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Study of reactions n+p —+(p, co)h++(f236) at 10.3 Gev/c
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Cross sections, differential cross sections, single and joint spin-density matrix elements are given for the
reactions n+p —+(p,co)h++ at 10.3 GeV/c. Correlations between the vector-meson and the 6++ decay angular
distributions are observed. A discussion of the results in terms of particle exchange, SU(3) symmetry, quark
additivity, and the equal-phase hypothesis is presented. The amplitudes for the process m+p —+p 5++ are
extracted by a model-dependent analysis and compared with current theoretical predictions.

I. INTRODUCTION

The study of two-body reactions with unstable
particles in the final states provides detailed in-
formation on the production mechanism, although
the number of measurable quantities in general
does not allow a complete amplitude analysis.

Here we study the reactions

7r'p p'4" (1236)

and

rr'p- e4 (1236) (2)

at an incident pion momentum of 10.3 GeV/c.
Many studies of these reactions in the energy range
from 2 to 18 GeV/c have been reported. "'

In Regge phenomenology, there are many advan-
tages to studying the quasi-two-body reactions (1)
and (2): The presence of &" in the final state, and

G-parity conservation, introduce additional con-
straints on the quantum numbers of the exchange
trajectories. However, it is known that Regge-
pole exchange is not the only contribution to the
amplitudes and that corrections to simple exchange
are needed to describe the data. We shall use the
word "cut, " as usual, to denote this non-pole-
like part of an amplitude, which might be related
to a eut in the complex / plane, and which may
arise, for example, from absorptive corrections.
These cut effects, which from the present theo-
retical point of view should be largest in the zero-
helicity-flip amplitudes, may tend to mask the
supposed Regge nature of the amplitudes and ob-
scure some of their properties, such as faetori-
zation or SU(3) symmetry. Therefore an experi-
mental investigation of the deviation of these prop-
erties from the predictions of a pure Regge model
can provide information on the size and the nature
of these cut contributions. In addition, tests of
the theoretical predictions of, for example, the
naive quark model may give information on the
relative importance of the amplitudes and aid in
the understanding of the production mechanism.

II. THE DATA

The data were obtained from a 300 000-picture
exposure of the SLAC 82-in. hydrogen-filled
bubble chamber to a m' beam ot central momentum
10.3 GeV/c. Using event-selection criteria de-
scribed in Ref. 3, we have obtained the following
numbers of events in the final states of interest:

(3)

(4)

m'p -pm'm'm S 983 events,

m'p —pm'w'm m' 10428 events.

After appropriate corrections these reactions cor-
respond to experiments of (6.18+ 0.44) events/pb
and (5.50+ 0.39) events/pb, respectively.

III. CROSS SECTIONS

A. n+p ~ pod++(1236)

The number of peh" events in reaction (3) was
extracted using the slice technique of Aguilar-
Benitez et al. ' We first define —t(p- 4), the neg-
ative of the square ot the four-momentum trans-
fer from the target proton to the outgoing (ps')

'This ps.per is organized as follows. In Sec. II,
the data for reactions (1) and (2) are presented.
The determination of cross sections, differential,
cross sections, single spin-density matrix ele-
ments, joint spin-density matrix elements, and
joint decay correlations is presented in Sections
III, IV, V, and VI, respectively. In Sec. VII, the
contributions of natural- and unnatural-spin-parity
exchanges are investigated. A discussion of the
polarization properties of the vector meson is
given in Sec. VIII. In Sec. IX, the question of
whether or not all helieity amplitudes have the
same phase is investigated by a model-independent
method for reaction (1). In Secs. X, XI, and XII,
our data are compared with the predictions of dif-
ferent theoretical models: factorization, SU(3),
and quark additivity respectively. Finally, in
Sec. XIII, the results of an amplitude analysis
are presented for reaction (1).
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system, and remove events with -t(p b)& 1.0
GeV'. The (pv') invariant-mass spectrum is then
divided into ten slices between

1.07- m(pm') & 1.70 GeV . (5)

For each slice, the number of p' events was de-
termined. by a minimum X' fit to the corresponding
(m'w ) invariant mass spectrum in the region

0.4 & m(w'm ) & 0.9 GeV . (6)

'The functional form used in each fit was a P-wave
Breit-Wigner function multiplied by phase space
and a second-order polynomia1. in mass. 'The

Breit-Wigner function used a central mass of m,
= 771+ 3 MeV and a width of I', = 157+9 MeV, val-
ues obtained from a fit to the combined (m'v ) mass
spectrum of all ten slices using the same para-
metrization as above. The resultant distribution
of the number of p' events plotted as a function of
(Pv') invariant mass, displayed in Fig. 1, shows
a large 4" signal over a smalL background. This
distribution was then fitted to a P-wave Breit-
Wigner function multiplied by phase space and a
polynomial background to yield the number of
p'4 events in the fitted region. This number was
then corrected by the ratio of the number of p'
events calculated to lie within four resonance
widths I' of the central mass m, to the number
of events in the mass region defined in Eq. (6),
a factor of 1.18. The resulting number of events

is 2511+55 in the mass regions defined by

1.07 &M(Pz') & 1.70 GeV,

m, —4I', & m(m'v-) & m, + 4I', .
This corresponds to a cross section, with statis-
tical error, of

/

o (v'p- p'6"(1236))= 406+ 12 pb. (7)

(6)

gives a poor fit to the data with P,~ ~ 4.0 GeV/c
(X' probability &10 «) and a value of n=1.25+0.04.
The large X', however, appears to arise more
from normalization errors between different ex-
periments than from a systematic deviation from
this fit.

B. 7I+P ~W 6++(1236)

The number of u&d" events in reaction (4) was
also ext.".acted using the slice technique. The
(v'm v ) mass spectrum for events with t(p- 6)-
& 1.0 QeV' was divided into ten slices between

0.60& m(v'v e') & 0.96 GeV. (9)

The region defined by Eq. (9) includes all events

I I I I I I I

The energy dependence of o(v'P pod (1236)}is
shown in Fig. 2.' The functional form

2600-
I I I I I I I

2200-

I800-
0

l4QO-

b IOOO—

600—

200- r

I I I I I I

I.B I.5 I.7
M(p7r') (GeV)

FIG. 1. Number of p events, plotted as a function of
the p7I invariant mass, from the reaction 7I p-px'x'r .
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FIG. 2. Cross sections for the reaction 7I. p~p06" (3.236) as functions of p&~. The straight line
represents the fit with the expression cr ~p&~ ".
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FIG. 3. Number of 4 (1236) events, plotted as
functions of the 7t' ~ m invariant mass, from the reac-
tion 7t p-p7t m 7t

0.95—

within four effective resonance widths (1"f'=47
+5 MeV) of a central mass value (m„=787+4
MeV). m„and 1 f' were determined by a fit of
the overall (w'v v') mass spectrum, for events
which satisfied the -f cut and EII. (5), to a P-wave
Breit-Wigner function added to a second-order
polynomial. For each slice, a maximum-likeli-
hood fit to the corresponding (Pn') mass spectrum
defined by Eq. (5) was performed. This fit used
a matrix element with a Breit-Wigner function
[with fixed parameters m~= 1246+ 6 MeV and I"~
=146+28 MeV, determined from an overall fit to
all events satisfying Eqs. (5) and (9)] multiplied by
phase space and a polynomial background. The
number of 6" events, so obtained, in each (w'v vo)

mass slice is shown in Fig. 3. To account for the
experimental mass resolution in the v region the
resonance shape of Fig. 3 is now described by the
folding integral'

E(m) = fch E „(x)~(Ix -I
l
),

where E~„stands for a P-wave Breit-Wigner
shape and x for a Gaussian resolution function
with standard deviation 9 MeV. The background
was described by a polynomial shape added inco-
herently. This last parametrization gives the val-
ues of the central mass, m„= 787 a 4 MeV, and of
the width, I'„=14+ 5 MeV, for the e resonance.
The fit yields 304+17 co4" events satisfying -t
( 1.0 GeV2 in the mass region defined by E(ls. (5)
and (9), which corresponds, after correction for

00i-
I I I I I I I I
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FIG. 4. Cross sections for the reaction ~ p
(1236) as functions of P&~, The straight line represents
the fit with the expression 0 asap, ~"".

the neutral/charged branching ratio of the &u, to
a cross section, with statistical error, of

o(v'p- &u&"(1236))=69+4 pb. (10)

IV. DIFFERENTIAL CROSS SECTIONS

As our statistics are not sufficient to allow us
to use the slice technique as a function of momen-
tum transfer, we used the traditional method of
taking events in the poh" (cod") overlap region to
extract the differential cross sections.

The energy dependence of o(v'p- (dh" (1236)) is
shown iri Fig. 4.' A fit to the data having P,~- 4
GeV jc, with the power law (8), again yields a poor
fit with n= 2.09-+0.05 which is shown by the line in
Fig. 4. Again the fitted l.ine appears to represent
the data well and the large X' is probably due to
relative normalization errors between experi-
ments.
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TABLE I. Differential cross section d&/dt for the re-
action 7t+p po&++(1236).

No of No. of d&/dt
-t (Gep ) events ' background events (mb/GeV )

0.03-0.04
0.04-0.05
0.05-0.06
0.06-0.08
0.08-0.10
0.10-0.12
0.12-0.14
0.14—0.16
0.16-0.18
0 ~ 18-0.20
0.20-0.25
0.25-0.30
0.30-0.35
0.35-0.40
0.40-0.50
0.50-0.70
0.70-1.00

155
224
144
129

94
78
53
41
84
55
47
34
46
55
31

(302)
(287)

21
32
24
26
17

9
ll

8
22

9
12

6
9

. 8
12

5886 +381
4643+274
4239+261
2839 + 151
1723+ 118
1488 + 109
1132+ 95
1011+ 90

574 + 68
436 + 59
404+ 36
236+ 28
229 + 27
197+ 25
118+ 13
67+ 7
16+ 3

' For the corrected bins (see text) only the number of
normalized background-subtracted events is given.

A. x+p ~ pod++(1236)

7r p~p7rp,
m'p 7r'7r 4",
7r'p -7l"7r 7r'p .

(12)

(13)

(14)

An investigation of the p'm'-m'P Dalitz plot re-
veals that the dominant components of (12) are the
final states

p 77

where A, and A, are the broad low-mass 3m en-
hancements. Similarly', the N*(1470) and N*(1700)

The number of events in the p'4" overlap region
defined by

p : 0.62&m(m'n ) &0.92 GeV,
region Q

1.14 & m(Pm') & 1.34 GeV

is given in Table I as a function of -t.
For the small percentage of events for which

more than one combination lay in this interval,
the combination with the smallest -t was chosen
as the p'4" event.

ln region n there are three processes which
represent background to reaction (1):

isobars dominate the final state (14)~ Since the
relevant Dalitz plots indicate that all these en-
hancements contribute less than 5% background
to reaction (1), no attempt has been made to re-
move this contamination.

The remaining background -t distribution from
reactions (13) and (14) was simply estimated from
the sidebands of the p'.

