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In the gravitational three-body problem there are special configurations that allow exact solutions. They
are the equilateral-triangle and collinear configurations. In this paper 1 show that exact solutions for these
special configurations and others as well exist for forces other than gravitational. The interactions include
“scalar” forces or those derived from a world scalar potential as well as Coulomb or “vector” forces. In the
formalism used for this classical treatment the aspects emphasized are those which can be carried over to
quantum mechanics. An application to an atomic system yields a reasonable estimate of the energy levels for

helium-like atoms.

INTRODUCTION

The simplest known solutions to the three-body
problem are the Lagrange equilateral triangle and
the Euler collinear configurations. These solu-
tions require very special initial conditions.
Nevertheless, there is evidence in our solar sys-
tem for the Lagrange solution. This is the equil-
ateral triangle consisting of the sun, Jupiter, and
a cluster of asteroids sharing Jupiter’s orbit
known as the Trojan asteroids.! The aim of this
paper is to explore the possibility that such
special configurations may exist for types of for-
cesotherthangravitational. This paper deals pri-
marily withthe classicalaspects of the problem. In
particular, I demonstrate exact equilateral-triangle
and general triangle solutions for forces that can
be derived from a world scalar potential. These
forces are like gravity except that they are mass
independent. For short, I call these “scalar”
forces. I also show that these forces as well as
Coulomb or “vector” forces allow exact collinear
solutions. The existence of these “classical”
solutions is demonstrated in this paper. Their
possible generalizations to special quantum mech-
anical configurations are also discussed.

This paper is to be regarded as providing the
classical starting point of a quantum-mechanical
generalization. To this end I express the char-
acteristics of these classical solutions in terms
of the energies of the fictitious particles of rela-
tive motion. This, together with separability of
the equations of motion, provides criteria on
which to restrict quantum solutions rather than
the nonapplicable one of a special orbital configu-
ration,

The coordinates used in this paper are the rela-
tive coordinates of the three particles. This al-
lows a symmetric reduction of the three-body
problem. There have been symmetrical reduc-
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tions of the three-body problem in the past.? As
a general rule the only interaction considered in
these reductions is the gravitational interaction.
A recent example is given in Ref. 3. The sym-
metric reduction of the equations of motion for an
arbitrary potential is given in Sec. I. Section II
discusses the Hamiltonian formulation of the
three-body problem in terms of these relative
variables. Part of the presentation given there is
based on unpublished notes on the subject by
Arenstorf.? As with the treatment of the gravita-
tional potential in Refs. 2 and 3 the equations of
motion cogtain t_}_le Eenter-of—mass (c.m.) re-
striction R=0=R =R and yet is symmetrical in
the three variables.

In Sec. III, it is shown how the use of the rela-
tive coordinates facilitates a derivation of the
equilateral-triangle solution for the gravitational
forces.® Anadaption of this technique allows ader-
ivation of the conditions for the collinear solution for
the gravitational force. Thisispresented inSec. IV.
Section V generalizes the results of Sec. IlIto “scal-
ar” forces other than gravitationaland Sec. VIgen-
eralizes the adaptive techniques of Sec. IV to
these scalar forces as well as the Coulomb force.
The summary includes an adaptation of these sol-
utions to a quantum system.

I. EQUATIONS OF MOTION

The Hamiltonian for a system of three mutually
interacting point particles is

H=T+V

-

w

p;? - -
=Z E'Ln_+%z ¢4 (IT: = T4]). (1)
i=1 i i,
i#j
The forces arise from action at a distance and are
assumed to be velocity independent. Hamilton’s
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equation leads to
mii‘:‘-ﬁ-d)u (|?i -1, -Viou ([T =T )

T;

="|?' ,¢’gj(|ri %)
T
——I—r———"—lcp,k(]r, -%.0), 4,4,k cyclic,
1

(2)

where ¢’ is the derivative of ¢ with respect to its
argument. As a first integral of these equations
of motion,

. 3 .
MR =Y m; T, =const, (3)
i=1

where M=m, +m, +m .. The constant can be chosen
to be zero and the position R of the center of mass
can be taken as the origin.

