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By examining the dual amplitudes for external Pomerons in the triple-Regge region, we extract the triple-
Pomeron couplings gppp(t) corresponding to the dual models of Veneziano and of Neveu and Schwarz. We
also verify the expected central region plateau in Pomeron production and isolate the p, dependence.

I. INTRODUCTION

In the Reggeon calculus, the coupling between
three Pomerons plays a basic role. It was shown
very early by Gribov and Migdal' that a weak-
coupling solution of the calculus requires the van-
ishing of the coupling in the forward direction.
Gribov’s triple vertex is closely related to the
triple-Pomeron coupling of inclusive reactions.?
There it can be shown, most clearly through the
use of the inclusive sum rules that the triple-Pom-
eron coupling must vanish at £ =0 if the total cross
sections are to approach a constant asymptoti cally.

For a number of years around 1970 the vanishing
of the triple-Pomeron coupling was almost axio-
matic and dynamical models for this behavior were
eagerly sought. With cross sections growing in the
present energy regime and the renormalization
group suggesting a strong-coupling solution?® to the
Reggeon calculus, the vanishing of the triple-Pom-
eron coupling is no longer taken for granted. Ex-
perimentally also, there are at present no indica-
tions of such a vanishing.

For this reason and because of its basic import-
ance to the Reggeon calculus, it is interesting to
study the triple coupling and its { dependence in
a semirealistic, resonant amplitude with Regge
behavior such as provided by any of the dual-
resonance models,

The inclusive cross section a +b - c +X is pro-
portional to the missing-mass discontinuity of the
six-point function @ +b +C—=a +b +C in the forward
direction. The triple-Regge regime is obtained
when the invariant energy in the ab channel is much
greater than the missing mass which is itself much
greater than the Regge scale, say 1 GeV. In this
limit a six-point function with Regge behavior and
appropriate analyticity satisfies

lim  DiscA,~ D (s/M2)%®)* %)
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Clearly the highest-lying trajectory will dominate
the sum and hence the importance of the triple-
Pomeron coupling. This behavior is depicted by
the Reggeon graph of Fig. 1. As defined here, the
triple vertex g, (t) contains not only the triple-
Regge vertex proper, but also Reggeon propagator
and residue functions which can be factored out, if
one wishes, through knowledge of the elastic scat-
tering.

This triple-Regge behavior in a dual amplitude
was first confirmed in a study of the Veneziano-
model Born term contribution to the six-point
function.® The tree graphs in a dual model contain
only secondary trajectories dual to resonances and
no diffractive effects. The result of Ref. 4 is
therefore a statement of the triple coupling of Eq.
(1.1) with ¢, j, k2 corresponding to any of the leading
p, f,w, A, trajectories. These are all related by
isospin and exchange degeneracy to the one result,

T2~ 50, (1)) A
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&t () =2mg*

(1.2)

Here ¢ is the coupling constant of the dual pertur-
bation expansion which gives the deviation from
zero-width resonances through loop corrections.
One might take g, therefore, as proportional to

FIG. 1. Triple-Regge graph for the processa +b —c
+ anything.

1295



1296 J.

(a) (b)

FIG. 2. Ladder graphs in ¢° field theory showing
triple-Regge behavior with (a) planar coupling and (b)
nonplanar coupling.

the typical width of a resonance relative to a typi-
cal mass or Regge scale.

It was observed from this expression that if the
intercept of the f trajectory was unity, as is that
of the Pomeron, the triple coupling would vanish
at £ =0 due to the last I' function in the denomina-
tor of (1.2). A similar zero was found in calcula-
ting the planar ¢° ladder graphs of Fig. 2(a) in the
triple-Regge region.® This suggested that the in-
verse I' function of (1.2) might be a very general
result leading to the vanishing at £ =0 of the triple
coupling of an intercept 1 trajectory. However, a
subsequent calculation® of ¢® ladder graphs with the
nonplanar connection of Fig. 2(b) gave instead of the
inverse T of Eq. (1.2) a factor sin{z7[2a(t) - a,]}
which does not vanish at ¢ =0 for an intercept-1
trajectory. Since the Pomeron is thought to be
associated with nonplanar couplings the result of
Eq. (1.2) is not a convincing model for the vanish-
ing of gppp(0).

