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We make a general study of the existence of a Melosh-type transformation in interacting quark field
theories quantized on the null plane. Following Carlitz and Tung this transformation is required to
decompose the total angular momentum operators of these theories into mutually commuting orbital angular
momentum and spin parts. This allows the identification of a U(6) X U(6) X O(3) classification group in these
theories. It is shown that the requirement of commutativity between the generators of the U(6) X U(6)
subgroup and the three momentum operators P ™, pt generating translations on the null plane, when
combined with the spin properties of the former, automatically assures the exact conservation of the entire
U(6) X U(6) algebra in a Poincaré-invariant theory. A part of this transformation which is bilinear in the
quark field is shown to exist in these theories. This part commutes with the operators P * and P! showing
that the breaking of U(6) X U(6) symmetry can take place only through the quark pair terms appearing in the

transformation.

I. INTRODUCTION

The evidence in favor of a broken SU(6) X O(3)
symmetry among the physical hadrons is impres-
sive.! However the construction of such an algebra
in realistic field-theoretical models is not straight-
forward and was not carried out until recently.

The first example of this algebra was given by
Melosh? in the free quark-field theory. He, in
fact, demonstrated in this theory the existence of
a bigger group, namely, U(6) X U(6) X O(3), which
can provide the basis for the quark-model class-
ification scheme for the hadrons.® Recently, Carl-
itz and Tung* have used a semirelativistic ap-
proximation scheme towards constructing a Mel-
osh-type transformation in the presence of inter-
actions among quarks. They have explicitly con-
sidered a Yukawa-type interaction and given a
transformation up to the second order in the in-
verse power of the quark mass m. The purpose
of the present paper is to generalize their con-
siderations to higher orders in m™' as well as to
other interactions.

Theories quantized on the null plane® form a
natural framework for the description of hadronic
symmetries and have been extensively used in re-
cent years because of the numerous theoretical
and phenomenological advantages they offer.®’
Certain components of the physical weak and elec-
tromagnetic currents in these theories have simple
forms in terms of the canonical field g, (x) —known
as the current quark field —of the theory. The
charges obtained by intergrating the local currents
formed out of the fields ¢,(x) on the null plane gen-
erate the lightlike analog of the SU, (6) algebra of
Lipkin and Meshkov.? Unfortunately the compli-
cated form of the angular momentum generators in
these theories makes this SU,(6)-currents group
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unsuitable as a classification group for hadrons.
In fact in these theories the total angular momen-
tum generators J'*? apart from having an in-
volved dependence on dynamics, fail to possess
the separation into mutually commuting orbital
and spin angular momenta. These properties of
the angular momentum generators, arising from
the choice of the restricted Dirac field ¢,(x) as a
canonical field of the theory, are responsible for
the bad spin properties of the SU,(6) generators.
However, the angular momentum operators of the
free quark theory can be decomposed*® into the
orbital and spin parts by expressing them in terms
of a nonlocal field ¢, (x) =V, .4, (x) V3., where
Viree is the transformation constructed by Melosh.?
Consequently the generators of the SU,(6) group,
defined in terms of the constituent quark field
¢,(x), have the right spin properties and so

can be used to classify the physical hadronic
states.

Attempts to generalize this transformation to
theories with interacting quarks have been made
both in first-'° as well as second-quantized
theoreis.*!! In general the complex forms of
the angular momentum generators J!*2 and of
the Hamiltonian in the null-plane-quantized theo-
ries have made it almost impossible to construct
the transformation exactly. However, in the limit-
ing case of the quark mass tending to infinity,
these operators develop simple forms and the
transformation becomes unnecessary.* This is
quite analogous to the situation encountered in
the construction of the Foldy-Wouthuysen trans-
formation in the presence of interactions.!® This
analogy led Bell and Ruegg,'® and Carlitz and
Tung* to construct an approximate transformation
V by expanding it in the inverse powers of the
quark mass'? m. The former authors have con-
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centrated on bringing out symmetries of the Ham-
iltonian while the latter have used this approxi-
mation to “diagonalize” the angular momentum
generators. Carlitz and Tung chose a Yukawa-type
interaction between quarks and a scalar field for
the actual construction of the transformation. A
similar thing can be done for the other interac-
tions as well, since the basic philosopy behind the
approach—namely, the appearance of an exact
SU,(6) symmetry in the limit m -~ —is a model-
independent aspect.* However, it is not a priori
obvious that the transformation V will exist for other
interactions; nor is it clear that the transformation
which decomposes J*+2 into the desired form will pos-
sess other properties required to assure the existence
of a well-defined U(6) x U(6) algebra.®*®!* These
properties include the commutativity of the gen-
erators of the U(6) x U(6) group with the three
momentum generators P* and P* that generate
translations in the null plane,® and with the third
component J* of the angular momentum operators
J. In what follows we investigate the question of
the existence of a transformation which solves the
angular conditions?® in interacting quark theories
without scrificing any of these properties.

