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A classification based on the spinor method is presented for thc SU(2) gauge field.

In the preceding paper' a classification of a
gauge field corresponding to an arbitrary group
G was given. If G ls speclf led however, a re-
finement of this classification can be obtained,
by introducing additional types corresponding to
conditions invariant under the particular group
G. In the present paper we consider the case G

=SU(2} or O(3)."' We also make remarks on the
generalization of the classification obtained, for
other gauge groups. The notation, of the preced-
ing paper mill be used in this paper.

The spinor form p» of an arbitrary gauge fieM
can be written as

4AB (APB) + ~ ~A~B ~

for some Q~A, pA, yA which are irreducible spinors
under SL(2, C}and X', in the present case, is an iso-
vector. The classification arises by considering
special features which are invariant under
SI.(2, C) &&O(3):

Type I: General case. Type A: X'=0 in (1).
Type 8: A subclass of A for which

Q~AQ~Bp
"p =0

(summation over repeated indices unless other-
wise indicated). Type C: A subclass of 8 with'

QAQ~B =XpApB. Type D: A subclass of A for which
n'„=y'a„.Type N: P„=Oin (1). Types E and F:
Subclasses of D and N, respectively, with X~y~

= 0. (Recall that X' is a complex vector. )
To obtain a refinement of the above classifica-

tion, define P» o —= Q~»a "o, where opo are the
Pauli spin matrices' (k = 1, 2, 3, P, Q = 0, 1). Since
g p@ are trace free, 0~ ~ is symmetric in P, Q
where the index is raised using the alternating
symbol a ~. Thus Q» ~ is symmetric in the
SL(2,C) indices A, B and the SU(2) indices P, Q.
A subclass of 6 of the general case can be obtained
by requiring that (t)» can be written as'

PQ Q (PP Q)
AB (A B)

Further specialization gives a new Type H, mhich
is of the form Q(„'pB)6@'. It can be shown that
C defined above is a subclass of H satisfying
p Q A p5 = Q. Moreove r, D is a subclass of H

with Q„"= QAy; E then being a subclass of D
corresponding to y = |) . H can also be specified
as a subclass of A satisfying the additional condi-

tion that there exists an isovector $~ such that
~A~k 0 and yk ~k 0

It follows from (3.12) of Ref. 1 that only three
independent complex invariants (or six real in-
variants), which may be taken to be 7', TrL, and

Tr(L'), can be formed from the anti-self-dual
field Q» (without complex conjugation), unlike
the usual Yang-Mills field which has nine indepen-
dent invariants. The fact that the characteristic
equation of I.,
X' —(T rz. )X'+ —.'[(TrL)' Tr(I—.')]X —detz. I= 0, (3)

contains all these three complex invariants sug-
gests a classification based on the matrix L. In
particular, a classification into four main types
I, II, III, and IV according to the number of zero
eigenvalues (0, 1, 2, and 3, respectively) is ob-
tained. II, III, and IV can also be described in
terms of spinors: For II there must exist spinors
yp, 5& such that JAB ~@pe@= 0. III is a union of
two classes A and I which have the forms
Q(Ap~pB) and QAB(pe~). rV = B U M where 8 and
M are, respectively, subclasses of A and I, cor-
responding t,o the conditions QA @QB ppApB = 0
and QAB pQ q5 5 = 0+AB P Q

The relationship between most of the types men-
tioned above and the associated conditions on the
invar iants for the usual and the anti-self-dual Yang-
Mills field Q„'~ is shown in Figs. 1(a) and 1(b),
respectively. For completeness, type R which is
the second type in Ref. 2, has been included in
Fig. 1(a). [R has been omitted from Fig. 1(b) be-
cause its specification requires taking the com-
plex conjuation of Q„'~.] Not all the above-men-
tioned types fit in naturally into either or both
diagrams. Also we certainly have not exhausted
all the types that are obtainable from the spinor
formalism. For instance, two new types P and

Q can be defined as follows: P is of the form
Q(A p» with QA KB.p=pA I3B. p and Q is of theq) ~ p p

forn1 Q(A pB)Q with p QA Qp = 0. The number of
inequivalent types cannot be exhausted since an
infinite number of invariant conditions can be
placed on the spinors leading to new and different
types. Thus no classification into a fiIlite number
of types is ever "maximally detailed. " Physical
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FIG. 1. A classification of the usual Yang-Mills field (a) and the self-dual Yang-Mills field (b) arranged so that each
successive row, going down, corresponds to the vanishing of additional invariants shown in the column on the right of
each figure. The arrows point toward increasing specialization. I is the general type while II, III, and 1V are classes
of fields for which the matrix I. has 1, 2, and 3 zero eigenvalues, resPectively. A= n ~o& Ps&, B= nM~Ps& with n„"nsaP Ps
=i&, C =n'taps& with n„ns=X cps for some complex number X, D=( no&ps&, N=$ p„ps, E= (~no&ps&with $~$"= i&, F
= (&p&pa with g~("=0, H= o. +&&pz)6~), B is the most general type satisfying the conditions of the invariants correspond-
ing to the rom to which it belongs.

and aesthetic considerations have to be used in
choosing a finite classification.

Our present classification is valid whenever the
adjoint representation of the gauge group is a
subgroup of an orthogonal group. For instance,
the classification is valid for any SU(n) gauge field.
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4Type C is a slight generalization of Carmeli's III, (Bef.
3). We have introduced a A. in the defining equation so
that F can be obtained from C by specialization (X= 0).
It is not the case that all invariants of III, vanish,

since such a fieM is necessarily of type N. gee Hefs.
1 and 2.)

5Carmcli' s type I~ (Ref. 3), is a subclass of type G.
On using the tracelessness of Pauli. spin matrices, or
the symmetry of P„~ in P, Q, we find also that
Carmeli's II, = D, =our type E and III, =N =our type F.
[Carmeli has an additional condition a~e&& =e&e~ for
III, , which, however, is not invariant under SU(2),
and therefore inadmissible. ) Also the invariants Q and
T give» by Carmeli are not independent as claimed, be-
cause of (3.11) of Ref. 1.




