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The angular distribution of muons observed deep underground (10788 ft, or 8.89)& 10' gcm standard
rock) has been measured with a 174-m' liquid scintillation detector in conjunction with 48384 neon flash
tubes. The data are fitted by a curve giving the vertical intensity of rnuons vs vertical depth ho as

I„„(ho)= A exp( —hoI/X) + I„'„"',where A = (2.26+0, 16) &(10 cm sec ' sr ', and y = (7.58+0.09)
y, 10 g cm . The constant term, representing the measured depth-independent flux of muons produced in
the surrounding rock by interactions of cosmic-ray neutrinos generated in the earth's atmosphere, has the
value I„„'=(2.23+0.20) X 10 " cm sec 'sr '. This observed flux is in fair agreement with that predicted

assuming a cosmic-ray neutrino flux which is a composite of several theoretical estimates. Thus the Aux of
muons from extraterrestrial neutrinos is (10 "cm sec 'sr '.

I. INTRODUCTION

A large-area array of liquid scintillation detec-
tors and flash tubes has been operated deep under-
ground (8.89X 10' gem

' standard rock) (from 13
December 198'I to 28 October 1971) to study the
intensity and angular distribution of cosmic-ray
muons. The depth and array configuration were
chosen to permit measurement of the transition
from the angular region where penetrating muons
produced in the earth's atmosphere predominate
(zenith angle&45'), to the region where the entire
muon flux is neutrino-induced. The familar atmo-
spheric muons and the neutrinos whose interac-
tions we observe are both components of the cos-
mic rays which reach the earth following the ca,s-
cade of interactions that occur when primary cos-
mic rays enter the earth's atmosphere. '

Our basic motivation for this study is to investi-
gate the weak interaction in the high-energy re-
gion. Measurement of the muon flux deep under-
ground provides a test of the correctness of the
theory of the v~ + v~ processes producing muons
(charge-changing v„interaction) which occur in
the rock. In addition, the atmospheric neutrino
flux represents an impor tant component of the
cosmic radiation which should be studied to com-
plete our understandIng of cosmIc rays as an ob-
served geophysical phenomenon.

Equation (1) shows the two-component nature of
the underground muon flux observed at a vertical
depth ho and at zenith angle 6. X~&'~ is the flux of
muons due to neutrinos, I{&"~ denotes the flux of

atInospheric muons, and h a,nd v denote horizontal
and vel tlcal»

I„q„8)=I(vIq. , 8).I(,"&(8),

where„assuming that the exponential form of muon
absorption extends to these depths,

I(„"'(h„8)=I(„vs(h,)j„(h„8),
= (Ae "'I"){sec8exp[(1 —sec8) h, /A]],

(»)
(1b)l(u) (8) I(~ Ij (8)

The angular distribution j„(8)for the neutrinos
(v„+v„)and the muons which they produce has
been calculated by Osborne, Said, and %olfen-
dale. ' This distribution peaks in the horizontal
direction, exhibiting a horizontal-to-vertical ratio
of approximately 2/1 when averaged over the ener-
gy spectrum (see Fig. 12). The angular distribu-
tion for atmospheric muons deep underground
[Eq. (1a)] is seen to be very different, being
strongly peaked in the vertical direction (cf.
Mlyake ). Accordingly, tile data fx'0111 our obser-
vations, analyzed by a maximum-likelihood proce-
dure, permit us to determine the intensities of
cosmic-ray muons I„"&(h)and the neutrino-pro-
duced muons l~„"&~, as well as the attenuation length
A.. The angular measurements at a vertical depth
ho= 8.89~ 10' g cm ' enable us to infer the vertical
intensity of atmospheric muons to the depth 15
x 3.0' gcm ' at which they become masked by v-
produced muons. Beyond this depth the present
observations of the neutrino-induced muon flux
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can be used to normalize the calculated angular
distribution to yield the flux of produced muons
at any depth.