Section II contains a discussion of the consequen-
ces that follow from the imposition of the above-
mentioned kinematical constraints on the genera-
tors of the U(6) X U(6) symmetry group. More
specifically we show there that the exact con-
servation of the generators of the U(6) x U(6)
group follows in a Poincaré-invariant theory once
they satisfy the angular conditions and commute
with the three momentum operators. Possible con-
sequences of this result are also discussed in
the same section. In Secs. III and IV we investi-
gate the nature of the transformation V=e'Y in
interacting quark field theories using the semi-
relativistic approximation scheme of Bell, Ruegg,
Carlitz, and Tung. In general the operator Y is
found to contain® terms bilinear in the quark fields
as well as the multilinear terms which are re-
sponsible for producing quark pairs inside the
hadrons. In Sec. III we formulate the sufficiency
condition for the existence of a P*, Pt conserving
bilinear part of Y to all orders in m™!. These
conditions are highly nontrivial but, as we show
in Sec. IV, they can always be satisfied in any
rotationally invariant theory. This section also
contains a discussion on the expected solution for
the multilinear part of ¥. The existence of this
part of Y to the lowest order is demonstrared in
the Appendix. Rotational invariance plays an in-
strumental role in assuring the existence of V.

As illustrated in the concluding section, V fails
to exist in a model containing second-quantized
quarks interacting with the external vector-gluon

field because of the lack of rotational invariance
in this particular theory. Expressions are also
given in Sec. V for the transformation to order

0 (m™?) in fully second-quantized vector-gluon theo-
ry and a comparison with the scalar-gluon—

model transformation of Carlitz and Tung is made.

II. CONSTRAINTS ON THE U(6) X U(6) ALGEBRA

The generators of the group U(6) X U(6) x O(3)
X O(3) syrrents | t0 be distinguished® from the class-
ification group U(6) X U(6) X O(3),;,0,,] have the
following form in terms of the current quark
fields ¢, (x),

'a 1 + a
Fi=o [ @xd(c)gt(x)Teg, () , (2.1a)

Fe= ‘/—_—;fd“xﬁ(x*)qi(x)l“?.i(n)q,(x)
(¢=0,...,8;a=0,...,3), (2.1b)

Li= _Leld fd"x 8(x* g} (x)

2 2
i (M "81. ) i i ,]
x[x (—————-—Zn x'n -x"187| q,(x)

+He. +J}

=L} +dh (6,j=1,2;€'%= —e®=1), (2.1¢)

L3=V2 fd“xb(x*)qf,(x)(i”x"iaj +30%q, (%) + I3

=L3+J3, (2.1a)
where
Te=x, fora=0

=Bo"}-§- for a=1,2

by
= 3—51 for a=3

and X,=2. Moreover, €(n)=1n/|n | is an integral
operator like 7™ *° while 7 and 8’ are derivatives
with respect to the variables x~ [x*=(x°+x%)/V2 ]
and x?; Jg is the contribution of the fields other
than quark fields to the total angular momentum.'®
These fields are assumed to be singlets under the
group U(6) X U(6)yrrents - The operator L, rep-
resents the quark orbital angular momentum.

The operator L? has a simple relationship with
the third component of the total angular momen -

tum
L3=J°_F3 (2.2)

while L™? are not related simply to J**2 owing to
the dependence of the latter on the bad component
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g.(x) of the Dirac field g(x) (g, (x) =3 (1z a®)q(x)).
In the free quark model L!'? can be related to J'**
by rotating the spin basis of the quarks?®*:

Vireo I Vipeo =Lt +S* (i=1,2), (2.3)

where S!= F! describes the transverse compo-
nents of the quark spin operator.* In general the
interactions between the quarks modify the form of
the angular momentum generators*® and a mere
rotationof the quark spin does not bring J*2 into
a form similar to that in Eq. (2.3). Carlitz and
Tung* have proposed an interaction-dependent
transformation V which, apart from rotating the
quark spin, brings J''? into the desired form.
Such a V enables one to define in any theory the
U(6) x U(6) x O(3) algebra through the rela-
tions

strong

(We, W)= V(Fs, F)v, (2.42)

Lw=vLv? (2.4b)
where V is a solution of the equation

Vigh2y=Lh2, 802 (2.4c)

These generators W3, W: (to be called W charges)
satisfy the angular conditions if V ¢commutes with
J3. In addition, if they commute with the null-
plane three-momenta P*, Pt , then every irreduc-
ible basis of the U(6) X U(6) algebra has a definite
spin and three-momentum so that it can be taken
as a meaningful classification algebra.

