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High-pz single-particle inclusive cross section calculations are presented for the CERN ISR and

ISABELLE energy ranges, taking into account all lowest-order hard-scattering subprocesses required by
quantum chromodynamics (QCD). The input quark and gluon distribution and fragmentation functions were

determined from analyses of deep-inelastic lepton data and were subject to various theoretical constraints
such as sum rules and SU(3) symmetry. We thoroughly discuss the effects of the individual contributions
from fermionic and gluonic subprocesses, as well as those eA'ects stemming from QCD scaling violations in

parton distributions and/or fragmentation functions. In particular, the inclusion of the large elastic gluon-

gluon and gluon-quark scattering terms has a profound effect on both the normalization and the pr
dependence of the predictions. The pr and 8 dependences of single-7r production are shown to be in good
agreement with available data in the region pr ~ 4.5 GeV/c and js ~ 50 GeV. In addition, we predict and

discuss various ratios for inclusive single-particle production of n+, n, K +, and K, which also turn out to
be in excellent agreement with presently available experiments.

I. INTRODUCTION

The success of the parton model in describing
the lepton-induced processes in the deep-inelastic
region has led to the application' of this model to
the study of hadron-induced reactions in the large-
p~ region, where the short-distance part of the
strong interactions is expected to dominate. In
this most naive scale-invariant version of the
hard-collision model, "where a single hard col-
lision between the constituents (quarks) of the in-
cident hadrons is responsible for the observed
high-P~ secondaries, one expects the invariant in-
clusive single-particle cross section to decrease
as P~' at fixed center-of-mass scattering angle 8

and fixed xr =2Pr(v s. However, at currently at-
tainable energies the experimental data seem to
scale roughly as pr ' for pr (6 GeV/c. In order to
rescue the naive hard-scattering model, one may
take the empirical point of view that the high-p~
data are described by nonelementary subprocesses
such as elastic quark-meson scattering (as in the
constituent-interchange model ) without explaining
the absence of elastic quark-quark scattering. Al-
ternatively one may assume the presence of an un-
known dynamical mechanism in order to account
for the P~

' falloff. ' This latter purely phenomeno-
logical approach, exemplified by the work of Field
and Feynman, ' lacks a theoretical explanation for
the P~ ' variation of the quark-quark cross section,
and plausibility arguments using soft multigluon
exchanges appear difficult to justify within the phi-
losophy of hard-collision models. In either of
these two options, one gives up predicting the P~
dependence by either fitting4 the P~ dependence of

the elementary subprocesses, or by postulating'
the dominance of quark-hadron subprocesses
(-Pr ') without explaining the absence of quark-
quark, gluon-quark, and gluon-gluon scattering
(-p, ').

The experimental observation that exact Bjorken
scaling is violated in deep-inelastic electron-nu-
cleon scattering has taught us that, at currently
available energy resolutions, the constituents of
hadrons are not pointlike. These features are na-
turally expected, and in fact have been anticipated,
in any field theory of strong interactions, and can
be successfully explained' ' by asymptotically free
gauge theories —the quantum chromodynamics
(QCD) of the strong interactions. Thus, a gauge
theory of colored quarks and gluons is widely con-
sidered to be the most promising candidate for the
true theory of strong interactions. This point of
view receives auciitional support from the fact that
there are purely theoretical" as well as phenomen-
ological" indications against conventional, asymp-
totically nonfree field theories as serious candi-
dates for describing strong interactions. Although
short-distance arguments supplemented by renor-
malization-group techniques allow rather solid
predictions for processes such as deep-inelastic
lepton-nucleon scattering and e'e annihilation,
such methods are not immediately applicable to
purely hadronic processes at large P~, since these
are not dominated by light-cone singularities in a
straightforward way. Nevertheless, perturbation
theory is still believed to be applicable to hard-
collision models because of the fact that QCD is
asymptotically free, which implies a small
"strong" coupling constant o.,(Q') for large momen-
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turn transfers, the only region of interest here.
Despite some uncertainties in horn to incorporate
and calculate scaling violations in parton distribu-
tions as mell as fragmentation functions, high-p~
processes may still provide important tests of QCD.

It has already been shown by Cahalan, Geer,
Kogut, and Susskind" that lowest-order QCD
quark-quark scattering, combined with scaling vi-
olations in parton distributions as calculated for
deep-inelastic processes, cannot account for the
high-P~ data, giving contributions which are about
two orders of magnitude below the experiments and
yielding p~ distributions which are still too flat.
Subsequent analyses, "" still keeping only elastic
quark-quark scattering as the relevant hard-colli-
sion subprocesses, have reached essentially the
same conclusions unless one allows"" for an un-
usually la.rge, and theoretically unjustified, quark-
gluon coupling constant n,«. Taking into account
the correct color factor —,', typical values for n, ff
are in the range of 2-4 which is about one order of
magnitude lRrgel than the QCD coupling Q~. HRv-

ing arbitrarily fixed the absolute normalization in
this way, one can account for the P~ ' behavior of
the invariant cross section by including" " the ef-
fects of scale breaking in the quark distributions
and quark fragmentation functions. These scaling
violations, obtained by fitting phenomenological
parametrizations for the x and Q' dependence of
structure functions to the deep-inelastic lepton-
nucleon data at moderate values of Q', have then to
be extrapolated to the region of currently mea-
sured high-p~ data, typically to Q'= 50-200 Gep'.
Some of these parametrizations'4 represent the
logarithmic QCD predictions for scaling deviations
rather well, except for overestimating the Q' de-
pendence in the threshold region, i.e. , for x or z
close to one, the region most sensitive to the frag-
mentation functions for currently available high-p~
data. Here, x denotes the fractional longitudinal
momentum of a parton in a hadron, and z is the
fractional momentum of a hadron coming from a
parton. However, the sealing viola. tions used in
Refs. 13 and 15 are pomerlike rather than logarith-
mic in Q', which is not only in disagreement with
QCD but might also strongly overestimate the im-
portance of scale-breaking effects in high-P~ had-
ron processes.