The constraint R=0 can be used to eliminate one
of the coordinates, but this leads to unsymmetri-
cal equations of motion. This constraint, or in
general the c.m. condition R =0, can be imposed
in a symmetrical way be introducing?:?

-

=%, -T%,, i,j,kcyclic. (4)

£

This can be written as

i) (0 o -1 [,
G[=]-1 0 1 | . (5)
i) 1 -1 0 T

3

The matrix relating the two sets of variables is
singular. This is because the variables ; are not
independent:

4, +%,+1,=0. (6)

(The T variables are not independent either but
this is not by definition. It follows from the equa-
tion of motion.)

Now (5) cannot be inverted directly because the
matrix is singular. However, one has the identity

By = PSR LR ™M

This identity serves as an inverse of (5). With R
=0, the “inverse” of (5) is therefore

- 0 -
r, Mz M, u,

1
- -
L= | m 0 -m || T, (®)
- -
Ty -m, m; 0 [

This matrix also has a zero determinant. Com-
bining (5) and (8) leads to

- -
u, my+mg My -m, u,
- -

M| u, = -m, my+m, =m, u,
. -
u, N —My m, +m, U,

©)

The matrix is of course not a unit matrix. This
equation is simply a restatement of (6).

The equations of motion (2) can be rewritten using
the new variables by way of (8):

& s+ —M—m Z, i,j,k in cyclic order,

mmy
(10)

where ¥, =9, and
7= 61‘1’23(“1) +*2¢31(u2) 3121 5) ) 1)

m, My mym, m,m,

Thesg equations of motion contain the c.m. restric-
tion R 0 and are symmetrical in the three vari-
ables. They are also independent of the nature of
the potential.

II. SYMMETRIC REDUCTION OF THE THREE-BODY
PROBLEM IN THE HAMILTONIAN FORMULATION

If the Hamiltonian (1) is written in terms of the
variables §; and {; it has the form

3
H=T +v=1 MMMy H°
: T M &

3 r:i‘

+V. (12)

This form contains the c.m. restriction R=0[viz.,
(8)] as well as the restriction 2., §,=0. Although
the variables ; are not independent, they can be
treated as independent if a Lagrange multiplier of
the form A« (@, +1, +1,) is added to this Hamiltonian
(12). The equations of motion (10) then follow
from Hamilton’s equation® in terms of the canon-
ically conjugate variables U; and (P; m;m, U;/M.

As an alternative to the Lagrange multlpher ap-
proach of incorporating the constraint U +u2 +U, =0,
one can construct a Hamiltonian that has the fol-
lowing properties:

(i) It is symmetrical in the relative variables
(@, 6, §,).

(ii) It yields the constraint U u +u2+ us 0 as a con-
sequence of the equations of mot1on

(iii) It is the Hamiltonian in the c.m. frame.

An outline of how the Hamiltonian can be obtained
from the Hamiltonian (1) is given in the Appendix.
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There it is shown that

H z(.ﬁl __§1)2+ (_ﬁz - §3)2 +(_158 - -p.l)2
2m, 2m, 2m,

+ Vg, tyy Ug). (13)

The variables (ﬁ,,ﬁl) are independent canonically
conjugate variables. That is, they satisfy the fun-
damental Poisson-bracket relations®

{Bo, P =0={E,0,}, {@)P)}=0,;00. (14)

Regarding these variables as independent canonical
variables is not, as it first appears, contradicted
by the relation §, +#, +%, =0. The Hamiltonian (13)
is derived without reference to this constraint. As
mentioned above, however, it does imply the con-
straint @, +3, +U; =¢,, a constant vector. To see
this consider Hamilton’s equation in terms of these
canonical variables. From the first set of equa-
tions

follows the vector equations

u, m—s 0o - —WZ P, -P,
s | 1 1 - =

U,|= m, -y 0 P,-P,
3 1 1 -

ug 0 - m, m, B- isl

(16)

From this follows G, +1, +.1’13= 0. Hence the con-
straint U, +T, + U, =C, is a first integral of the
equation of motion. It does not need to be imposed
as an extra condition on (13). This is an analogous
to the situation for the original Hamiltonian (1)
with respect to the c.m. constraint. It is not im-
posed on the Hamiltonian (1). It follows as a first
integral of the equation of motion. The initial
conditions of the three-body problem lead to ¢, =0.
Hereafter the condition U, +, +3,=¢€, =0 will be
referred to as the triangle constraint.

