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It is demonstrated that, contrary to the assumptions of a number of authors, results obtained on pion
condensation in the cr model are not characteristic of general chiral models.

Several articles on pion condensation in neutron-
star matter have used the chiral g model to em-
body the pion-nucleon and pion-pion interactions
which are of prime importance to the dynamics
of the system. ' ' A characteristic result of the
model is that, in the absence of isobar contribu-
tions, nuclear correlations, and nucleon recoil,
the critical density for pion condensation would
approach infinity if G„were to approach unity,

The reason for this is that favorable n'-meson
P wave forc-es (which contain a factor of G„) are
almost balanced by unfavorable S-wave forces.
Whether or not pion condensation would actually
occur thus depends strongly on the correction
terms, in this class of model.

In the present paper we point out that this re-
sult, and the other results obtained for pion con-
densation in the g model, are dependent on the
specific model and are not characteristic of gen-
eral chirally symmetric models. We shall do
this first by making an elementary calculation of
pion condensation in another chiral model, one
which still contains only nucleons and mesons.
Then we locate the point in the development of
Campbell, Dashen, and Manassah' (CDM} in which
these other chiral models have been effectively
discarded.

It should be emphasized that we shall be dealing
with a rather idealized physical situation, in which
most of the nuclear physics has been discarded.
We wish here to deal only with the question pf
whether, even in this idealized situation, chiral
symmetry determines the general features of the
results.

The idealizations are the following: We take a
chiral model in which the only baryons are the
neutron and the proton, in which there are meson
fields coupled to the nucleons, and in which there
is no nucleon-nucleon force except for that implied
by the mesons. The pion mass term will be the
only direct chiral-symmetry-breaking term in the
Lagrangian. The treatment will be at the tree-

graph level. However, it is a well-known result
that the true general results of chiral symmetry,
namely, the soft-pion theorems, are valid for
the sums of tree graphs alone, as well as for the
complete amplitudes.

In the limit of infinitely massive baryons, we
look for the lowest energy state of neutron matter
containing an infinitesimal density of charged
pions, condensed in a plane-wave mode. The den-
sity at which this energy becomes lower than that
of the normal state of neutron matter is the crit-
ical density for the phase transition. The state
will be constrained to be electrically neutral, so
that the proton charge balances the (negative) n

meson charge. The pions are described by the
classical values for the charged pion fields,

y(x) =

II(x}=-i(u, y, e"',
where II(x) is the canonical momentum variable,
and coo is to be determined dynamically by mini-
mizing the energy. The electric charge of the
pion is given by

p„(x) =i(li*cp —@*II)= —2&u, y,*y„
and the equation of constraint is (p~)+pox = 0, where

p~ is the proton density operator.
Both of our models are taken from Weinberg's

1968 paper. ' Model A is the model used by Au

and Baym'; for the present problem it is equiva-
lent to the g model of CDM. ' The Lagrangian is
given by

2„=St„& F' g y" 7 ~ (yX g-y}titf. 'Pysy" ~'-@v 0+o(m'),

where

Z'„'&=Tl(iy"g-M)q --,'s„y s" rp --,'m„'P.
Here it) is the nucleon field, and y is the pion field.
We have retained terms only up to order y' in the
expansion of the Lagrangian in powers of the pion
field, since we need to calculate the energy only
to order y' to determine the critical conditions
for pion condensation.
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$~„=V~ —B„Vp+mpF„Vpx Vp, (4)

Model B incorporates a p meson, with field V„
in a Yang-Mills structure with coupled pion fields.
Defining

where p is the density of neutrons. The remaining
components of the p field vanish. In this model
the pion polarization part II(k, &o) would be given
by

we write the Lagrangian density of the model as II,(k, &u) =— (10)

Zs = Z~s" fm-„'g y,y" r y aj, qr

mpF x~yP7' V

—y 2 m&F, 'V& axe" y+O(y'), (5)

if there were no vector-meson interactions. In
the presence of the Vo field it is given instead by

II(kq co) = —
~ 2

)
+2(dF~ p .2f 'k'p

m w-F p

where

'"=&'"--'r"'S --'-„,'V V".B A & pv 2"'p p

Here we have fixed Weinberg's constants to give
universal coupling of the p to pions and nucleons.
The essential difference in the two Lagrangians
is that in C~ the p meson is coupled to the nucleon
isospin current, whereas in 2A there is no p me-
son, and there is a direct coupling (S-wave inter-
action) between the two currents.

In the limit of large nucleon mass we can write
these Lagrangians as

g g(o) F -2~1.7~. ~x~~

The second term on the right-hand side of (11)
comes from the direct p, v interaction in (6b).
The modification of the denominator in the first
term comes from taking into account the differ-
ence between neutron and proton energies in the
p-meson field, (9}. Substitution of (11) into the
critical condition (8) yields an equation for the
critical density,

3(G 2k2F 2p )2~~ +k2+m +F 4p 2 = 0 (12}

Here we have used the relation f =F 'm„G„. The
minimum value of p, occurs for k =2' 'G„'F p, and
is given by

—ifm, g oF i' 8)(p+O(9p), (6a.) g
Pc (4G 4 1)1/2 t (13)

Zs =Zs —gfm 'gto(7 g's)p

g'V

—v 2 m&F, 'V„' cpxs" y+O(y'). (6b)

