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Five new analytic solutions are presented. One of them has the equation of state P = Kyp'*'"® 4+ orp,
where oy = P./p.c? and K, and n are constants; both pressure and density diverge at the origin while their
ratio remains finite. Since the second term could be negligible at high densities, this solution can be
considered as an analog of a relativistic polytrope over a certain range of radius. Each solution has been

considered in some detail.

I. INTRODUCTION

Towards the late stages of stellar evolution gen-
eral-relativistic effects become important and the
full field equations have to be solved to get realis-
tic models. Even though this problem is mathe-
matically well defined and straightforward, owing
to the nonlinearity of the equations the number of
known analytic solutions hardly exceeds ten. In
this paper we present various methods of treating
field equations and give five new analytic solutions.
One of them can be considered as an analog of a
relativistic polytrope with the equation of state

P=Kop1u/n+olp,
where 0, =P_/p.c* and K, and n are constants.

II. FIELD EQUATIONS AND METHODS OF OBTAINING
ANALYTIC SOLUTIONS

For a static and spherically symmetric system
the line element can be taken as

ds®=-B%dr® - r*d6 — r2sin*0d¢* + A%, (2.1)

where B=B(r), A=A(r) and we set from now on
c=G =1. The field equations then take the follow-
ing form for a perfect fluid':

1 r 1 1
8WP_BZ(AT +rz)— r?’ (2.2)
1 n A/Bl 1 ’ B’
8ﬂP—i[7—-—AB +;(K—§)], (2.3)
1 /2B’ 1 1
81Tp BZ(B’V P)+P (2.4)

Here we have a system of three differential equa-
tions with four unknowns P, p, A, and B as func-
tions of ». The normal way to solve this problem
is to use a physically reasonable equation of state
to complete the set, but owing to the nonlinear
structure of the equations such a physical approach
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becomes very difficult. Instead one assumes a
relation among A, B, and their derivatives sueh
that integrability of the above system is secured
and later one eliminates » among P(») and p(7) to
obtain an equation of state and checks it for phys-
ical reasonableness. We take a solution to be
physically reasonable if pressure and density are
positive and monotonic decreasing functions of »
throughout the star and pressure goes to zero at
finite radius.

To find a solution we first equate (2.2) and (2.3)
and write the result in the following convenient
form:

d (1 _32) ( ) (A A) 0
2,.2 2 2 A2 )
dr\ B*r dr\B°Av ] B°A%dr\ 7r (2.5)

which immediately suggests various possible rela-
tions among A and B which will allow us to inte-
grate (2.5). Using this method Tolman? has found
eight solutions, five of which were new at that
time. We will transform this equation into a diff-
erent form to find other solutions.

Let A’/Ar=C(7) in (2.5) to obtain

1-B? 1 dC 4r
( 232) dr(Bz) B® ar ZBZC2=0, (2.6)

which can be written as

1 C 1 B2_1 C%r
(—7233+1?)d3‘(?)dc‘( B° *?)d’ 0,

(2.7

which is a Pfaffian differential equation in three
dimensions, in general given as

f1(B,C,7)dB +f,(B,C,7)dC +f,(B,C,»)dr=0.
(2.8)

Here we are treating two of the three variables as
independent and looking for a surface F(B,C,7)=0
that satisfies the above equation. Equation (2.8)
has a necessary and sufficient integrability con-
dition® of the form
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XecurlX=0, (2.9)
where X is the vector field defined as

= (o forf). (2.10)

Finding a solution to (2.8) can be geometrically
interpreted as finding a surface in B,C,» space
whose normal vectors define a vector field normal
to X. For our case Eq. (2.7) is not integrable.
Hence, a single surface which would include all
the solutions does not exist. The properties of
Pfaffian differential equations might deserve fur-
ther study as far as classification of solutions are
concerned in B,C,» space, but that is beyond the
purpose of the present paper.