The second set of Hamilton’s equations

ViH=-B, (17)

when combined with (16) leads to the equations of
motion (10).

HI. LAGRANGE'’S EQUILATERAL-TRIANGLE SOLUTION
FOR GRAVITATIONAL INTERACTIONS

For gravitational forces, the potentials are

Gi; () =~ Ll’.g_ii"i_ , i,j,k cyclic. (18)

CRATER 17

The equations of motion (10) are

= Mxku

Gt =d =mZ, i=1,2,3 (19)
O

with
A AL —33—> 20
Z"‘(lﬁ,F* EE TP (20)

Now suppose |4, | = |§,| = |3;| = |T| (hereafter
called the equilateral condition). Then

-

z:%(ﬁﬁﬁﬁﬁa):o (1)

and Eq. (19) separates into three two-body prob-
lems. The particles revolve about the center of an
equilateral triangle. The relative motion that the
three sets of two-body equations indicate can either
be identical circles, ellipses, or parabolas and
hyperbolas for unbounded motion. For bounded
motion, the periodic motion that results will be
described as a rotating equilateral triangle with
either fixed sides or periodically varying sides.
These are Lagrange’s equilateral -triangle solu-
tions. This condition, 7=0is synonymous with
the Lagrange solution for the gravitational inter -
actions.

Equation (19), or more generally Eq. (10), fol-
lows by applying Hamilton’s equation to the
Hamiltonian (13). The triangle constraint follows
from the first of Hamilton’s equations. The separ-
ability of these equations (19) is imposed by re-
quiring the equilateral condition. These same
separable equations can be obtained by applying
Hamilton’s equation to the following separable
Hamiltonian in which the U, are regarded as inde-
pendent:

B2 B2 P2 wmm
H=-1 2 -3 172
2u1+2u2+ 20, [u,l

Km,ms  Kmgm,

TRT TR (22)
where u,=m,m,/M (i,j, k cyclic). Of course, the
triangle constraint does not follow from (22) as it
does from (13); it must be imposed. Whereas the
separability of the equations of motion (19) that
follow from (13) is imposed by requiring the equi-
lateral condition and combining this with the de-
rived triangle constraint, the separability of the
equations of motion that follow from (22) is auto-
matic. The triangle constraint as well as the equi-
lateral condition is imposed on the solutions. Of
course, these are the only conditions under which
(22) yields the correct equation of motion.

The Hamiltonian (22) cannot be derived from (13)
except by integrating (19) for =1, 2,3 under the
7 =0 condition and then adding the results. In that
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sense of the word it is a rewriting of the Hamil-
tonian (13). One can gain further insight into the
relation between (13) and (22) by considering the
derivation of (13) given in the Appendix. In that
derivation, the triangle constraint is not imposed
and as a consequence the resultant canonical mo-
menta ﬁ, are independent variables. If in the de-
rivation, however, the constraint is imposed, then
one finds B, =m,m,4,/M [(A4) in the Appendix].
These are not independent canonical variables in
view of the triangle constraint. If one neverthe-
less treats them as independent then the resultant
Hamiltonian will be (22). As should be expected,
the equations of motion (19) do not follow from
(22), unless the triangle constraint is reinstated
by way of a Lagrange multiplier. The exception
to this is the Lagrange solution Z=0.

The utility of separable Hamiltonians such as
(22) lies in their possible applications for approxi-
mate solutions to the quantum three-body problem.
Separable Hamiltonians would lead to separable
Schriodinger equations. There remains the prob-
lem of how to impose the 7 =0 solution on the re-
sultant eigenvalue spectrum. For example,
another way to view the 7 =0 restriction is to look
at the fictitious individual energies. Let E=E,
+E, +E, be the total energy of the three-body bound
systems. The individual energies must be re-
stricted so that classically the three individual
periods are the same.

The period of the ith particle is given by

Ly 1/2
T,=mkmm, <2T‘3> . (23)
Hence equality of the periods requires

E :E,:E;=mymy:mam,:mm,. (24)

Such energy considerations are of importance in
discussions of the quantum analogs of the La-
grange solution for other types of interactions.

