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Test of the soft-pion theorem in inclusive pion electroproduction
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We show that the cross section of the deep-inelastic direct pion electroproduction in the central region can
be determined by the use of the PCAC i(partial conservation of axial-vector current) hypothesis and the
light-cone current algebra in conjunction with the scaling in xF for each value of x~, and that our result is
consistent with the cross section of the inclusive reaction y„p -+m X.

The soft-pion theorem was f.'.rst applied to the
inclusive reaction in the neutral-pion case by
5'. Sakai and M. Yamada. One of the present
authors derived sum rules, ' which showed that the
high-energy inclusive reactions could not exist in-
dependently of the low-energy exclusive reactions,
by the use of current algebra based on lightlike
quantization. ' From these theoretical approaches,
it was pointed out that the PCAC (partial conserva-
tion of axial-vector current) hypothesis is applic-
able to the inclusive pion-production reaction in
the region where the Feynman scaling variable x~
is small. 4 However, no attempt was made to com-
pare theoretical results with experimental mea-
surements.

In this paper, it is shown that both the inclusive
soft-pion theorem and the light-cone current alge-
bra determine the differential cross section of the
processes

e+W -e+m,"'+anything,

where m', means soft m" and N is the initial nu-
cleon. It is also shown, in the case of-m,", that the
theoretical estimates, defining the condition re-
garded as the soft pion, are consistent with the
measurements of the inclusive pion electroproduc-

tion reaction carried out by the Harvard-Cornell
group. 5

Now we consider the inclusive reaction

y„(k) +p (p) - tr,'(q) + anything.

According to the usual technique, ' we take the
q" -0 limit by the use of the PCAC definition

+, (pD ~k~lk')(p" ~k"/ks)W (~ ks)
1

1 (A+B+C+D),

(4)

where + means the case of m,+, y=—p 'k, M is the
proton mass, and'

Then we get the soft-pion theorem as shown in
Fig. 1. In the deep-inelastic region, some of the
contributions to the hadronic tensor are negligible
as pointed out in Refs. 1 and 2. Then 8';" is given
by7, 8

W'0 = -(gDP —

krak"/ks)

W'(tf ks)

d =0, J d (xe«x)p(P(kI ( )Jl )(0l0J.,"P( [), (x}101 )0(
l
0'(P)0l ,00&

1

B= g/ (0)((n)p+(n)-„) I d x exP(sk 'x)(P ~[&0 (x),~d(0)] ~P),
1

C=,f. f ifd xexp(ik x)(P'~[J."(x),Ji (0)[[P),

D=—,(if„, jdxexp(ik'x)(PI[J:"(*& Je(0)ilk&(PIJ (»IP&

ef„. fd'xexp(ik x)(0IJ."(0)IP&(P/[J" (x) —J'"(0'))IP))

(8)

v(fhere a —= ] +s2, c —= ]. —i2, ff —= tf = 8+ 8/WS, g„(0) is the nucleon axial-vector coupling constant, (n)(e ((n) )
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denotes the multiplicity of the proton (antineutron), and the spectral condition is used to obtain the com-
mutator. A, B, C, and D correspond to Fig. 2(a), 2(b), 2(c), and 2(d), respectively. Since in the Bjorken
limit the dominant contribution to Eqs. (6)-(9) comes from the x =0 region, we obtain, using the light-
cone current algebra, '

E~(xs)=, S~(xs)+—i[2Ao(xs)+A, (xs)) +
9 g„m(0)i[2&2AO(xs) —&3A, (xs)+A, (xs)]

v3. &3

+—g„'(0)((n&, + (n&„)i[2'2A,«(xs) + ))3A, (xs) +A, (xs)]

where

MW~(v, k )-E~(xs) and vW2(v, k2)/M-E2(xs) (12)

as p 'k and k2- ~ with xs = -k2/2v fixed. The proton matrix elements of the bilocal current are defined as

(p
~
k[q(x)r" ~&,q(0)+q(0)r"-.')(.,q(x)]

~

p&-=p"s.(p x,x')+x's, (p.x, x'),

(p ~a[q(x)r"r '&q(0)+q(0)r"r ~&q(x)] ~p&-=s's, '(p 'x, x')+p" (x's)s, '(p 'x, x')+x" (x ~ s)s, '(p 'x, x ),

s ( ) ()( I. ))2-=(«) d(( «)«xp( ««Ip «)«. (p «, «-')(,*

(14)

s" is the spin vector, and a similar definition is understood for the antisymmetric'part. Thus we get

E'(p, q, k) =- —q',1 Odo

T

1 E,"'(xs) E',"(x )
64/3/ 2 Ee)( )

+ gA ( ) Eey( )
+( &/+( &))