The actual triple-Pomeron coupling of the dual
model is given by the discontinuity of the two-loop
graph shown in Fig. 3. Because of its complexity
this diagram has never been studied in the appro-
priate depth. Extrapolating somewhat from single-
Pomeron results, Lovelace” argued that the triple-
Pomeron coupling would be nonzero in the Venez-
iano model but would vanish in the Neveu-Schwarz
model (NSM) owing to the fermionic internal struc-
ture of the latter.
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FIG. 3. Two-loop duality graph containing the triple-
Pomeron coupling. Wavy lines represent Pomerons,
straight lines represent Reggeons. The effect of the
twists is to prevent particles separated by a Pomeron
from exchanging quarks.
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The graph of Fig. 3 represents a nine-dimen-
sional integral in dual models complicated by the
presence of Regge-Regge cuts in Pomeron cross
channels. We observe, however, that the relevant
information can be simply extracted from the dual
amplitudes with external Pomerons. In the Ven-
eziano model these are the amplitudes of Vira-
soro and Shapiro® while, for the Neveu-Schwarz
model, the corresponding Pomeron amplitudes
were given by Schwarz® and by Aldrovandi and
Neveu.!'® The relevant integrals are only six dim-
ensional and contain no Regge cuts since in the
scattering of Pomerons, the Pomeron trajectory
is dual to Pomeron resonances.

In Secs. II and III of this article we extract the
triple- Pomeron coupling of the Veneziano model
and the Neveu-Schwarz model, respectively. By
supplying the Pomeron residue functions known
from the four-point twisted loop we are able to
give the contribution of the two-loop graph of Fig.
3 to the triple-Regge region. In Sec. IV we ex-
amine the Pomeron six-point function in the cen-
tral region t ,u—~ — with fu/s =u? +P ? fixed.
This “pomeronization” is of possible interest for
the following reasons:

(a) The existence of quarkless, Pomeronic
resonances is a firm prediction of the dual per-
turbation expansion. They correspond to the hy-
pothetical color-singlet gluon bound states of color
gauge theory. The experimental searches for such
states depend on the prediction of distinctive fea-
tures in their decay or their production amplitudes.
For example the Pomeron states are expected to
be significantly more narrow than quark bound
states because the decay of a Pomeron is higher
order in g, the dual coupling constant. Similarly,
if there were theoretical reasons to expect the
production of Pomerons to be enhanced relative to
normal particles in some kinematical region such
as at high P, this could be of experimental im-
portance.

(b) The production of Pomerons in the central
region could shed light on the topologically simi-
lar but more complicated dual integral for the
production of normal particles in the double-
Pomeron limit, We have recently proposed a
Regge-cut model'! for particle production based
on the assumption that multi-Pomeron exchange
in the central region would cause a shallower P,
dependence than the dual Born term because of
the smaller slope of the Pomeron trajectory. The
first indication of this could come in a study of
the P, dependence of Pomeron production. In the
present article we demonstrate the central-region
plateau and scaling behavior for Pomeron produc-
tion and determine the asymptotic form of the P,
dependence.
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In Sec. V we conclude with a discussion of our -
results and a prognosis.

IL g, (r) IN THE VENEZIANO MODEL

To extract the triple-Pomeron coupling in the

Veneziano model we begin with the Shapiro-
. . . FIG. 4. Tree graph for external Pomerons allowing
rasoro amplitude corresponding to the graph of

Vi ° P p g grap extraction by factorization of the triple-Pomeron cou-

Fig. 4 for six external Pomeron ground states. pling
The missing-mass discontinuity of this amplitude
gives the inclusive cross section for a +0—c +X,

The kinematics are given by " +k—)2‘ . 2.10)
==\ c/y ==\ (-] .

t=— (ke +k3P, T==(kg+k.}, (2.1a) S == (Ra +RBy0, 5=—(Rz+k5 ), (2.1¢)

’

The discontinuity is to be taken across the positive M? cut with #,s and #, S continued to the real axis from
complex-conjugate positions.!? Since ! is not taken asymptotic we can safely identify ¢ and . The missing
mass squared is M? =¢ +u +s, and in terms of these variables the amplitude of Fig. 4 is

Ae=gﬁf &x @y @z| xy| "2 |7 %72 1 z| T WD) -2
x|1 _xl—a(u)-2| l_yl-a('i)—zl 1-y(1-2)| a(;)‘ozl 1-x(1-2)| cx(u)+zl 1-xy(1 -2)|~%"2 | 2.2)