The transformation V,_,, of Eq. (2.3) satisfies
all these requirements. Furthermore the U(6)
X U(6)g¢r0ng 2lgebra is exactly conserved in this
theory. The latter property may seem to be a
peculiar feature of the free quark theory where
the Hamiltonian is free of ¥ matrices and even
the algebra U(6) X U(6) . ents iS conserved.® These
simplifications not being present in general, the
difference in the forms of the Hamiltonian and
J2 would lead one to expect the breakdown of
U(6) X U(6) 44500 Symmetry at some stage.* How-
ever, it turns out that, irrespective of the form
of the operators J''? and P, the assumed com-
mutativity of the W charges with the three mo-
mentum operators P* and P implies the conser-
vation of the former in a Poincaré-invariant
theory.

Crucial for proving the last statement is the fact
that the operators P* and Pt keep the null plane
x* =0 invariant and thus have interaction-indepen-
dent forms

PV [ dhoet) dwiof g 0+ Py, (2.5)

where P% denotes the three momentum operators
of the other fields and ¢=+,1,2. The Poincaré

algebra, together with the Eq. (2.1c), implies the
following relations when use is made of the can-
onical anticommutation relations of the quark
fields q,(x)*:

[Pj’Li]= €”(P-troo

[P/, S']=0 (i,j=1,2).

-P%), (2.6a)
(2.6b)

ol -

Here

Pires = ‘/_ﬁxf’(x’)m {(W—;:*Z—)}q.(xhﬂ,,

where Py denotes the contribution of the fields
other than the quark fields.

The Wcharges, unlike the F charges of Eqgs.
(2.1a), (2.1b) do not commute with the operators
P° un less V'P°V is invariant under U(6) X U(6)
x U(6) Thus if

currents *
VPP V= Py B (2.7)

then the necessary and sufficient condition for the
commutativity of the W charges with the opera-
tors F° is

[Be,F5)=[ £, Fs]=0 (2.8)

4
(c=+,1,2; a=0,...,3; @=0,...,8).

The commutator of Eq. (2.4c) with the momentum
generators P’ leads to the following equation when
use is made of the Poincaré algebra and Eqs.

(2.6) and (2.8):

VP V=P, + P+ \/L_z SAIAN 2
+ —\/%— €[S, B, (2.9)

It follows by virtue of the invariance of the right-
hand side of Eq. (2.9) under U(6) X U(6),y rents

that the generators of the U(6) X U(6),,_,, group
commute with the full Hamiltonian P~ provided
they also commute with the three momentum
generators P* and PL® This peculiar feature,
which is a consequence, among other things, of
the nonlocality of the Wcharges, is absent in the
case of local charges since the latter automatically
commute with the kinematical components of

the four momentum operators®'® irrespective of
their conservation properties. If U(6) X U(6),,0n¢
symmetry is to break down at some stage* then,
as implied by this result, its generators will fail
to commute with the operators P* or/and PL. In
particular, the commutativity of W charges with
the operator P* is essential to assure their vacu-
um annihilation properties.®*® Consequently the
simultaneous breakdown of the commutativity of
the W charges with the operator P* and the Ham-
iltonian would result in the vacuum-breaking



2108 ANJAN S. JOSHIPURA 18

effects of the same order of magnitude as the ex-
plicit violation of U(6) X U(6) symmetry. This can
make the Wcharges as bad as their timelike
counterparts. In fact, it is in order to avoid
vacuum-breaking effects associated with the time-
like charges'’ that one uses lightlike charges,®

or equivalently goes to the infinite-momentum
frame.'® It is interesting to note that the gen-
erators of the SU(6),..,., subgroup of the U(6)

X U(6) 44 pone Eroup may still commute with P* and
P* evenwhen SUW6) gt rong Symmetry is broken. As
evident from Eq. (2.9), this can happen only if the
bilocal charges F¢ of Eq. (2.1) fail to commute
with the three momentum operators. In practice,
this commutativity will depend upon the nature'®
of the solution V of Eq. (2.4c). In view of these
results it becomes necessary to investigate the
detailed nature of the transformation V to which
we now turn.