If QCD and perturbation theory are indeed con-
sidered to be the theoretical basis for large-P~
hadron production, then it is certainly not suffi-
cient to consider only elastic quark-quark scatter-
ing (qq-qq) as the dominant subprocess, which
constitutes at most a lower bound for the total pro-
du, ction cross section. In a.ddition to quarks, had-
rons are presumed to contain colored vector gluons
which can scatter off quarks and other gluons in an

approximately scale-invariant manner. From neu-
trino experiments we know" that about 50% of the
nucleon momentum is carried by this flavor neutral
component —the gluons —the immediate importance
of which is well known for explaining the scaling
deviations in deep-inelastic reactions. ""Al-
though the detailed shape of the gluon distribution
in the nucleon is not mell knomn, dynamical QCD
ca,lculations"" of parton distributions indicate that
that of the gluon is sizable and non-negligible in
the region relevant for present high-P~ experi-
ments (typically x =0.2). The gluon contribution
can be even more pronounced if a naive counting-
rule-like (flatter) distribution" is considered.
Thus, gluonic subprocesses such as gq-gq, gg
-qq, qg-gg, and gg-gg cannot be neglected a
priori as compared to purely fermionic processes
such as qq-qq and qg -qg. The relevance of the
gg-qg subproeess has already been demonstrated
for hadronic 4/P production. "

Recently, attempts have been made to study glu-
onic contributions to high-Pz hadron production. ""
The results obtained in Ref. 20 show that, within
the hard-scattering model, gluonic subproeesses
as dictated by QCD are essential in explaining not
only the absolute normalization of inclusive single-
ploD lnvRrlant closs sections Rt 90 but Rlso their
correct Pz shape. Here me attempt a thorough
analysis of single-particle inclusive data at vari-
ous energies and angles for pions as well as kaons.
These predictions as well as the ones for particle
production charge ratios and x~ dependences are
based on the full content of QCD. Contrary to the
phenomenological approach advocated in Ref. 4,
there are no free parameters left, once the vari-
ous parton distributions and fragmentation func-
tions are fixed by deep-inelastic lepton-nucleon
data. Furthermore, me shall give simple parame-
trizations for pionic as mell Rs kaonic parton frag-
mentation functions which satisfy theoretical sum
rules and SU(3) symmetry (breaking) constraints,
and compare them with recent semi-inclusive lep-
ton data. In addition, we also study the effects of
sealing violations in parton distributions as well
as in fragmentation functions under the assump-
tion, of course, that these are the same as pre-
dicted by QCD for deep-inelastic lepton-nucleon
processes.

In Sec. II we present the basic expressions for
the invariant cross section and discuss the various
quark and gluon distributions used for our calcula-
tions; the quark a,nd gluon decay functions are con-
strained to satisfy momentum and isospin sum
rules, and we compare their predictions mith re-
cent semi-inclusive lepton data. We then proceed,
in Sec. III, to predict the production of high-p~ m's

at CERN ISR and ISABELLE energies and at a
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center-of-mass scattering angle 8=90', and to

thoroughly discuss the effects of the individual
contributions from fermionic and gluonic subpro-
cesses to the total cross section. Furthermore,
we compare our QCD predictions for the angular
dependence of the invariant cross section with cur-
rently available data and give predictions for the

x~ dependence at various energies and scattering
angles. In addition, particle ratios of produced m'

and K' are predicted and compared with the data.
Our conclusions are summa, rized in Sec. IV and,
for the sake of completeness, some details of the

elastic gluon-gluon cross-section calculation are
given in the Appendix where we also summarize
the expressions for the cross sections of the re-
maining relevant subprocesses.

II. GENERAL THEORETICAL FRAMEWORK

The invariant inclusive cross section for the re-
action A +B-C +X for producing a hadron C at
large Pr in the c.m. of A and B is given by (ne-
glecting transverse momenta)''

d(T 1 1 drab cd 1Ecd, =—Q dx, dxsPa/x(xa~Q )Pais(xa~ Q ) Dc/~(~c~ Q } ~

pg ~ xmin
c, d

Xmin 1X

1-x. '
min aX2

Xb
X ~Xya

with x, = -u/s and x, = t/s The-par.ton distribu-
tions are denoted by P,&„(x„Q'}representing the
probability for the constituent a of the hadron A to
have fractional longitudinal momentum x„i.e.,
P„&~(x„Q')=—u(x„Q'), etc. Similarly the fragmen-
tation functions D~&, describe the probability that
the constituent c decays into a hadron C carrying
fractional momentum z. The dependence of these
distributions on Q' refer to their appropriate scal-
ing violations.

The expressions for do/dt' in Eq. (1) for the var-
ious subprocesses are summarized in the Appen-
dix. The strong running coupling constant is fixed
by four-flavor QCD,

12m

25 ln(Q2/A')
(2)

with A=0.5 GeV. (For the present purpose con-
tributions from subprocesses involving charmed
qua, rks a,re entirely negligible because of the
smallness of the charm sea. .) Apart from elastic
scattering of unlike quarks, the choice of Q' is in
general not unique. This follows from the fact
that, for processes involving vector gluons, gauge
invariance requires all crossed-channel diagrams
to contribute with equal couplings regardless of
the momentum carried by the internal propagators.
This arbitrariness, however, does not drastically

where the sum over partons (a, b, c, d) includes
gluons as well as quarks, and the longitudinal frac-
tions x, =P, /P„, x~= P~ /Ps, and z—:zc=Pc/P, de-
termine the ab-cd subreaction kinematics through
s =xp~s, t=x,t/z, u =x~u/z with s =(pz+ps), t

=(P„-Pc)',u=(Ps -Pc}'. The conditions s+t+u
= 0 and z =x,/x, +x,/x„~1 fix the lower limits of
integration at

influence the predictions for total single-particle
yields" going, for example, from Q'= (stu)' ' to
Q'= (s-F-u)/5, —f, or s typically changes the final
result by not more than +20% ~ For definiteness,
we choose Q'=-t as suggested by hard quark-
quark scattering.