Next we consider B =B(r) and C=C(7) so that
(2.7) reduces to a Bernoulli equation* for B =B(r)
once C(r) is chosen:

a____1
dr v3Q1/r*+C)
which has the general form

B
8 =g(r)B*+f(r)B. (2.12)

ar
The solution can be immediately given in terms of

two quadratures,

~1/73+C3 +dC/dr

3
B+ 1/72+C

B, (2.11)

1_;_2=y1+y2, (2.13)
where

y,=Ce?, y2=—2e°fe'°g(r)d7,

¢p=-2 f frar.

We now describe seven explicit forms of solutions
depending on assumed relations between B and C.

Solution 1. In order to secure integrability of
(2.14) we choose

-1/v*+C%+dC/dr _ 1

(2.14)

1/7%+C Ty (2.15)
the solution of which is
€)= grir
and A% =(a,+a,r)?, and B? is found to be
Boe 1
C72=(2/Cyr+(@4r2/C)Inl(Cy+27)/rI+1"’
(2.16)

where, C, and C, are constants. This solution has
also been discovered by Kuchowicz,® by studying

a different differential equation. Various authors
have studied other forms of first-order differen-

tial equations for B(r), once A(¥) is chosen.®'"8

Now we consider the second possibility, that is
to solve for C(r) for a given B(r). Equation (2.7)
now becomes

dC_[ 1 dB 32_1 14B ,
77--( - ) ( )c yC2. (2.17)

This is a Riccati equation for C(7) and quite diffi-
cult to solve in general.

Solution II. If we assume B =w,C(¥),w,=con-
stant, one can find the following solution:

-2r%+C
InA = - 1 sin” [(C—L—%Z)gﬁ} c,, (2.18)

= Wo
(=r*+C 2 +wy?) /2

(2.19)

This is a new solution.
Solution 1II. With B=w(»)C(¥) Eq. (2.17) be-

comes
r 1

dac _ w! ) c-
dar - w v

r2C%+ (—;+r) C3. (2.20)

Assuming w?/7+73%=0 one gets our second new

solution
A@)=C [r+(rz_ 2 ;/2]1/«0—0 2.21)
1 co ’ .
B(r)= 1 (2.22)
@/r3=C,)7* " )

Next we try the substitution
1 4B _ B2_1 1 dB
7»Bdr 7% "B dr

in (2.17), with () to be guessed. The differen-
tial equation now becomes

dac
dr

Ec=6()C (2.23)

=6(r)C - rC2, (2.24)

which can be reduced to quadratures immediately.
Solution I1V. Let 8=1/v; this gives the follow-
ing solution, which is also new:

A=C,(3C,+7?%), (2.25)
2/3
B2= M (2.26)

C,r2+3C,—-27°"

Solution V. 6=0 gives A=a,+a,r?, which was
found by Kuchowicz,® Adler,® and Adams and Co-
hen.”

Field equations in isotropic coordinates

We will also try to solve the field equations in
isotropic coordinates, where the metric is of the
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form®

ds®=—es(dr?+7r2d6* +v?sin®0dP?) +evdt. (2.27)

The field equations for a perfect fluid are now given
as

’2 2T ’ ’
81rP=e'“(E4—+&—V-+“ ki ),

2 r (2.28)
8rP=e ”( 53 + Tt 5 ), (2.29)
r2 ’
8mp=—e “(p.”+ ”—-+£“—) (2.30)

Buchdahl has also studied the field equations in
this form and found a solution whose equation of
state resembles that of the polytrope of index 5.°
To find a solution we will make the substitution
ev=A¢p™®, e*=Bo?, (2.31)
where ® =®(r), into the equation obtained by equat-
ing (2.28) and (2.29) which will give us a differen-
tial equation to be solved for ®(7),

$r2 1
N fp— r=
&7~ C 5 rd» 0, (2.32)
where

lp2 1.2 _

C(constant) =22 =20 —db*b-a (2.33)
b-a

Solution VI. For C=1 we obtain

®=C, exp(C,r?), (2.34)

e’ =AC,exp (-aC,r?), e*=BC,’exp(bC,r?).