As a final step in the analysis of our data, we
use the measured Qux of depth-independent muons
produced in the rock target surrounding the detec-
tor' to make deductions regardihg the cosmic-ray
neutrino flux and cross sections for the interac-
tions

(v v )+N- (p p')+N'+ ~ ~ ~ . (2)

II. THE UNDERGROUND LABORATORY SITE

In order to reduce the atmospheric muon flux so
that the neutrino-produced muons can be observed,
the apparatus was operated at a depth of 3288 me-
ters below the surface of the earth in East Rand
Proprieta. ry Mine (ERPM), near Johannesburg,
South Africa. A special tunnel was excavated at
some distance from the gold-bearing reef to ac-
commodate our detectors. Earlier experiments
of Reines et al. ' and Krishnaswamy et al.' at
lesser depths had already demonstrated the feasi-
bility of studying cosmic-ray neutrino interactions
with large-area scintillation detectors. ERPM is
a particularly suitable site for muon-flux mea-
surements for the following reasons:

1. The depth available at ERPM [(8.89+ 0.08)
x 10' gcm '] is preeminently suitable in reducing
the atmospheric muon flux to acceptable levels
relative to the flux of neutrino-produced muons.

2. The geology of the area has been studied

extensively. The rock lying over the site is
quartzitic "standard rock, " with p = 2.713+ 0.007
gcm ', Z/A =0.499+ 0.001, and Z'/A = 5.53+ 0.01.

3. The surface terrain is very flat, making it
unnecessary to estimate effective depths for indi-
vidual events from angular coordinates of particle
trajectories and surface topography. Specifically,
for muons reaching our detector throughout the
range of zenith angles 0 & 6) &45, topographical
irregularities cause an additional uncertainty in
depth of only +6000 gcm '.

III. APPARATUS

A. Scinti1lation-detector array

The scintillation-detector array (Figs. 1 and 2)
consists of 20 three-segment liquid-scintillation-
counter "bays, " aggregating 174 m' area. Eight
of the bays are arranged in a "double-rail" con-
figuration to permit comparison of results with
those of the earlier measurement by Reines e«&.'
using scintillation detectors only. The remaining
12 bays form a single "rail" to give the largest
possible detector aperture, the addition of the
ila. sh-tube layers (Fig. 2) providing the necessary
directional information for the muons. The scin-
tillation detectors provide the triggering signal
required for the flash-tube array.

A detailed description of the elements of the
scintillation-counter bay has been given by Reines
et al. ' and Crouch et a/. ' Figure 2 repeats some
of the salient features for clarity. As in the earli-
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FIG. 1. The scintillation-detector array and the angular coordinate system.
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FIG. 2. Details of the nth scintillator bay and the (3+ —1)st flash-tube module.

er experiment, pulse-height information gives
both energy deposition and position of the event to
within +0.15 m along the 5.5-m detector-element
length for single-particle events. Figure 3 shows
how the scintillation-detector array signals are
combined and analyzed to generate a trigger at
threshold energy (12 MeV for an event normal to
the side of the tank at the center of a bay, 10 MeV
for the double-rail array, reflecting a slight dif-
ference in the design). Because of the scintillator
"response function", Fig. 2, the threshold energy
is approximately doubled for muons entering the
end regions of a bay. All pulses required to gen-
erate a master trigger must arrive in a 1-p sec
time interval. Figure 4 shows the variation of
triggering probability vs energy deposited by a
muon averaged over event position. It is apparent
from these figures that a substantial fraction
(-80%) of muons which traverse the detector will
produce triggers. The underground tanks were
calibrated using a muon telescope and an identical
tank on the surface of the earth. A portable scin-
tillation detector, a 3C45 thyratron light pulser

and a "'T1 radioactive source were used as a part
of this secondary standard system to convey the
calibration information to the underground array
of tanks.

