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We find a class of exact spherically symmetric solutions to the coupled classical field
equations of f-g theory. The f and g metrics each induce a cosmological constant in the
field equations of the other, and are both of Schwarzschild—plus—de Sitter type.

I. INTRODUCTION

The f-g theory was originally introduced™? as a
gravitational analog of the vector-dominance hy-
pothesis for electromagnetism. It was postulated
that while leptons would couple directly with grav-
itation, hadrons would only do so by virtue of a
mixing between the gravitational field and a mas-
sive spin-2 meson which would couple universally
to all hadronic matter. In the simplest version
of the theory only one such meson is considered
and is denoted by f. The mixing term is chosen
in such a way that in the weak-field limit it is also
responsible for the f-meson mass, having the
Fierz-Pauli form required for the mass term of
a quantized, ghost-free spin-2 field.

Recently the significance in a quantum context
of classical solutions of field theories has been
established, following investigations into the prop-
erties of solitons, pseudoparticles, and related
objects. An important class in a (3 +1)-dimension-
al theory is that composed of static, spherically
symmetric solutions, and their occurrence in f-g
theory is the subject of this paper. (Solutions with
other symmetries are discussed in Refs. 3-17.)
The possible relevance to strong-interaction phys-
ics is twofold. Firstly,®® the existence of horizons
in f spacetime might be associated with Hawking
radiation,’ as for ordinary gravity, perhaps con-
nected in some way with the temperature concept
in hadron physics.!! Secondly, it has been sug-
gested!? that interpretation of the classical f-field
solutions as potentials may provide an interesting
mechanism for quark confinement.

The coupled f-g equations are highly nonlinear
and it is a nontrivial task to obtain genuine solu-
tions. Various attempts!®!* were made in the past
to find such spherically symmetric solutions but
concrete progress was only made recently by Sal-
am and Strathdee,'® who found an explicit solution
in the approximation that the g metric is that of
Minkowski space.

Although this might seem a physically reasonable
approximation, many important questions cannot
be satisfactorily resolved within this framework.
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For example, the role played by coordinate sing-
ularities is difficult to discuss in a situation where
the g metric is not completely known.

The plan of this paper is as follows. In Sec. II
we find a class of exact spherically symmetric
solutions of the coupled f and g field equations.
Part of this derivation, the computation of the
Ricci curvature components, is relegated to the
Appendix. In Sec. III we discuss the nature of
these solutions, noting that there is a subset for
which the g metric is simply that of Minkowski
space, and for which the Salam-Strathdee solu-
tion becomes exact.

We will use the Landau-Lifshitz (1971) “timelike
convention” in which the signature of the metric is
-2 and the curvature components are defined in
terms of the affine connection by

ROup=T %5~ g+ Tl 0, =T, I, (1.1)
Ryy=R% 4. (1.2)
In this convention the usual Einstein equations are

Guy=Aguy=Ry, = 284, R — Agu,=+ k2T, (1.3)

where k,?=871G (setting c=7%=1). The metric of
Minkowski space will be written in spherical polar
coordinates as

M., =diag(l, -1, =72, —r2sin?6). (1.4)

Quantities pertinent to the f and g metrics will be
labeled with superscripts f and g, respectively.

Detlif,, |l =f and Detllg,, /=g as usual.

II. EXACT SOLUTIONS

The Lagrangian to be considered is

L=f£d“x, @.1)

where
-1 — 1
£=£l+£f+£fx=,_‘;§' _gR!—K—fz“ -fRf+£fn
(2.2)
that is, Einstein Lagrangians for the g and f fields
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and a generally covariant mixing term chosen to
give a mass to the quantized physical f-meson
field. «; is the strong analog of the gravitational
coupling constant «,.

We take a one-parameter family of mixing terms
whose basic structure was first suggested in Ref. 1
(M is the f-meson mass):

o= T R P = = g™)
f

X (gaagef"gaﬂgm)7 (2-3)

where # and v are arbitrary real numbers such
that

u+v=7%, (2.4)

the latter condition ensuring that £,, is a tensor
density of the correct weight. This mixing term
has the correct Fierz-Pauli form in the limit
g*’=n"" and f**=n"+ k,F*¥ where F*’ is inter-
preted as the physical f-meson field and terms of
order higher than bilinear in F“* are neglected.