A. Parton distributions

In order to show the dependence of the predic-
tions of Eq. (1) on various quark and gluon distri-
butions as well as the effects stemming from scal-
ing violations in parton densities, and possibly al-
so in fragmentation functions, we shall employ
three different sets of parametrizations:

(i) The parametrization of Barger and Phillips"
combined with a gluon distribution in the nucleon
dictated by counting rules"

xG(x}=3(1 -x)',
where the normalization has been determined by
requiring that gluons carry 50/&of the nucleon's
momentum. This parametrization represents the
naive quark-parton model [Q'-independent P, &

„'s
in Eq. (1)] which, together with the rather fiat glu-
on density of Eq. (5), will roughly yield an upper
limit for the production of large-P~ hadrons.

(ii) The parton distributions of Buras and
Gaemers' with the scaling deviations as predicted
by QCD, where the input densities at Q'=Qo'=1. 8
GeV' have been obtained from fits to deep-inelastic
e(p)P data. For the valence distributions we have
used the simple parametrization of the QCD pre-
dicted Q' dependence as given in Ref. 9, whereas
we have smoothly interpolated the parameters of
Table 2 of Ref. 9 to obtain the Q' dependence of the
sea and gluon distributions in the region 1 ~Q'
&10' GeV' valid for'x &0.3:
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x$(x, Q') = -'(1.210 y 0.613s ~ 0.764s')

x (1 x)10+1,8523+3~ 330%
7

xG(x, Q') = (2.410+3.592s ~2.393s~)

x (1 x)5+7 2012+3 88782

(4)
&+/u & /d & /u +/I & (6a)

lung) of at least two new flavor pairs, uu and dd.
Thus we have

where
—Dff /s =Dr /s =Dff+/~ =Dff /s & (6b)

s = in [in(Q2/A2)/ln(Q, 2/A2)] .
The SU(3)-symmetric noncharmed sea. $ is defined
by the usual decomposition u =u„+(, d =d„+$, P.

=d =s =s =—$. It should be noted that we have used
a gluon input which behaves like xG(x, Q, ') (1 —x)',
although a (1 —x)" input was mainly used in Ref. 9.
The reason for this is because a gluon as steep as
(1 —x)" is in conflict" with recent low-x gp Fer-
milab data.

(iii) quark and gluon distributions dynamically
calculated" within the framework of QCD. Al-
though these densities are purely field-theoretic
predictions having no free parameters, they might
slightly underestimate" the gluon and sea content
of hadrons. Thus, this set of parton distributions
represents one extreme while the (flatter) naive
counting rule-like distributions in (i) represent
another.

It is not at a.ll obvious that the sca.ling violations
calculated from QCD for electroproduction data
are the same as those for high-p~ processes. This
is because a photon probes the cha. rge density of a
proton, while the gluon probes the color density,
and the two densities may not be identical. It
seems clear, however, that we cannot ignore the
possibility of scaling violations in purely hadronic
reactions as well. In the absence of any better
knowledge, we can assume that the scaling viola-
tions are similar to those observed in lepton pro-
cesses, with the understanding that there may be
large theoretical uncertainty in the application.
This appears to be a much more conservative as-
sumption than adopting"" a. powerlike Q' behavior
for scaling violations which, being not only in dis-
agreement with QCD, might strongly overestimate
the effects of scale breaking.

B. Fragmentation functions

Isopin and charge-conjugation invariance re-
duces the number of independent D, /, fragmenta-
tion functions" to three; these can be further re-
duced to two by assuming' that D„/,is approxi-
mately equal to D,,«, both of which are unfavored
("sea") with respect to D,+&„sincea v' can be
formed directly from a u by combining with a d
(produced from a bremsstrahlung gluon which con-
verts into a dP), whereas to make a 77' from either
d or s requires the creation (via gluon bremsstrah-

D.oi. =(D"t.+D. i.)/2
for each flavored quark q. Following the same
reasoning'" the number of independent fragmenta-
tion functions for producing K mesons can be re-
duced to three:

Dg+ / u
= DE' o/ y

—D g /~ u
= Dg o/ tf (7a)

(7b)

DE /u
= Dg o/~ = Dg+/u = D~o/p

—D~- / tt
= Dg' / u

= Dg+ / tf
= D g o/ u

—D&+ / &
= D&a/ u

= D& / ~
= Dg o/ u

-Dg+/s =Dgo/s =Dg-/s =Dgo/s.

Furthermore, we expect' that

as z -1 and

Dz, )„/Dx+)3 D„+(„/—D——z-(8 —1

(7c)

as z-0. All these constraints are satisfied by the
simple ansatz

zD„i„ave(c —z)+-$, (l —z)', zD, i„=$, (1 z)',

zDr, &„-—biz (c —z)+ $„(1—z)', zDx &„——fr(1 —z)',

zD„(,--avz (c —z)+ $„(1—z)', (6)

where, analogously to parton distributions, we
have decomposed the favored fragmentation func-
tions into "valence" (- v z ) and "sea" components.
This ansatz is intuitively plausible as can be seen
from the following argument. As z-0 more and
more qq pairs are produced via gluon bremsstrah-
lung off the original outgoing quark. Thus, most
of the observed mesons will come from a cornbina-
tion of a q and q from this gluon produced sea. Al-
terna, tively, for z-1 many fewer qq pairs can be
produced and therefore the original outgoing quark
will dominantly participate in forming the observed
meson. These two mechanisms are referred to as
the "sea" and "valence" terms, respectively. It
should also be noted that the data"'" on the v(v)
induced ratio v'/v (17 /v') dictate D, &„/D„&„to be-
have roughly as (1 —z)' which implies for the "sea"
components in Eq. (8) a (1 —z)' behavior. This is
in disagreement with naive counting rules where
one expects"' zD, &„-(1—z)' for example. As z
-1 the ratio Dz &„/D, &„is a direct measure for
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SU(3) breaking: We expect $x/$, &1 since it might
be harder to make new ss pairs than uu pairs for
large z because of the mass of the s quark. %e
have no way to guess at the amount of this SU(3)
breaking but have chosen for definiteness

5x/h, =
2

~

Our results are rather insensitive to this choice
and semi, -inclusive lepton-nucleon data are even
consistent with $~= $,. Furthermore, data for the
production of charged hadrons in deep-inelastic
neutrino interactions suggest, as will be discussed
below, the following constraint at z =1:

(a + b)(c —1) = 0.075.