As in our earlier work, ' data are recorded pho-
tographically in analog form, to permit us to
clearly distinguish the proper scintillation-detec-
tor waveforms appearing on the cathode-ray os-
cilloscopes from those caused by spurious elec-
trical signals. Figure 5 shows the pulse-position
code used to indicate the address of a signal, to-
gether with a typical event. The pulses on traces
2 and 4 show the occurrence of the basic fourfold
coincidence A ~ B ~ C D given by the four photo-
multipliers at the ends of an individual scintilla-
tion detector. Different pulse positions are pro-
vided for signals from upper (U), middle (M), or
lower (L) segments. The bay location is deter-
mined by grouping the analog signals according to
the 4&& 5 matrix scheme shqwn in Fig. 3. Two
"locator" pulses in the display denote, respective-
ly, row and column in the matrix, thus uniquely
specifying the bay number. If more than two loca-
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tor pulses are displayed, the event is either spu-
rious (i.e. , chance near-simultaneous y-ray sig-
nals near the ends of two detector elements),
or complex in nature (i.e., a shower) and it is
possible to interpret these correctly following de-
tailed analysis, especially given complete flash-
tube system data. Spurious signals from y rays
are ordinarily too small to be consistent with a
real event involving more than one scintillation
detector, and are not accompanied by any flash-
tube system tracks, A system of three mutually
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FIG. 4. Triggering probability for the scintillation-
detector array vs energy deposition.
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FIG. 3. Logic circuits for triggering the scintillation-
detector array.

perpendicular geophones wa. s used to exclude the
relatively rare false events due to mechanical
motion associated with seismic activity.

8. Flash-tube array

A modular system of flash tubes is used to re-
cord the particle trajectories. Figures 2 and 6
show some of the details of this system. ' 56 flash
tubes in two layers enclosed in an electrode struc-
ture comprise an "element" of sensitive area 0.5
m& 2.0 m. Figure 2 shows how 18 of these ele-
ments are combined to form a "module*' giving
six horizontal layers and six vertical layers ex-
tending over a region of &- bay. A double-rail sec-
tion is identical except for the addition of a. second
scintillation rail. Two additional modules com-
plete the coverage for one bay, actually extending
slightly beyond the ends of the bay. 48 of these
modules, aggregating 48384 fla, sh tubes, comprise
the full array. Because the array fills a mine tun-
nel for a distance of more than 100 meters, the
usual photographic recording of the flash-tube dis-
charges is not readily accomplished. Consequent-
ly, as shown in Fig. 6, the flat end of each flash
tube is provided with a light sensor (a cadmium
selenide photoresistive cell) and a thyristor latch
circuit; to store and display the pattern of optical
discharges. A multiplexed readout circuit with
972 incandescent lamps and 972 current lines is
used with a three-level logic circuit to display se-
quentially the stored flash-tube information from
nine modules straddling the region where the scin-
tillation-detector signal is sensed. The nine con-
formally mapped flash-tube displays are recorded
with a 35-mm camera.

The selector signals to store the flash-tube dis-
plays in the appropriate portion of the array are
generated by an extension of the scintillation-de-
tector triggering logic described in Fig. 3. A sim-
ple decoder circuit converts the row and column
data in the 4& 5 matrix to 20 bay lines.

The flash tubes are glass tubes 2.0 m long, with
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outside diameter 1'l.5 mm, wall thickness 1.1
mm, filled with neon to a pressure of 60 mm Hg.
The "layer efficiency, " for muons incident normal-
ly on a single layer of close-packed Qash tubes is

(17.5/2) —1.1 —5
17.5/2

The quantity 17.5/2 —1.1 —5, where 5 is a small
quantity experimentally determined to be -0.125
mm, is the effective radius within which a tra-
versing muon will produce detectable ionization.
The bipolar high-voltage pulse is believed to re-
duce the effects of the built-in clearing field and

thus maximizes the layer efficiency. More im-
portant for the analysis of our data is the proba-
bility of observing a Qash in both layers of a Qash-
tube element, as the projected angle of incidence
$ (or p), Fig. 1, is varied. Figure 7 shows this
probability P, (t) calculated for our elements, to-
gether with the experimentally measured values.
At $ =90' (normal incidence), P, ($) approaches the
layer efficiency, since the inert wall regions of
two ideally aligned layers act in concert. At $

=—80, the inert wall regions of the two layers act
separately to prevent flashes in one layer or the
other, so giving a lowered efficiency P, ($). Efow-

ever, for ) S 60', it is impossible to draw a muon

trajectory through the double layer that does not.

pass through the sensitive region of one or more
flash tubes on each side, whereupon Ps(g) =1.0.
It is seen that experimentally measured values of
P,($) are in fair agreement with expected values,
though it is significant that the measured values
tend to be systematically low.