The integrals are taken over the entire complex plane and the amplitude for large s and % and physical ¢
and @, is the analytic continuation from the region of imaginary s and # and negative a(t), a,. All of the
trajectory functions in (2.2) are Pomeron trajectories and the graph is of order g8 since in a dual model
the Pomeron interacts with the square of the Born-term coupling constant. In the triple-Pomeron region
a(t)<1< a(M?)<< a(s). Therefore, we may write to a good approximation% =—s, # =-§,

In the limit of asymptotic M?, s, and S, the dominant contribution to A, comes from the region near ¥,
¥,z =0. Expanding, therefore, around these points we have

Ae=g8f &2 d2y d’zlxyl -a(t)-2| Zl -ao-zea(u2)kete-a(s)chte-a(;)Rel‘)’ . (2'3)

The integral splits into three factors with the substitution

x=x"/fz, ¥y=Y'/z ,
Ae =g3fdzzlzlzd(‘)'“o'ze“("z)‘“‘f dzxflxrl-a(t)—ze-cx(s)aex’f dzyllyll—u(t)-ze—aG)ke v . (2.4)
Let us examine the first factor

llzf dgzlzlga(t)-ao-zea(llz)ﬂu

=I'Qa(t)-a,) fzw do[- a(M?)cosb)] *o2*®) | (2.5)

[}

The missing mass squared may now be continued to the positive real axis and the discontinuity is seen to
come from the region of positive cos®,

/2
Discl, =T'2a(t) - a)sinT[2a() - o) f ) do[a(M?)cosf] %02
- le

m

@, +1-2a(t) 1
T+, -2a() ‘) - 2.6)

[a(MZ)] uo-za(t) B (_Q___z_______’ 3
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Using the doubling formula for the I" function this can be written

n292%(t)=oy [a(Mz)] @g2a(t)
r(z[2+a,-2a@)])

Disc/, = 2.7)
The remaining two factors in (2.4) are, after performing the integrations over the magnitudes of x’ and
v,

1213=1"3(—a(t))f”dww[a(S)cosqb] O a(E)cosw] “® @2.8)
0

Since a(s) and a(S) occupy complex-conjugate positions in the complex plane, the phases are defined by
I,=I% Thatis
/

2 .
do dwla(s)aE)cosd cosw] (1 +efm ¥ By (g L eFTal®))
/2

11, =T*(- a¢) [

I'2 —% -a o
T ay O 2.9)

where in the last step we take the limit of a(s) and a(S) to the real axis. Putting together the three factors
1,1, I,we have

[a(M?)]*0m2™ %2 (= o (t))
(1 +2a () T2E[2 + oy - 2a()])

DiscA, =&%[a(s)/a(M?)]z*® (2.10)

Comparing with (1.1) we can extract the triple coupling for the graph of Fig. 4. Eliminating the two Pom-
eron propagators and six powers of the coupling constant gives us for the triple-vertex proper
2_d4¢9-a
~ g m72™%
t) = .
s () pz(%[z +a,— 2a(t)])

2.11)

If @,, the Pomeron intercept, is 1, &,4(0) is nonvanishing. From (2.10) it is a simple matter to write
down the asymptotic behavior of the discontinuity of the two-loop graph, Fig. 3. It suffices to multiply
(2.10) by the Pomeron form factors to the a€, @c, and bb states:

fe) =BG [apt) - oy ()], 2)2°PH) ~os (-1 (2.12)

Thus,

: . - aptty _Lap(M?)]2P©@rig=cPOT%_ g, (t)
1111211—1»«3 DlscuzAﬁl P~g8a(s)/a(M?)]2p I‘Z(f+%ap(t))r2(%[2+ap(0)—Zai(t)]

S/M2 >

)fpa(t)fp(o) . (2.13)

We turn now to the calculation of the same amplitude in the Neveu-Schwarz model, reserving further dis-
cussion of (2.13) for Sec. V.