(2.35)
Solution VII. For C#1,
' C=Cyr2+C,, (2.36)
e’ =A(Cy,r2+C,) /00,
(2.37)

e =B(Co 72+Cl)b/ (1-Cy,

So far we have found seven solutions, where
five of them, Solutions II, III, IV, VI, and VII
are new.

III. BOUNDARY CONDITIONS

From the Schwarzschild exterior solution we
know that, at r=7,,

1

Bz('rb) =A'2(rb) = m .

3.1)

7, is the boundary of the star which can be defined
as the value of the radius where the pressure van-
ishes,

2A7 1 1
=0=B"2(%2 + —\_ —
87P(r,)=0 (A”b+ sz) Vaz s

’
B'Z(—Z—:— 7yt 1) -1=0.

Also from the requirement that the interior solu-
tion has to be connected smoothly to the exterior
solution, one easily sees that we must have B,A,
and dA/dr continuous at the surface. Hence, B(7)
should have one integration constant, while A(¥)
will have two.

In this respect Wyman,'® Leibovitz,'' and re-
cently Whitman® generalized some of Tolman’s
solutions so that they have the proper number of
integration constants.

IV. DETAILED STUDY OF SOME OF THE SOLUTIONS
Solution II. In Sec. III we have found

.\

/ 2
InA =— % sin"(ﬁyq—“:—ﬂ)i-cl ,

(4.1)
B= Yo
(—7‘4+Co1’2+w°2)1/2 ’
q=(C2+4w32)'?,
8P (r =—1—2- 2w +Cor? = rH 2+ Cy - 72,
Wo
(4.2)
3C
8mp(r)=—F7r2 ——2 (4.3)
Wo
At the origin we have
2 C P 2w 3C
= 4+-29 Ze-_2"0_ 1 ==—0 .
87P, w0+woz YR Yo 3, 8mp, it (4.4)

In order to have positive pressure and density at
the origin we must have C,<0 and w,> |C, |/2. The
radius of the star is defined by P(») =0, which
gives

2R?*=-3 |C, | 3(28C 2 + 32w ) /2. (4.5)
The pressure and density are positive and finite
throughout the star, but, even though pressure is
a decreasing function of », p increases from cen-
ter to surface. Thus this solution is not generally
physically reasonable according to our criterion,
although it may be a suitable solution for the case

where density inversion occurs.'®
Solution 1II. We have
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Ar)=C,|r+ - e
1 Co ’

1
B0 =Gr—cyr

(4.6)

2 2 1 1
65P(0)=( 33- &) (sie—r )

4.7)

87rp(7)=+§;+;1§(co+1), (4.8)
2

P/p,=+ —+1. 4.9)
A

The pressure and density both diverge at the origin
while their ratio remains constant; they are also
monotonic decreasing functions of . The radius
is defined by P(») =0, which gives

B 2 1/2
R—(co_1> :

C, and C, can be evaluated in terms of M and R

(4.10)

_(Cr?-2r°+3C)(Tr°+3Cy) 1
(3C, +4r°)(3C,+ 1 )r24?/3 " 42’

8TP(7)

4C,7° +54Cr - 6C,C,

2 3
grp(r) = (€1 °= 27+ 3C,) (

T (3C,+ 44

1 1 P
8P, ~ - 0.6 o1 8mpe -vO.G;’-;, —£ 1.

c

1 1
(C,72=2r°+3C,)(3C, +47%) " F)+ 7%’

from the boundary conditions as follows:

1 B 1
(Z/RZ_CO)I/Z—(I__ZM/R)I/Z )

2\ /2y1/vg 1/2
c[ro(-2)"] (2"

o

These give C, and C, as

2 2M
Compt g b
(4.12)
c (1-2M/R)/?