III. INTERACTING QUARK FIELD THEORIES

We consider in this section interacting quark
field theories quantized on the null plane x*=0.
The existence of such theories and their equi-
valence to field theories quantized on a spacelike
surface have been demonstrated by Kogut and
Soper?® and by Chang et al.** Specifically they con-
sidered nonderivative interactions between ferm-
ions and scalar or vector bosons. Tomboulis
carried out the quantization of non-Abelian gauge
theories® which were later shown by Casher?
to be equivalent to corresponding theories quan-
tized on a spacelike surface. We do not restrict
ourselves to any of these theories but consider
instead a general form for the rotational genera-
tors valid in all the above-mentioned theories®*

= /d"x 8(x*)gl ()T (x)q, (%) +J Epromn +J 5,

(3.1a)

where
I(x7, %4, 07, Blx)) =8 (x)
= —e¥mxi py +mx?pT +xi p;

-xin+mz! +3))
(4,7=1,2). (3.1b)

Here the operators pg, , are functions of the de-
rivatives 7, 8 of the good Dirac matrices® of the
integral operators like 7" and of the mediating
fields [which we collectively denote as the gluon
field B(x)]. They are related to the Hamiltonian
P~ through the equation

P=VT [ato(x") gL i) mpy +mp; +p3)q., ()

+P;'*'Ij-CJOuh'.u-nb . (31C)

The operators E{'z receive contribution from the
spin parts of the generators J'*2, They have the
same type of functional dependence as p; , .. The
terms J & 1om 20d Poouiomy are quartic inthe quark
fields and appear only if the gluon field is vec-

tor in character.?*' The operators J} and P}
denote the angular momentum generators and the
Hamiltonian of the gluon field, respectively. The
former has a general form

Ty= et [dxs(c){x! [ Pylx) - Py0)

+x"PLx)+£i(x)}, (3.1d)

where P*(x), % (x), respectively, denote the four-
meomentum density and the “spin density” ex
pressed in terms of the canonically independent
components of the gouon field.

The operators J'2 depend upon the time deriva-
tives as well as upon the bad (noncanonical)
fields of the theory. In the above-mentioned theo-
ries it is possible to express the bad field at any
value of x* in terms of the good fields at the same
x*.19120 The use of these constraint equations leads
one to the form (3.1) for J*'2, The most important
feature of this form is the model independence of
the terms p; and {. They have the same form
as in the free quark model, namely,

pr=znt Bi=zivint. (3.2)

The operatorsJ*? are tobebrought into the form of
Eq. (2.4c¢) by a unitary transformation V, for which
we write an asymptotic expansion®

v=el¥, Y= mTy,. (3.3)

n=1

The operator Y can be written as
Y= fa o)) (3.4)

The form of #(x) is restricted by various con-
straints on V. In particular its dependence on
(x™,%") can come only through its dependence on
the canonical fields occurring in it if ¥ is to com-
mute with the operators P* and P*.°® This property
of Y is sufficient to guarantee the commutativity
of the W charges with P* and P*. In what follows
we impose these conditions onthe bilinear part
of Y from the outset and investigate its existence.
As suggested by Carlitz and Tung,* the solution
to Eq. (2.4¢c) —if it exists—can be determined re-
cursively by making use of the expansion (3.3).
To any particular order n, one encounters the
commutator of the unknown operator Y, with
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gi=_1e¥ fd“xé (x*) gt x)x'nq, (x)

(iyj =1’2) ’

experssed in terms of the known quantities contain-
ing, in general, terms bilinear as well as multi-
linear in the quark field ¢,(x). Owing to the inter-
action independence of ! the commutator
[iY,,9%] contains the same number of quark fields
as contained in Y, itself; thus solutions con-
taining different numbers of quark pairs can be
treated separately. For the moment let us con-

centrate on the bilinear terms for which we write

3,,(x)= V2 ¢l (x)0g, (x) . (3.5a)

The operator O can be separated into a free part
and an interaction-dependent part, each of which
can be expanded in powers of m™':

0= Opree(n,m, [0, )+ 0, (%)

0

= -n

_Z m (On{rec
n=1

The bilinear part of V™'J2V may be written as

+0, ue) - (3.5b)

(viriv), fdx6 x*) ql(x)[ €T (x)ei®+V2 e0d Lei® V2 Ji]q,(x) (3.6a)
1
=_¢e¥ fd"xf)x gl (x )( mix il st 4 Z m'"C’)q,(x) (4,7=1,2). (3.6b)
n=-1
Here that the solution to Eq. (3.7), without any explicit
5 9,2 - dependence on the coordinates X*  x~, can exist
= xils g zx&’--—-—) . p X
! (x 2n T+ ’ (3.6¢) if and only if there exist operators O,...,0,,
with such properties and the following condition is
st=—vie(n), (3.6d) satisfied®:

c’ sx’A,,.2+Bf,+2n“+L—lg"’2 ,x"n"] . (3.6e)