Despite the la.rge number of flash tubes used,
and the placement of them in the optimum posi-
tions to observe the generally horizontal muon
tracks of principal interest, the planes of flash
tubes still contain numerous gaps which lead to
missed tracks in the horizontal and/or vertical
flash-tube planes (see Appendix B). As a result
one or both of the stereoscopic views of the track
are missing for some events, making it impossi-
ble to determine the muon's zenith angle. Several
interesting events in this category with incomplete



data on the muon trajectory have such a complex
nature that it is impossible to reconstruct the
event in detail. Fortunately it is possible to cal-
culate the aperture of the array for muons in all
ranges of zenith angle, including those mhich miss
part or all of the Gash-tube array. Thus the vari-
ous cia,sses of observed ra.tes (six in all) can be
compared with corresponding expected rates to
determine the parameters', a, and I&~"i in Eq. (1).

It should be noted that inspection of the flash-
tube data reveals somewhat more frequent events
with incomplete tracks than would be expected
from the calculated aperture and efficiency values.
From a study of the behavior of the likelihood
function it appears reasonable to explain this by
an "excess inefficiency" (-16%%uo) which accommo-
dates periods when portions of the large'and com-
plex flash-tube array mere inoperative and even
brief periods when problems such as high humidi-
ty have caused the entire system to fail." As de-
scribed in Appendix A it is possible to correct the
calculated differential array apertures to take ac-
count of the effect of this moderate excess ineffi-
ciency.

these two components. " A maximum-likelihood
calculation applied to these data together mith
other classes of data for which the flash-tube ar-
ray gives incomplete information on the muon's
path, permits us to determine the parameters
I~"&~ (h), X, and I~"~ which quantitatively character-
ize these two components. The angular distribu-
tion I~„"'(8)for neutrino-produced muons assumed
in these calculations is that given by Osborne,
Said, and %olfendale' for 10-GeV neutrinos. How-
ever, as shown in Heines et al. ' the result is in-
sensitive to the assumed form over the range of
angular distributions given by Osborne et al. for
various values of neutrino energy.

For n categories of events, the likelihood that
the observed numbers of events will be X„E„.. . , Ã„,when C„C„.. . , C„arethe expected
numbers of events, is given by the Poisson ex-
pression

n C N~e-cg
L =II

IV. ANALYSIS OF THE MUON-FLUX DATA
C; =t; Ip(ho, 8) 'd8.

e=o
(4)

As noted in the introduction, the muon flux we
observe consists of tmo very distinctly different
components. Muons from neutrino interactions in
the rock surrounding the detector arxay are peaked
in the horizontal direction. The atmospheric mu-
ons which penetrate the earth to our depth are very
sharply peaked in the vertical direction. The his-
togram of Fig. 8, which shows the observed angu-
lar distribution of muons studied with our flash-
tube array, clearly demonstrates the presence of

Here f, is the sensitive time, I&(h0, 8) is the com-
posite muon intensity given in detail in Eq. (1),
and dA,./d8 are the differential apertures for the
array in cm sr 'rad '. The latter are discussed
in Appendix A, together with analytic calculations
of the corrections for "excess inefficiency. " Us-
ing standard statistical techniques, '2 an iterative
computer program is used to search for the con-
dition that this Poisson likelihood function has its
maximum value, whereupon the parameters sought
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FIG. 8. Observed and expected numbers of counts vs zenith angle for events in which zenith angle is determined.
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TABLE I. Results of maximum-likelihood calculation.