VTR (BB - 2/C ) TR,

One can also obtain a mass-radius relation as

M=R. (4.13)
Solution IV. We have also found that
A=C,(3C,+7%), B?=——Cotdr (4.14)

C,72+3C,- 27’

which leads to the following pressure and density
distributions:

(4.15)

(4.16)

(4.17)

This solution has a pressure distribution which goes to negative infinity as » approaches zero.

Solutions III and IV, even though they can be used to represent portions of stars, can not provide a phys-
ically reasonable model for the entire star, so we will not discuss them any further.

Solution V. In isotropic coordinates we have found the following solution:

e’=AC,%exp[~ (aC,r?)], e*=BCexp(bC,r?),

81P=(C,™/B) exp[ - (Cop7?)][(b%C 2 - 2C 2ab)r® +2C b — 2C al,

871p=~ (C,™/B) exp[ - (Cob7*)}(66C, +b°Cyir?),
Sﬂpc =- (Cl'b/B)GbCO,
81P,=(C,™/B)[2C,(b - a)].

The surface is defined by P(R)=0, which gives

2(b - a)

2 T e S—————
R =-3¢c,6-2a)

(4.18)
(4.19)
(4.20)
(4.21)

(4.22)

(4.23)

There are two possibilities which give physically reasonable answers:

(i)

b<0, C,>0, b-a>0, and b-2a>0,

(4.24)
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(i1)
b>0, C,<0, b-a<0, and b-2a<0.

Both have positive pressure and density which decrease outward.
Now we connect this solution to the Schwarzschild exterior solution in isotropic coordinates,
_(1-M/2R)%at* M

4
2 LT T kil 2 2 302 2 qin2 2
ds 1+ M/2R) (1+2R )(dr +73d6%+r?sin®0d¢?).

One obtains the following expressions for C,, C,, and B in terms of M and R:

_ _2(a-b)
C°"bRZ(b- 2a)’

_(-M/2R)*/e . 2(a—-b)
Co={Tea 2Ry A"/ exp (‘ b(b—2a)>’

_(1+M/2R)*?/a

B= (1-M/2R)™®/a

Ab/a

where a, b, and A are arbitrary. We can also find an expression for M in terms of p ., using

C'b
8mp, =~ —é— 6bC,,
) 1/4
- (. 12(a-b vz f_a=b_
M (—(b—2a)8ﬂpc) 2R eXp(Z(b-Za))'ZR'

Solution VI. We have, from Sec. II,

e =A(Cor?+C,) %/ WO e =B(Cor®+C, )t/ 4=,

C2b%% = 2abC.2r*(Cyr® +C,) +2C (b - a)(1 = C)(Cgr* +Q)

= l_ 2 =b/ (1-C )(
8P B (Co’r +C1) (1 _ C)Z(COTZ + C1)2

1, _b/(l_c)((l—C)(6bC°C1+2bC0272)+b200272)
81p== (o +C) (T- CF(Cor*+C,F !
6bC

- 2% ¢ (b-1C)H/ (-C)
B(1-C) ! ’

8mp, =

12C,(b - a) b - P, 1
=220\ 7 (=p=1+C)/ (1=C) =Zc_=
P 1-0) » %773

The radius of the star is given by

—2abC 2R+ R2[b? — 2abC, +2(b — a)(1 - C)]Co+2C, (b — a)(1 - C) =0.

2749

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

This solution has positive pressure and density which are also decreasing functions of ». We determined

C,, C,, and B from the boundary conditions in terms of M and R, and found that

—2HI+F ¥ [(2HI - F)? - 4(I? ~ E?)(H* - G)]* /2

G = 2(* - E?)