IV. EULER’S COLLINEAR SOLUTION
FOR GRAVITATIONAL INTERACTIONS

The Euler collinear solution exists if one can
find a A and p such that §, = -\U,, §,= —pU, where
A+p=1. The 7 =0 condition characteristic of the
Lagrange equilateral triangle is not allowed for
the Euler solutions:

= a, _1_ 1 )
————16313<- Y —?—+1 #0. (25)
The reason is that

1 1
T)(R):A—2+—(1——:W->l, 0<a<1 (26)

has a minimum value of 8 at A =3.

To obtain the Euler solution, the equations of
motion (10) are modified by adding m,« (1 - 1)4,/
|8,]° to each side. This changes Z into

- a u, .
B o (_1 Uy M 21
§ |u1|“|u2|3*|u3|3> @)

and (10) into

:.. M'. _ -> —-
u,+x[—;“—‘+ uny 131) }=m.Z’, i=1,2,3.

fu, P lu,

(28)

The value of 7 that gives rise to the Euler solu-
tion (@, = =AU, §,= —pl,;, A +p=1) is defined in
(26). The variable X satisfies a fifth-order equa-
tion first noted by Euler. As this equation will
appear in a later section for other types of inter -
actions, a derivation of it is given here. Use
§,= -\, and (28) for i=1,3 (Z'=0). This leads
to

M 1
"-“m(v-*)- (29)
Using U, = -pd, and (28) for i=2,3 (Z’ = 0) leads to

M 1
n=1+————(~7— ) (30
my+mgp \p* " )

Combining (29) and (30) gives

m 1 m m 1 m
A+ —& —2)\ _ —2 <.__. _1_> =0
( ¥ m3><? * m,,) <p+ ma) 22 ¥ ms , (31)

an equation of the fifth degree in x.

As an example, consider the case m,=m,=m.
An obvious solution to (30) is A=p=3. The com-
mon value of 7 predicted by (26), (29), and (30)
is 8.

In the general case, the equations of motion can
be rewritten as

= m, 338 4, _
u1+KM|:1+ Y 1-=x )]—-;—Iul e 0,
% m u,
M 1 2 (1 -p° > =
U, + K. [ + Mg + Myp \1 P )} lu2 |3 0, (32)

= kM my 1
Yt [2+ m1+m3)\<—)\7'>(>

sl b
My +Mzp \ P R

where p=1 —x and X is the solution to (31) that lies
between 0 and 1. As X varies from 0 to 1, (31)
varies monotonically from +» to -, Hence, re-
gardless of the masses, there is only one A that
satisfies (31) for 0<A<1.

Of particular interest are those aspects of the
Euler solution that can be compared with more
general interactions and their quantum analogs.
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One such aspect is the form of separable Hamil -
tonian analogous to (22). It is®
Kamam,

ﬁxz -ﬁzz + 'ﬁaz Ky\miamsg Kym,m,
+ - = - o - =
20, 24, 24, [u, | fu, | la, |
(33)
The constants, k,, k,, and k, differ from « by the
respective factors in brackets in the three equa-
tions of (32). The condition on the individual ener -

gies E|, E,, E, for the Euler solution analogous to
(24) for the Lagrange solution is

E :E,:E = (k) *mymy: (k,)'3

'mam, * (k)" *m m, .

(34)

V. GENERALIZATION OF THE LAGRANGE SOLUTION
TO OTHER INTERACTIONS

Are special solutions similar to the Lagrange
equilateral-triangle solution possible for other
than gravitational potentials? In the general case

7= -ﬁl ¢23(u1)

U, B3, (us) Uy ¢'sus)
—_—— + ==
fa,l mym,

qul mym, ;1 mom,
(35)

The first type of potentials gives rise to purely
mutually attractive forces among the bodies,
called “scalar” forces. Examples include forces
derivable from a world scalar potential such as
nuclear forces and model forces derived from a
Lorentz scalar Coulomb potential. The second
category of potentials includes the real Coulomb
potential and other “vector” forces which allows
only two of the three interparticle potentials to be
attractive.