IO—

IQ—a
b

l I I I I

It should be noted that the lepton data" "are not
entirely consistent with each other in the region
near z =1. While some data suggest a value for
the right-hand side of Eq. (10) as large as 0.2,
other data suggest a value of zero." This leads to
some uncertainty in the normalization of the high-

P~ predictions since the present data are sensitive
to z =0.8. The value adopted here is a conserva-
tive estimate based on the data shown in Figs. 1-3.

Further constraints on the remaining three pa-
rameters in Eq. (g) come from the momentum-
conservation sum rules

I I I I I I I I I

uP~ p. h'+X

O.l-
e pp p(h h I+X

o+n +(O' O ) X
X&0,55

Q.Q I—*

QQ 0.2 0.4 0.6 0.8 I.O

z

FIG. 2. Comparison of our fragmentation functions
with charged-hadron multiplicities measured in deep-
inelastic e(p)p scattering. Data are from Ref. 29 (},
Ref. 30 (+, ), and Ref. 31 (~, O).

1

dszD„,=1,
Fl O

which yield two independent constraints, and, in

addition, one must satisfy the following isospin

IQ—

IQ =

1 P

Q. I6

O. I 2—

I I I I

esp~ e r7+ X
~ ep~ e{ )+X

2

O. lO—

0.08—

Q.l—
vP

0.04—

QQI l l l l

0.0 0.2 0.4 0.6 0.8 I.O

Z

FIG. 1. Comparison of the results of our fragmenta-
tion function parametrizations, Eq. (8), with data for
charged hadron multiplicity distributions measured in
deep-inelastic neutrino scattering. The data are taken
from Ref. 26 (, 0}, Ref. 27 (+}, and Ref. 28 (k, A).

0.02—

I I I I

0 0.2 0.4 0.6 0.8 l.0
Z

FIG. 3. Comparison of our results with data for 710 and
(71'+ 7r )/2 electroproduction. The data have been taken
from Ref. 32.
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ll g 61
~~ —izs- (i3)

Note tha. t our ansatz in Eq. (8), together with

Eqs. (11) and (12), automatically implies h/// = —,',
i e, DK+/„/D„/„-0.8 as z -1 as naively expected'
from SU(3) breaking and as required by the exper
imental result'~" that cr(pp -If'X)/o(pp -v'X) ts
about 0.5 at large x~. In addition, our fragmenta-
tion functions predict the charge sum rules to be

«(D../. -D.-/. +DK./. D~/. ) =-—,'

«(D../~ D. /. —+DK.-/~ DK /~)—=- (i4)

l l

«(D~+/ Dr-/s+ K+/s Ks)/-
instead of -'„, ——,', and ——,', respectively, as one
might naively expect. This is in agreement with
the (fitted) results of Ref. 4, and with expecta-
tions'"' based on a small leakage of quark charges
through the hadronic plateau due to SU(3) breaking.

Having determined the quark fragmentation func-
tions, the only remaining unknowns are the gluon
decay functions. In any consistent field-theoretic
model where @f7 pairs are produced via gluons
emitted by the initial quark, the gluon fragmenta-
tion function D„/,(z) must be steeper than the fa-
vored "valence" component of the quark decay
functions, and flatter than the unfavored "sea" dis-
tributions. Guided by Eq. (8) we therefore take

zD, /
—C, (1 —z)' ', zDK/ --cK(1 —z)", (15)

and following Eq. (9) we set cK/c, =-'. Total mo-
mentum conservation

1

dz z(3D, / +4DK/ ) =1
t)

(i8)

yields c, = —,'. [Recall that naive counting rules pre-
dict, for instance zD, /

-(1 —z)' whereas zD„/„
-(1 —z)' and zD, /„-(1 —z)' in disagreement with
semi-inclusive neutrino data, ""as discussed
above. ]

Considerably less is knomn about scaling devia-
tions in fragmentation functions than in parton dis-
tributions. Homever, field-theoretic arguments"
and modei calculations" have shown that D(z, Q')
should behave similarly to P(x, Q'), i.e. , D should

sum rule:
l

/fz[(D~+/ D «)-+ 2 (DK+/ DK'/u)
0

, '(D,.,„—D,,„)]=, . (12)

Solving Eqs. (10)-(12) one obta, ins for the param-
eters in Eq. (8)

fall near z =1 and rise near z =0 as Q' grows; fur-
thermore, it is reasonable to expect D to vary with
Q' at the same rate for z = 1 as P does near x = 1,
in agreement with the Gribov- Lipatov reciprocity
relation. " This indicates that it may not be un-
reasonable to assume that asymptotic freedom cor-
rections to D(z, Q') are the same as those for
P(x, Q'), especially for z = 1 which is the only re-
gion of importance for present large-P~ experi-
ments. For purely illustrative reasons we there-
fore mill also give predictions with Q'-dependent
fragmentation functions using the following QCD
formula" valid near z =1:

zD (z Q2) zD (z q 2}so.6908( 1~)D ( +l (g+ 1l
F(d +1+&)

where G = —,', , p =4Gs, and zD(z, Qo'=3 Gep')
=z"(1—z) with n =0 or —'.