= (2.26 +0.16) x10 cm sec sr
= (7.58+ 0.09) x10 g cm

I[~i=(1.82 +0.13) &&10 cm sec sr
P

I„)=(2.23 +0.20) x10-13 cm-2 sec-1 sr-1

I„=(459+0 42) x10 cm sec sr

Zenith angle 0 (deg) Observed counts N; Expected counts C,

10-15
15-20
20-25
25-30
30-35
35-40
40 45
45-50
50-55
55-60
60-65
65-70
70-75
75-80
80-85
85-90

Total

3.2
14.0
11.9
17.7
18.8
10.1
11.4
8.6
8.4
9.2
7 ' 8

15 ~ 1
13~ 3
13.1
15.0
22.9

200.5

3.9
10.7
18.3
20.0
16.6
11.9
8.3
7.1
7.6
8.8

10.4
12.0
13.8
15.6
17.8
19.6

202.4

Projected zenith angle only
Azimuth angle only
No track in flash-tube data
IVA (U and M, or M and L)
IVB (U and M and L)

Total

Event grand total

41
38

107
51
12

249

449.5

40.7
50.9
89.5
53.6
12.2

246.9

449.3

Includes +0.970 uncertainty in depth.
b Events furnishing scintillator signal only.

and their standard deviations are determined.
Table I and Figs. 8 and 9 give the results of the
maximum-likelihood calculation and show the val-
ues of C, and N, , the expected and observed num-
bers of events, in the various data categories.

Figure 9 indicates the depth (1.3x10' gcm ',
standard rock) at which the vertical flux of muons
from the atmosphere equals that of muons from
the interaction of atmospherically produced neu-
trinos. Beyond this "ultimate" depth, neutrino-
produced muons predominate at all angles so that
measurements of the muon depth-intensity curve
cannot be used to deduce the atmospheric muon
spectrum for muon energies~ 4x 10' GeV."

It is worth remarking that the likelihood function
when 16% excess-inefficiency correction is as-
sumed, is greater than that for the uncorrected
data by a factor of over 5000.

V. THE FLUX OF COSMIC-RAY NEUTRINOS

We next consider the interrelationship of the ob-
served horizontal neutrino-induced component of
the muon Qux I„'&with the interaction cross sec-
tions, the size of target, and the neutrino, anti-
neutrino flux. Equation (5) details this relation-
ship:

Ii„"„~= [I„,(E,)o„(E„)+ I„„(E„)o„(E,)]—-
x N„R(kE„)dE„g. (5)

(a) I„„,I„„arethe horizontal —fluxes of neutrinos
and antineutrinos, which are functions of the neu-
trino, antineutrino energy E„.Figure 10 shows
assumed values for these fluxes. For the energy
range 0.1 GeV (threshold energy) ~ E, ~ 10 GeV,
calculations of Young" made for latitude 26 S, the
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location of Johannesburg, are used. For the range
10 & E, ~ 1000 GeV, the v+ v flux calculated by
Osborne, Said, and Wolfendale' is used, combined
with the v/v ratios given by Pal." For the range

1000 GeV&E, & 10 TeV an extrapolation of the
flux values is made which approximately maintains
the same rate of steepening of the spectra. Since
the contribution in this range is small, the results
are relatively insensitive to the precise form of
the extrapolation.

(b) c„,v—„arethe total charged-current inter-
action cross sections for muon neutrinos and anti-
neutrinos. Over the energy range E, &60 GeV, the
cross sections used are o, =0.61E„x10 "cm'/
nucleon and cr—„=0.29E„x10 "cm'//nucleon, where
E, is the neutrino, antineutrino energy in GeV."
Over the range 2.5&E„&10 GeV the cross sections
used are o„=0.74E„x10 "cmx/nucleon and a—

„

=0.28E„x10 "cm'/nucleon. Between the thres-
hold energy 0.1 GeV and 2.5 GeV, these expres-
sions are modified to represent the cross section
in this region as described by Chen et al." Be-
tween 10 and 60 GeV, we used a smooth transition-
al curve matching the two sets of measured val-
ues.