0.48 &m(m'v ) & 0.58 GeV,

0.96 & m(w'm ) & 1.06 GeV .
This background, which is essentially due to the
m'm S wave, is found to have the same -t depen-
dence as that of region n. This procedure, while
it overestimates the amount of. background by in-
cluding the contribution from the tails of the p',
has thus no effect on the shape of the extracted
distribution. The number of events comprising
the estimated background from reactions (13) and

(14) is given as a function of -t in Table I.
We define -t „as the minimum kinematically

of -t(p- &), and t'= ~t —t g, ~

~

value. of -t „is a function of the domain chosen
to define the p' and 4" resonances; in particular,
the limits of region u have different values of
-t „which we define by -t,",(n) (= 0.008 GeV')
and —t -;",(n) (=0.044 GeV'). The quoted cross sec-
tion in the region between -t,",(n) and -t ~~(n) is
thus biased by this purely kinematic constraint. To
obtain an unbiased distribution between these val-
ues, a smaller slice of region o. , defined by

0.62&m(~ ~-) &0.77 GeV,region P
1.14 & m (m'p) & 1.24 GeV,

was used and a background subtraction on the
events in this region was performed as described
above. The resulting -t distribution extends un-
biased to a lower value of -t [—t ~~(p) = 0.021 GeV']
than the corresponding distribution in region a.
The distribution in area p between —t ~~(n) and
-t ~~(P) was then normalized to area n by multi-
plying by the ratio of the number of background
subtracted events with -t values greater than
-t ~(n) in region n to that in the corresponding
sample in region P. The resultant corrected num-
bers of events are given in parentheses in Table
I, along with the corrected do/dt distribution,
after background subtractions and normalization
to the total cross section of Eq. (7).

A fit to the differential cross section do/dt'
for t'& 0.6 QeV' to a sum of two exponentials

do/dt'=A exp(-C, t')+B exp(-C, t')

yields C, =(29.2+0.9) GeV ', C,=(5.6+0.1) GeV ',
and A/B = 5.9 [X'/NDF= —",, P(y') = 28/~]. These
values of this slope are similar within errors to
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those obtained at 11.7, '" 13.1,"and 16.0 "'
GeV/c, although less than those obtained at
lower energies. '~" However, as noted by Wolf, '
this shrinkage may be caused entirely by kine-
matical effects tdue, for example, to the nonzero
widths of the p' and n."(1236)].

A method similar to that described, above was
used to extract the &od (1236) differential cross
section in the overlap region defined by

0.74 & m(m's m') & 0.82 GeV,region y (15)1.14 & m(piI') & 1.34 GeV.

To ensure that these data have a symmetric
missing-mass-squared (MM ) distribution around
m„', the following cut was imposed:

MM' —mro I 2m„'.
When more than one combination lay in region y,

the combination with the smallest -t was chosen
as the &oh" event. The number of events in region
y is given as a function of -t in Table II.

Three processes which contribute background
to reaction (2) are

(16)

(17)

(18)

The dominant contribution to (16) is from the final
state

center of mass and the outgoing co in the B rest
frame. At this energy, events with cos8~& 0 are
kinematically inhibited from having a value of
m(Pn') in region y. For events in the B region
with cos83&0, we invert the ~ and the w' directions
in the B rest frame; if the value of m(Ps') for this
new event then lies in region y we consider it as
an example of the parity reflection which contribu-
tes to the background of region y. The new -t for
such an inverted event is calculated and subtracted
from the distribution of region y.

The background -t distribution from reactions
(17) and'(18) was estimated from the sidebands of
the v.

0.66 & m(7I'iI-s') & 0.70,
0.86 & m(7I's-w') & 0.90 GeV .

The events comprising the total estimated back-
ground trom reactions (16)-(18)are given as a
function of -t in Table II, along with the resultant
do/dt distribution, after background subtractions
and normalization to the total cross section of Eq.
(10).

A fit to the differential cross section, dv/dt', for
t'(0.6 GeV' to the expression

do/dfI=Bfie

yields A=8.55m 0.28 GeV [)( /NDF=a, &(I(')
= 53%J. Comparison ot' these values to those ob-
tained at other energies' reveals an increase of
the slope of da/dt' with increasing energy.

V. SINGLE SPIN-DENSITY MATRIX ELEMENTS

where we define B' by m(cow') & 1.35 GeV Parity.
conservation implies that the 3 decay is sym-
metric in cose~, where e~ is the helicity angle
between the I3 direction defined in the overall

No. of No. of do/Ch
-t (GeV ) events background events (pb/GeV )

0.02-0.06
0.06-0.10
0.10-0.15
0.15-0.20
0.20-0.25
0.25-0.30
0.30-0.40
0.40-0.60
0.60-1.10

17
23
31
33

18
30
30
1-5

95 +20
123+24
171+25
185+26
156+24
112+20

85 612
42+ 8
12+ . 2

TABLE II. Differential cross section do/dt for the re-
action r+P cd++(1236).

More detailed information on the production
mechanism of reactions (1) and (2) can be obtained
from the study of the single spin-density matrix
elements of the vector-meson and O"(1236) reso-
nances. These elements were determined in the
Gottfried- Jackson and helicity frames. In the
Gottfried- Jackson frame, the quantization (z) axis
points along the direction ot the incoming particle
(beam for p' or a)decay and target for n" decay)
as seen in the rest frame of the decaying reso-
nance. In the helicity frame, the z axis lies along
the direction of motion of the decaying system. In
both cases, the y axis is chosen as the direction
of the normal to the production plane, while x
axes are chosen so that the coordinate systems
are right-handed. The polarization analyzers
were chosen as the decay z' for p'-m'm decay,
the decay proton for 4 -pm' decay, and the nor-
mal to the decay plane for (d-'m'm m decay.

The general formalism allowing the extraction
of the 1 and &' single spin-density matrix ele-
ments corrected for the influence of S-wave back-
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ground underneath the resonances has been given
by Lohmann and Schreiber. '

A. n'+p ~ pod, ++(1236)

As emphasized by these authors, the p' spin-
density matrix elements cannot be determined
from the decay angular distribution alone. How-
ever, starting with the hypothesis that an S and a
P wave, and aP wave, respectively, are neces-
sary to describe the (w'w ) and the (Pw') mass
spectra in region e, the differential cross section
do/dm„dA„where Q, =(8„$,) are the usual Gott-
fried-Jackson or helicity angles of the meson, may
be written'

'd„=eslMsl'+(I-es) IM.I'W(cos8„4,).
Slgg p

(19)

W(cos8„$,) is the symmetrized angular distribu-
tion, W(cos8„$,) =2 [W(cos8„$,)+ W(-cos8„
w —Q,)], where W(cos8„$,) is the angular distri-
bution corresponding to the decay of a j. particle.
M ~ and M~ represent the mass-dependent part of
the S and P partial-wave amplitudes, normalized
according to

M& dm„= o,
fft3

where m, and m, are the limits of the (w'w ) mass
interval considered. Equation (19), integrated
over the angular vairables (8„$,), yields

Maximum-likelihood fits of this function to the
(w'w ) mass spectrum of region o. yielded e z, the
amount of S-wave background in each -t interval.
For lMJ, l

we used the P-wave Breit-Wigner
function, while lM~l' was represented by a sec-
ond-order polynomial in mass. The method of
moments yields the following functions of c ~ and
the pure p density matrix elements p", p' ', and

He p":
p" = —,

'
[g ~+ —,'(l5 (cos'8) —6)],

p' '= ——,'(sin'8cos2$),

1QRe p "= ~(sin8cos8cosg) .

The resultant values of the density matrix ele-
ments, renormalized to fulfill the P-wave trace
condition, 2p" + p"= 1, are presented in Fig. 5

and listed in 'Table III as functions of the momen-
tum transfer -t, for both the helicity and the Gott-
fried- Jackson frames.

To investigate the possible effect on these values
of A, contamination we define the helicity angle e~
as that angle between the 4" direction in the over-
all center of mass and the decay proton in the 4"
rest frame. Events with cose~& 0.0 are inhibited
kinematically from forming a (p w') mass in the

Ay region, while events with cos 8~ & 0.0 may cor-
respond to Ay reflection. A recalculation of the
p' density matrix elements for both samples yields
similar results, and we conclude that the A, back-
ground has no significant effect on the quoted val-
Ues.

The single spin-density matrix elements of the
&"(1236), p», Re p», and Re p, , were also deter-
mined by the method of moments with no back-
ground subtraction. The observation that there
is no change in these values when they are recal-
culated for events which cover a larger (w'w ) mass
interval leads us to conclude that our quoted val-
ues (see Fig. 5 and Table III) are unaffected by the
n'7t S-wave background.

As a check on the validity of our data we have
verified that the conditions imposed on the density
matrix elements by the positivity requirement were
satisfied within statistical errors in each -t inter-
val. '

B. m+p ~ uh +(1236)

For the determination of the spin-density matrix
elements for reaction (2) the events in the overlap
region of the &o and 6"(1236) (region y) have been
Used.

The spin-density matrix elements of the (d meson
(p'o, p' ', and Re p") and those of the b "(1236)
(p», Re p„, and Re p, ,) determined in the Gott-
fried-Jackson and helicity frames by the method
of moments, are presented in Fig. 6 and listed
in Table IV as functions of the momentum trans-
fer -t.

Using events from the inner part of the m Dalitz
plot yields, within error, similar results; we
conclude that the background under the (d meson
does not influence our values. In a similar manner
to that discussed earlier, we confirm that the B
parity reflection has no significant influence on
the & density matrix elements, and we verify the
positivity requirements within statistical errors.

Agreement between experiments at various en-
ergies"' is generally close, with some differ-
ences in details, implying that the main production
characteristics of both reactions (1) and (2) are
stable over the range of beam momentum from
3 to 18 Geg/c.

We reserve a quantitative discussion of the
natural- and unnatural-spin-parity contributions
for Sec. VII.
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II+ 3 D'6" AT 10 Gev/c
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FIG. 5. Spin-density matrix elements of the p and of the 4" (1236) as functions og —t in the Gottfried- Jackson and
helicity frames.
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VI. JOINT SPIN-DENSITY MATRIX ELEMENTS
AND JOINT DECAY CORRELATIONS

as well as their moments, renormalized so tha. t
the trace condition

Besides the six single spin-density matrix el-
ements discussed in Sec. V, joint spin-density
matrix elements can be determined from the
double resonance processes m'P - (p', m) &"(1236),
as suggested by Pilkuhn and Svensson. " Parity
conservation and Hermiticity of the spin-density
matrix reduce the number of independent joint
decay elements

)ty)ty~ 2Xg2)tg

to 13. Table p summarizes the 13 independent
combinations of

gp ~v =1
p b,

is fulfilled.
The 13 experimental moments for reaction (1)

are presented as functions of -t in the Gottfried-
Jackson and helicity frames in Table VI. For
reaction (2), the results presented in Table VII
represent averages over the region 0.02 ( -t
- o.6 GeV'.

As pointed out by Donohue, " the expression of
Pilkuhn and Svensson for the joint decay dis-
tribution may be reexpressed as the product of
the single-vertex distribution for J~= 1 [W„(8~,
P ~)], J~= 2 [W~(8~, Q~)], and an additional ex-

TABLE III. Single spin-density matrix elements of (a) the p, and {b) the &++(1236), as a function of -t in the Gottfried-
Jackson and helicity frames.