1. gp,,(¢) IN THE NEVEU-SCHWARZ MODEL

The vertex for ground-state Pomeron emission in the NSM differs from that of the Veneziano model by
a product of the two anticommuting fields

abkHz)k+ H (z%) :a;(z (o™ ™12 . bmz-'-1/2)> (}: (e b'™Tzxm1le L. ptmy *""‘1/2)) , (3.1)
m=g

m =g

where ajp is the Pomeron trajectory slope. Therefore the six-Pomeron amplitude in the NSM is obtained
by multiplying the integrand of (2.2) by

l1-x21-9]%|2[?|1-x(1-2) "2 1-3(1-2)| 2|1 -xy(1 -2)| 2 RR* (3.2)
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where
R=apxy(1-2)]"2(0| k= b0k - H(1 )k, H@ )z H(X(1 2 k. HY (L - 2))k,+ 507] 0) (3.3)

In the NSM with the critical dimension of space-time and in the ghost-free configuration, the Pomeron
intercept is 2 and the Pomeron ground state is a scalar meson on the first daughter trajectory. There-
fore,

apkk;=- zap(- (& +k;P) . (3.4)
In the NSM there are no tachyons on the leading Pomeron trajectory and this feature is retained if we ex-
trapolate the model to the physical Pomeron intercept only after imposing (3.4).

We may perform all the contractions between fermionic oscillators required by (3.3) yielding, in the
limit% =-s,

R==273ap(s)2(1-2)22 [ap()(x - ¥ +2ap 0y ] - 2 %0 (0)ap (2 (1 —2)72/2
=273, (0) [y (1 - 2)"2/2) [ap(t)? - ap(0)]. (3.5)

Inserting (3.2) with (3.5) into the integrand of (2.2) the limit of asymptotic a(s), a(5), and a(M?) is again
given by the region around x,¥,z =0, Thus all the factors in (3.2) except for | z| 2 RR* can be ignored.
Furthermore, the first two factors in (3.5) become of comparable importance while the third is totally
negligible. Exponentiating as in (2.3) we have
A:S =976 g8 f azx dzy dzzl xyl-a(t)-zl z| -ao—zea(lz)keze—a(s)keu e-a(?)Rey:

X[ a(sPz?[ap)(c - YP +2ap (00 ]+ ap0)a ()] ® . (3.6)
Again it is convenient to make the substitutions x =x’/z, ¥’/z. The z integral then factorizes and is given
by (2.5) and (2.7). We have, therefore,
ﬂzzzd(t)-ao[a(Mz)] ag=20(t)

- NS _9=6,8 J
Discyzd,” =27%¢ %z (2 +a,-2a(t)]) ’ 3.7)
where J is the remaining integral over ¥’ and ¥':
sz @x d2y| xy|~ U -2g™ UORex pmaGRey | (s ap (E)(x =Y + 205 0WY ] + ap(0)a (P 2 . (3.8)
Integrating as in Sec. II we find
- 21 -za(t)) a?
_ 2 20(t) g=a(t) 2 - 2 _ - ~a
J=64m [(!(S)] 4 ——I.Tz'-(—%"&—(m— [(2 ao) ozo(2 (Xo)+ 2 . (3.9)

The first term in the large square brackets of (3.9) comes from the | a(s)|* term in (3.8), the second term
comes from the cross term in (3.8), and the third term derives from the ap(0)* a(f) in (3.8). If the
Pomeron intercept is either 1 or 2, it is only this latter term that survives. Then (3.7) becomes

Discy? Ay =g®[a(s)/a(M2)R* ) [a(M?)] %r2™ % 202 T*(1 - sa(t))/ (F(Ga (DI (3[2+ o) - 20¢)},  (3.10)

Eliminating the two Pomeron propagators and six powers of the coupling constant gives us again the triple-
vertex proper:

g¥op(t) =g2m2" %202 /TX3 (2 + ay - 2a(t)]) . (3.11)

The triple-Pomeron coupling proper is essentially identical in the models of Veneziano and of Neveu and
Schwarz although the latter model is preferred by the absence of a tachyon on the leading Pomeron tra-
jectory at a(t) =0. From the study of the twisted loop in the four-point function it is known that Pomeron
form factors to the Reggeon ground state are identical in the two models and are given by (2.12). Thus,
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as in Eq. (2.13), factorization allows us to obtain the asymptotic discontinuity of the NS two-loop graph,

Fig. 3, by multiplying (3.10) by f52()fp(0).