In Figs. 1-3 data" "for leptonic production of
charged hadrons are compared with the predictions
of the fragmentation function parametrization given
in Eqs. (8)-(13). The data are plotted in the form
of normalized z distributions (multiplicity distri-
butions) where z is the fraction of the available en-
ergy carried by the hadron. Specifically, in the
laboratory frame z =E„&v where E„and v are the
hadron energy and the energy transferred to the
hadronic system, respectively. An alternative
variable, xz, is often used in presenting data on
semi-inclusive lepton scattering. xz is defined in
the hadronic center-of-mass system byPf/'P, *,

mhere / is the longitudinal momentum of the had-
ran measured along the direction of motion of the
incoming virtual photon (or W ). For forward go-
ing had rons, i.e., xz & 0, z =x~. Howe ve r, fo r z
near zero this relation breaks down since the en-
tire region xz ~ 0 is mapped into a region near z
-0. For this reason only data for x~ or z&0, 2
have been used.

Hadron production by neutrinos yieMs a very di-
rect measurement. of the various fragmentation
functions. Neglecting the Cabibbo angle, the multi-
plicity distributions are directly proportional to
the appropriate fragmentation functions, indepen-
dent of the parton distributions in the target nu-
cleons. ~" The curves shown in Fig. 1 represent
the sum of charged r and K production since, at
this point, data with reliable separation of m's and
K's are not available. There is also, presumably,
some contribution to the h' data from proton pro-
duction, but this is expected to be small, especial-
ly in the region near z=1. The upper curve is thus
a sum of favored fragmentation functions, D„~„
+Dz &„, the middle curve is a sum of a favored and
an unfavored term, D, «+D~«, while the lowest
curve is a sum of tmo disfavored contributions,
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D, &„+a~&„. In each case the parametrization ad-
equately reproduces the data, although the sea
terms are somewhat large in the intermediate z

region. This is of little consequence, howevex,
since the region needed for the high-Pz predictions
is 0.7 ~ z & 1.0. The value of the upper two curves
at s =1 is sensitive to the parameter c as shown in

Eq. (10). The data do not yield a precise value for
this parameter and the choice made here may in

fact be an underestimate as will be shown below.
Results for the multiplicity distributions mea-

sured in electroproduction and muoproduction are
shown in Fig. 2. Here the data do not affoxd as
direct a measure of the fragmentation functions
since the parton distributions in the target are
needed. ~" The curves given here have been cal-
culated using the Barger and Phillips distribu-
tions, '2 although the results are not very sensitive
to the parton densities chosen. In ox'dex to proper-
ly describe the data shown in Fig. 2, it is of cru-
cial importance to take into account the x range
covered by the experiment. For example, when
only small x data are used the m' and w distribu-
tions become nearly identical as shown by the
muoproduction data in the upper part of Fig. 2.
This is expected in the context of the parton mod-
el since, for x near zero, the valence-quark dis-
tx'ibutions go to zero leaving only the sea quarks,
thereby giving equal coefficients for the favored
and unfavored fragmentation functions for m' and
m". The data in Fig. 2 are, in general, well de-
scribed by the parametrtzation given in Eq. (8).
However, the data of Befs. 29 and 30 are undex-
estimated in the region near z =1, indicating that
the right-hand side of Eq. (10) may be too low.
However, the difference may simply be due to dif-
fractive p production. "" It should be noted that
there are additional data from e'e annihilation,
quoted in Ref. 30, which also indicate a large value
of the multiplicity distribution near z = 1 while oth-
er e'e data, quoted in Ref. (31), appear to fall off
as a power of (1 z).

In Fig. 3 results for mo and m' electroproduction"
are compared with our parametrization. Again,
the description is good, although the curve may be
a slight overestimate in the region neax z =1.

In the calculation of the fragmentation functions
used here, dominance of m's and K's has been as-
sumed. Possible contributions from protons, g's,
etc. have not been included. This could lead to a
possible overestimate of the n and K fragmentation
functions. For this reason a conservative estimate
fortheparameterc, determinedby Eq. (10), was
adopted. While this may lead to an underestimate of
the fragmentation functions near g = 1, better and con-
sistent lepton data will be needed before the ques-
tion can be properly resolved.

III. RESULTS

A. Inclusive single-m production

Figures 4-6 contain the predictions for m produc-
tion at 90 at the upper end of the ISB energy range.
In each instance all. lowest-order @CD subprocess-
es have been included. The various curves differ
only in the choice of the input parton distribution
functions and in the Q' dependences of the frag-
mentation and distribution functions.

In Fig. 4 the results are comparedwithdata'~'""
for v production at Ms=53 GeV. For the solid and
two dashed curves the dynamically calculated QCD
parton distributions of Ref. 17 have been used. "
The solid curve coxresponds to neglecting any Q'
dependence in the fragmentation functions. For
Pr &4.5 GeV/c this curve gives an excellent des-
cription of the data, whereas for smaller P~ values
the curve lies below the data. The long dashed
curve shows the effect of adding the Q' dependence
of Eq. (17) to the fragmentation functions. This
additional Q' dependence results in only a slight
modification of the P~ dependence and suppresses
the curve by a factor of about 3 for the intermedi-
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FIG. 4. Comparison of our predictions with the data
of Bef. 33 (0), Bef. 40 (, U), and Ref. 41 (). The solid
curve has been obtained using (Ref. 42) the dynamically
calculated @CD parton distributions of Ref. 17 and Q -in-
dependent, fragmentation functions. For comparison, the
results of incorporating the fragmentation-function Q2

dependence of Eq. (17) are shown by the long-dashed line.
The short-dashed and dotted curves were calculated using
the (q)~-independent parton distributions of Bef. 17 and

Bef. 22, respectively, so that the only Q dependence is
that of the strong running coupling constant n8.
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FIG. 5. Comparison of our predictions with the data of
Ref. 40 (0, ) and Ref. 41 (). The solid and long-dashed
curves are calculated as in I'ig. 4. The results obtained

by using the @CD-corrected parton distributions of Ref.
9 are given by the dashed-dotted curve, which may be
compared with the solid curve.

rate some Q' dependence into the fragmentation
functions. Furthermore, it should be noted that
Eq. (17) results from the assumption that the Q'
dependence of the fragmentation functions can be
calculated in the same manner as that of the par-
ton distributions, a plausible but unproved hypoth-
esis.