Consider the first type of force. Assume that

¢i;(up) = au(b’(uk),

Consider the condition under which a generaliza-
tion of the Lagrange equilateral -triangle condition

i,j,k cyclic. (36)

is satisfied. If |3,|=|3,| = |&,]=|d], then
'Z’=(ﬁ1azs U0y, + ﬁaa12> (b'_(ru) 37)
mym,  mgm, wmm,/ lul ° -

An equilateral -triangle solution (Z =0) is possible
if
(D aymy= ayym, = @,,m, and

(2) the individual equations of motion

= ﬁ Ma
u; + Iu,l ————&,m, ¢'(U;)=0, 1i,j,k cyclic

can simultaneously retain || = || = |4,| and ,
+U, +U;=0. For ¢==1/u and @ ,=a,=a, =0,
only the equal-mass solution exists. The appro-
priate Hamiltonian from which the above equa-
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tion of motion can be derived is®

B2 P2 B2 a a a
. T I A ) 38
2u1+ 2 2p3 (oW R (% B (38)
where
“lzuzzua:m/3’ (39)

and the condition on the energies for the equilater-
al-triangle solution is

E:E,:E;=1:1:1. (40)
For more general potentials such as
e-Bu
¢=-—, ¢=-1/u+B/u*, (41)

the same condition on the individual energies would
be expected because of the symmetry involved.

Next consider the case of a general triangular
solution U, + U, + U, =0, |0,] =A|T,|, |T,| =p|T,].
One has Z =0 under these conditions if

@’ (ur) Qo My _ ¢’ (up) s, my _
Mb ) a, m, 0¢'(u) A, my

To this must be added the triangle inequality
A+p=1. For homogeneous potentials such as
¢ = —1/u this isaneasy algebraic equation. For
example, if a,=a,,=«

(42)

137

m 1/3 m >1/3
A= (=t == 43
(m) ce=(35 43)
and we must have
1/3 1/3
(ﬂ) + <ﬂ2-> >1. (44)
my ms

For nonhomogeneous potentials such as those in
(41) the equations are more complicated. For
example, if ¢ =-1/u+B/u® and a,,= a,,=0a, =0,
then

- zﬁ):—)f?(m -2p) 7

3

- L ou—28) 2, 45)
p mg

Combining these two equations yields

__2B mah“—mlp“>
u_xprns( A -p? ’ (46)

Now since # >0, this implies that either

4
A>p and <-§—> >%Z—1— (47a)
2
or
p>X and (ﬂ) 4> M (47b)
A m,

Thus, if m,/m,>1 then (47a) holds, and if m,m,
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>1 then (47b) holds. Beyond this, however, (46)
implies that the actual scale or size of the triangle
is not an arbitrary quantity. The scale is set by
the parameter B. This contrasts with the homo-
geneous potentials which do not have any length
scale and therefore do not lead to any restriction
on the size of the triangle when Z=0.

If (46) is substituted back into (45), the two
simultaneous equations for m,/m,=k, and m,/m,
=k, do not depend on B. The two equations are

P+ (PA3 = By Ak, + (oA =2 p = Ap*)A3=0,
B2+ (A% =R, pY)ky + (B, p* = Ap* = pAY) P?=0, (48)
and their solutions determine the mass ratios
(k,, k,) as a function of the triangle shape (A, p).
For electrical or vector forces, the system will
not be bounded if all three charges have the same
sign. If one has a charge opposite that of the other
two, then two of the potentials will be attractive
and the other will be repulsive.
For the Coulomb potential

e;e .. .
¢h(uk)= T’l‘l—j- ) Z’]’k CYChC (49)
and
A a, ese, U,

momy |12~ mgm, |G,)°

e.e ke
-z 3. (50)
mm, |u3|

Let e; be opposite in sign from e, and e, and de-
fine

€3= =2 ,8,= =2,€,, My=km =km,, (51)

where z,, 2,, k,, and %k, are positive constants.
Then

- e z u z u a
Z= 2 (4 e e e *3>. 52
R U A A A R

This Z cannot vanish if |{,| = |G, = |G| or for any
other triangular configuration. Collinear or Euler
configurations are possible as shall be demon-
strated in the next section.