-t (GeV2) p00 Re p"

(a) p meson
Gottfried- Jackson frame

pf-i p00
Helicity frame

pf i Re p

0.03-0.04
0.04-0.05
0.05-0.06
0.06-0.08
0.08-0.10
0.10-0.12
0.12-0.14
Q.14-0.16
0.16-0.18
0.18-0.20
0.20-0.25
0.25-0.30
0.30-0.40
0.40-0.50
0.50-0.70

0.781 + 0.046
0.772 + 0.053
0.676 + 0.062
0.665 + 0.052
0.641 ~ 0.059
0.569 + 0.070
0.548 + 0.081
0.472 + 0.088
0.676+ 0.109
0.499+0.113
0.447 + 0.077
0.559 + 0.102
0.338 + 0.090
0.317+ 0.108
0.1342 0.097

-0.016 + 0-029
0.031+ 0.036

-0.012 + 0.044
-0.005 ~ 0.034

0.006+ 0.045
0.011+ 0.045

-0.090 + 0.055
-0.151+ 0.061
-0.027 + 0.072
-0.028 + 0.098
-0.147 +0.064
-0.121+ 0.067
-0..029 + 0.068

0.226 + 0.099
0.223 + 0.087

-0.015+ 0.030
-0.058 + 0.035
-0.064 + 0.041
-0.104 + 0.032
-0.118+ 0.041
-0.114+0.039
-0.027 + 0.053
-0.122+0.057
-0.176+0.064
-0.011+ 0.081
-0.079 + 0.057
-0.129+ 0.070
-0.103~ 0.045
-0.124+0.065
-Q.023 + 0.054

0.735 ~ 0.046
0.713+ 0.053
0.619+0.062
0.609 + 0.055
0.559 + 0.069
0.490 +0.065
0.413+ 0.082
0.507 + 0.091
0.488 + 0.105
0.243 + 0.130
0.451 + 0.088
0.340 + 0.114.
0,.158+ 0.079
0.041+0.120
0.107 + 0.094

-0.039 + 0.030
0.001 +0.038

-0.040 + 0.047
-0.033 +0.034
-0.036 + 0.044
-0.029 +0.046
-0.157+ 0.064
-0.133+ 0.064
-0.121+0.081
-0.156 + 0.105
-0.145+0.061

. -0.230+ 0.078
-0.008 + 0.080

0.078+0.088
0.209 + 0.091

0.119+ 0.029
0.143+0.034
0.127 + 0.039
0.155+ 0.031
0.198+ 0.036
0.172 +0.042
0.115+ 0.048
0.118+0.053
0.268 + 0.-062
0.094 + 0.066
0.059 + 0.054
0.212 +0.056
0.170+0.043
0.093 + 0.066
0.041 + 0.053

(b) &"(1236)

-t (GeV') p33

Gottfried- Jackson frame
Be p3) Re p3 )

Helicity frame
Re p3( Re p3,

0.03-0.04
0.04-0.05
0.05-0.06
0.06-0.08
0.08-0.10
0.10-0.12
0.12-0.14
0.14-0.16
0.16-0.18
0.18-0.20
0.20-0.25
0.25-0.30
0.30-0.40
0.40-0.50

' 0.50-0.70

0.144+ 0.035
0.082 + 0.039
0.079+ 0.042
0.014+0.039
0.017 + 0.049
0.019+ 0.051
0.106 + 0.059
0.225 + 0.063
0.061 + 0.079

-0.045 ~ 0.083
0.114+ 0.064
0.138+ 0.082
0.333+ 0.059
0.334 ~ 0.080
0.259+ 0.070

0.029 + 0.034
-0.026 + 0.043
-0.017 6 0.051
-0.013E 0.042
-0.050 + 0.049
-0.031 +0.049
-0.060 + 0.062
-0.101+0.:068
-0.200 + 0.077
-0.168 + 0.092
-0.069 + 0.061
-0.071 + 0.079
-0.128 + 0.065

0.033+0.074
-0.125 + 0.079

0.023 + 0.031
-0.005 +0.035
-0.071 + 0.042
-0.066 + 0.032
-0.057 +0.040

0.056 6 0.043
-Q.069 + 0.052
-0.059 + 0.063
-0.056 + 0.063
-0.003 + 0.074
-0.049 + 0.056
-0.048 + 0.076
-0.101+ 0.056

0.085 +0.085
-0.025 + 0.067

0.186+ 0.033
0.104 + 0.040
0.144 + 0.047
0.116+ 0.042
0.132+ 0.049
0.225 + 0.047
0.162 + 0.061
0.130+0.069
0.072 + 0.082
0.162 +0.090
0.192+ 0.064
0.211+ 0.077
0.081 +0.060
0.292 +0.082
0.224 + 0.067

0.087 + 0.036
0.107+ 0.041
0.100+0.046
0.153+ 0.039
0.174+0.049
0.213+ 0.049
0.092 + 0.061
0.031+0.064
0.186+ 0.074
0.295 6 0.084
0.131+ 0.062
0.123+ 0.083
0.056 + 0.065

-0.041 + 0.073
0.116+0.079

-0.001+0.032
-0.018~ 0.036
-0.108 +0.043
-0.125+ 0.034
-0.124+0.041
-0.063 +0.047
-0.101+ 0.051
-0.004 + 0.060
-0.063 + 0.063
-0.123 + 0.076
-0.094 + 0.057
—.0.090 + 0.077

0.044 ~ 0.054
0.109+ 0.084

-0.005 + 0.071
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pression, I, that measures the correlation between
the vector-meson and the 4" decays:
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FIG. 6. Spin-density matrix elements of the ~ and of

the 6 ' (1236) as functions of -t in the Gottfried-Jack-
son and helicity frames.

where U ~~'p(8„, P ~) and V,„,„, (8~, P~) represent
bilinear forms of the corresponding resonance de-
cay amplitudes. The expression for the 13 inde-
pendent correlation coefficients is given in Table
VIII and their values for reaction (1) are shown
in Fig. 7 as functions of -t.

It may be seen that most of the correlation terms
do not differ significantly from zero in either
frame. The coefficient, D, - (1 —3 cos'Hv)
x(1 —3 cos'8~), shows significant departure from
ze ro in the Qottf ried- Jackson frame, indicating
a strong correlation between the polar angles
of the m' from the p' decay and the proton from

(1236) decay. Direct evidence for this cor-
relation is shown in Fig. 8, where the p and 4
decay angles in the Gottfried-Jackson f'rame are
plotted separately for the equatorial and polar
regions of the other angle, for -t (0.1 Gep'.
The most striking difference occurs in the shape
of the cosa~ distribution for p' decays in the

TABLE IV. Single spin-density matrix elements of (a) the a and, (b) the & +(1236), as a function of -t in the Gott-
fried- Jackson and helicity frames.

—.t (GeV') p00
Gottfried- Jackson frame

pi-1

{a) ~ meson

Rep" p00
Helicity frame

pi 1 Rep

0.02—0.10
0.10-0.20
0.20-0.30
0.30-0.40
0.40-0.60

0.493 + 0.154
0.158 + 0.100
0.274 + 0.102
0.277 +.0.187
0.214 + 0.171

0.042 ~ 0.125
0.010 + 0.099
0.192+ 0.106
0.325 + 0.128
0.171+ 0.157

0.011+ 0.104
0.015+ 0.065

-0.013+ 0.090
-0.109+ 0.082
-0.045 + 0.109

0.387 + 0.175
0.284 +0.109
0.204 + 0.126
0.123 +0.135
0.247 + 0.160

—0.011+ 0.127
0.073 + 0.083
0.156 + 0.117
0.248 + 0.160
0.188 + 0.162

0.127 + 0.088
-0.098 + 0.070

0.035 + 0.069
0.126 + 0.092
0.068 + 0.111

-~ (GeV')

(b) &"(1236)
Gottfried- Jackson frame

Be p&&

Helicity frame
Be p&& Re p3

0.02-0.10
0.10-0.20
0.20-0.30
0.30-0.40
0.40-0.60

0.256+ 104
0.248 + 0.088
0.345 + 0.090
0.260 ~ 0.113
0.310+ 0.125

0.176 + 0.112
-0.181+0.091
-0.078 + 0.093
—0.017 ~ 0.140
-0.119+0.125

0.012 + 0.130
0.037 + 0.068
0.084 6 0.101
0.169.+ 0.117
0.177 + 0.141

0.458 + 0.086
0.149+ 0.085
0.259 + 0.095
0.392 + 0.112
0.358 + 0.118

0.077 + 0.106
0.126 + 0.079
0.018 + 0.096
0.057 + 0.126
0.122+ 0.134

-0.104+0.146
0.094 + 0.085
0.133+ 0.094
0.093 + 0.131
0.150+0.139
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R& = pss- p«

R =p

R =Bep"s

R4=Beps g

R5 = Bep~i

R6=Beps i

R8= Beps)

R, =Bep„"

R„=Be(p", , —

R„=Be(p", , —

Ris= Be(ps~—

=~8((1—3 cos~0|.)(l —3 cos20n))

= —~8 (sin20y cos2fIt)y(1 —3 cos20 ~)}
- -~ i (sin20„cosp„{1—3cos 0n))8&2)

=- —tv 3 ((1—3 cos~0|,) sin 0 n cos2gn)

=-~&6W3((1 —3 cos 0y) sin20&cos (It) ~}
=~&&W3(sin 0y sin20 ~ cos2(fdt) y+ ft) g))

3 (sin20y sin~ 0~ cos(2(It) y pg)}

=~32' 3 (sin20& sin20~ cos(2$y+Q n))

—s&W3(sin 0y sin20g cos(2py —(tt)g))

ps &)
= s2v 6 (sin20y sin 0~ cos(@y+ 2Qg))

p3 &)
= 32' 6(sin20& sin 0n cos(&Py —2pn))

ps& ~) =~s2~6(sin20y sin20 ~ cos(f(t)y+ f(t)g)}

ps& }= s2v 6 (sin20y sin20~ cos(Qy —(It)g))

where pnn' pnn' + Pgg& 2pf1g'

plggg p~m + plg+4 plllm p75m

TABLE V. The 13 independent measurable combina-
tions of joint spin-density matrix elements and their
moments.

equatorial region, where the data deviate strongly
from the simple form (1+3cos'8~).

The correlation coefficients of reaction (2) are
presented in Table VII. Although the statistical
significance of any correlations between the i~ and
6"(1236)decays is poor, some coefficients are
approximately two standard deviations away from
zero. As for reaction (1), D, is different from
zero in the Gottfried-Jackson frame which in-
dicates a correlation between the polar angles
of the &o' and &"(1236) decays.

Analogous results have been obtained at 3.7
(Refs. 1i a.nd 2h), 6.0 (Refs. 1m and 2k)„13.0
(Refs. 1v and 2s), and 16.0 (Refs. lw and 2t)
Ge(j"/c.

To check the validity of our data we have com-
pared our results with the positivity requirement
far the joint spin-density matrix elements proposed
by Donohue et a/. " In our data small violations
of the positivity condition are observed, although
they lie within our estimates of error. The ob-
servation that our experimental points lie just
"outside" the boundary of the positivity domain
is discussed in Sec. IX.

TABLE VI. Combinations of the joint density matrix elements of the p and of the &+'(1236) as a function of -t in (a)
the Gottfried-Jackson, and (b) the helicity frames. For clarity the values which differ from zero by more than one
standard deviation have been underlined.