(c) The factor iV„(Avo gadr o's number) gives
the number of target nucleons per gram of rock.

(d) R(kE, ) is the range of the Product muon in
the rock, in units of g cm ' where k represents
the fraction of the neutrino energy E, imparted to
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Energy
ran. ge (Ge V)

Contributions to
If~,', using Eq. (5)

(units of 10 3 sec cm sr ~)

0.1 to 1
1 to 10

10 to 100
100 to 1000

1000 to 104

Total expected flux
for range

0.1 «E «10

0.5
2.0
2.4
1.8
0.8
7.5 &10 '3

TABLE II. Expected neutrino-induced muon flux in the
horizontal direction, calculated from Eq. (5). The ob-
served neutrino-induced muon flux in the horizontal di-
rection is Ih = (4.59 + 0.42) &&10 cm sec sr

appears to be approximately equal to the expected
value, "the limit on the muon flux due to neutrinos
of extraterrestrial origin is taken to be 20% of the
observed horizontal muon lux or & 10 "
cm 'sec 'sr ' for a neutrino spectrum of the same
shape as the atmospheric neutrino spectrum. '"

Further evidence for the predominantly atmo-
spheric origin of the observed flux is the generally
uniform distribution of events in celestial coordi-
nates. There is also no directional correlation of
events coming from the sun or to local standard
time. Several events with very high energy depo-
sition in the scintillation detectors (400-500 MeV)
were observed. In each case the flash-tube sys-
tem indicated that the event consisted of a shower
of many particles, so ruling out their interpreta-
tion in terms of magnetic monopoles.

the muon. The range-energy curve of Menon and
Ramana Murthy for muons in standard rock is
used. " Data from accelerators determine k val-
ues" for energies from 30-200 GeV. For v„,
k=0.53; for v, k=0.68.

Electrons contribute only about 4%%uo to the calcu-
lated rate, primarily because the range of the
electron is so much less than the muon range in
the energy interval of interest.

Table II shows the results of the evaluation of
the integral in Eq. (5). The integral is evaluated
to an upper limit of E, = 10' GeV, beyond which the
flux and cross-section values are not well known
but where the contribution to the integral is small, .
Chen et al."assumed saturation of the cross sec-
tion in the high-energy region via a "propagator"
with a range of boson-mass values from M~ = 1.8
Gev/c' to a limit of 1000 GeV/c' at which negligi-
ble saturation occurs. The present experimental
lower limit on the boson mass obtained with accel-
erators" is 30 GeV/c', a number to be compared
with a. theoretically" expected 70 GeV/c'. An as-
sumed M~ of 70 GeV/c' would lower cross sec-
tions at E„=10' GeV by about 25%, but would make
a relatively small correction to the value of the
integral given in Table II.

We conclude that there is fair agreement be-
tween the total observed and expected neutrino-
induced muon flux (Table II), i.e.,
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APPENDIX A

CALCULATION OF DETECTOR APERTURES

A computer code has been developed which, al-
though reminiscent of the numerical calculation of
Meyer et al. , ' is considerably more general in
scope, to accommodate the flash-tube system.

Differential apertures dA, .&,/de, for scintilla-
tion-detector classification i, and flash-tube
cia"sification j, k are defined as

I„"„(predicted)
1 5 0 4

I~&"& (observed) E f j Q Qjy S IFS p (Al)

The uncertainty arises from the neutrino fluxes
$30%%uo for 0.1 & E & 10 GeV, with somewhat less im-
precise values for E & 10 GeV), extrapolation of
the cross sections beyond the measured region
(i.e., &200 GeV) and in the range of the product
muon.