IV. THE CENTRAL REGION

For the reasons discussed in Sec. I, it is interesting to consider the amplitude for Pomeron production
in the central region. Let us begin by discussing in general terms the techniques to be used.
In the limit of large a(t), a@), and a(s) with fixed a(f)a@)/a(s)=a(u,?), the general #-loop dual inte-

grand takes the form

A=f dx dy f(I;I dz,) 2™ (0071 5= ()= 1 Yo @ (5T (8D g xRy (57 ) g (WP IsVyley) @.1)
0

where z; represents a possibly large number of other integration variables. We use the Mellin-Barnes

transform to write

+jo an
ea(uz)xwu(xi)=f 371 F(—n)[ a(Mz)xyV,(z,)]" @.2)
im
In this form the missing-mass discontinuity is clearly
e dn a,
i = dx n=a, (0)=1yn-a, (0)-1
DiscA j:‘n 21 Taal) f dyf Hdz X Y
XWe) [V 0(Vy(z,)) e®®*% S gatwyVule) .3)

If V;(z;) and V, (z;) change sign in the integration region, the integral defines the amplitude in the region of

large imaginary a; and a,.

Furthermore, as is clear from Eq. (4.1), the integral is well defined for a;(0)

negative, i.e., to the left of the #-plane contour. In the limit of large imaginary a; and @, the ¥ and ¥

integrations can be done yielding

lim  DiscA~ (-a;) @ (= q, )% f -

L e -jw

" dn T(n - a,(0)
I‘(n+1)

a(M?) ]"

£~ 2,00 3t

X f ( ndzi)W(Zi)[vu(zt)]"[vt(zi)]al(O)_"[Vu(zi)Jaz(O)-" .
i

Since in the central region fu/M?=p % we see the
general factorization into a double-Regge behavior
times a function of 4, 2. The problem is then to
determine at least the asymptotic behavior of the
1, dependence. To accomplish this one uses the
inverse transform of (4.2),

-n _[a(“'-l-z)]—c
T T(m-c)

><f dye™ ek M yn-e=1 (4.5)
o

[a(u.?)]

Then after amputating the Regge factors in (4.4)
the 1, dependence takes the form
Al [ &eeDuy), @6

with

@.4)
:
e dan I'(n - o (0)) n=c=1
Hp) = f 20 Tea)
xom @ @

¢ = [ Il aeiweo el Veen] @

X[V, @;)] 2@, (4.8)

In (4.6), ¢ is any convenient constant. From Eq.
(4.6) it is clear that as a(u,?) becomes large the
integral is dominated by the smallest value of ¥
for which H(Y) is nonzero. If near ¥ =0, H(Y) be-
haves as

lim Hp)~ay® , (4.9)

b ]
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FIG. 5. Two-loop duality graph for particle produc-
tion in the central region via double-Pomeron exchange.
Each Reggeon propagator contributes one integration
variable and each Pomeron propagator two integration
variables to the dual integrand.

then f(4,2) is power behaved,

lim S (@2 ~al®+1)[a@2)] " 1" %0  (4.10)

If on the other hand H(Y) is zero in a neighborhood
of ¥ =0 and behaves instead as

HY)=00 -y a -3,) ++++], (4.11)

then there is an exponential 1, dependence,

lim f(p2)~al'(®+ Do (p?)] 71 %@

[ el

xe"o"‘("’kz). (4.12)

The behavior of H(¥) near ¥ =0 is determined by
the pole structure of G(). As Y -0 the integrand
in (4.7) is exponentially damped for Ren—~ +«,
Therefore, we may close the contour to the right
in Eq. (4.7). If G(r) has no poles to the right H(Y)
is zero below some finite ¥, and takes the form

A =g" f @x @y dz| xy| ~%~? 2| ~HEIm2 1 _ x| o2

(a) (b)

FIG. 6. Pomeron production in the central region.

(4.11). If G(r) has poles to the right, one has the
case (4.9).

In all of the dual amplitudes investigated pre-
viously, i.e., in the dual Born-term calculation
and in the case of the twisted or untwisted single-
loop graphs, H(Y) has been proportional to 8¢y —4),
leading to the asymptotic behavior

flu2)=-es 1l 4.13)

with o’ the Reggeon slope, 0.9 GeV~2,

We proceed now to apply this analysis to the
Pomeron six-point function. In addition to its
value in its own right the amplitude may provide
the first clue to the P, dependence of the topologi-
cally similar two-loop graph, Fig. 5, for particle
production in the central region via double-Pomer-
on exchange. That is, in Fig. 5 and in the present
amplitude, the produced particle is quark-line dis~
connected from both target and projectile.