-t (GeV2) 0.03-0;04 0.04-0.06 0.06-0.10 0.3.0-0.15 0.15-0.30 0,30-0.60

R)
R2
Rs
R4
R5
R6
Rv

R8
R~

R~o
R«
R(~
R(s

0.496 + 0.105
-0.032+ 0.064
-0.035+ 0.069
-0.174 + 0.083

0.005 + 0.093
0.034+ 0.023

-0.003 + 0.023
-0.003 + 0.024
-0.048+ 0.025
-0.001 + 0.043
-0.049 + 0.044
-0.083 + 0.049
-0.024 + 0.051

0.271 + 0.088
0.137+ 0.061
0.014 + 0.061
0.082 ~ 0.069
0.060+ 0.084
0.022 + 0.018

-0.022 + Q.Q18
0.034 + 0.023

-0.034 + 0.023
-0.023 + 0.039

0.003 + 0.037
-0.094 + 0.049
-0.017 + 0.046

(a) Gottfried- Jackson frame
0.592+ 0.086 0.245 + 0.094

-0.022 + 0.069 0.048 + 0-.078
-0.123 + 0.069 -0.014 + 0.076

0.024 + 0.066 -0.041 + 0.088
0.123 + 0.085 0,149+ 0.089
0.005 + 0.017 0.048 + 0.022
0.006 + 0.019 -0.019+ 0.025
0.005 + 0.021 -0.027 + 0.028

-0.041 + 0.022 0.006 + 0.029
0.025 + 0.033 0.037 + 0.042
0.009 + 0.036 0.035 + 0.042

-0.164+0.042 -0.042 + 0.051
0.111+ 0.044 0.054 + 0.047

(b) Helicity frame

0.543 + 0.081
0.066 + 0.081
0.165 +0.075
0.153 + 0.071
0.198+ 0.088
0.013 + 0.025
0.024 + 0.024

-0.014 + 0.027
0.021 + 0.027
0.002 + 0.043
0.074 + 0.044

-0.101+ 0.049
0.003 + 0.046

2 0.107
+ 0.111
+ 0.073
~0.105
+ 0.100
+ 0.040
+0,039
+ 0.038
+ 0.039
+ 0.061
+ 0.061
+ 0.058
+ 0.061

-0,236
0.174
0.152
0.088
0.321
0.016
0.038

-0.070
-0.056

0.046
-0.026

0.063
-0.132

R,
R ~

R s
R4
R 5

R6
R

~

R 8

R
~

R)0
R«
R(2
R«

0.181~ 0.095
-0.026 + 0.063

0.126 + 0.066
-0.106+0.089
-0.232 + 0.089

0.024+ 0.024
0.013 + 0.024
0.017+ 0.027

-0.034 + 0.026
0.044 + 0.042

-0.010 ~ 0.043
-0.016 + 0.049

0.006 + 0.053

0.111+ 0.075
0.162 + 0.071
0.132+ 0.064
0.096 + 0.073

-0.102 + 0.080
0.002 + 0.021
0.002 + 0.021
0,035 + 0.024

-0.067 + 0.022
0.002 + 0.038

-0.009+ 0.038
-0.042+ 0.045
-0.022 + 0.044

0.254 + 0.087
0.011+ 0.067
0.174 + 0.064
0.116+ 0.075

-0.212+0.085
-0.049 + 0.021

0.052 + 0.021
0.061 + 0.022

-0.049 + 0.022
0.077 + 0.036

-0.068 + 0.035
-0.031 + O.f36

0.105+ 0.039

+ 0.088
+0.078
+ 0.071
+ 0.076
+0.095
+ 0.027
+ 0.025
+ 0.028
+0.029
& 0.047
+ 0.048
+ 0.047
+ 0.047

0.175
0.020
0.038
0.072

-0.014
0.012
0.005
0.005

-0.044
-0.087
-0.035

0.013
0.016

0.175 +0.087
0.131+0.089
0.161+ 0.072

-0.001 + 0.079
0.166 +0.088
0.039 + 0.028
0.065 + 0.025

-0.037 + 0.028
-0.093 + 0.030
.-0.004+ 0.039
-0.065 + 0.041
-0.029 + 0.043

.0.056 + 0.041

-0.284+ 0.096
0.181+ 0.122
0.121+0.084
0.241+0.101
0.316+ 0.098
0.070 + 0.040

-0.064 + 0.041
-0.068 + 0.046

0.007 + 0.046
0.088 + O.Q52

0.093 + 0.051
-0.026 + 0.059

0.019+ 0.049
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TABLE VII. Combinations of the joint density matrix
elements of the cu and of the 6++(1236) in (a) the Gott-
fried-Jackson, and {b) the helicity frames for the -t
range 0.02-0.60 GeV2. The correlation coefficients are
also presented. For clarity the values which differ from
zero by more than one standard deviation have been un-
derlined.

(a) Gottfried- Jackson frame

TABLE VIII. The 13 independent correlation coeffi-
cients expressed by the single and joint spin-density ma-
trix elements.

(P33 P$$) 2 (3P 1)(1 4P33)

D, =P' '-(4p»-1)p' '

D, =Be p' -(4p»-1) Be p"

D 4=Be p, , -(l —3p") Be p, ,
R,
R 2

R 3

R4
R 5

R
R 7

R 8

R o

Rio
R((
R(2
R)3

0.208 + 0.101
0.167+ 0.099

-0.025 + 0.085
-0.114+ 0.106

0.083 + 0.093
0.136 + 0.046

-0.031 + 0.045
0.038 + 0.048
0.006 + 0.046

-0.017 + 0.066
0.022 + 0.067

-0.011+ 0.069
0.027 + 0.072

D (
D2
D 3

D4
D 5

D6
D g

D 8

D g

Dio

D&2

D&,

0.195+ 0.101
0.151+ 0.114

-0.023 +0.097
0.130+ 0.118
0.096 + 0.111
0.126 +0.071

-0.041 + 0.071
0.046 + 0.072
0.014 + 0.071

-0.014 + 0.081
0.025 + 0.082

-0.013+ 0.086
0.025 + 0.087

D 5=Be ping-(1 —3P ) Be P3(

D 6
—Re p3 &- p Be p3 &

D, =Be P, ",—P' 'Be p, ,
D 8-Re P3~ —p' 'Re p„
D &=Re p&&

—p' Be P3&

Dfo Be(ps', —p3 ',) —2 Re p' Re p3

. D&&
= Re(p3 &

—p, ",) —2 Be p' Re p3 &

D(2 = Re(PB( —P3( ) —2 Re p Re P3$

Dfs Be(ps( P3$ ) 2 Be p Re P3~

(b) Helicity frame

R (
R 2

R 3

R4
R 5

R 6

Rv
R 8

R )
R(o
R()
R(2
R~3

0.122+0.102
0.048 + 0.076

-0.048 + 0.076
0.254 + 0.106

-0.034 + 0.103
0.023 + 0.046
0.002 + 0.048
0.064 + 0.048

-0.102 + 0.046
0.101+ 0.066

-0.031 + 0.058
0.166+ 0.067
0.004 + 0.066

O

D (
D2
D 3

D 4

D )
De
D

p

Ds
D o

Dao

D(2
D(3

0.103+ 0.102
0.029+ 0.088

-0.053+0.089
0.236 + 0.123

-0.053 + 0.121
0.014+0.071

-0.007 + 0.073
0.054 + 0.073

-0.112+ 0.072
0.097 + 0.083

-0.035 + 0.077
0.162 + 0.082

-0.001 + 0.080

+{-1)~" 2Rep ' ' ].
2)tg2Xg

(21)

VII. NATURAL- AND UNNATURAL-SPIN-PARITY

EXCHANGE

As shown in Ref. 13, the quantities o"=p"
+p' ' and a' = p

' give asymptotically the relative
contributions of natural (+) and unnatural (-) spin-
parity exchange, respectively, to vector-meson
helicity-one and helicity-zero states, while o
= cr +o' gives the total amount of unnatural-
spin-parity exchange.

The quantities o ' do not contain information
about the b "(1236)helicity states. By means
of the joint spin-density matrix elements, it is
possible to extract the relative amount of spin-
parity exchanges leading to definite helicity states
of the vector meson, as well as of the 6"(1236).
These quantities are defined by"

In order to minimize the errors on the o ' and o2„',
the method of moments was used. 0' and the
o",„' were evaluated in the Gottfried-Jackson (GJ)
and helicity (H) frames; o'" and a are invariant
under transformations between these frames.

A. m+p ~ p 6 (1236)

The different contributions of the natural-spin-
parity (NP) exchange and unnatural-spin-parity
(UNP) exchange are presented in Fig. 9 as func-
tions of the momentum transfer -t for the reaction
v 'p - p' b (1236}.

From these distributions and the p distri-
butions presented previously in Fig. 5, the fol-
lowing observations can be made on their be-
havior as functions of -t:

(a) In both frames, p" is large a.t small t and-
o', is approximately equal to p' for -t ~ 0.3
GeV'. Beyond this value of -t, o', becomes
greater than o', . We note also that p'„' decreases
more rapidly than does the corresponding p~~
distribution.

(b) pe'z' and p„' ' are observed to be negative
for t & 0.4 QeV' and positive in the larger -t
region. Moreover, one sees that

~

p„' '~ &
~
poz'~

for almost the whole range of -t considered.
(c) Re p„" increases more rapidly than Re p~&

decreases in the small -t region.
(d) o' is large at small -t having an approxi-

mately constant value of 0.85 for -t ~ 0.3 GeV'.
o is approximately equal to p'o in., the forward
direction (-t ~ O.I GeV').

(e}A small, but significant value of a" is ob-
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FIG. 7. Correlation coefficients of the p and of the 4 (1236) decay angular distributions as functions of —t in the

Gottfried- Jackson and helicity frames.

served for -t &0.3 QeV'. Beyond this value of
-t, o" increases with o3G~ &o,"GJ and o3H o

(f) o rises rapidly from a significantly non-
zero value at low -t to a maximum at -t = 0.3
GeV' and decreases beyond this value. For almost
all -t values, o ~~ is smaller than o „' . In both
frames, o', is greater than o,' for -t ~ O.SGeV'.

The behavior of p, o™,and o,„' discussed
above leads to the conclusion that the reaction

w'P -p'6" (1236) is dominated by the UNP-ex-
change contribution for -t less than 0.3 QeV'.
However, although a and p are large at small
momentum transfers and the other elements are
small, neither actually reaches the one-particle-
exchange predictions for 0 exchange: p" =1,
p"= p' '=p33 p»=p, y

0 Moreover, from the
large value of a, at small —t, one can conclude
that the UNP exchange leading to ~, =0 and X~
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FIG. 8. Gottfried- Jackson angle distributions of 8 p
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I
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0.2—
I+

0 sI

0.0
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I I I I I

I I I I I
I

=+ —, helicity. states is the dominant contribution
in this momentum transfer region.

With increasing momentum transfer, the NP-
exchange contribution increases, as shown by
increasing values of o" and positive values of
p' ' (2p' '= NP —UNP). At -t = 0.45 GeV', the
NP-exchange contribution is approximately equal
to that from the UNP exchange. However, this
contribution never reaches the limit of elementary
NP exchange (p' '=2, po'=p'o=0). In the helicity
frame, NP exchange leads to, approximately,
equal productions of ~~ =+ & and ~~=+ & helicity
states.

Finally, even at small -t, there is still a sig-
nificant UNP contribution to helicity-one p states,
which reaches its maximum at -t =0.3 Qeg'. This
contribution is mainly associated with the b "(1236)
+ —,

' helicity states.
Table }Xsummarizes the cross section for

measurable exchanges in reaction (1) integrated
over momentum transfer up to -t =0.6 GeV'.

In this -t region the NP-exchange contributions
represent 13'/fq of the p'b"(1236) cross section
of Eq. (7). 57/o of this cross section is due to
UNP exchange leading to Xp =0 and X~ =+ —,

'
helicity states, while only 16% of the UNP-ex-
change contribution leads to X, =+ 1 helicity states,

04—
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I I I I I

I I . I I I

I I I I I

I- I0 I
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I I I I I

I I I I I
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0-0
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-t(Gev*)

FIG. 9. Relative proportion of the natural-spin-parity
exchange a; the unnatural-spin-parity exchange, a
the unnatural-spin-parity exchange to p helicity +1,
a ~"; the natural-spin-parity exchange to p helicity
+1 and 4 ' helicity + z, as, the unnatural-spin-par'ity
exchange tope helicity + 1 and&++ helicity ++&, a'~, the natu-
ral-spin-parity exchange to p helicity+ 1 and&++ helicity
+ 2, &&+; theunnatural-spin-parity exchange top helicity
+ 1 and 4++ helicity+ &, a&, the unnatural-spin-parity
exchange to p helicity 0 and 4' helicity +&, a 3", the
unnatural-spin-parity exchange to p helicity 0 and 4 '
helicity +z, al
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TABLE IX. Cross sections (in pb) of the measurable exchanges in the reactions 7I+p
—p'4++(1236} and &+P ~&++(1236) in the Gottfried- Jackson and helicity frames.

g+p ~ pp+++ (]236)
GJ frame Helicity frame

7t+P ~'D++(1236)
GJ frame Helicity frame

a d(J

dt
i-

do

dt
dt

i+

dt
-- dt

do

i-
ai do

dt
p~

a3 do
dt

340 +16

61+ 6

6+ 1

56+ 6

51+ 6

340 +16

62~ 6

6+ 1

56+ 6

51+ 6

33 +4

15 +4

6 +2

9.4+3

5.6 +2

16 +4

9.6 +3

6.6 +2

7.3+2

p-

dt
dt

o, do.