In obtaining Eq. (3.6a) we have made use of the
equal-time anticommutations relations of the quark
fields.* Equation (3.6b) is obtained by expanding

O in powers of m™ and using Eq. (3.1b). The terms
involving J 32 arise in second-quantized theories
because of their noncommutativity with O, (x). In
general each A, (> 2)®® involves the quantities
Por,zs My and/or the commutator of 0,,0,,...,0
with p7 ; ,,7 and the gluon momentum desnsities
Pi(x). S1m11ar1y each B! (n=2) contains Z)l 2
and/or the commutator of 0,,0,,...,0,_, with
%, 2, x “Pi(x), and Zi(x). A,,B] get additional
contrxbutlons from the term (I s’) which
serve to cancel the (I/ +s?) term present in Eq.
(3.6b). Moreover,

A,=p7,Bi=3%in.

n=1

It now follows that if the bilinear parts of
Yi,..., Y,,_1 exist and commute with the opera-
tors P*, P, then A, and B’ do not have any ex-
plicit dependence on the coordinates x~ ,X'. This
fact can be exploited in formulating the condition
for the existence of O, for any arbitrary .

Equation (3.6b) develops the required form of
Eq. (2.4c) provided the equation

[5G, wn]=x a0 e (3.7)

is satisfied for every n. It is not difficult to see

[A,,(x),x’]:[B{',n"]. (3.8)
The solution in this case is given by®
Do =n(ra )y« Cnpree (3.9)

This does not involve the coordinates X*,x~ ex-
plicitly. Moreover the commutativity of the trans-
lation generators P* with the third component J3
of the angular momentum J can be used to show
that ¥, commutes with J* if ¥,,Y,,...,Y,, do

the same. Thus if Eq. (3.8) is shown to hold for
all » then the bilinear part of ¥ must exist and
commute with the generators P*, P* and J°.
However, conditions (3.8) are nontrivial and im-
ply stringent restrictions on various quantities ap-
pearing in J''2 of Eq. (3.1). For example, for
n=2,

Ay=p; +3 [0y, 0]+

2
L

2n
By ={z{ —z{np; +3 [—iol,zi]

s (3.10a)

+ixtdl- it _siln. (3.10b)

These equations, when used with (3.9), lead to the
condition

(72?1 =[Z],n"In +2[p7,ZiIn=0.  (3.11)

It is not a priori clear that these and similar equa-
tions for higher n» would be satisfied in an arbitrary
interacting theory. However, as shown in Sec. IV,
rotational invariance is sufficient to assure the
existence of Eq. (3.8) for all n.



2110 ANJAN S.

IV. EXISTENCEOF Y, ,

The Lorentz invariance of the theories?®' con-
sidered in Sec. III implies in particular the com-
mutation relations

[Ji, %] =i€ir g3 | (4.1a)

(4.1b)

(7, q.0)] == = I (g, ) +...,

~l |-

where i,k=1,2. The second equation follows when
use is made of the canonical anticommutation re-
lations of the quark fields* and Eq. (3.1a). The dots
in Eq. (4.1b) represent the terms carrying more
than one quark field. By commuting Eq. (4.1b) with
J* and noting that g* (x) does not involve any time

J

e-iO[ (gi (x)

where the operator O is defined by Eq. (3.5b).
of the quantities C! of Eq. (3.6e), one finds that

E“E”’{[ 2R Ml Ly L Z m™C, 3 mx

no=1
+V2 {_6” [

n=m=1 n==1

The right-hand side of Eq. (4.4) is the term appear-
ing in the bilinear part of V-'J3V (modulo v2)
and thus it reduces to V2 9° if V commutes with J2,
Equation (4.4) is sufficient to prove the existence
of the bilinear part of Y to all orders in m™. Let
us assume that the conditions of Eq. (3.9) are
satisfied for n=1,...,N. Then, as discussed in
Sec. IlI, Y, p,,Y,y,, » Yy exist and commute
with J 3, P*, and This means several things:
(1) AlL C? for n=1,...,N -2 are zero [see Egs.
(3.6) and (3.7)]. ( 2) ANﬂ and Bj,, do not have any
explicit dependence onX'. (3) The right-hand side
of Eq. (4.4) is of the order O(m™~"*1?)  apart from
one O(m°) term, namely V2 9°. This last state-
ment implies that the coefficient of m~¥!) in the
left-hand side of Eq. (4.4) is zero, yielding®® the
result

14 clk -1 R -
€€ {[xjn ' X AN+1+B?V+1771

N [_ 1,012“1 ,xkn-]]_u ‘-'k)} =0
or

{xk([xj,ANu] - [n.lyB}'\Hl] )7’-1

+[x,Bh, 1% —{j—k}=0 (4.5)
for (j,k=1,2).
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derivative as well as any quark field [see Eq.