Since the Pomeron amplitudes are totally sym-
metric, graphs with different ordering of the ex-
ternal particles are fully equivalent. Nevertheless
for convenience we prefer to analyze the integral
form corresponding to the ordering of Fig. 6:

X[ 1=y %721 —z| "2 2 (1 —y) %" 21 —xz| 721 _xz(1 —y) ¥ 2, (4.14)

The integral diverges at the origin in ¥, ¥, and z unless it is evaluated with o, and a(-#:2) negative and

analytically continued afterwards. Kinematically,

a(s)=a(M?) - al)- a@)=al)aw)/au?),

and in the central region

1<-a, -a,<a(dr).

(4.15)

(4.16)

For large a,, @, the integral is dominated by the region near ¥,y =0. Expanding the integrand of Eq. (4.14)

about that region gives us

2
lim A =g® f d2x d?y d2z| xy| ~ %072 z| ~(~ke 2R pay Rely/(1=2)] gay? Rexve (4.17)

oct. au large
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Proceeding as in (4.2) and (4.3) the discontinuity of A, is

+{0 m
: _ o8 - 2y (2 n -a - -a(=kP)=2 0 Rex ,o, Re [/ (1=2)]
DiscAg;=g& f_w 3T ) fdxdydzz(a,,zRexyz) ORexyz)| x¥| %2 z| c)m2g ¢ Rex v/ (12
(4.18)
We now make the transformation
y=y'(l-2), ®y=ay'|1-z| (4.19)
and perform the integrations over the magnitudes of ¥ and ¥’ as in (4.4):
DiscAg = (— a;)%(— )% f (1.2) , (4.20)
with
Y oan T2 - ) -
2)_ g8 sk 2)|-n (w+ @), _ n
fun=g [ 55 ey [ Ree Pz -2)]
x6(Ree'(“* Pz (1 —2))| 2| '“('kcz)'zl 1-2z| ~%(cosw cosP)% " @2z dwd¢ , (4.21)

We are now free to continue a(-%;2) and the Pomeron intercept o, to positive values providing we distort
the #-plane contour so that a(-%.2) and ¢, continue to lie to the left of the contour. We apply the transform
(4.5) and recover the general form (4.6) and (4.7) with ,(0)=a,(0) =, and

Gn) =g8fd2z dpdwo(Ree'“* Pz(1 -z)[Ree’“* P z(1 -2)"| 2|7 aame| 1 —z| %(coswcosp)® ™" . (4.22)

The nature of the asymptotic behavior in 1,2 is determined by whether or not there are #-plane poles in
G(n) to the right of the contour, i.e., for positive values of # — ¢,. We answer this question negatively in
the dual-model ghost-free configuration o, =2, ap(-k?)=0. The behavior of f (1.?) in this configuration
is important to the self-consistent exploration of the dual-resonance model, although from a phenomeno-
logical point of view, it may be interesting to ask what i, dependence is defined by the same integrals

with a,=1.
In the ghost-free configuration the integral is simplified by the substitution
z =31+ (1 =21, (4.23)
dzdpdw ; . -
Gn)=2g% f ﬁ—:’z—W (%Reze'u'g’)" Q(Rezeiw ")(cosw cospP" . (4.24)

If we write z =ve'®  the integral over v is a Legendre function
’ g g b

G@n)=2g%T'(n,1-n) dwdfdpP,_ (- cosb)4d™" (cosw + P +60) O(cosw + ¢ + 0 )(cosw cosPy*™" . (4.25)

-

Here we introduce the notation
kR
F(auag-'-, a,,):I_[I"(a,) . (4.26)
=1

The reality of the d@scontinuity is ensured by the phase convention that negative cosw is ei"l cosw| while
negative cos¢ is e™*"| cos¢|. This is equivalent to putting (-1)" =cosm when it occurs in the last factor
of (4.25). If we call the integrand of (4.25) f (8, ¢, w), the angular symmetries can be exploited to write