J

226+12 227 + 12

31+ 4

11.6 + 3

24.7+4

6.7+2

9 +3

20 +4

11.1+2

Bnd is mainly associated with production of the
helicity states X~ =+ —,'.

8. m+p ~ uD++(1236)

Although our statistical significance for the
reaction n'P -~~" .is poor, some observations
can be made from the p

" (Fig. 6) and v"' (Fig.
10) distributions:

(a) p is quite large in the low-momentum-
transfer region (p" =0.5 at -t =0.06 GeV'), and
decreases to a minimum at -t =0.15 GeV'. p„"
has a value of -0.4 at low -t and gradually de-
creases in value as -t increases.

(b) p' ' rises from 0.0 to a, value of 0.3 (0.2)
in the Gottfried-Jackson (helicity) frame at -f
= 0.35 Geg'. In both frames, this distribution
is observed to be positive for almost all -t values
considered.

(c) For -f ~ 0.3 GeV', we note that the Ml p-
exchange conditions p»- —'„p, , =-', v3, and p„
= 0 are approximately satisfied.

(d) o' is found to be large for -t ~0.1 GeV' a.nd

decreasing with increasing momentum transfer.
(e) o'" shows a gradual increase with increasing

momentum transfer to a value of 0.7 at -t=0.35
GeV'. Therefore, in reaction (2), there appear
two momentum transfer regions in which the
relative NP and UNP contributions are different.

For -f ~ 0.1 GeV', la.rge (small) values of v

and p'o (o" and o' ) indicate the dominance of
UNP exchanges producing the ~ in helicity states
X„=0. At higher -t values, o" increases with
increasing momentum transfer, so that at -t
=0.35 GeV', the NP exchange becomes stronger

7T+p = (dQ

O.S—
I

AT 10 GeV~c

I I I I I

0

ou I I I I I

6 J. FRAME HELICITY FRAME

I I I I I

OP-
I I I I I

0.0
'I I I I

O, l O.3 0.5
I I I I I

o.l o.3 0.5

-t(Gev')
FIG. 10. Helative proportion of the natural-spin-parity

exchange, cr; the unnatural-spin-parity exchange,
o.";the unnatural-spin-parity exchange to u helicity
'+1, oi
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than UNP exchange. In this -t region, the UNP-
exchange contribution is predominantly associ-
ated with ~ production in helicity states X„=+2.

From the measurable exchange crosd sections
summarized in,Table IX, one can conclude that the
UNP exchange contribution is approximately equal
to that of NP exchange. Approximately 50% of
the UNP exchange leads to X„=O helicity states
production. In both frames, NP exchange leading
to X~ = + ~ helicity states is more important than
that leading to X~ =+ —,'.

C. Discussion

As p'(~) production by v-induced reactions can
proceed only via G-parity -1 (+1) exchange, the
main candidates for UNP and NP exchange with
isospin 1 are respectively m(B) and A, (p).

For both frames, the distributions p"de/dt are
shown in Fig. 11 for the reaction n'P- p'4" (1236),
in both frames, p" da/dt is observed to have a
strong forward peak which is expected from the
dominant m-exchange contribution to the overall
nonf lip amplitudes. The fact that p" is smaller

than 1 implies, however, the need for contributions
in addition to simple n exchange. Such a cor-
rection can come from, for example, cut con-
tributions. " The change of slope in p„"do/dt 'at
-t =0.4 QeV' has also been observed in the re-
action r P p n. '

Since we expect that the r propagator, even
in the presence of cuts, dominates the helicity-
zero amplitudes, we performed a fit of the data
for -t&0.5 QeV' to the form

~ altl
p dO/dt: '( 2)2 ~

The results of these fits are shown as the solid
curve in Fig. 11, with

A, =25.6~0.5 pbGeV',
pooo~ do/dt:

b =-2.4~0.3 GeV"'

and

A =26.4+0.5 p,bGeV',
p„" do/dt:

b =-3.7+0.5 GeV '
~

~

~

The results indicate that neither of the distri-

71+ P
0 ++

=
P 6 AT IQ GeV/c

G J FRAIVIE
I I

HELICITY FRAME
I I

~ IO
3

C40

C)

+
IO

'L

L

I

IO

O. I 0.3 0.5 0.7 O. l

-t(GeV')
0.3 0.5 0.7

FIG. 11. The crdo/dt distribution shown as a function of momentum transfer for the reaction 7I p p 4 (1236) in
the Gottfried- Jackson and helicity frames. The solid curves represent the results of fits to the form Ae '~I/(t —m~2) .
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IO

7T p

G J FRAME
I I l I I

++
AT lO GeV/c

HELICITY FRAME
I I l I

10

o A++

P /~ AT IO GeV/c

GJ FRAME

O

b
IO

b

I I I I I I I

0.I 0.3 0.5 O.l 0.3 0,5

-t(GeV )

FIG. 12. The 0 der/dt distribution shown as a function
of momentum transfer for the reaction m P coA (1236)
in the Gottfried- Jackson and helicity frames.

HELICITY FRAME

butions can be represented solely by the m prop-
agator; an additional exponential damping factor
is needed to fit the distribution away from the
near forward direction. Similar behavior was

. noted in the reactions & p- p'n (Ref. 16) and
ff'p -Z*o rV'(1236) "

hile the Williams model" predicts large
values of p" as well as the correct sign of p' '
in n p- p'4" and n p- p'n (e.g. see Ref. 1V),
it coincides with the pure r-pole model for
ps'do/dt and hence yields values which are too
low for -t ~ 0.4 GeV'. Therefore we can only
conclude from the excellent fits to forms which
include the m propagator that the p'odo'/dt dis-
tributions for reaction m'P -p'4" have dominant
contributions from w exchange.

The p" do/dt distributions for reaction (2) are
shown in Fig. 12. In contrast to the p'4" case,
these distributions show no strong forward peaks
and are rather flat for -t &0.2 GeV', which im-
plies the dominance of net helicity-flip ampli-
tudes in the forward direction.

e' do/dt distributions are shown in Fig. 13
(Fig. 14) for v'p po4" (v'p eh"). In the helicity
frame, this unnatural-spin-parity component re-
ceives a contribution from UNP poles plus cuts
and from NP cuts, a.nd interferences between the
different contributions may make any simple de-
scription of the data impossible.

In Fig. 15 the total unnatural-spin-parity ex-
change contribution is compared to that of natural-
spin-parity exchange for reaction (1). One ex-
pects, as in 7I' p- p'n, " the NP pole A. , contri-

I

O. I

I I I

0.3
—t (Gev*)

I

0,5

FIG. 13. The 0. "da/dt distribution shown as a func-
tion of momentum transfer for the reaction x'p

p 4 (1236) in the Gottfried-Jackson and helicity
frames.

butjon to be small for small -t, so that the large
value of o'"do/dt is most natu'rally associated
with contributions from m and A, cuts. The dip
at -t —0.2 Qeg' can be interpreted as arising
from interference between the A, pole and A,
and m cut terms, as is a similar structure in
o "do/dt inn p- p'n

The corresponding distributions for the nb+'
reaction are presented in Fig. 16. The dip in the
v'dv/dt distribution at -t = 0.2 GeV', associated
with the nonsense wrong-signature zero of the
B-meson exchange, and reported at 16 GeV/c, '"
is not observed in the present data. The dis-
tribution of o "do/dt should receive contributions
from a p pole plus B and p cuts. The absence of
a dip at -t=0.6 GeV', due to the wrong-signature
nonsense zero of the p trajectory, maybe explained
by the presence of (p+B)-cut contributions. "

Moreover, if the cross section for reaction (1)



18

I

STUDY OF REACTIONS m+p-+(pe, cu)A++(1286) AT 10.8. . .

IO'
G J FRAME

I l l I I

HELI C ITY FRAME
I t I I 1

7r' p= tu E AT IO GeV/c 7T+ p p + (1256) AT 10 GeV/c

4
IQ ~ UNNATURAL

~ NATURAL

I 0'—

'5
IO—

I I I l I

O, l 0.3 0.5
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FIG. 14. The 0 ~"dg/dt distribution shown as a func-

tion of momentum transfer for the reaction m'p

(1236) in the Gottfried- Jackson and helicity
frames. IO

Q. I 0.3 0.5

[(2)] were dominated by n' and A, (& and p) ex-
changes, the fraction of NP exchange, 0", would
be expected to increase with energy since the

A, (p) trajectory lies higher than the corresponding
v (B) trajectory. However, when we compare
our cross sections (given in Table IX) with those
obtained at 16 GeV/c, '" for the reaction (1), we
note that the NP-exchange contribution decreases
with energy, while the UNP-exchange contribution
increases. For reaction (2), strong energy de-
pendence between 10 GeV/c and 16 GeV/c (Bef.
2t) is not observed.

gee conclude then that our data cannot be de-
scribed by only single pole exchanges. Non-pole-
like terms, (referred to as cut contributions in
the text), such as absorptive corrections, are
necessary to describe all the observed structures.

VIII. VECTOR-MESON POLARIZATION CONE

As discussed by Doncel et al."an alternative
description of the production mechanism may be
given by the investigation of polarization matrices.
Assuming that a single Reggeized particle ex-
change with factorizable residues dominates the
production amplitudes, the exchanged parity and
degree of polarization are traced by a path in a
two-dimensional projection of the polarization

-t (Gev')
FIG. 15. The contributions due to unnatural-spin-

parity exchanges and to natural-spin-parity exchanges
as functions of rqomentum transfer for the reaction
x P pod '(1236).

domain.
The vector-meson-polarization properties of

reactions (1) and (2) are studied by expanding
the normalized angular distribution in terms of
a set of real parameters x &'..

4~'r "'
W(8„, fr) = —1 —2ro —

~ Yo

(2v "'
-4 (— [r,'Be (Y,') +r ', Im (Y,')]

+4 ~ 6
[r', Be(Y',)+r', Im(Y', )]

(p& j./2

(22)
where the x~ are related to the multipole param-
eters t~~ by

(2r. + bj",
j )
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I I

+ UNNATURAL
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I
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0.5
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I
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FIG. 16. The contributions due to unnatural-spin-
parity exchanges and to natural-spin-parity exchanges
as functions of moinentum transfer for the reaction
m'p —mA '. The full and dashed curve are shown only
to guide the eye.

An additional superscript T (as in r ~) will in-
dicate that our results are presented in trans-
versity frames, where the ~„with odd M vanish. 'o

In the transverse Gottfried-Jackson (transverse
helicity) frame, the y axis is taken along the di-
rection of the incoming particle (along the di-
rection of the decaying system).