VI. GENERALIZATION OF THE EULER SOLUTION
TO OTHER INTERACTIONS

Special solutions similar to the Euler collinear
solution are possible for interactions other than
gravitational. For potentials of the form of (36)
(i.e., nuclear forces or scalar potentials such as
the scalar Coulomb potential), the Z of (37) van-
ishes for U,= -Al,;, U,=-pl;, A+p=1 if

¢'(ug) | Pay  @'(Puy)
¢ (us) mym; ¢’ (us)

Al _ Ay
mm, mym,

(53)

For potentials such as
o=-l/u, ¢=-p/u, (54)

X and p would come from a direct solution of an
appropriate algebraic equation if the masses and
coupling constants are the right size. For exam-
ple, if a,,= @,;= a5, = a and m,=m,=(1/k)m, and
¢ ==1/u) then (53) is
1 1
==+ —. 55
k st 5 (55)
This has a solution for 0<A<1 if 2> 2. If the
masses and couplings are not the right siz_g, then
one would have to make a modification of Z similar
to that done in the gravitational Euler solution.
If ¢ is not homogeneous, say ¢ = —e'B“/u, and
Q2= 0= Upy =, M, =m,=m,/k, then (53) is
- l(hﬁu +1 e—Bu( A-1)
A\ Bu+1
1 pﬁu +1 ~Bu( p-1)
v ( o )e . (56)

As with the triangular case, this condition leads
to a restriction on the size of the collinear config-
uration. That is, the magnitude of U (for a given
k, A, and p=1-)) must satisfy (56). One could
regard (56) as defining a surface in a three dimen-
sion space (u, 2,1). When (u, &k, A) lie on this sur-
face, a collinear solution is possible for inhomo-
geneous types of potential.

For Coulomb forces,

*=—e&(ﬁ7u‘—3+-zl .1123-731—3'—3-) (57)
mymy \ ky Iull ky iuzl Iual

cannot vanish as U, and 3, are in directions oppos-
ite to that of U;. One can modify Z by adding

miees 1 U,
m,m, (m+1) Iu3|3

to both sides of (10) just as was done in the grav-
itational case of Sec. IV. This yields the following
set of equations:

I

-~ ee, [z 1 1
q; + —*i(—J-MI—ﬁ—’l—3 + m,(n+1)ﬁ-3l—3) =m,Z',
1 3

Pomom, \ Ry
i=1,2 (58)

e e.e 1 -
U, + ?"li;(m3(n+ 1)—M)I—ﬁ? = mgZ’,

where
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Since U, = =AU, U,=—pl,;, and A+p=1,

E’: 1€z <_£kL 1 2 —1"‘+77> 22
1

2 _ 22
m, m, ATk, P AR
=0 (60)
if
- 21 22 61
T) k1 )LZ + k2 p2 M ( )

Equation (58) for ¢=1 has the form

= . €8 z, M U _
—_— - —5 =—==0. 62
a,+ o, ( Y +m(n+ 1))|113|3 (62)

Combining this with the last part of (58) implies
z M

A(ms(n+1)-M)+ml(n+1)——k-*v=0. (63)
1
This can be solved for 7,
1 z
= - " L .
T ”(W : x) (64)

Performing a similar analysis for i =2 leads to

e — (. > (65)
= omyrm, (k,,p2 P

Equating the two expressions gives

s ﬁ) 2 zn_x>
my J\ BA® m,

m\/ z m
= a+ 2 _2______2_>= .
( + ms>< kp? " m, 0. (66)

This fifth-order equation is similar to that derived
earlier for the Euler solution to the gravitational
problem.

An example of particular interest is m,=m,, k,
=k,=k, z,=z,= z. In this case, (66) is satisfied

for A=3. The value of 1 from either (61) and (64)
or (65) is
8z

n== - (67)

The orbit described by 1, is closed and periodic
if
mym+1)-=M>0 (68)
or
z2>%. (69)

Assume that conditions allow Z’=0. Substituting
4, = —3u, and U, = -3, the equations of motion (58)
are of the form

L kMO

+ —— TP =0. (70)