C - 1—M/2R -2(1-C)/a A(l-C)/a . ZHI—F;t[(ZHI—F)z—4(IZ—E2)(H2—G)]‘/2
o (1 +M/2R) R? 2(F - E*)R? ’

(4.35)

(4.36)
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_ (1+M/2R)?
B-(Coszl)b e - (4.37)
Here,
~ 1-M/2R \2O/a o b 2(b—a)(1—C)]
”“4“b[(1+M/2R ) A T T dab ’
I=-2ab, E®=4a%%, (4.38)

F=[2(b - a)(1 - C)+b2](~4ab)+16ab(b - a)(1 - C),
G=[2(b-a)(1-C)+b2P.

The mass M =M(p,) can be evaluated from

6bC,

= .1 =b/(-C)
87p.=- g a-oc,

In Solution VII we have a, b, C,, C,, A, B as constants. With the boundary conditions we can determine
three of them in terms of M and R, leaving the others arbitrary. So even if we set C, =0 we will still have
a sufficient number of constants and also obtain a solution which has an interesting equation of state.

The solution thus takes the form

eV =A(C,r?)7e/"C) en=B(Cyr?)®/ ), (4.39)

8TP(7) =%(C0r2)'b/ <1-C>[b2 + 28 : ac))(zl -0 % - (fa_bggz] , (4.40)

8"P(7’)=—]—;-(co,,2)-b/u-c>[(%?T”’z(#) ] (4.41)
The pressure and density diverge at the origin while their ratio is constant:

R e (42
The equation of state can be obtained by eliminating » among P(») and p(7),

P _2g;)2cbo+ bz[co;gl-m ((C _(11123); bz)] e T paser e 0,p- (4.43)

This has the form of a polytropic relation except for the second term, which could be negligible at high
densities. Also (4.43) reduces to a polytropic relation in the classical limit ¢, — 0,2 so our solution can
be considered as an analog of polytropes in general relativity.

If we take C,, b, A as our constants to be determined by boundary conditions we get

b=(1—C)[1n (1 +M;2R)4]/(ln ( )a/(l'C).

V. SUMMARY AND CONCLUSIONS sume either A(7) or B(r) and then solve the remain-
ing differential equation for the other metric co-

_a+2b

=122 _(1-M/2R)?
2bR?’

“(1+M/2R)

a+2b
2b

c a+2b 4.44
o % A ( )

)

We saw that once the two equations (2.2) and
(2.3) are equated we get a coupled differential equa-
tion for the metric coefficients, which can be solv-
ed when a relation between them is assumed. The
most common path taken in the literature is to as-

efficient.

The differential equation to be solved for B(7) is
of first order and can be reduced to quadratures
immediately. On the other hand, the equation for
A(7) is of second order and cannot be solved in
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general.

In this paper we have studied the second alterna-
tive and managed to reduce the problem to the sol-
ution of two first-order differential equations, both
of which can be written in terms of quadratures.
The equation to be solved for C=A‘/Ar is

dc_( 1 dB_B*-1\ 14B
@ \7Bar  »° J'Bar

—C-7rC2 (5.1)

With the substitution

2
1 i’?._é_:hl‘-’%c 8(rC (5.2)

the equations to be solved become

dcC

d——O(r)C ¥C? for C, (5.3)
and

dB_6(r)r3C-1 1 .

dr (1+7%C)r B+(1+72c)yB for B.  (5.4)

Both are Bernoulli equations* and can be solved
immediately once 8(7) is chosen. Note that once
C(7) is found one need not solve another integral
to get A(r), since all the physical consequences
follow from P(r) and p(r) which involve only C(7);
see Egs. (2.2) and (2.4).

We have also substituted B=w(#)C into (5.1),
where in this case w(7) is the function to be
guessed. By trying various functional forms for
w(r) and 6(r) we have found three new solutions;
solutions II, III, and IV. Writing the field equa-
tions in isotropic coordinates also leads us to two
new solutions, where one of them has an equation of
state that might be used to approximate analytic-
ally numerical solutions for polytropes at high
densities, as discussed by Tooper.'®
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