An orthonormal coordinate system is defined
by the nonvanishing parameters x,', r»
in this space the domain of polarization of the
vector meson is contained inside a cone whose
axis lies along so. With the unpolarized state
at the origin, the apex of the cone reaches 1 p

= -1 and the base, of radius ~ v 3, is at
Each internal point of the cone represents a state
of polarization and the boundary corresponds to
a positivity condition. More details may be found

in Ref. 19.
Projections of the- p' polarization domain are

presented in Fig. 1V for both transversity frames,
where each point represents an average over a
4t interval. In each frame the data points are
close to the rim of the cone for low-momentum
transfer, indicating polarization in the reaction
plane and unnatural-parity exchange. As -t in-

7r' p p'6" AT IO GeV/c

TRANSVERSE GOTTFRI ED —JACKSON FRAME TRANSVERSE HELlclTY FRAME

2
Tr 2

2
Tr-2 Tr-2

2

0 2
Tr 2 Tr 2

IZATION

FIG. 17. Side and top projections of the p polarization domain in the transverse Gottfried- Jackson and transverse
helicity frames.
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Transverse Gottfried- Jackson frame Transverse Helicity frame
Tra

0
Tr&

0

7r, 2
rg

POLARIZATION CONE

FIG. 18. Side and top projections of the u polarization domain in the transverse Gottfried- Jackson and helieity
frames. The numbers adjacent to the data points identify the 4t interval.

creases, the points trace a curve through the
cone toward the axis and approach the apex, where
the polarization is normal to the reaction plane
and the exchanged particle has natural parity.

A different picture emerges from the projections
of the v polarization domain in Fig. 18. There is
a large degree of polarization normal to the re-
action plane revealing the dominance of natural-
parity p exchange.

These pictures are consistent with the results
of density-matrix analyses presented previously.
Similar projections (not shown) of the 4"' polar-
ization spherical domain are also in agreement
with the behavior exhibited by the p

Similar results have been obtained at 13.1
GeV/c "

C,'= P G(L„L„S)H{S,L,L„L,),
I yy I'y=o

even

(23)

reaction have the same phase. This dynamical
assumption can be directly tested in certain cases.

The tests derived by Donohue and Plaut" to
check the equal-phase hypothesis are exact math-
ematical consequences of the hypothesis itself.
The validity of this assumption requires that par-
ticular bilinear combinations of the even-rank
statistical tensors must vanish. Using the no-
tation of R.ef. 21, these requirements are ex-
pressed as CL, =O for S=0, 2, 4 and 0&L &S.

The quantities C z are defined by

IX. EQUAL-PHASE HYPOTHESIS

Several models of quasi-two-body reactions
assuage that all helicity amplitudes in a given

where the G(L„L'„S)are numerical factors (for
details see Ref. 21). The H(S, L, L„L,',) are ex-
plicitly given by



BEAUFAYS, KENNEDY, KEY, PRENTICE, AND ZEMANY 18

~+ P =P 6 AT IO GeV/c

G J FRAME

7r ' p — p ZC AT 10 G e V/c

f0++
0

Co
I I I

I I I

I I I I I I'''"""' H~
I

I
2

Co
I I ""I ''5"'"I ''5 "I '

I I I I I I I

C,
I I I I
I I I I I

FRAME
I I I I I

NP exchange

GJ
I I I I I

UNP exchange tokp=0
l

I.O "'
0

C2
—

I
I

"Co
I I I I I I
I I I I I I

I

CI
I I I

I I
I I I

I I, I 0.0

0 C4
-I I

+)

4+&
0.0

Co
I

I

I I I I

C4
I I

HEI lCITY FRAME
I I I I I I I I I I I I I I

CoI. I I
. .I

. I
I I I I I

I I
C2

I I I I I

I I I I

C4
I I I I I I I I

~ ~

I.O-"

I I I I I I I I I I

HELICITY FRAME
I I I I I I I I I I

UNP exchange to Xp o NP exchange

O. l ~+
C2

I
I

4++
C4,
I I
I I

C',
I I I I I I I I

I I I
'

I I I I I

0.0

O. I 0.3 0.5

~ ~
I ~

O. I 0.3 0.5
I I I I I

0.0 =.. .
C4
I

O. l

I I

C4~ C44
I I I I I l I I I I I' I I I

03 0,5 O. I 0.3 0.5 0. t 0.3 0.5

-t (GeV')
FIG. 19. Values of the quantities CL evaluated in the

Gottfried-Jackson and helicity frames for the reaction m'p
—p "6 (1236) as functions of the momentum transfer.
The dotted lines are the extreme values allowed.

H(S, L, L„L',)

(-1)"'~(L„m„L'„-M,', I S,L )-L cM &L1 1 1
-L ccM c~L1 1 1

i

X tL1' ALP' —5 g
I 2 t L'12

M lo M10 M1M2-2cM c2
2

1 2

where the t, are simply related to T „,." The
derivation of the tests is based on the assumption
that the quantization axis is in the production
plane.

The nine quantities C L evaluated in the Gott-
fried-Jackson and helicity fumes are presented
in Fig. 19 as functions of -f for reaction (1). The
extreme values allowed for C', (0, —,'), Co(-6„'—,'),
and Co(- —,",, I) (the upper bounds on C,' and C', are
believed, but are not proved to be true") a,re
shown as dotted horizontal lines.

One observes that (i) deviations from zero are
seen in all tintervals f-or Co; (ii) the quantities
C'„Co, and C', are within the bounds given. In
particular, the quantity C,'is non-negative as
required; (iii) the C z with L 0 0, which have to
be zero in the forward direction, are indeed small

-t(Gev )
FIG. 20. Values of the linear combinations of CL which

r'epresent the conditions for unnatural spin-parity (UNP)
exchange amplitudes leading to A. p

= 0 and for natural-
spin-parity (NP) exchange amplitudes to be in phase,
shown as functions of the momentum transfer in the
Gottfried- Jackson and helicity frames.

in the first -t interval.
A more restricted form of the equal-phase hy-

pothesis is related to amplitudes receiving only
contributions from either natural- or unnatural-
spin-parity exchange leading to p'-helicity zero
states. For NP exchange the condition is"

The test for UNP exchange with ~, =0 is

(24)

C, +Co+Co =0. (25)

In Fig. 20 are shown the linear combinations
(24) and (25) as functions of t for reaction (1—).

Although the linear combination of C L~ which
measures the phase difference amoung natural-
parity amplitudes is consistent with zero in the
range considered, the amplitudes for unnatural-
parity exchange leading to &p 0 are not in phase
at small momentum transfer. Thus, in agree-
ment with results at 13.1 (Ref. 1v) and 16.0 (Ref.
1w) GeV/c, we conclude that the equal-phase
hypothesis is not valid for the reaction 7I+p- p'4".

As stated previously the forward peak in pooda'/

dt indicates the dominance of net nonf lip am-
plitudes with X, = 0. Therefore, denoting helicity
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amPlitudes bye„~~2„, one expects thef, &,/, &&,/, &

helicity amplitude to dominate p~ production as
-t-0 and so determine the relative amounts of
the other two net helicity-flip amplitudes as -t-0. Using our previously determined values of
the density matrix elements, we find

(j poo

If&&1/2&&-1/2)/f1&3/2)&1/2) l
=

l& 2 p33

!
(2 p33 ) 1/2

f1&3/2)&1/2)/f&&&1/2)&1/2) I
=

I& pOO jl

= 0.61~0.09,

p(f1&3/2)&1/2) ~(fo&1/2)&1/2)) I. 11/(p33 p ) ]

=103~20'.

We observe that the f, &3/»« /» helicity amplitude
is nonzero as -t-0 and substantially out of phase
with the dominant amplitude f«, /»&»». Similar
values within errors have been obtained at 3.V

(Ref. li) and 13.1 GeV/c. '"
Donohue et a/. "have shown that if all amplitudes

were in phase, then the positivity condition on

joint spin-density matrix elements, discussed
in Sec. VI, would be saturated.

These authors then propose that a combination
of dynamical and statistical effects leads to the
-observed experimental fact that almost all ex-
perimental points lie just "outside" the boundary

of the positivity domain. Some unknown dynamical
effect is hypothesized to cause the points to fall
near the domian boundary, and statistical fluc-
tuations then lead to the appearance of many of
the points in the exterior of the domain. Such

a dynamical mechanism might also cause some
of the major amplitudes to have small phase dif-
ferences.

X. TEST OF FACTORIZATION

In the Regge model, the residue function fac-
torizes, i.e. , the f-channel helicity amplitude
is written as

ft „2 2 =@2 „(upper vertex)

(lower vertex)E(s, f ), (26)
b

where E(s, f) is helicity independent.
In the presence of Regge cuts, simple factor-

ization would not be expected to hold. However,
as Regge cuts are known to affect the phase of

Regge poles in a helicity-dependent way, a test
of factorization is expected to be most favorable
in cases where only the moduli, and not the

phases, of y~ ~ and y~ „are involved. "
g, C b

Such a test zs

do'/dt (&1 p r)n) &r dhr/dt(rr p p n)
do/dt (r/'P- r)/I.") &r"d&r/dt (rr'P PC», ") '

(27)

where all observables involve (asymptotically)
A2-exchange quantum numbers. The equality (27)
is expected due to a cancellation of the upper
(meson-meson) vertex in the two ratios. Figure
21 shows the test of Eq. (27) at p„„=10 GeV/c.
The m'p data are taken from this experiment. For
the m p-gn we use the data of Wahlig and
Mannelli" at 10 GeV/c (corrected for unseen r)

decay modes), while for r/ p p'n we have used the
data at 15 GeV/c (Ref. 24) scaled to 10 GeV/c by an
expression of the form of Eq. (8), with n = 1.89."
Although, for both )1 p- p'n and &1'p p'6" re-
actions, the natural-parity contribution is ex-.
pected to be small in the low -t region, (as
previously noted) the test does not show a strong
deviation from factor ization.

IQ-
~ [o "do/dt {Ir p p'n)]/

[o &'d&r/dt (Ir'p p ZP}]

0.6- && [d&r/dt (Ir p-2}n }]/
[dcr/dt{Ir p I}'lf }]

0,2 "

O. l

I I I I

0.2 0.5

-t (GeV }

FIG. 21. Test of the factorization relation for 42 exchange as a function of momentum transfer.
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IO. I &i I I I I

~~(~-I ~re ) x
dt

~"da (vr-p —con )
dt

~'+ d~(~+ p
—~g++)

dt

5.0—

a
2.0—

++
o 7T P~~6

~ 7r p~ ~

R
IO

b 10-

)o' +.(fo. (v p
—vr'n )

dt

O. I 0.3 0,5

The predicted equality

-t(GeV')
FIG. 22. Test of the factorization relation for p ex-

change as a function of momentum transfer.

» h~~ a%I

I I ii I I

0.2 0.4
-t(GeV }

FIG. 23. Test of the factorization relation for B ex-
change as a function of momentum transfer.

baryon) vertex is expected to cancel in the ratios.
This test has the advantage of being. independent of
energy and of the absolute normalization of the
data. Again, this test is certainly nontrivial since
it explicitly involves amplitudes with zero-helicity
flip, which are expected to have Regge-cut con-
tributions. The test (29) is presented in Fig. 23
and is once again successful within errors.

Finally, one does not expect" factorization to
work for the analogous relation to (29) involving
m exchange:

do/dt(v p v'n) o"do/dt(m p en)
do/dt (v'p- v'a") o"do/dt (v'p- (o&") (28)

1»

(v p-p'n)=, (v'p-p'& ).0' 0' (30)

provides an analogous test involving p-exchange
quantum numbers. The result is presented in Fig.
22. We have used v p v'n at 10 GeV/c, "v'p-v'b, "at 8 GeV/c (Ref. 1s) sealed to 10 GeV/c
using the form of Eq. (8) with n=1.24." For v p- &on, we used data at 12 GeV/c, "scaled using the
form of Eq. (8) with n= 2.41.'.6 Within errors, this
test is again successful, although the two quan-
tities entering the ratio on the right-hand side of
Eq. (28) do not show the dip at t =0.6 GeV' ex-—
pected from a pure p Regge exchange, and thus
have presumably appreciable Regge cut contribu-
tions.