Salam and Strathdee have considered® the case
in which =3 and v=0, with the approximation
&uy=",,- We make no such approximation but ex-
tend their methods to solve the coupled equations
for the f and ¢ fields.

e M? f Y aB @
T"":m E [2(f -g B)(gau.gsv_gaﬁg“l')

+ (=g ) ([T - g VUG8 ao&Br = Uy BapBort 28 au8ovSor — 2Lan Sy &or)] -

Only the spherically symmetric case will be in-
vestigated. Then, without loss of generality, the
metrics may be written in the form

fu,dx"dx’=C di* — 2D dtdy — A dr?

— B(d6+sin?0d¢?), (2.11)
Zu,dxtdx’=J di* = Kdr?® — v*(d® + sin?0 d¢?)
(2.12)
with inverses
—-%(aah sin"6 6,2%), (2.13)

guvauav=§ 3 _I-i_ 5, —rlf(aﬂz"' sin69,%),
(2.14)
A=AC+D?*>0, (2.15)

The value of the parameter « is left unspecified
for the sake of generality. It will be seen that it
plays an important role in determining the “cos-
mological” (i.e., large-7) behavior of the solu-
tions.

Upon varying f*¥, the action principle 6L =0
gives the f-field equations

G{LV=R{LV_ %fuva=Kf2T{w: (25)

where

7{‘"=ﬁ7<§>u[%u(f g B)(fT-g)
X (Z088r = Lap&or)

“2(f*® — 2 ) (g0 Loy — Lo Sur)] -

(2.6)
A useful way of re-expressing (2.5) is
R{va Kfz(T{w_%fuva): (2-7)
T =77 . (2.8)
Variation of g“¥ yields the Einstein equations
wa =Riw" %guvR‘= ngwa’ (2-9)
where
(2.10)

f

where A, B, C, D, J, and K are functions of »
only. The theory is invariant under simultaneous
coordinate transformations for both metrics, and
we have used these to optimally simplify the form
of gy,

The components of the Ricci curvature are now
computed. The details and intermediate results
of the calculation of the components of R, are
given as an appendix. The nonvanishing compon-
ents are

C B'C’ C’a’

f - 173 -

R”'2A<C "B 2A>’
-D B'C’ C’'A’
R’;ﬁRfﬁﬁ(C"*—B T > ’
(2.16)

Rl =_Bn N B’2 _i ”+Blcl -BIAI _C'A')

4 B 2B% " 2A B BA 24 )7

C B'C’ B'aA’
f =sin™2 U e
R}, =sin™0R} , =1 5A (B +=C 3 )
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Then the components of R, are simply obtained
by making the replacements

C-J, A-K, D-0, A-JK, B-v%, (2.17)
So the nonvanishing components of Rf, are
J" JI JIZ JIK!
P
Rte=3x *7k "Wk ~IKT’
JII Kl JIKI le
4 e — — —
Re==37*7K YTk *37% 2.18)
1 3rJ’ vK'
€ _ cin=2 E =1 @ e — e —
R§,=sin™6R% =1 K ~3JK "3K:*

Expressions (2.16) display the simple algebraic
identity

DR!,+CR}, =0. (2.19)
Hence, from the f-field equations (2.7),
DT{t+CT{r=O: (2.20)

which becomes upon substituting the explicit form
of the metrics, (2.11)-(2.15),

(2—22 —-3>D=0. (2.21)

It transpires that precisely the same result is
obtained from the identity

T¢ =0, (2.22)

which is a consequence of R, =0 and the Einstein
equations (2.9). Thus we can consistently set
either

B=2%y2 (2.23)

or

D=0. (2.24)

The resulting solutions will be labeled type I and
type II, respectively, following Salam.®1S

Unfortunately no explicit type-II solution has yet
been found, even in the approximation g,,=,,.
The large-» asymptotic structure has been investi-
gated in detail by Aragone and Chela Flores,3 ¢
using this approximation, and has a Yukawa-type
behavior for asymptotically flat solutions.

In this paper we will only consider the type-I
solutions. It is already clear from (2.23) that there
will be no weak-field region, since f** -g"=~0
requires B~v2, not r2.

At this point it is convenient to display the non-
vanishing components of T, and T%,, using the
explicit form of the metrics, (2.11)-(2.15), and
setting B =2r2:

C.lT{t = _D.lT{r
= —A-IT{"‘

M? (9JK\¥[3v 2JK
"I H) gt -2
Tfe=sin"26 T4,

_M?r2 (9JK "[4vJK
T k7 3A

(2.25)

2
i —v+3—X(JA+KC)],

(2.26)
M? (44 \°[3u JK]
-17E _ 1 = - el
JUTE, = K" 73,————,4'9 <9JK> [4 A+u)—= |,
(2.27)

T =sin?0T¢,

_M?*r? <4A >°' wK 3
T4k? A 24

3u 9
%774 (JA+KC)—T -—].