(15)

The superscripts ep, en, and vp denote E,(xs) in

the total inclusive reaction in each process defined
similarly as Eq. (12). The part proportional to
g„(0), in Eq. (15), will be measured through the
spin-dependent experiment-in the total inclusive
reactions eN- eX and pN- pX. Since the mea-
surements of these quantities are difficult, Eq.
(15) is considered as another source of informa-
tion on the nucleon matrix elements of the axial-
vector bilocals. The same discussion is applied
to m, and m,', and we get

E (P, q, k) = ~ 2,~ +2g„'(0)((n&„+(n&&)]

where (n)s-=(n&~+(n&„. Note that Figs. 2(a) and

2(d) do not contribute to E, since insertion of
J,';,, into the initial-proton line is forbidden by
isospin, and that Figs. 2(c) and 2(d) do not con-
tribute to E', since the null-plane commutator be-

p)

1
E'(p, q, k)=, , (1+(n&„+(n&s),64m3, 2

(i6)

Yv(K) (a} (b} (c)
FIG. 1. The proper part of the axial-vector current

(a) attaches to the initial nucleon, (b) attaches to the fi-
nal nucleon and anti-nucleon (see Ref. 7), (c) shows the
contribution from the equal-null-plane commutator.
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Q)= XB

FIG. 2. The graphical expression of Eq. (5).- (a), (b),
and (c) is the contribution due to Figs. 1(a), 1(b) and

1(c), respectively, and l(d) is crossing terms of Figs.
l(a) and 1(c).

g

1.37 (I -xs)"
6.96(l+ 2.3 xs)+ 1.11(1-x )0' (18)

where g~(0) =1.22, f, is determined as 0.61m,
through the Goldberger- Treiman relation, "and
(n)„+(n)~ is assumed to be 0.4. In Eq. (18), we
neglect the sea-quark contribution since x~& 0.2
in our analysis. Our theoretical results and the
data selected by the conditions above are shown

tween J,"and J, «~3 vanishes. Thus F and F are
independent of axial bilocals. The application to
other processes is straightforward, for example,
to the inclusive reactions induced by the weak
hadronic current or the inclusive reactions e'e
—m,' X." We will discuss these cases in a forth-
coming paper; in the remaining part of this paper
we discuss the validity of the sgft-pion theorem
for the inclusive reactions given by (1).

In the exclusive reaction, the soft-pion momenta
is restricted to be less than a certain value. But
in the inclusive reaction it was pointed' out that
the assumption of PCAC in the c.m. frame in con-
junction with the Feyman scaling made it possible
to regard the pion in the x„region with q;, &O(v'P 'k)
and q, =0 as the soft pion. ' Here we assume the
scaling in x~ for each value of x~. Then we select
the data which satisfy the conditions below from
among the Harvard-Cornell experiment' of the re-
action y„p- m, X, since only data on the negative
pion can be easily compared with our formula.
The conditions are the following:

(1) q '&0.02 GeV'.
(2) The data in the small-x~ region where the

fluctuation of F is regarded to be small. '2

By the use of Eq. (16) and the parton distribution
functions obtained by McElhaney and Tuan, "F
is iven b

FIG. 3. The x invariant structure functions for W'= 2.7
GeV and q~ & 0.02 (GeV/e) . The solid line is the theo-
retical curve.

in Fig. 3." The theoretical value is as the same
order as the experimental one, but there is some
difference between them. PCAC in the exclusive
reaction, however, has validity near the pion
threshold and has been used in the resonance re-
gion to express the nonresonant background. "
Since the cross section of the inclusive reaction is
the sum over the individual exclusive ones, PCAC
should be applied even to the inclusive reaction
according to the above sense. Then, the soft-pion
theorem in inclusive reactions should not be used
for resonance-decay pions. Recently, in high-en-
ergy hadronic interactions, it has been emphasized
that one should distinguish between direct pions
and indirect ones, ""and the experimental analy-
sis indicates that resonance-decay pions (indirect
pions) are the dominant source of pion produc-
tion. " We do not know any data concerning this
point for the y„p interaction, but we can expect
this interaction to be similar in this respect to
hadronic interactions. We may, therefore, rea-
sonably conclude that the theoretical value is con-
sistent with the experimental ones."

In summary, we have shown that the soft pion
at high energy can be regarded as the direct pion
in the central region. We have also shown that the
longitudinal-transverse ratio is equal to zero since
the Callan-Gross relation is automatically satis-
fied, -and that information about the nucleon matrix
elements of the bilocal current is given by the ex-
periments of direct m, in the current-induced in-
clusive r eaction.
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