In contrast, the change in the p dependence due
to the Q, dependence of the distr'lbutlon functions ls
quite marked. The short dashed line results from
keeping only the Q' dependence of the running
coupling consta. nt, o.', (Q'), i.e. , the parton distri-
bution and fragmentation functions have all been
calculated at Q'=go'. Comparing the solid and
short dashed curves directly sho~s the role of the
Q' dependence of the distribution functions in ob-
taining the final Pz falloff.

Lastly, the dotted curve has been calculated us-
ing the parton distributions of Barger and Phil-
lips" together with the gluon distribution given in

Eq. (3). The only Q' dependence is that of the run-
ning coupling constant, o.', (Q'). A comparison of
the dotted and short dashed lines then shows the
effect of using the flatter gluon of Eq. (3). At
small P~ the larger gluon contribution enhances
the dotted curve while at larger Pz values the
curves converge.

In Fig. 5 data ~" for pion production at Ms=62. 4

GeV are compared with several theoretical pre-
dictions. The solid and dashed lines correspond to
the same calculations as in Fig. 4. As before, the
solid line provides an excellent description of the
data for pr ~ 4.5 GeV/c and lies below the data for
smaller PT. The long dashed curve again lies be-
low the data, due to the extra q dependence of the
fragmentation functions. Also in Fig. 5 the result
of using the parton distributions of Ref. 9 is shown

by the dashed-dotted line. For this case the frag-
mentation functions have no Q' dependence. Thus,
a comparison of the solid and dashed-dotted lines
shows the effect of changing just the input parton
distribution functions. The differences between the
two curves are, in fact, , reasonably small over the
entire Pz range shown.

The agreement with data for Pr =2-3 GeV(c can
be further improved by taking into account the in-
ternal transverse momenta of the colliding par-
tons. This can lead to an increase of the theoreti-
cal predictions of approximately a factor' of 2 in
this low-pp legion.

The relative importance of the various sub-
proeesses can be discerned by examining Fig. 6.
For pr = 2-3 GeV/c the dominant subprocess is
gluon-quark scattering with gluon-gluon and quark-
quark scattering also providing substantial contri-
butions. The three subproeesses qq-qq, gg-qq,
and qq -gg are negligible for all values of P~
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shown here. As p~ increases the gluon-gluon term
decreases more rapidly than either the gluon-
quark or quark-quark terms. At higher p~ the rel-
ative importance of the gluon-quark term also
decreases eventually leaving only the quark-
quark scattering contribution. This latter term
alone scales as p~

'
up to logarithmic terms

coming from the Q' dependence of the scaling
violations and n, . It is thus clear that the
large gluon-gluon and gluon-quark terms are
responsible not only for obtaining the correct nor-
malization but also, in part, for obtaining the ob-
served rapid falloff in the intermediate-P~ region.

The gluon-gluon and gluon-quark terms have a
stronger energy dependence than the quark-quark
scattering term. This may be seen in Fig. 7 where
the prediction for 90'm'production at a typical ISA-
BELLEenergyv s =800GeVisgiven. Here the
parton distributions of Buras and Gaerners have been
used and the fragmentation functions have no Q'
dependence. The predictions obtained using the
dynamica. lly calculated QCD parton distribu-
tions"" are very similar, lying about a factor of
1.8 lower for pr s 20 GeV/c and becoming slightly

040 I I I I I I I I I

8 12 16 20 24 28 32 3640

p T (GeV/c)

FIG. 7. Predictions for inclusive n production using
the Q -dependent parton distributions of Ref. 9. The no-
tation gg denotes the contribution from the sum of the

gg —gg and gg qq subprocess, whereas gq stands for
the sum of gq —gq and gq —gq, and qq refers to the sum
of qq —qq, qq —qq, qq

—gg, and qq qq. The dotted
curve shows the predictions of the model of Ref. 4.

d gE, =APr "(1 —xr) .
dP3 T T (18)

The model of Ref. 4 gives n = 8 by design and the
constituent-interchange model, using a quark-
had ron s cat te ring subp ro cess, yields' n = 8 and f
=9. Figure 8 shows our predictions for Pr"Ed'o/
dP' for m' production at 90' as a function of x~ for
31 ~ v s & 800 GeV. The parton distributions of
Ref. 17 have been used. " The cross section has
been weighted by a factor P~' so as to afford an
easy comparison with the results of the model of

larger for P~ ~32 GeV/c. For P~~16 GeV/c
the gluon-gluon term dominates followed by
the gluon-quark and the quark-quark terms.
At larger p~ values the gluon-quark term
dominates and, eventually, the quark-quark
contribution becomes dominant. This is in con-
tras t to the lower-energy predie tions at v s = 53
GeV shown in Fig. 6 where the gq-gq and gg-gg
contributions are important only up top~ ~ 5 GeV/c.
For fixed P~, the increasing importance of the
gluonic contributions for larger v s is due to the
decrease in the effective value of xr =2Pr/vs,
thereby probing smaller regions of x, ~ in Eq. (1)
where the gluon distribution increasingly dominates
over the quark distributions. For comparison, the
prediction of the Field-Feynman' model is also
shown. This curve lies about three orders of mag-
nitude lower than our predicted curve. This is due
to twofactors, thefirstof which is that the subpro-
cesses used here all have a p~ 4behavior, up to loga-
rithmic corrections, while the Field-Feynrnan model
scales as P~ ". Secondly, the large gluon-gluon
and gluon-quark contributions further enhance the
predicted cross section. The differences shown in

Fig. 7 can have a profound effect, for example, on
estimates of backgrounds for W' production.