The most direct way of extracting the consequen-
ces of the Lagrangian (6b) for the threshold of
pion condensation is to construct the meson in-
verse propagator in the nuclear medium, consist-
ing now of a pure neutron gas,

s(k, (o) ' = —(u'+k'+m, '+rl(k, &u), (7)

and use the condition for the critical point, '

a '(k, (u) = 0, —& '(k, (u) = 0 . (6)

V~» =2-~i2~ -~F -~
o

= "y r p~ (9)

We note that due to the fact that there is a nonvan-
ishing source for the p-meson field (even in the
absence of a pion field), we can solve the Lagran-
gian equation for a classical p-meson field. If
we were to have attacked the problem as a ground-
state energy problem and computed perturbation
graphs, this classical approximation for the V
field would correspond to keeping only tree graphs.
The solution for the time component of the neutral
field is

in contrast to the result of model A, worked out
in Refs. 1-3:

mf, F~
Pe 2G (G a I)&/2 ' (14)

+O(k2, Zza) [(3.15) of CDM II],
where all of the interaction terms of 2»„ in the
(chiral rotated) Lagrangian of Eq. (3.6) of this
paper,

Z „=2 „-cos8k, V", —sin8k„A2+k"k"S"~(8)

+2 (8) [(3.6) of CDM II],
have been dropped. Here Ss~ is the chiral sym-
metry-breaking part of the Lagrangian. Without
explicitly stating it the authors have given the

For values of GA near unity the difference in the
two results is dramatic, to say the least. Yet,
model B is just as chirally symmetric as is mo-
del A; in both cases we have broken the symmetry
only in the pion-mass term. And the approxima-
tion used in both cases was the tree approximation.

If we look back at paper II of CDM, we can find
the cause of the confusion. It is in the approxi-
mation which led to Eq. (3.15) of this paper,

S '=i P'-M —cos8 —' if —G sin8 —'y ii+yopA
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impression that the effect of Zs„„is unimportant,
so far as the 8 dependence of the ground-state
energy is concerned. They then proceed to ana-
lyze the symmetry-breaking terms in Sss at some
length. However, the evidence of our example is
that the detailed structure of X~M is very impor-
tant in determining the 8 dependence of the energy,
even though s~„ is independent of 8. It is cer-
tainly more important than 2». The reason is
that the explicit 8-dependent terms in Eq. (3.6) of
CDM act in concert with any spin- or isotopic-
spin-dependent forces (such as a p-exchange force)
in 2» to give an effective nuclear potential for
the baryons mhich depends as strongly on 8 as do
the explicit terms in Z.

Returning to the models A and B discussed above,

we think that the representation 8, containing the

p field explicitly, is more realistic than that of
A (or equivalently that of the o model). Therefore
we conclude that the positive 8-wave energies have
probably been overestimated in Befs. 1-3.

However, in a more realistic theory, in which
nuclear correlation effects, hitherto ignored, are
taken into account, the energy mill not be reduced
as much by p effects as in model B. To see this
it is more convenient to return to the method of
calculating the critical condition by calculating
the energy of the constrained ground state in the
external field (1), a method which can be used to
arrive at the expression (14) for the critical den-
sity. The modification E ~p in the denominator
of the P-wave term in (ll) comes from the nu-

cleon-nucleon force due to p exchange,

where p„and p~ are the neutron and proton density operators. We then replace (p„(x) -p~(x)&=p —%uoy~yo
to obtain

(P ~oVoVo)

The term —2moF, 2&pfcpo cancels the 8-wave m n energy of repulsion.
In the presence of correlations we should make the replacement in (15)

(p„( ) —p, ( )&&p„S') —p, ( ')&-(4;l[p„( ) —p ( )]Ip„( ') —p, ( ')]I @,&,

(16)

and this latter correlation function should be re-
duced at small distances by short-range repulsive
forces.

To return to the simplest model, A, (with no p
particle), let us ask whether there is some limit,
if not the chiral one, in which the results for pion
condensation should remain near Jy the same when
selected nuclear forces are turned on. There is
one, and it was discussed in the original article
by Sawyer and Scalapino. ' This is the limit in
which the nuclear forces are spin and isospin in-
dependent. The correction terms due to nuclear
forces of this kind are of order p~2k'M„'u ' times
the result with nuclear forces turned off. ' The
large change in results which we saw as a result
of the introduction of p mesons is a typical effect
of an isospin-dePendent force. However, the cor-
relations in the nuclear wave functions are thought
to be largely due to a universal (spin and isospin
independent) short-range repulsion. Therefore
there is reason to have some confidence in an

approach in which, e.g. , the p contribution must
be evaluated taking into account nuclear correla-
tions, but in mhich the basic P-wave energy is
unchanged by the introduction of these correlations.

%hen 6 particles are included in the models, the
situation becomes more complicated. The re-
marks on the independence of results on nuclear
forces given above and in Refs. 6 and 7 obtain
only if the b, -nucleon forces, about which very
little is knomn, are the same as nucleon-nucleon
forces.

Our general conclusion is that there are neces-
sarily very great uncertainties in pion condensa-
tion calculations, and that chiral symmetry is of
little or no use in reducing the uncertainties. Pion
condensation has no aspect which is of the nature
of a soft-pion theorem, independent of the parti-
cular chiral model chosen.
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