

cles) from its pp or jet-jet decay. Quigg" showed
that even the black-box (1/P~') model extrapolation
led to a W signal that was, at best, 10 times the
hadronic (jet-jet) background. The factor of 500
(1000) increase in this background at 5' = 500
'(1000) GeV predicted is obviously fatal. However,
if one indeed observes such large production rate
for single particles and jets, then QCD will be
verified and this may be as important as discover-
ing the 8' boson.

It is not clear yet precisely what the quark and
gluon jets will look like at very high p (such as
P~ =30 GeV/c). If QCD is correct, they will cer-
tainly not look like the well collimated (0,),
=430 MeV objects we use in this calculation and
illustrated in Fig. 1. At P, =30 GeV/c, they should

"appear" to be fatter. This is because as the
p~ of the outgoing quark is increased, it becomes
increasingly more likely that it radiate a gluon
and become two jets (one quark and one gluon).
Then„ this quark or gluon might radiate producing
still more jets. The net result is that most of
the time it will look as if there is one fat jet; how-
ever, occasionally when the radiation is hard
enough, one will see the two or three distinct
subjets. "" Much theoretical effort is being
focused on such questions and we should soon have
a good idea of precisely what to expect at very
high energies and pj' s.

V. SUMMARY AND CONCLUSIONS

If this work is viewed as simply a compa. rison
of one phenomenological model aga, inst another
(e.g., the QCD approach versus the black-box
model), not much can be said to favor one over
another. It is true that the QCD approach has
fewer free parameters in the parton cross sec-
tions do/dt, but'there are more free choices in
the gluon functions. More excuses q,re needed
concerning background effects at low P~, etc.
It is true that the black-box pure qua, rk scheme
could not fit the away-side large-P~ particle multi-
plicities and charge ratios, but it probably could
be fixed up with the inclusion of gluons. It has
become apparent that present high energies are
not really high enough to isolate the manifold of
effects (parton distributions, fragmentation func-
tions, constituent cross sections, transverse
momentum of partons, different kinds of constit-
uents, etc.) that are mixed together so inti-
mately in today's experiments. If the resolution
of this mould depend entirely on experiment, we
shall have to end this long research with the tire-
some and obvious call for still higher energies.
At high P„predictions of the QCD approach are
orders of magnitude greater than the black-box
p, ' extrapolations, so clear tests lie there.

But QCD is more than a phenomenological model.
It is q, precise and complete theory purporting to
be an ultimate explanation of all hadronic experi-
ments of all energies, high and low. There are
many 'reasons to hope and expect it to be right.
The question is, is it indeed right? Mathematical
complexity has, so far, prevented us from quan-
titatively testing its correctness. What it predicts
is not clearly known. Nevertheless, its property
of asy'mptotic freedom leads us to expect that
phenomena of high momentum transfer should be
ana1yzable (by perturbation theory). Yet experi-
ments at what was thought to be high enough P~
seemed to show P~ ' behavior unlike the expected
p~ (with possible logarithmetic modifications).
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It was a mystery. Although many people said
"perhaps the energy is not high enough, " the re-
mark was 'simply an article of faith; the mech-
anism leading to an apparent eighth power in the
experimental region remained unknown.

We believe we have resolved this mystery, using
the QCD theory itself to tell us what might happen
in the range in question. There is, from the point
of view of QCD, no mystery. The energy (P ) is
indeed too low and there are too many nonasymp-
totic effects acting. Results closer to a P ' fall-
off should appear only at much higher P, (see
Fig. 9). Machines currently planned for these
energies will resolve the question of models as
soon as they are turned on.

On the other side, there is a great deal of data
now available at energies and P values in which
asymptotic free field theory can make much more
precise predictions than have yet been made. The
QCD theory, unlike other phenomenological ap-
proaches, is complete mathematically so that a

full discussion of theoretical predictions with
limits of errors should be possible in the present
range. These theoretical studies (perhaps start-
ing at very high energy and working down) should
be pursued vigorously. It is likely that among the
present results of experiment, there are some that
can contribute a more precise and definite test
of QCD, if the theory could be developed a little
further and made a bit more precise than we have
done here. At the time of this writing, there is
still no sharp quantitative test of QCD. An im-
portant test will come in connection with the
phenomena of high P~ discussed here.
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