Because of the extremely large values of Q' reached
at ISABELLE energies, it is of interest to look
at the effects of the scaling violations coming from
the Q' dependence of the various distribution func-
tions. Accordingly, another calculation was done
in which only the Q' dependence of n, (Q') was re-
tained, i.e. , using the Q'-independent parton dis-
tributions and fragmentation functions. These re-
sults show that the inclusion of the scaling viola-
tions in the parton dis tributions inc reases the
cross section by a factor of about 5 at Pr =2 GeV/
c, whereas the cross section is unchanged at P ~
=18 GeV/c and it is decreased by a factor of about
8 at Pr =40 GeV/c. Thus, by going to sufficiently
high v~s the parton distributions are probed at
small enough values of x~ that the expected pattern
of scaling violations emerges.

Often in the literature the high-P~ single-particle
invariant cross section is pa. rarnetrized as
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FIG. 9. Predictions for the angular dependence of the
invariant cross section for pp —n' +X at several' g and

p @values. The parton distributions of Ref. 17 were used
(see Ref. 42) and no Q dependence was used in the frag-
mentation functions.

TABLE I. The values forA, . n, and f appearing in
Eq. (18), as functions of v s.

Ws (GeV)

31
45
53
62.4

800

119
163
192
229

10 931

6.76
6.57
6.52
6.48
6.36

8.65
8.96
9.06
9.15
9.52

Ref. 4, shown by the dotted line in Fig. 8. The
curves shown in Fig. 8 have been fitted to the form
given in Eq. (18) and the resulting parameter val-
ues are displayed in Ta.ble I. Note that neither A,
n, nor f is constant as would be expected in a.

scale-invariant model. 'The Q' dependence of the
scaling deviations and of o, leads not only to a
rise in the normalizationA, but also to a change
in shape, as evidenced by the increase in f. Ac-
cordingly, the parametrization of Eq. (18) does
not provide a proper description of this QCD cal-
culation. The dramatic difference between a mod-
el which scales as Pz

' and the current @CD cal-
culation leads to a decisive test at ISABELLE en-

ergies.
Another test of the QCD calculation is to look at

the center-of-mass angular dependence at fixed s
and P~. The results are shown at several s and P~
values in Fig. 9. The angular dependence of the
model is very flat over a wide range in 9. The
turnover at small 8 is s dependent and is due to
the approach to the kinematic boundary. The min-
imum allowed va, lue of 8 is given by

e,„=sin'2pr/Ms=sin 'xr. (19)

This flat angular dependence has been observed in
the data and was, jn fact, the motivating factor for
the choice of do/dt =A/( sF') in Ref.-4. Here the
QCD predictions agree with the limited data avail-
able for 8 & 50 . However, only the small 8 region
provides a stringent test for the angular depen-
dence of different models since the prediction of a
flat angular distribution for 8 & 50' is common to
many of them. Unfortunately, no detailed high-en-
ergy data exist in the above-mentioned small 8 re-
gion. In Fig. 10 data" at vs = 53 GeV and 8 =90'
and 53' are shown. These data are systematically
higher at large P~ and lower at small P~ than the
data"" shown in Figs. 4 and 6, thereby account-
ing for the apparent change in normalization.
Apart from the overall systematic differences,
the data show that at small P~ there is a slight
rise as 8 decreases whereas atPr = 7 GeV/c there
is no 8 dependence. This behavior is exactly re-
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with the gluon terms being dominant at the smaller
p~ values.

produced by the QCD calculation as shown by the
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FIG. 10. Comparison of our predictions with the data
of Ref. 45. The parton distributions of Ref. 17 were used
(see Ref. 42) and the fragmentation functions do not have
any Q2 dependence.

B. Particle ratios

As emphasized in Ref. 4, the study of the cross-
section ratios of various single-particle inclusive
reactions at high P~ affords an important test of
the fragmentation functions, which is relatively in-
sensitive to the underlying subprocesses or to the
input parton distributions. The results of the QCD
calculation are shown in Fig. 11 for two sets of en-
ergies. As can be seen, the agreement with the
data"" is in all cases very good. This may seem
somewhat surprising since at v s =2'7 GeV the ab-
solute normalization is too low and the P~ depen-
dence for Pr ~ 4 GeV/c is too flat. However, these
differences tend to cancel in the ratios, and there-
fore the ratios are most sensitive to the fra.gmen-
tation functions. Note that inclusion of parton
transverse momentum effects will yield better
agreement with the cross-section data at lower en-
ergies and smaller P~ values. However, the par-
ticle ratios should be insensitive to these effects.

The energy dependence shown by the v'/w and
K'/K ratios is easy to understand since both the
data and the model curves approximately scale in

xr. For example, compare the Pr =6-GeV/c points
at Ms= 53 GeV/c with the 3-GeV/c points at v s = 27
GeV, which corresponds to a fixed x~=0.023. The
K'/v' ratio is virtually energy independent over the
range shown. The value of about 0.5 is a direct
consequence of the ratio of b/a =0.5, see Eq. (6),
as discussed in Sec. II.

Although the behavior of the ratios is dominated
by the fragmentation functions, the gluon-gluon
and gluon-quark subprocesses do play a role in de-
termining the Pr dependence of the w'/w and K'/K
ratios. At small P~ the gluon-related terms are
important and tend to drive the two ratios toward
1. In this regard, our predictions for these two
ratios tend to lie lower than the predictions of
Field and Feynman at small p~, in better agree-
ment with the data. At higher P~ values the gluon
contributions become less important and the be-
havior becomes characteristic of the underlying
quark-quark subprocess. The ratios rise since
there are more u quarks than d quarks and at large z
D„&„&D,&„andD~ &„&D~ &„.Note that in this
regard D„&=D,

&
and D~, «=Dz « leading to a

ratio of one for the gluon-dominated terms, as
discussed above.