Since the observed neutrino-induced muon flux

where ds is an element of detector surface area
and e, .»(~, s) d&u ds is the probability that a
muon in der striking ds produces an event of type
i;j, k. The index i denotes the various types of
scintillation-detector signals, similar to those
described by Meyer et al."" The indices j, k
represent the 16 possible combinations of vertical
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TABLE III. Combinations of vertical and horizontal flash-tube signals with corresponding
information on particle trajectory. 9 is zenith angle, ( is projected zenith angle, and y is
azimuth angle.

Vertical
flash
tubes

zontal flash tubes
j=]. 2 3

U Gap in horizontal flash-tube array

P
'y

Gap ln

vertical
flash-
tube

array

(No track)

and horizontal flash-tube elements which could be
struck, as detailed in Table III.

Table III shows how nine combinations of the in-
dices permit determination of the zenith angle &,
while the gaps in the system produce six combina-
tions giving only partial information on the particle
trajectory, as well as one combination giving no
track infox mation at all. In analyzing the combina-
tions of flash-tube signals in this manner, there
is an implicit summation over another index de-
noting the three vertical and three horizontal
planes of flash tubes in a module (e.g. , n in Table
III denotes n„n„n,).

To approximate the evaluation of dA, . , „/d6,
an average triggering efficiency (e, (8, p)) is calcu-
lated precisely. In this geometrical calculation,
the effects of trajectories which clip the corners
of the scintillators formed by the top and sides
and the bottom and sides a,re included, although
a similax small effect at the ends is neglected.

Effective regions for triggering the scintillation
detector are then constructed by overlaying the
projected areas of individual detectors appropri-
a'tely welgilted by 'the efflclellcy (f. I (8, g}). Fol'
events involving two or more seintillators, ac-
count is taken of the fact that the effective thres-
hold for observing pulses on the oscilloscope dis-
play is slightly lower than the trigger threshold.
Accordingly, an additional overlay of the geome-
txical areas with an 8-MeV threshold is used for
these events. Finally, the effective area of each
flash-tube element is projected upon the effective
scintillator regions to produce the differential
apertures dA&. &,/d8. Included as a weighting fac-
tor in this calculation is the flash-tube detection
efficiency P, (g) shown in Fig. V. Thus the mini-
mum requirement for recognizing a track projec-
tion is a scintillation-detector signal together with
a display from at least two contiguous flash tubes
in the two layers of an element. Figure Il(a) and

ll(b) show various categories of differential aper-
tures calculated in this way.

In order to verify the correctness of the com-
plex and lengthy numerical calculations described
above, an analytical analysis has been carried
out" using linear combinations of the double-rail
geometry formula [Eel. (A2)] of Jenkins, "which is
based on a method due to Miyake. "

=4mb sin'0 1-

—sin6 eos8 eos ' (A2)

a = height of rectangular detectors,
5 = length of rectangular detectors (b»a, c),
c = (horizontal} distance between

the two detectors.
For c 0 (single-rail case),

dA—=4ab sin 8.
d6

The coefficients giving the sevexal classes of
apertures in terms of the dimensions of the
plane(s) of scintillation detectors and the multi-
layer sandwich of flash tubes a.re determined by
Boolean logic analysis. In these calculations the
effect of the checkerboard pattern of gaps in the
several detector planes is taken account of by an

absol'ptloll coefflclent (Q~ ol' QFI = sellsl'tive
area/total rail area). This "checkerboard approx-
imation" is seen to be tantamount to replacing
the regular, fine-grained pattern of gaps which
cause a, and a to be &'1, with a random pattern.
Figure 11 shows the good agreement between the
precise numerical calculation and the simplex
analytical method. The latter smoothes out the
fine structure caused by the xegular pattern of
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FIG. 11. Differential apertures (a) for single-rail bay detectors and (b) for douhle-rail bay detectors.

gaps, so that, in fact, the differences are qualita-
tively just as expected. The systematic differen-
ces in the region 60 & I9 &90'reflect the fact that
no flash-tube-efficiency correction has been made
for the analytical calculations.