" /2 "
Gin)=4 do d d 6 ¢, 6, ¢, -w)]. 4.27
) f [ wf_ﬂ oLf (6 9, w)+f (0, 9, -w)] 4.27)
We are therefore led to calculate the integral
I(n) =f ! do(cosd) 8(cosd) (cosd — 6 - wPR™" +(cosp - B+w)2 "], (4.28)

One finds'?
I (n)=37[(2 - n)cosnw cosnb +n cos(n — 2)6 cos(n - 2)w], 4.29)
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Hence,
" /2
G(n)=41g®4™"T'(n,1-n) f def dwP,_, (-cosb)(cosw)™"
o )
X [(2 =n)cosnw cosnd +n cos(n — 2)0 cos (i — 2)w]. (4.30)
The integration over w is easily done, yielding

m
G(n)=m2g®2"""1T'(n,1 —n) f doP,_ (—cosb) (2 -n)cosnd —n cos(n - 2)6]. (4.31)
1]

The final integration is done by developing the Legendre function in a power series in cosz(%G) and inte-
grating term by term. One has

R(@= [ dsP,_,(~cos6) cospo = JFalny1-n, b, 148,135 1). (4.32)
o]

S

r+81-p)

This particular ,F, is expressible via Whipple’s theorem in terms of products of T" functions:
R(B)=m’[TGr+1+8),5(n+1=p),3(2+B=n),:(2~p-n))]|™". (4.33)

The result is

Gn) =,,7/2g82—n—1ﬁ1;(T)) (2 -n)2. (4.34)

The poles of G(n) are seen to lie to the left of the contour in the » plane. Hence we will have an exponen-
tial P, dependence. Substituting (4.34) into (4.7) enables us to determine the slope of the exponential,

“dn T2(n=2)I'(7)(2-n)?
= n7/2,89=~2~cC e 2)n-c- -1 4
R L I L (4.35)
The parameter ¢ is most conveniently chosen to be unity. Then
228 f dn 9= T'(n-1)T'(n) 36
H(y)=n""g"2" g (v/2) Tn+1)T(n+3) ° (4.36)

We see that for y <2 the integrand is exponentially damped as Ren -+, Therefore in this case the con-
tour can be closed to the right and the integral vanishes since there are no poles to the right. If y >2 the
integrand can be closed to the left giving us the residue of the double pole at »=0 and the single poles at
other integer values of 1-#n. One finds

H(y)=1n'gGy) {2y Gy - D> =In[(3y)V?+ Gy - 1)*]}6(y - 2).

Near y =2, H(y) behaves as
__TE _ _9)3/2 _9)2

H(y) 12\/— 6(y = 2)[(y =2)*%+ O((y - 2)%)]. (4.37)
The p, dependence is

fudy=la@A]™ [ dy e ®H(y). (4.38)

0

For large u, we may use the first term in (4.37) to write

Dla(u,?)] 22 ti® (4.39)

lim f(u,?) ~g® 12J_

Ky >
This compares with the following p, dependence of normal particle production in the dual Born term'*
lim £(1,%) ~ g *7T () [ap(p,?)] 24 ™, (4.40)
[l

The difference in slope between (4.39) and (4.40) comes not only because of the smaller slope of the Pom-
eron trajectory along the lines suggested in Ref. 11 but also because the numerical coefficient is halved
in the case of Pomeron production.
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FIG. 7. Particle productior by external Pomerons in
the central region, allowing the extraction of the Pom-
eron-Pomeron-particle-particle coupling of Fig. 5.

V. CONCLUSION

We have extracted the triple-Pomeron couplings
corresponding to the dual models of Veneziano and
Neveu and Schwarz. In the case of physical inter-
cepts, these are shown to be nonvanishing at ¢
=0 contrary to expectation in the case of the Ne-
veu-Schwarz model. The mechanism discussed by
Lovelace” applies only to the first term in the
large square brackets of Eq. (3.9). The triple
couplings (2.11) and (3.11) have double right-sig-
nature nonsense zeros given by the inverse I
functions, at a, - 2a(t)=-2k, £=1,2,3,.... The
wrong-signature nonsense zeros found in the dual
Born term and originally thought to be responsible
for a vanishing of*® g,,,(0) do not occur. This is
in line with the insight gained by studying twisted
graphs in ¢° field theory.® The fact that the right-
signature nonsense zero in the triple-Pomeron
coupling is a second-order zero is an unexpected
result whose possible significance is as yet un-
clear. Similarly, it is not clear what significance
should be attached to the fact that the right-sig-
nature nonsense zeros do produce a zero at ¢
=0 in the case of the unphysical intercept (a,
=2) of the ghost-free dual models. It is not in-
conceivable that this plays a role in the renor-
malization of the dual-Reggeon calculus.