IV. SUMMARY AND CONCLUSIONS

The calculations presented here demonstrate
that within the framework of QCD it is possible to
predict both the normalization and the P~ depen-
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dence of the hadronic single-particle inclusive data
in the ISR range for pr 24.5 GeV/c. This can be
done without any free parameters, using as input
only the quark and gluon fragmentation and dis-
tribution functions determined in analyses of lep-
tonic data. These results show that it is of crucial
importance to take into account all lowest-order
diagra. ms allowed in QCD. In particular, the in-
clusion of the large gluon-gluon term has a pro-
found effect on both the normalization and the P~
dependence of the predictions.

'The improved agreement with the data obtained
here can be traced to several factors. 'The large
gluon-gluon and gluon-quark contributions sub-
stantially increase the magnitude of the predicted
cross section at moderate P ~ values. The rapid
falloff with P~ of these contributions leads to an
overall P~ behavior which is in better agreement
with the data than that which results from the
quark-quark scattering term alone. In addition,
the Q' dependence of the various distribution func-
tions further enhances the P~ falloff. The effects
of these scaling violations become particula, rly
striking in the ISABELLE energy range, due to the
larger Q' range covered. Here scaling violations
significantly steepen the P~ dependence of cross
sections by increasing (decreasing) them at low

(high) values of p~ Additional Q' dependence may
be contained in the fragmentation functions. How-
ever, over the currently accessible Q' region
these effects show up mostly as a shift in the over-
all normalization, with only a slight modifica. tion
of the P~ dependence.

At ISABELLE energies, the inclusion of gluon-re-
lated terms together with the P~ ~ behavior of the
individual subprocesses results in a m'-production
cross section which is up to three orders of mag-
nitude larger than the predictions of the phenomen-
ological model of Field and Feynman. ' Thus, the
difference between these two models will be easily
discernable. In addition, this large cross section
can have a significant effect on background esti-
mates for W' production.

This analysis has shown that it is possible, with-
in the framework of QCD, to Predict the correct
angular dependence of the cross section for PP
—w'+X at ISR energies. Furthermore, the model
correctly predicts the v'/v, K'/K, and K'/v'
cross-section ratios over a wide range in both ~s
and P~. These results indicate that for v s &50
GeV and Pr ~ 4.5 GeV/c the lowest-order QCD cal-
culation is able to properly describe the single-
particle inclusive data. Furthermore, the inclu-
sion of effects due to parton transverse momenta
may well allow the region of validity of these cal-
culations to be extended even further.

Note added. Meanwhile, two publications have ap-

peared where in addition to gluonic QCD contribu-
tions, possible effects due to parton tra. nsverse mo-
menta are studied [R.D. Field, Phys. Rev. Lett. 40,
997 (1978); A. P. Contogouris, R. Gaskell, and S.
Papadopoulos, Phys. Rev. D17, 2314 (1978}).

APPENDIX

The differential cross sections for the (mass-
less) hard-collision subprocesses in Eq. (1) can
be written, to lowest order in QCD, as

(Al)
dt s'

where the invariants s, t, u are defined as usual
and satisfy s+I;+u=0. Note that these invariants
here refer to the quark and gluon subprocesses
and should not be confused with s = (P„+Ps)', etc. ,
in Eq. (1), but should be identified with s, t, and
u of Sec. II. For completeness we will summarize
the results" for the various cross sections ap-
pearing in Eq. (A1).

The cross section for elastic gluon-gluon scat-
tering, gg-gg, is determined from the gauge in-
variant s, t, u, and contact Feynman diagrams.
The various polarization sums corresponding to
the incoming and outgoing vector gluons can be
evaluated by using the appropriate projection op-
erators" for the transverse polarization states,
s.e.,

2g e",~"„*=-g'"+—(k;k,"+kg",)
spina

SP fAS

(A2)

where k, (e, ) ~k, (e,) -k, (c,) +k, (e~). A similar ex
pression holds for the sums over the outgoing glu-
on polarization vectors. It should be noted that,
contrary to QED, one must not make the Feynman-
gauge replacement 2&"E"~ = -g"" since k",T ~, w 0,
although the gauge invariance condition on the
scattering amplitude reads as usual

Using Eq. (A2} or doing the polarization sums "by
hand" by using explicit helicity amplitudes, a
somewhat lengthy calculation yields
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3
tu su st'

u') ' (A4)

(A6)

from which we obtain the cross section for qq gg
by just taking into account the different color av-
eraging of the initial state, i.e. , multiplying Eq.
(A5) by a. factor of —", :

(A6)

Similarly, the reactiongq-gq follows from Eq.
(A5) by s —t crossing and by multiplying (A5) by
a factor of -', for the average over the ingoing glu-
on and quark colors:

which is in agreement with the recently published
result of Ref. 20. The cross section for gg-qq
has been calculated in Refs. 19 and 20, and is giv-
en by

which have to be equal to the relevant expressions
of conventional QED" supplemented by the appro-
priate color factors. The cross section for the
scattering of flavor-unlike quarks (t-channel glu-
on exchange only) q,q~-q, q~ is given by

4 s2 u2
QQgCQ» OgCQ

9 t2 (A6)

4 s +u s +t 8
+ u' 27tu (A9)

Of course, the results for qq-qq for unlike and

like antiquarks equal Eq. (A8) and (A9), respec-
tively. The process q,q, -q,q, (same flavor and
antiflavor) follows from (A9) under s —u crossing,

which is the same for q,q, —q,q, . The process q,q,
-q~q, is then simply given by Eq. (A8) with t —u.
The scattering for flavorlike quarks q,q. -q,q„
where t and u channels contribute, reads

gee ra 4 +u
9 u s t' (A7)

4 s'+u2 u'+ t' 8 u'
gagia aaaa +9 t' s' 27ts ' (A10)

which, by time-reversal invariance, is equal to
the cross section for gq -gq.

Finally, it is straightforward to calculate the
various quark-quark scattering processes' '" g4fglg» Ct)lb +4 u' t'

9 s' (A11)

whereas the annihilation process q,q, -q,q, is just
the s-channel contribution to Eq. (A10), i.e. ,
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