(3.1b)], one obtains
(9 (x), d* ()] +V2 [T}, 9% (x)] V2 [J}, & (%)]
=V2 €* g3 (4.2a)
where g, is defined by
J3=fd4x 8(x*)ql (x)I3q, (x) + T3 . (4.2b)

Equation (4.2a) is a consequence of rotational in-
variance of the theory and its validity can be
checked, for instance, in scalar or vector field
theory by a lengthy calculation. This equation
implies in particular the relation

V2 I, I (x)+V2 Th]e0=V2iet ei0(gPiV2 J)el? | (4.3)
When the left hand side of Eq. (4.3) is expressed in terms

R L L Z m'"C“:l}
n=~1

}: mnCd g z] €u[ Z mc! ijl}=f§i€ll(e-iogaeio+\/_2e-iOJBSeiO_ﬁJBa)'

(4.4)
r
As Ay,,, Bj,, are free of any explicit depen-
dence on X*, the above equation implies the
condition
[AIWI’xj]:[B}’wnn-l] . (46)

Thus the existence of O0,,...,0, implies the
existence of Oy,, also. The existence of O, can
be trivially demonstrated by the same argument,
completing the proof of the existence of Y, com-
muting with P*, P*, and J*° to all orders in m™L.
From the arguments of Sec. II it now follows

that this solution not only diagonalizes J''2 (up to
terms multilinear in quark fields) but also re-
moves Y -dependent bilinear terms from VP V.
Multilinear terms in V-'J 2V and V-'P" V arise*
in second-quantized theories because of the de-
pendence of ¥;; on the gluon field. The cancella-
tion of these multilinear terms requires the in-
troduction of similar terms in Y. It is not a priori
obvious that this cancellation can always be
achieved. Even if this can be done, the commuta-
tivity or noncommutativity of this additional piece
in ¥ with P* and P* is not obvious. One can hope -
fully try to answer these questions along the same
line as was adopted in proving the existence of
Y,,. The formulation of the existence condition
analogous to Eq. (3.8) and the exploitation of the
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consequences of the rotational invariance is math-
ematically more complicated in this case. How-
ever, as shown in the Appendix, the lowest-order
transformation can be constructed in all inter-
acting theories under consideration in the same
way as in the scalar-gluon model of Carlitz and
Tung.*

Finally, it is gratifying to note that even if the
multilinear terms in Y fail to ensure the conserva-
tion of the W charges to some order in m™, the
commutativity of V with the operator P* is not
destroyed to that order and so the vacuum-break-
ing effects are automatically suppressed.?® This
is ensured by the very structure of the angular mo-
mentum operators. The noncommutativity of V
with the operator P* can arise only through the ex-
plicit dependence of 3(x) [see Eq. (3.4)] onx~.
Since the explicit dependence of the angular mo-
mentum densities corresponding to J'*2 on x~ is
contained in the terms x~ P/ (x) [P (x) being com-
ponents of transverse-momentum density of the
fields], it follows that Y, for any arbitrary n can-
not depend explicitly on x™ as long as Y, Y,,...,
Y,., commute with the transverse-momentum oper-
ator g‘. Thus the commutativity of the Wcharges
with P* (and thereby with the Hamiltonian) will
be violated prior to their commutativity with the
operator P*, This would suppress the vacuum-
breaking effects.

V. AN ILLUSTRATIVE EXAMPLE

In this section we consider an ordinary SU(3)
triplet of quarks interacting with a vector-gluon
field assumed to be a singlet under the color as
well as flavor SU(3) groups. The extension to

J

Ji= F; et _[d"x 5(x*) [( —i8* B*(x)) (x’n+x'i3’+

J
X5
n

the case in which gluons carry color degrees is
straightforward. The Lagrangian density is

£=3(¥, ‘D, -m)q -1 F,, F* ,
D,=9, -igB,(x), (5.1)
Fqu [8qu(x) _auBu(x)] .