Now with m, =m,=m,

CRATER 17
¢ H= (71)
Ky =Ky= 2+klzz(z -3)=kK
and
8e® 1y 8k .
ngm(z—.a)——k‘- (72)
The separable Hamiltonian that leads directly
to (70) if the u, are treated as independent is®
-1512 —ﬁzz -1332 Ky Ko Ky -
IS S T K 73)
2u, * 24, * 2u, ol el Tl (
The condition on the individual energies for the
Euler solution is
E, E, k& E, 2
Bl B —2__= 8- 74
EZI’EBZ’Elk (14)

In the gravitational case the fifth-order equation
(31) has only one solution for arbitrary mass ra-
tios since the left side monotonically changes
from - to +< as A goes from 0 to 1. This is
also true for (66). Now (66) can be written as

F(BN) =ky(p +k2)(—i;— -kf)

—kl(?t+k1)<%—kf>=0. (75)

In this form it is easy to see that for all values

of z, and z, each of these two terms decreases
monotonically as X increases from 0 to 1. Hence
there is only one root just as with the gravitation-
al potential. The existence of this one root does
not in this case guarantee, however, that the orbit
for u, will be bounded. This requires an addition-
al constraint such as given in (68) and (69).

VII. A SUMMARY AND AN APPLICATION
TO A QUANTUM SYSTEM

The equations of motion (10) for a three-body
system under the influence of arbitrary interpar-
ticle potential can be derived from a Hamiltonian
(13). This Hamiltonian was shown in the Appendix
to be the c.m. Hamiltonian. One can treat the va-
riables U,, U,, and U, as independent. Their de-
pendence follows from the equations of motion.
One advantage of these variables is the clarity
with which the exactly soluble configurations are
identified with separability (i =0) of the equations
of motion (10). This was presented in this context
in Ref. 3 for the equilateral-triangle case. For the
collinear case, this separability was presented as
a modification of the Z =0 condition to a Z’ =0 con-
dition.

In the gravitational case, the separability of the
equations of mgtion for the Lagrange 7 =0 solution
and the Euler Z’ =0 solution was expressed for-
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mally by rewriting the Hamiltonian (13) in the se-
parable forms (22) and (33). The variables U, are
treated as independent and the conditions leading
to Z=0 or Z’ =0 are imposed on the solution of the
equation of motion.

For scalar types of forces that are independent
of the mass, condition (1) below Eq. (37)] seems
to require a relation between coupling constants
and masses for an equilateral-triangle solution.
However, for equal masses, there is no mass de-
pendence on the coupling and nonhomogeneous po-
tentials such as given in (41) allow such a configu-
ration as well as the scalar —1/u potential. These
types of nongravitational scalar type of forces also
allow general triangular solutions. In this case,
unequal-mass combinations are allowed if the cou-

plings are all equal and/or independent of the mass.

If the potentials are nonhomogeneous, then the ac-
tual dimensions of the triangle are not arbitrary
as with the homogeneous potentials. There are no
triangular solutions of any kind for Coulomb or
vector type of forces.

In the gravitational case there are no 7 =0 se-
parable collinear solutions. This is in contrast
with the nongravitational scalar type of forcfs
which permit Z =0 in addition to separable Z’ =0
solutions. As in the triangular case, nonhomoge-
neous potentials give rise to restrictions on the
absolute size of the orbital configuration.

The Coulomb case leads to a Z’ =0 collinear so-
lution similar to the gravitational case. The same
type of fifth-order equation is obtained for the re-
lative positions of three particles. However, un-
like the gravitational case, there are additional
restrictions. In particular, the charge ratios must
satisfy certain constraints.

As mentioned in the Introduction, this paper is
to be regarded as the classical starting point of a
quantum solution. The most attractive feature
concerning applicability to a quantum-mechanical
system is the separability of the equations of mo-
tion. This would mean that the corresponding
Schrodinger equation would be separable. An im-
portant question to be asked and answered is
whether a spectrum derived from such a procedure
is moderately accurate or in gross error.