One might also note in passing that if the critical
intercept of the Neveu-Schwarz model were «,
=4 the triple-Pomeron coupling would vanish
identically and not just at £ =0. This can be seen
from Eq. (3.9).

Finally we remark that while the Veneziano mod-
el suffers from the Pomeron tachyon pole at
ap(t)=0 [Eq. (2.10)], the Neveu-Schwarz ampli-
tude [Eq. (3.10)] is free of this problem and can
be taken as a phenomenological model with no
obvious defects if one inserts physical intercepts
into the final form.

In the central region the u, dependence of

Pomeron production falls asymptotically as
exp[-2a,(i1,?)] or exp[-a(1,?)] in view of the dual
Pomeron having half the slope of the Reggeon tra-
jectory. This compares with an exp[—4a(uf)]
asymptotic form for particle production via sec-
ondary Regge trajectory exchange.

With regard to the experimental search for gluon
states one can make the following comments: If
the behaviors (4.39) and (4.40) were dominant for
Pomeron and particle production, respectively, at
high P, the result would be a dramatic increase
in the Pomeron-to-normal-particle ratio for in-
creasing P,. Invariant-mass plots of high-P, iso-
spin-zero multibody states would then be sensitive
to Pomeron resonances. In actuality, however, it
is known that another mechanism, usually de-
scribed by hard-scattering models, is effective at
very high P, leading to a power-law behavior.
Thus our results would, at best, suggest some en-
hanced Pomeron production at intermediate values
of P,, say between one and two GeV.

The present analysis represents the first dual
production amplitude found to have a u, dependence
less steep than exp(—4u ). This latter dependence
was found in the dual Born-term.amplitudes,'* in
the single-planar-loop amplitude,'® and in the sin-
gle-twisted-loop amplitude involving single-Pom-
eron exchange.'® The present work therefore pro-
vides the first indication that the P dependence of
the dual model may in fact be softened by the high-
er-order terms of the perturbation expansion.

The next step in this program would be the anal-
ysis of the single-Reggeon production via double-
Pomeron exchange corresponding to the two-loop
graph of Fig. 5. This amplitude is given by a nine-
dimensional integral complicated by the presence
of many Regge cuts.

Again we can extract the relevant information by
considering amplitudes with external Pomerons.
That is, the central-region Pomeron-Pomeron-
particle-particle coupling of Fig. 5(b) is obtainable
via factorization from the amplitude for Pomeron
plus Pomeron goes to particle plus anything, as
shown in Fig. 7.

These hybrid amplitudes with external Pomerons
and Reggeons were first written down by one of
us'” and independently by Ademollo ef al.'® The re-
sulting amplitude corresponding to Fig. 7Tis a
seven-dimensional integral, meromorphic in the
J plane. Consequently, one might expect consider-
able simplification relative to the direct calcula-
tion of Fig. 5. The remaining triple couplings
Zgppr(t) and gppp(¢) could also be extracted from
this amplitude, which will be the object of a future
study.
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FIG. 1. Triple-Regge graph for the processa + b —c¢
+ anything.
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FIG. 2. Ladder graphs in ¢° field theory showing
triple-Regge behavior with (a) planar coupling and (b)
nonplanar coupling.
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FIG. 3. Two-loop duality graph containing the triple-
Pomeron coupling. Wavy lines represent Pomerons,
straight lines represent Reggeons. The effect of the
twists is to prevent particles separated by a Pomeron
from exchanging quarks.



FIG. 4. Tree graph for external Pomerons allowing
extraction by factorization of the triple-Pomeron cou-

pling.
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FIG. 5. Two-loop duality graph for particle produc-
tion in the central region via double-Pomeron exchange.
Each Reggeon propagator contributes one integration
variable and each Pomeron propagator two integration
variables to the dual integrand.
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FIG. 6. Pomeron production in the central region.
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FIG. 7. Particle production by external Pomerons in
the central region, allowing the extraction of the Pom-
eron-Pomeron-particle-particle coupling of Fig. 5.