This theory can be quantized® on the null plane by
choosing the special gauge B*(x)=0, where B*(x)
= [B%x) +B%x)] /V2. The component B~ (x) of the
gluon field in this gauge can be expressed on the
null plane in terms of the transverse components
B/ (x), which play the role of canonical fields:

B(x)=i[m8, + B, ()] - [7%*(0)], (5.2)
where J*(x)=V2 gq'(x)q,(x), and "% is an integral
operator similar to 7™*.° The dependent component
q. (x) of the quark field likewise satisfied the fol-
lowing constraint equation:

q.®) =3 T=i¥, ‘D, +my*q,x). (5.3)

The angular momentum generators involve the bad
fields ¢g.(x),B" (x), and the time derivatives of

the good fields. On eliminating them, one
arrives® at the J''2 of the form of Eq. (3.1a),
(3.1b) with

pi=%(, DT, - D,) —ig[n™3, -B,)],
(5.4a)
pr=3g[n,7, - B, ()], (5.4b)

zi= -3y, - D,) —ix" 0! ~ig(nB?), (5.4¢)
1 ] + + -2 74

T eomom = = = € [t oy T e (),

(5.44)

2 o

L5 )B“(x) +2( —id*B*(x)) 8% n 1B’ (x)]

(i,7,k=1,2). (5.4e)

With these explicit forms of the various quantities at hand, one can construct the lower-order Y’s by
making use of Eq. (3.9) and the result of the Appendix. The expressions for Y, and Y, are given by*

Y1= —‘/7 fd“xé(x")qi(x);l .BJ. q+(x) ’

(5.5a)

Y,=V2 qux 6(x*)gl (0){V 2 ln I;J. ' -a.J. _%g[n’[;l. ' 5:. ,(n-l;l. ' -éj. () ].+ig(n™B *(x)) ],

~2gn(73, - B,x)n}q. )

+hig? fax o [Z[( gL @A77 g ) 17N gL @@ g, (x)

a=1

—4( g1 (x) (T 2 g, (x)) n X qf(x)(ﬁﬁ')"q,\(x))ﬂ .

(5.5b)
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The algebraic properties of the operators Y, ,
can be easily read off from the above equations.
To the lowest order in m™, Y transforms under
SUy (6)eyrrents 1D the same way as in the free
quark model. However to order m™2 it contains
a term transforming as a member of the 35 x 35
representation of SU(6) . ents- This latte}—pr&)_erty
is to be contrasted with the scalar-gluon model*
where the quartic term present in Y, transforms
as an SU(6) .y ents Singlet. More interesting are
the properties of Y under the O(2) generator L3
[Eq. (2.1d)]. Both Y,,,, and Y, fail to possess
a definite value, unlike their free counterparts
which change L® by +1. This is the consequence
of the spin of the gluon field and the definition
(2.1d) of the O(2) generators. The latter induces
only spatial rotation on the quark fields and both
spin and spatial rotation on the gluon fields B*(x).
This gives rise to the complicated O(2) properties
for Y, ,,, and Y, ,,,. This can be overcome by
including only the orbital part of the gluon angular
momentum in the definition of the generators of
O(3). Just as in the free quark theory, the opera-
tors J? appearing in Eq. (5.4e) fail to possess
clear-cut separation into the orbital angular mo-
mentum and the gluon spin part.?® This can prob-
ably be brought about by making a unitary trans-
formation Vg similar to the Melosh transforma-
tion? on Eq. (2.4c). This transformation, being

J

- B - = <y’

does not possess any solution for arbitrary non-
zero B(x).

VI. DISCUSSIONS

We have attempted the construction of a U(6)
x U(6)x O(3) algebra which can be used to classify
the physical hadronic states. This work is a
generalization of the work of Carlitz and Tung in
two directions. First, we have generalized their
results obtained for Yukawa-type interactions
among quarks to other types of interactions.?*
Second, we have demonstrated the existence of
the bilinear part of the transformation V to all
orders in m~! in these theories. We have not
been able to give a similar proof for the existence
of the terms multilinear in the quark fields. A
further study of such terms is desirable in view
of their importance in determining the com-
mutativity properties of U(6)x U(6) charges with

dependent on the gluon field only, will not alter
the structure of the operators Li and S* appearing
in the right-hand side of that equation; thus angu-
lar conditions will still be satisfied. No such
transformation is needed in the spin-zero case
since Y, Y, already have the definite value of
L3¢

We conclude this section with a brief considera-
tion of the theory with an unquantized gluon field
B*(x), having the component B*(x) =0. The angular
momentum generators still retain the form of
Eq. (3.1) with

PI=%g[’7-l:;1 "B, (x)], (5.6a)
P; =%(;J_ * D_L )77-1(;1_ : Bj_) -gB. ’ (5'6b)
o= —ix o’ ~LYInF, - B,). (5.6¢)