As noted earlier, based on operating experience
as well as from a consideration of the data, moni-
toring of the equipment does not account for all of
the ineffieiencies in various sections of the flash-
tube system. To evaluate exactly the effect of
varying amounts of "excess inefficiency" on the
apertures requires an excessive computational ef-
fort. However, for a relatively small excess in-
efficiency, it is possible to calculate the effect
on the apertures using the analytic appxoach. In
this approach we calculate the derivatives with
respect to the absorption coefficient a~ for the
Gash-tube array which describe the decrease in
system aperture for determining the zenith angle
of muons, and the corresponding increase in aper-
tures for events which give at most partial data on
muon trajectories. Thus apertures are corrected
using an expression of the form

~ V)

~ V)
UJ

zz
UJ g~ u)
UJ Z
U UJ
U

C3 ~
U

cn
UJ

V) Q
UJ ~
I- K

UJ
Cl

I I I I I I I I I
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, AZ"'

AZ(2)

exact
&++. i(s)

aFT
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Figure 12 shows the correction factors F,~& (&)

FEG. 12. Derivatives of differential apertures. (1) and
(2) refer to single- and double-rail sections, respec-
tively.
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APPENDIX 8. DESCRIPTION OF REPRESENTATIVE
EVENTS

Figure 13 shows three representative events
(not simultaneous), superimposed on a single fig-
ure which shows the outlines of the detectors over
a two-module region.

Event 131 has a zenith angle of 34"~ 5, so that
it is probably a pentrating cosauc-ray muon. This
event is somewhat unusual in that it has a "vertex"
in the air space of the tunnel. The vertex angle is
20.0, so that if track 2 is a knock-on electron
its energy is 7.7 MeV, which is not inconsistent
with the -10-MeV energy loss detected in the glass
and aluminim Gash-tube structure. The event
position as determined from the scintillation-de-
tector signals appears as an error bar in the xy
plane, and the Qash-tube signals appear as dots.
The energy deposition in the scintillation detector
is consistent with the oblique muon trajectory in
the sensitive volume. The relatively small num-
ber of Qash-tube signals is typical of events with
small zenith angles.

Event 61, with two tracks having zenith angles
of 68 and 84, is clearly a neutrino-induced inter-
action. This is also an unusual event, with a ver-
tex located at a distance of 0.27+ 0.15 m inside the
concrete lining of the tunnel. Had the vertex been
deeper inside the rock it could have been an exam-
ple of production of a W boson which decayed into
a second muon. However, the event as recon-
structed is probably an inelastic neutrino interac-
tion. The absence of some Qash-tube signals i.n

the plan view of track 1 may indicate a particle
which did not pentrate the full width of the tunnel,

or it may indicate localized flash-tube inefficiency.
Event 443, with zenith angle of 41 + 2, is a sin-

gle-particle event whose direction corresponds to
the range where it is about equally likely to be a
penetrating cosmic-ray muon or a neutrino-in-
duced muon.

These events demonstrate the incomplete na-
ture of trajectory data due- to detector inefficiency
which is partly geometrical and in certain cases
partly physical.

Figure 14 shows the most complex event which
was found to be amenable to detailed analysis. It
is an interaction at the tunnel wall of an upward-
going neutrino, which produces a large-angle
shower of charged particles. Six or seven such
particles, apparently aggregating a considerable
transverse momentum, can be clearly determined
to traverse a full scintillation-detector bay. For
the analysis, scintillation-detector information,
cluster patterns of Gash-tube signals, and even
likely gap effects are considered, though the latter
must be invoked with extreme caution. The three
dashed track fragments are somewhat speculative.
The scintillation signal in the middle segment at
an apparent distance 2.6 m from the end is seen
to be caused by tracks 2 and 3 at distances of 2.0
m and 3.8 m.

In Figures 13 and 14 a few single Qashes axe
suppressed for clarity. An average of five single
flashes per module per event are observed, pre-
sumed due to background radioactivity. These
stray Qashes help to confirm during routine opera-
tion that the flash-tube pulsing and readout system
is functioning correctly.
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