Similar tests are possible for the unnatural-
parity-exchange contribution. In this case a pre-
dicted equality is

1»

(v p (on) = 0 (v'p (oh'+),
0' 0' (29)

which involves mainly B-quantum-numbers ex-
change (ignoring w exchange due to electromagnetic
p-~ mixing). In this case the lowest (baryon-

0.6—
07rp~pg

~ 7T p~p o
1

0.4—

i I I I

O. l 0.2
- t(GeV )

FIG. 24. Test of the factorization relation for ~
exchange as a function of momentum transfer.

Both reactions receive contributions of nonfactor-
ieing cuts. In fact, in Fig. 24, the data are sur-



18 STUDY OF REACTIONS w+p~(po, u)n++(1236) AT 10.3. . .

prisingly close together and may indicate a sim-
ilar behavior of the amplitudes in w p - p n and
m'p p 4".

Similar successful tests wer'e reported
earlier'"" and may indicate (although errors are
sometimes large) that Regge cuts exhibit some
factorizing properties,

A(pod, ")=v 2 A

A(&oh") = v 2A, ,

A(K* 6")=A, +A.

A(Z+'~-) =A,

A(K"~') = l.jMSA(K"re)

(34a)

(34b)

(34c)

(34d)

(34e)

XI. pA, u6, E 6, AND SU(3)

Reactions (1) and (2) can be related to

K+p K* (890)b "(1236),
K n Z*(890)h (1236),

(31)

(32)

Relations (34) provide the following sum rule be-
tween the observables of reaction (1), (2), (31),
and (32):

=p „, d
(K*'~")+p ~

d
(K*'& ). (»)-g'o ++ cf& ~0

and

K p K* (890)h (1236) (33)

through the assumption of t -channel exchange with
SU(3) coupling at the meson vertex. The further
assumption of ideal mixing of ur and Q enables the
amplitudes of these processes to be expressed in
terms of two amplitudes A, and A corresponding,
respectively, to specific helicity amplitudes with
a 6=+ I and 6= -I exchange contribution:

The SU(3) factorization is a weaker assumption
than the one expressed in Eq. (26) of the preceding
section. Since SU(3) relates amplitudes of dif-
ferent reactions for a fixed helicity configuration,
the amplitude may be written as

f&~ I (s, t) =y~ ~ (upper vertex)
a c

xy„„(lower vertex)fI~ &(s, t),
(36)

G J FRAME
I I I

HELICITY FRAME
I I I I

lO—CD 2

IlO—

I

O. I 0.3 0.5 0.7 0.I

-t (GeV')

0.3 0.5 0.7

FIG. 25. The unnatural-parity helicity zero projections as functions of —t, in the Gottfried-Jackson and
helicity frames. For p 4" () and cu4" (L)~ p do/Ct is shown while for K~ 4"(0) p der/dt is presented.
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where fi~ &
have to be equal for all processes

participating in the SU(3) relation, but may depend
on helicities. SU(3) factorization (36) is not ex-
pected to hold in the presence of Regge cuts."

The aim of the following section is to exploit
Eq. (35) to learn more about the nature of the ex-
change mechanism in the processes (1), (2), (31),
and (32).

A. Comparison of the production mechanism

The data for reaction (31) are those of the "10-
GeV/c group" of Ref. 17;. all of their quoted cross
sections have been multiplied by a factor of 1.5 to
take into account the unseen decay mode K*'-

K'm'. A multiplicative factor of 0.96 has also
been introduced to correspond to the region I
-4I'(V ) «M(V ) «M+ 41'(V ), where M(V )

[ I'(V')] is the mass (width) of the vector meson
[Ref. 17 used +6I'(V')]. In both experiments, the
same (pw') mass interval was used.

In Fig. 25 the UNP contributions to vector-

.' p"do/dt —(p'&")=poodo/dt (K*'b ") (37)

in the small -I; region; this relationship is seen
to be satisfied in Fig. 25 for both frames. We
stress that no relative normalization of the. two
experiments was necessary to obtain these results.
Similar studies were performed at p„„=7.0 GeV/
c (Ref. 15) and at P„~ = 5.5 GeV/&. " The former
also verified the equality (37); however, the latter,
using data obtained from two different experimen-

meson helicity-zero states are presented: The
2 p 'der/dt distributions for p'4" (closed circles)
and (ud, "(triangles) are compared to the p"do/dt
for K*06,"(open ci.rcles) as functi. ons of momen-
tum transfer. At small -t, in both frames, we
observe that

2 p 'da/dt(p'4")» g p"do/dt(&uh") .
According to (34) this implies that the 6= -1 ex-
change contribution observed in p'6" (e.g. , v ex-
change) dominates the K*'b,"reaction for small
momentum tranasfer. Thus SU(3) would predict

G J FRAME
I I I I I I I I I

HELICITY FRAME
I I I I I I I I I

io'- k

Ol

l0

C3

Ilo

I I. I I I I I I I —, I I I I, I I I

O. I 0.5 0.5 0.7 0.9 0. I 0.3 0.5 0.7 0.9

-t (GeV')
FIG. 26. p do/dt (K* 6") (0) and 2 f p der/dt (p & )+p do/dh (~& )] () as functions of momentum

transfer in the Gottfried- Jackson and helicity frames.
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I

tal techniques, required a large relative normal-
ization factor between the values of the cross sec-
tions for p'6" and K*'6".

In the large-momentum-transfer region, one
observes

p"da/dt ((od") = p"da/dt (pb, "),
which implies [see Eq. (34)] that the 6=+1 ex-
change contribution to helicity-zero states be-
comes comparable to that of the 6= -1 contribu-
tion at these larger -t values. In Fig. 26 the dis-
tributions p"da/dt (K*'&") and our extrapolated
data, s [p"da/dt(p'b")+ p"da/dt(wh")], are
compared in both frames: Essentially for aQ
values of momentum transfer, we observe that

pooda/dt (K~'s-) =-' p"da/dt (p'6")
+ a p"da/dt(ur4")

IO

0)
C3

%10-

I I I I I I I I I

holds in both frames as these considerations sug-
gest. This equality and the sum rule (35) then
predict that

p"do'/dt (K*'4")=p"da/dt (Z*'s ) . (38) IO-

If this equality were exact, it would imply that the
G= -1 (v-like) and 6=+1 (B-like) exchanges must
be +2m out of phase. Such a circumstance would
occur, for example, if weakly exchange-degener-
ate Regge poles dominated these components.

B. SU(3) predictions for K n ~K

Since there are no corresponding data for the
reaction (32) near 10 GeV/c, we use the SU(3)
sum rule (35) and the extrapolated pb ", &o&",
and K*'6,"data to predict observables for E"n
-Z*'& . The predicted da/dt for this reaction is
shown in Fig. 2V (closed circles) and compared
with the corresponding distribution for the line re-
versed reaction K'p K~'rh, ' '.

Duality arguments for a pair of line-reversal
reactions demand that the exchange of a pair of ex-
change-degenerate Regge poles produce a real
amplitude in K'p E b,"and a rotating phase
(e " t") in E"n-+~'& . Therefore, the assump-
tion of line-reversal symmetry would predict the
equality of the differential cross section for these
two processes. In fact, one observes in Fig. 27,
that the cross section of the "real" process,
K'p-K*'6" (open circles), is predicted to be
smaller than that of the "rotating" process, E"~

E*'6 . The breaking of the line--reversal sym-
metry, observed in many other reactions (see,
for instance, Ref. 22), is then excellently re-
produced by the SU(3) sum rule.

A fit to da/dt(E~ 4 ) with the sum of two ex-
ponentials

da/dt~ exp(At)+C exp(Bt)

I

O.S
I

0.5
I

0.7
I

0.9

-t(Gev }
FIG. 87. SU(3)-predicted differential cross section

do/dt (E"n E* 4 ) (). The error bars corres-
pond to an estimate of the errors of SU(3) prediction as
deduced from the errors of the extrapolations of the
quoted data onE p K* 6, 7r p p 4, and
vr p cob . The solid curve represents the fit with the
expression do/dt ~exp(At)+Cexp (Bt). The differential
cross section do. /d't (E*4 ) (0) is also shown for com-
parison (Ref. 17).

AUxp(K 6++) AUNp(Z* 6' ) (39)

Therefore the previously observed difference in
cross section is due mainly to the natural-parity-
exchange contribution:

a"do/dt(K ~04 ) &a 'da/dt(E~'b, ) .
This situation would be expected from a simple
absorbed exchange-degenerate (p,A, ) Regge model,

yields A=(26.V+1.5) GeV ' and B=(4.V+0.19)
GeV ' (the fit is shown by the solid curve in Fig.
2V). The agreement between the values and those
obtained in a similar fit to the corresponding dis-
tribution of K P -K*'b,o at 10 GeV/c (Ref. 29)
implies that the shape of da/dt (K p-K*'& ) [or
da/dt (K n -Z*'4 ), via Eq. (34e)] is well pro-
duced by SU(3).

In Fig. 2S a comparison of the total unnatural-
parity exchange contribution (a da/dt) is presented
for reactions (31) and (32). We observe that
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FIG. 29. Comparison of the SU(3)-predicted (solid

curve) and experimentally determined density matrix
elements for the reaction E n E* 4" at 5.5 GeV/c
(0) and X p-&*'6' at 10 GeV/c () in Gottfried-Jack-
son and helicity frames. The dashed bands correspond
to an estimate of the errors of the SU(3) predictions as
deduced from the errors due to interpolation of the
quoted data for &'p &* ~ ', m p- p & ', and
x p

but is contrary to what is observed in many other
line-reversal-related processes, where the cross
section of the "real" reaction is found to be larger
than that of the rotating reaction.

The results (38) and (39) imply that

o do/dt(K~'b, ")= o' do/dt(K*'b, ) (40)

in both frames. In the conventional absorption
model for w and B exchanges, o do/dt in the
Gottfried-Jackson frame cannot receive contribu-
tions from the poles themselves. Instead, contri-
butions result only from their cut correction
terms, so that (40) places a rather stringent con-
straint on the relative phases of the Regge cuts.

In Fig. 29, we use the extrapolated data for m'p
p'4'+, m'p uh", and K'p-K*'~" to predict

the density matrix elements p", p", and Re p"
for K"n K* 4 and 8 p~E*'4 .

These predictions (solid curve) are compared
with the K n K*'& data at 5.5 GeV/c (Ref. 30)
(open circles) and K p Z~'6' data at 10 GeV/c
(Ref. 29) (closed circles). The dashed bands cor-

FIG. 28. The SU(3)-predicted unnatural-'parity-
exchange contribution cr do. /dt(K jg -IV*04)(), compared
to o. do/dt (K~ 6") (0).

, respond to an estimate of the errors of the pre-
diction as deduced from the errors of the extra-
polations of the quoted data on K'p K*'S",
m'p p'4", and m'p &4". %'e observe that the
predicted values deduced using SU(3) sum rule (35)
are in excellent agreement with the reported data.

In conclusion, ~it appears that even in the pres-
ence of cut contributions, the existing do/dt and
vector-meson density matrix elements for the pro-
cesses m'p p'4, m'p ~h",K'p
E ~ K~'5, , and K p K*'4' are consistent with
SU(3) symmetry, i.e. , that these processes are
dominated by the same two sets of SU(3) octet
exchanges (6=+1 and G= -1).