For example, suppose one used the quantum ana-
log of (73). In the Schrtdinger representation the
corresponding equation for stationary states would
be

<_h’2€12 _n*vy? A __icJ___Kz___K_a_>
21, 2y, 2p, iﬁll lﬁzl fﬁ;;l

x Py, Uy, Uy) =EY(G,, U, T, . (76)

As in (73), the U, are treated as independent. The
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energy eigenvalue is
E=E,+E,+E,, (17

where

E,=—%‘—2, i=1,2,3. (78)

To test the reasonableness of this spectrum, I
shall work out the ground-state energy level of
helium-like atoms using this method. Let m,;=m,
=m and m,=. Hence y, =u,=m and k =e«. This
in turn implies k, =k,=e?@z —3) and k;=0. For the
ground state, (74) requires n,=n,=1. Hence

-me'z - 3)°
0= 72
==2(@z - 1)’E, , ("79)

where E, =13.6 eV. A comparison with the first-
order perturbative and experimental values is
given as

He(-74, -78.1, -83.3), Li*(~193,-197.1, -205.7),
Be** (-365.5, =370, —382.5),

where the first number is the perturbation result,
the second number is the experimental value, and
the third number is the result from (79). The re-
sults are comparable with the first-order values.
Note, however, that the results of (79) are lower
than the exact results. This is contrary to what
one expects from a variational procedure which
gives upper bounds.” It must be emphasized, how-
ever, that the results of (79) do not follow from

an approximate solution of the exact Schrdinger
equation as is true with the standard variational
approach. Rather, they follow from an exact solu-
tion of an “approximate” Hamiltonian. As dis-
cussed earlier, the sense in which the Hamiltonian
is approximate is related to classical considera-
tions.

There are, of course, many well-established
methods for obtaining far more accurate results
for helium.®? The purpose of this example is to
show how an adaptation of the classical three-body
Hamiltonian can lead to a moderately accurate spec-
trum prediction. This mild success serves as a
further motivation for considering other applica-
tions. However, there are nontrivial questions of
interpretation to be considered. For example, how
is the separability condition to be reconciled with
the constraint U, +U, +U;=0 and how is this in turn
to be reflected in the eigenfunction? Can one ob-
tain accurate corrections to the result (79) by using
the exact Hamiltonian (13) in a quantum content with
the trial wave function chosen as a separable form
but with the constraint 60, +U, +U,) included in a
variational calculation? These are difficult prob-
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lems and will be discussed in a future paper con-
cerned exclusively with quantum-mechanical as-
pects.
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APPENDIX: DERIVATION OF THE HAMILTONIAN (13)

The Lagrangian corresponding to the Hamiltonian
(1) is

L=3 i: m{%iz -V, =T, T, -1, T,-F). (A1)
i=1
Substituting Eq. (7) into (Al) leads to
=5 3 - > -
L=T-V=L(R,{,, 0,4, 0,,1,%,). (A2)

If the constraints

3 3

- -
E u2=0=§ U,
=1 =1

defining the W’s gs the sides of a triangle and the
c.m. constraint R=0=R are not imposed one finds

> 1m +m,) 3
T=3MRC 4+ _L’L'z%zx_ﬂa)_%z

mmgng = 5 & 3 3 %
“TMmE (U, T, +1, Uy +U,e Ty) (A3)
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In what follows, assume R=0. Since the con-
straints

> _ -
i u, =0= E u, .
=1 =1

are not imposed, one can define canonical momen-
tum conjugate to U, by

= = _mmil

Py =W, L ==

—Mﬂ‘*—(’ﬁ +1, +% i,j,k cyclic. (A4)
M2 17U ’ I

If the constraint is imposed, then f’, =m,mkﬁ‘/M,
but in this case they are not independent canonical
momenta.

As is customary, the Hamiltonian is defined by

3., 5
H=ZP‘-u,—L. (A5)
=1
Using (A4) leads to
H=T+V(uy,usus, (A6)

where T is given by (A3). On the other hand, from
(A4) follows

P, -P, mgnsg =mgm, 0 ﬁl
-> - 1 IS
P,-P, = 0 mm, =man, u, | .
53 - 13l -m,m, 0 mm, ﬁs
(A7)
Using these vectors, one finds that
(ﬁl"ﬁz)2 +(P2_P3)2 +(1-;1' 131)2
2mg 2m, 2m,

+V(uy,usu) =H. (A8)

Since wcihave made at an earlier point the as-
sumption R=0, this is the Hamiltonian in the ¢.m.
frame.
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