4

(2.28)

Using the field equations, the simple relations
AT}, +CTf, =0 and KT%,+JT%,=0 become

AR, +CR!,=0 (2.29)

and

KR%,+JR%,=0. (2.30)

Now (2.16), (2.18), and (2.23) are used to substi-
tute for R’:,, etc., and following a fair amount of
algebra it is found that

A’ = (JK) =0, (2.31)

i.e., A and JK are constants of integration. It is
convenient to choose JK =1 by a suitable rescaling
of the time parameter £, this being the last re-
maining degree of freedom in our choice of co-
ordinates.

Using these results, the general solution of the
remaining f-field equations is found:

JA+JC=3A+%, (2.32)
2u, 22
c=%A(1_7t- 3 ) (2.33)
where X is a constant given by
M2 (9 \*[3» 2 ]
A2 (2) [2e2a-v (2.34)

and y, is an integration constant.

The constant A seems very much like a cosmo-
logical constant and in fact, substituting (2.32)
back into T%,, one finds

2mf
Kf Tuv'Vuv,

whence

(2.35)
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G{Lv")fuv=0'

A very similar result is found for T%,. Substi-
tuting JK =1 and (2.32) into (2.27) and (2.28) yields

(2.36)

K Thy=Ag,,, (2.37)
where
M?*k? (4A\®|3u 2
= — — oy —
A -J_4K,2 (9 ) [2 n (1+u):‘. (2.38)

So we see that the f-field configuration induces a
cosmological constant in the g-field equations and
vice versa.

The g-field equations

G5, -Ag,,=0 (2.39)

in the chosen coordinate system have the standard
general spherically symmetric solution

2 2
g=1-2e AT (2.40)

where p, is another integration constant. Sum-
marizing,

2
g, dx"dx¥ = <1 _-2-;,‘-‘5- - Ag >dt2

- (1 _ 2y _ﬁ”_2_> ?
r 3

- r23(d6®+ sin?0 d¢?) , (2.41)

3a 20, 222
By ="—(1 221 _
fudxtdx 5 <1 pe 5 )dt2

—2Ddtdr - A dr?

—272(d6?+ sin0 do?), (2.42)
D2=A[1—<1+%é->X+i—AX2], (2.43)
2 Ar? >"' 2 3A ]
= L - A — —d {1 —
A <1 b M7 )12. 300 0|, @4
where
, 2 2\ -1
X=<1_EL_Z_M_)(1_Z_M£_A_L> (2.45)
v 9 7 3

and A, X are given by, respectively, Eqgs. (2.38)
and (2.34). This is the general type-I solution.

III. DISCUSSION

The f- and g-field equations are in a sense de-
coupled, each set becoming the Einstein equations
with (related) cosmological terms. The coordinate
system was chosen to simplify the structure of the
g metric by expressing it in a conventional diagon-

al form. Since the general covariance of the theory
refers to simultaneous coordinate transformations
of both metrics the functional form of the f metric
is already determined by that of g,,. It is per-
haps not surprising that f,, appears in a form
which, were it the only metric in the theory, would
be regarded as being associated with a rather un-
conventional choice of coordinates. In our case
this “locking together” of the two metrics in the
chosen coordinate system is manifested in Eags.
(2.23) and (2.32) and in the relation between the
two cosmological constants.

Both metrics describe a Schwarzschild (or anti-
Schwarzschild) plus de Sitter (or anti—de Sitter)
spacetime. For a given value of # the cosmologi-
cal constants are not independent, but are related
to each other through their dependence on the
constant of integration A. On the other hand, the
Schwarzschild masses i, and p, are completely
independent. This suggests that it is the cosmo-
logical structure that is the most important as-
pect of the solution, particularly if interpreting
it as being “solitonic.”

An interesting special case results from the
choice

ue=0, A:%(1+%>which implies A=0. (3.1)
Then g,,=17,, and so g spacetime is simply Min-
kowski spacetime. (This shows that the Salam-
Strathdee solution happens to be exact for A=4.)
The f cosmological constant is fixed by (3.1),
taking the value

3Mm 2 [ 2Tu } ¥

M ao™ (6 D) 166D 8.2)

It is interesting that the object described by this
special case has no mass in the gravitational
sense, since T%,, vanishes everywhere. This fea-
ture is shared by the Yang-Mills pseudoparticles
of Belavin et al.,'® whose gravitational energy-mo-
mentum tensor also vanishes. Similarly the “ghost
neutrino” solutions of Davies and Ray'” propagate
without gravitational mass in a plane-symmetric
spacetime. Massless fermions in a spatially flat
Robertson-Walker universe also possess nontrivial
zero-energy solutions.