XII. QUARK ADDITIVITY

Bia(as and Zalewski" obtained constraints on
the single and joint decay matrix element in double
resonance reactions using the nonrelativistic
quark model. Their predictions may be divided
into three classes A, 8, and C, differentiated by
an increasing severity of theoretical assumptions.
The "class A" relations depend only on the addit-
ivity assumption that the full scattering amplitude
is a coherent sum of single quark-quark scattering
subinteractions, and that parity is conserved for
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Class A T2,o =~2 Too

A 2 ReT = BeT

22 1
A.3 ReTo2= ~2 ReTo2

1 1A4 T„=

Class B

Class C

A. 5 ImT =2 ImT

22 1
A.6 Im To2 —~ Im To2

B.l ReT =W2ReT

B.2 ImT2o-vYrmTo2

3 ReT22 Re T22

B 4 ImT22 = ImT22

8.6 ImT22, = 0

C 1 ImT =0

C.2 ImT

C.3 ImT22 = 0

ImT22 = 0

ImT22 = 0ii

C.6 ImTo2 = 0

TABLE X. Bia1as and Zalewski quark-model rela-
tionships in transversity frames.

71' P =P'6 AT lo GeV/c

0.2
GJ FRAME

I I I I

HELICITY FRAME

be valid, so that searches for suitable frames be-
come pointless.

However, assuming dipole interactions at the
baryon vertex in the t channel, class A and class
B relations can be directly deduced, while class C
relations cannot. " The derivation of the dipole
model (DM) suggests that class A and class B
relations are expected to be valid in the t -channel
coordinate system (Gottfried-Jackson frame),
but may be only approximately satisfied in the s-
channel (helicity frame).

These quark-model relationships take on their
simplest form when expressed in terms of statis-
tical tensors" in transversity frames, as pre-
sented in Table X.

In Figs. 30 and 31, we show, as a function of
-t, the left and right sides respectively of the
class A and B relations for reaction (1) in both
frames. For reaction (2) all but four of the 12
relations are satisfied to within one standard
deviation. Of these four, three are satisfied to this
level in the Gottfried- Jackson frame and to within
two standard deviations in the helicity frame. The

1C.7 — —(T22+T2 2+Too) =0
v'6

A. I

0.0-
I I I I I I I I I I

I I I I I

each quark-quark scattering process. These class
A relations are invariant under arbitrary indepen-
dent rotations of either the vector meson or the4" coordinate system about the production plane
normal. By invoking time-reversal and charge-
conjugation invariance for free quark-quark
scattering, one can obtain the class B and class
C relations. The class B relations are invariant
under arbitrary equal rotations of the vector meson
and the 6" coordinate systems about the normal,
while class C relations have no such simple ro-
tational properties, and are thus expected to be
valid in one and only one coordinate system.

It has been noted by Bial'as and Zalewski" that
a strict interpretation in terms of free-quark
scattering leads to results at the particle level
which depend on the reference frame in which the
calculation is performed. Thus these authors were
led to consider classes B and C as independent
sets of relations which may hold in only definite
reference frames. In a relativistic treatment
of quark-quark scattering I ipkin" has shown that
neither class B nor class C should be expected to

A. 2

A.3

I lf ~0.0
0.2

I I I

I/ I i

—+
ba )-+
02

L
L

I I I . I I
I I I I I

,/

I I I I

I

I

I I I I I
I I I I I

A. 5 Y

QO
R I

I I I
I I

A.6 o.o-&-..
I

O. I 0.5 O.S O. I 0.5 0.5
-t (Gev'}

FIG. 30. Comparison of the quark-model class A

predictions with p 4" data in the transverse Gottfried-
Jackson and helicity frames.
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PEG. 31. Comparison of the quark-model class 8
predictions with p & data in the transverse Gottfried-
Jackson and helicity frames.

FIG. 32. Comparison of right- () and left- (C)) hand
sides of Eqs. (41) for the p 4 channel.

lowing three equalities result":

remaining relation, A.4, yields a difference be-
tween the left and right sides of 0.18+0.04 in both
frames.

It may be seen that the overall agreement of the
data with these relations is quite satisfactory for
both reactions. The most important deviations are
observed in the A.4 relations, which implies the
following equality:

ll 4
P =-, 033~

/ 4&

4

6

(41b)

(41c)

(4ld)

fl(1/2) ( 1/2) f 1(3/2) (1/2)/

Results for class C relations (not shown) are not
found to be simultaneously satisifed in any ref-
erence frame for either p'6" and co~".

When rotated into the usual (nontransverse)
Gottfried-Jackson or helicity frame, the first
class A prediction, (A.l), specifies a relation
between single vertex density matrix elements:

11 1 1 4 / 4
P +/ =-P33+I,, 3&

(4la, )

If the class 8 prediction is also assumed, the fol-

Both the left and right sides of these relations are
plotted for pb (&oA) data in Fig. 32 (Fig. 33). All
these conditions are reasonably well satisfied.
However, t;he class C conditions p"= 0 and p„=0
are clearly invalid.

Similar conclusions have been reported at 3.7
GeV/c, "5.0 GeV/c, "8.0GeV/c, "13.1 GeV/c ",
'and 16 GeV/c"

We have shown that the quark-additivity as-
sumptions (classes A and B) are generally well
satisfied. It should be noted, however, that any
model with cut contributions in the zero-helicity-
flip amplitudes must approximately satisfy these
quark-model constraints.
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FIG. 33. Comparisoe of right- P) and leS- Q) hand

sides of Eqs. (41) for the cod eh~l.

A. The method

The results of the analysis are most easily in-
terpreted if they are presented in terms of s-

XIH. AMPLITUDE ANALYSES OF THE REACTION

g+p ~ po Q++

The basic goal of model construction for high-
energy two-body and quasi-two-body reactions
is to understand the structure of the underlying
amplitudes. Therefore, the extraction of the
amplitudes from the data is of prime importance.

However, in the reaction m'p- p'6" (1236), the
number of observables is insufficient for a com-
plete amplitude determination, thereby necessita-
ting certain model-dependent assumptions. The
method used here, due to Irving, "makes several
assumptions which sufficiently reduce the number
of independent amplitudes so that the remaining
terms may be extracted from the data. The in-
terest of such an approach lies in its application to
a large number of reactions and in the search for
regular simple features in the model dependent
amplitudes thus obtained.

channel. helicity amplitude combinations which re-
ceive contributions from t -channel exchanges of
definite naturality. The appropriate natural- and
unnatural-parity-exchange amplitudes, N,',~,
and U~f „)labeled by the helicities of the p, I,
and proton', X, , X~, and X~, respectively, are
defined in terms of helicity amplitudes H»&, .2Xg X~

'
Each of these latter amplitudes is characterized by
a value of n = g —X~ + X~

Imposing a set of rather general assumptions and
taking into account the presence of the 8-wave' mm

system, the method proposed in Ref. 38 allows the
extraction of six P-wave U and N amplitudes. For
each -t value, we determined those parameters
from our data by a X'„fit to the 30 available mo-
ments. In each case, the overall phase was fixed
by requiring that U'„be real and positive. In Fig.
34, the moduli of the s-channel amplitudes and
their relative phases are presented.

B. Discussion

Although the statistical significance of our data
is poor, a brief discussion of the gross features
Of the amplitudes can be made.

(a) The two n=1 amplitudes, U'„and U', , , are
expected to be dominated by m exchange; therefore
their relative phase is expected to be zero, in
agreement with the results of the model-dependent
analysis.

(b) U,', has n= 0 and should be dominated by v

exchange with the possible presence of additional
cut terms. The magnitude of U,', shows the steep
falloff at sma, ll -t expected from m excharige.
However, the phase of U „is substantially dif-
ferent from zero, which is evidence for a cut
contribution.

(c) U,', is a combination of n= 0 and n= 2 helicity
amplitudes. The results indicate structure in both
the magnitude and the phase. The magnitude shows
a dip at -t =0.06 GeV', whereas the phase abruptly
shifts from near 180' to near 0' at this same -t
value. This type of structure is characteristic of
pole-cut interference and has been seen in m" p- pon at 17.2 GeV/c (Ref. 16) and v'p- p'4" (1236)
at "I.1 GeV/c. "

(d) The natural-parity exchange amplitude N'„
is a combination of n= 0 and n = 2 helicity ampli-
tudes and, as such, should show the characteristic
pole-cut interference structure discussed above.
indeed, the magnitude of N'„ is observed to have
a change of slope at -t =0.2 GeV', but no strong
structure is seen in its phase.

(e) The amplitude N', , (predicted to be zero in
the quark model) is small and the errors on both
magnitude and phase are large.

These results are in agreement with the findings
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FIG. 34. Magnitudes and phases of the unnatural- {U) and natural- {N) parity-exchange amplitudes for the reaction

7('p p 6 . The curves are described in the text. The amplitudes are normalized to the differential cross section.

of the amplitude analysis performed. with the same
model-dependent assumptions at 7.1 GeV/c. s9

It has been suggested that the phenomenology of
two-body reactions, which is apparently rather
complicated in terms of t -channel exchange, may
look very simple when viewed in terms of s-
channel dyanmics. ' For instance, if one con-
siders the impact-parameter profile of each s-
channel helicity amplitude with net helicity flip n,
it has been postulated that there exists a "univer-
sal impact parameter" criterion or "b universal-
ity" which trivially relates these profiles for
different values of n." It is interesting to note
that the additive quark model also suggests"
that the helicity amplitudes depend only on n.

To describe n-exchange reactions, Humble '
proposed a modification to the "b-universality"
hypothesis which gives an excellent quantitative
fit to them p- p'n and m p-fn data.

The results of the application of this model to
our data for reaction (1) are shown by the solid
curves in Fig 34 IUj+ I IUs+ I

a"d IUi+ I
are

found to be well described by Humble's param-

etrization. However, our statistics are insuf-
ficient to reproduce the low -t dip in

I
U'„ I,

predicted by the model. ' Similarly, one is
tempted to conclude that the structure observed
in N'„might be due to a combination of the Bessel
function 8, ' and J', I' as predicted by the dual
absorptive model ' with J, ' dominating, and no
substantial real part. "

From this model-dependent amplitude analysis,
we cobclude that our data are compatible with a
simple interpretation in terms of geometrical-
optical ideas ' and suggest a generalized factor-
ization of the type"

f&„& =r, , r, , f„(s,t),
where f„(s,t) would depend on the total helicity
transfer n and would be equal for all reactions
participating in an SU(3) relation.

XIV. CONCLUSIONS

A systematic analysis of the reactions m'p

-(p', &o)b, "(1236)yielded cross sections, dif-
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ferential cross sections, and vector-meson and
b "(1236) single and joint decay spin-density ma-
trix elements.

From these results we conclude that the reaction
v'p- p'b, "(1236) is dominated, in the small-
momentum-transfer region, by unnatural parity
exchange (presumably v exchange) contributing
to net-helicity-zero amplitudes. However, we
have noted that additional cut contributions, mainly
associated with n= 0 amplitudes, are necessary
to describe the data. At larger -t values, the
natural-parity-exchange contribution (e.g. , A,
exchange) becomes important, but this contribu-
tion also needs cut corrections. In m'p
(1236), natural- and unnatural-parity exchanges
contribute significantly over the whole -t region.
Cut contributions are also present in this re-
action.

It appears that these cut contributions, i.e. ,
the nonpole-like part of the amplitudes, seem to
have properties in common with Regge poles. In-
deed, we found that their presence does not
strongly affect the validity of SU(3) factorization
or the quark-additivity predictions, and that their
main effects seem to be concentrated in the mod-
ification of the Regge-pole phase.

Finally, we demonstrated the possibility of de-

scribing the amplitudes in terms of s-channel
dynamics with a simple factorization property.
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