In this theory no component of the gluon field de-
pends upon the fermion current J* and thus neither
the term —ig(n™'B?) of Eq. (5.4c) nor the Coulomb
term appears in the definition of the operators
J''2, As a consequence of this, Eq. (3.8) is not
satisfied and a transformation, free of any ex-
plicit dependence on X', cannot exist from order
O(m™?) onwards. In fact it is easy to see that even
if the requirement of the C(_).mmutativity with the
translation generators P* P' is given up, the
operator Y, does not exist in general, since the
equation determining® 0,,

[igz ,x’n"] =x! {—gB' - i4£ (@37, - B, () +(F, - B,x)) G, '51)+ig312(x),’1"]+}

the four momentum generators. Like Melosh, 2
and Carlitz and Tung, * we have concentrated on
the diagonalization of the total angular momentum
operatorj. However, this makes the consequent
algebra suitable for classifying states at rest
only. The same algebra can be used to classify
the collinear states only if V commutes with the
Lorentz boost along the z axis, which, however,
is not the case even in the free quark theories.
This inadequacy of V can have appreciable effects
on the structure of the matrix elements of various
currents between unequal-mass states. %10

Quite remarkably, the solution obtained for the
bilinear part of the operator Y removes all the
interaction-dependent bilinear terms from the
Hamiltonian P~ of Eq. (3.1c). This rather un-
expected result® is the consequence of the com-
mutativity of the operator Y, with the operators
P*, P! as already discussed in Sec. II. This
result in particular implies that any mass dif-
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ference between U(6) X U(6) multiplets in this
scheme can arise only through the terms multi-
linear in the quark fields. The presence of these
symmetry-breaking terms as well as their
structure can be inferred from the general study
of the multilinear part of Y.

The pratical utility of the transformation re-
lating the group SUy (6) guents to the classification
group SUy (6) 400 has been in predicting the alge-
braic structure of the physical hadrons under
the group SU(6)X O(2) currents- Most of the work along
this line has been carried out using the free-quark-
model transformation of Melosh. The transfor-
mations considered in this paper can be used to
find the effect of interactions on the algebraic
structure predicted by the free-quark-model
transformation. The latter transformation be-
autifully describes the algebraic structure of the
matrix elements of the local axial and electro-
magnetic currents.’ However, it is inadequate in
accounting for the algebraic properties of the
bilocal currents as revealed by the studies of the
deep-inelastic lepton-hadron scattering.? The
approximation schemes'? of Carlitz and Weyers
and of Fuchs can be used together with the al-
gebraic properties of the transformation in the
vector- or scalar-gluon theory to study the effects
of interactions on the structure of local and bilocal
currents. Fuchs!? has in fact made such studies
by exploiting the relationship of the Melosh trans-
formation with the Moller wave matrices con-
necting the Heisenberg in and out states with the
Dirac representation states.!’ His results are
encouraging enough for undertaking more detailed
phenomenological studies within this scheme.
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APPENDIX

In this Appendix we construct explicitly the
quartic part of the operator Y, of Eq. (3.3) for
the various types of interactions between quarks.
Specifically, we consider quarks interacting with
scalar, pseudoscalar, or vector gluons. They
can be massive or massless and can have internal
degrees such as isospin or color. The last,
not being relevant, shall be suppressed in the
following.

The operator Y, is the solution of*

[ A% 8 WiV, purd] () 07, ()]
= [a%0 6" =¥, 100l VPTG )] pus

+ €“J‘Coulomb ’ (Al)

where the suffix “pair” refers to the terms quartic
in the quark fields. The term Ji . appears
only for the vector-exchange part and has the
form given by Eq. (5.4d):

Yym= —202 [a% 80 )al Cinnpng., (o).
(A2)

In general, p7 is linear in the gluon field and has
the following structure®':

pr=3gn"4 V. (A.3)

where V,=B(x), y;8(x), and ¥, * B, (x) when the
gluon field is scalar, pseudoscalar, and vector,
respectively. The upper (lower) sign applies

for the scalar (vector and pseudoscalar) case.

g is the coupling constant. By making use of Egs.
(A1), (A2), (A3), and the equal-time commutation
between gluon fields, one arrives at the solution®

L . o R . ~
Yo pue =% 5 ﬁi“xé(x*) {Z [l @@ . )0~ (g1 @ 0~ )T (m)q..)

a=1

- 2ig?(q T ()M M) g )n~*@! @ 1)) } . (A4)

Here 1 and 7! act inside the parentheses in the direction indicated by the arrows. I’ collectively re-
presents 1, y,, or ' in the case of scalar, pseudoscalar, and vector gluons, respectively. The last
term is present only in the case of the vector-gluon model.
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