It is noteworthy that the function D, defined by
Eq. (2.43), will in general become imaginary for
some range(s) of values of ». This indicates the
presence of coordinate singularities removable by
a suitable coordinate transformation. In the flat
£ spacetime case such coordinate transformations
will produce a g metric representing Minkowski
space, but in a peculiar coordinate system, which
we prefer to avoid. One particularly simple way
of ensuring that D is real everywhere (i.e., in all
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of the coordinate chart being used) is to choose
A=% whence, from (2.43),

D=1AY2(1-X). (3.3)

Of course we can only have A=% and flat g space-
time if we postulate u=-% [cf. Eq. (3.1)]. Then,
from (3.2),

_ 8m?
X!Aso,u=-3/2- i243 .

(3.4)

Such a fixing of the parameter A may be of rele-
vance to the physical interpretation of solutions
of the Klein-Gordon equation in f spacetime.? It
should be emphasized, however, that A=% is not
the only way of making D real everywhere. Other
more complicated possibilities exist, involving
restrictions on the ranges of values of the para-
meters p,, p,, and A,

We conclude with a few remarks on one of the
more unexpected features of our solution, namely
the result that g, is in general not asymptotically
flat. Since k,/k; is very small one is tempted to
assume that the difference between g spacetime
and Minkowski spacetime can be treated as a small
perturbation. But it can now be seen that while
being locally acceptable (setting u,=0) such an
approximation will tend to mask the important
global structure described by g,,,.

Consideration of the related global structures
for the two metrics leads naturally to the following
question. How can the manifold on which f,, and
g, are defined by analytically extended? One
seeks an analog of the well-known extensions
found for the standard solutions in general relativ-
ity. This and other questions remain to be an-
swered, and novel problems are likely to arise
when dealing with two metrics defined on the same
manifold.
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APPENDIX: CURVATURE COMPUTATION

The Ricci curvature components may be con-
veniently computed using the method of curvature
2-forms,'® requiring the choice of a local ortho-
normal frame of 1-forms. This technique is an
efficient one and is, in addition, a natural choice
if considering the introduction of half-integral
spin. R

A suitable orthonormal frame w* (where [ labels
the member of the tetrad of 1-forms) is

s . 1/2
w‘=\/_C'dt-—D—dr, w” =<£_> dr,
C C

Ve (a1)
w?=vBds, wd=VBsinbds,
so that
fuvdndx®=(0F) - (0P = (0P - (¥R,  (A2)
i.e.,
fiz=ng=diagd, -1, -1, -1). (A3)

The connection 1-forms w‘tg are deduced from the
structure equations

dw” = —w‘rgAw” (A4)
and

~a

~a
v
w“ll= - v

, (A5)

the latter resulting from df ;3=dnz;=0. The non-
vanishing connection 1-forms are

- - C'
wt

FT2B\A ’
(A6)
-~ BI C 1/2
-w;6~°’°;='2—<z) w”,
- S 0 o
—wls = w9, _cg w®

The curvature 2-forms are computed from the
defining formula

R%=doPs+ 0P sawd; . (A7)

In this way, one obtains

- - A x4 - .
&, =@ =<C_A ___) wiawf

i=\7a? " 2a
~ B’ LN -
t_at._ BC & &
®o=®g=-Zpaw ~o°,
(A8)
s B"C B'®C B'C' B'A'C\ : =
Ry = —®RO.= (- Faw®
S 7 < 2BA T1B%A 4BA+4BA2>"’“" ’
5 B"C B'?C B'C' B'AC\ : &
®R.=_®RE.= (- - ¥ ay®
8 # ( 2BA "4B%A " 4BA " 4BA2)“"‘“’ ’

~ “ 2 .
®? =—(R°‘3=<1 B C)wa:\w“.

B T4B2A
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The nonvanishing Riemann tensor components can
then be read off from the relation

-

®*y=R*;320%aw? (summation over « <8 only).

(A9)

They are as follows, omitting those which are
obtainable from the given components using the
symmetry properties of the Riemann
tensor:

[FUt S
R GtG'R ote ~ )

a a

Riysp=Rigsg = B"C B’*C B'C’ B'AC
ro

~2BA T4B?A T 4BA TiBAT’

(A10)
5. _1 B?C
B g -apa -

Contracting, using (1.2), to form the Ricci tensor
and converting back to the coordinate frame pro-
duces the results given in (2.16).
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