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One of the techniques used in quantum field theory in curved space-times to eliminate divergences in the
vacuum expectation value of the stress tensor for quantum fields propagating on a classical gravitational
background is called covariant geodesic point separation. Beginning with the Schwinger-DeWitt proper-time
method we show how to discard divergences in the effective action by renormalization of the coupling
constants in a classical gravitational action functional. We then demonstrate how to determine which terms in
the vacuum expectation value of the stress tensor vanish when this renormalization is carried out. This is
done using the point-separation approach. We give the form of these terms for spin 0,1/2, and 1 fields,
massive or massless, on an arbitrary curved background. The procedure used is covariant and introduces no
ambiguities beyond those inherent in any renormalization scheme. We note the appearance of trace
anomalies which arise due to the breaking of conformal invariance by the renormalization process and give
the form of the anomalies for arbitrary space-time dimension.

I. INTRODUCTION

Studying quantum field theory in curved space-
times is not easy.! That is not to say that quantum
field theory done in flat space ¢s easy, but at least
in flat space there are some experiments which
can help guide us to the “correct” theory. In
curved spaces there are no experiments (yet) to
tell us if we are on the right track. We can only
play theoretical games.

The games we play do have some rules. The
main rule says that we must maintain general
covariance in our calculations. This requirement
leads to conservation laws for currents such as
the stress tensor. There are also other invar-
iances (gauge, conformal, etc.) that we may want
to preserve. Of course we also know that break-
ing symmetries is a popular thing to do these
days. The final determination of what invariances
we should keep will have to wait for experimental
verification.

The other rules and concepts of flat-space the-
ory might carry over to curved spaces. For ex-
ample, the notions of vacuum and multiparticle
states are certainly valuaole in studies of such
things as the Hawking effect®?3 (black-hole evapora-
tion). Unfortunately, in many background gra-
vitational fields we find that we are either very
poor ortoorich., We may not be able to define
a vacuum state at all or we may find many pos-
sible definitions (as is the case in a Schwarzchild
background).® In the last case the only recourse
we have at present is to study them all.

The next problem we run into is the usual
“curse” of quantum field theory —divergences.
They appear nearly everywhere and the standard
normal-ordering techniques of flat-space theory
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are not valid in curved spaces. Fortunately, in
the past few years, manifestly covariant coordin-
ate-space methods of regularization (identifying
the infinities) and renormalization (eliminating
them) have been developed. They are called di-
mensional regularization,® zeta-function regulari-
zation,® Pauli-Villars regularization,” and covari-
ant geodesic point separation.®® In this paper we
will take a look at the last one. We will find that
point separation is manifestly covariant, intro-
duces no new ambiguities, and is a potentially
highly useful way of treating the problem of di-
vergences when studying the vacuum expectation
value of the stress tensor for fields of spin 0, 3,
or 1 propagating on an arbitrary curved back-
ground.

We will see that the breaking of conformal in-
variance in this regularization technique leads to
trace anomalies.'” These anomalies may have
important physical consequences in astrophysics®
and even in high-energy particle physics.! We
also begin to see that all of the regularization
schemes will give (almost) equivalent results.
This may not be surprising since it is possible to
formulate the dimensional, zeta-function, and
point-separation regularization methods beginning
from the same initial point—Schwinger’s proper -
time technique.'®!?

In the next section of this paper, we introduce
the stress tensors for spins 0, 3, and 1. We find
we are able to express a special vacuum matrix
element of these stress tensors in terms of the
Hadamard function G*’(x, x’) which is calculated
in Sec. IIL

Section IV introduces the theory of regularization
and renormalization as defined by DeWitt’s'%!®
curved-space generalization of Schwinger’s prop-
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er-time technique. We show how the divergences
in the vacuum expectation value of the stress ten-
sor may be renormalized away by adding counter -
terms to the classical gravitational action. We
see that by using covariant geodesic point separa-
tion we can exhibit the terms which we subtract
from the unrenormalized expectation value to
achieve the finite result.

Section V presents the details of the point-separ -
ation techniques and gives the main result.

Section VI shows how massless fields can be
treated and also that trace anomalies arise and
gives their structure in any dimension.

Section VII contains a discussion of an alterna-
tive way to do point separation and reviews how
to do specific calculations using the results of
Sec. V. An Appendix contains a list of expansions
which were used in the previous sections. We use
Misner, Thorne, and Wheeler sign conventions.'®

II. THE STRESS TENSORS

Spin 0. This case was discussed in Ref. 9 so
only the most important equations will be repeated
here. The action functional for the field ¢(x) is

SIe]= = [g'/%0,,0%° + RO® +mp?)d %,

(2.1)

where g is minus the determinant of the back-
ground metric g,,, £=+ for a conformally invari-
ant field, R is the scalar curvature, and m is the
field’s mass. The field equations for ¢(x) are

fF(x,x')qb(x’)d“x’=0, (2.2)
where
Fx,x')= 6_¢—(:?T2;39<$—(x_’)
= —gV¥5, 2 (x,x") - (ER + m*)5(x, x’)] .
(2.3)
3

5(x, x’) is the four -dimensional & function and
semicolons are the usual covariant derivatives.

Functionally differentiating Eq. (2.1) with re-
spect to g,,, multiplying the result by 2¢7*/%, and
setting £ =1 gives

™ ={3[¢**, ¢**), - g 105, 7L
—Tls{qb;“yy d)]o +_éguv[¢;pp, q)]o
+ %G, o], —im*g*[o, 0L}, (2.4)

the stress tensor. The symbol [, ], is the anti-
commutator and G*¥ is the Einstein tensor.

We now pass from classical field ¢(x) to quan-
tum operator ¢(x) (an underline means that the
symbol above it is an operator) and introduce
states |in, vac) and |out,vac) which represent
vacuum states before and after any dynamics in
the background gravitational field. DeWitt (Ref.
1) discusses these states in more detail. Define

(© _ (out, vac|@lih, vac)
—/matrix ™ (gut, vaclin, vac)

(2.5)

for some operator ©. Next write each set of

brackets in Eq. (2.4) in the forms
[¢7*, "], = lim o™, o], + [0, 071},
(2.6)

[o#, o). =lim H[o**", 6], +[0***, 9’1},

x! —-x

and

(¢, ¢],=1im [¢, ¢'].,

x* —-x

where x’ is a point near x, ¢’ =¢(x’), and ¢’ *’
represents the covariant derivative at x’.
Equations (2.4), (2.5), and (2.6) are used to give

By ~1i LG(Liu’ 15wy’ 1 ’ ; HT 4
<Z~ >m“ﬂx_hm [E(G Y '_G( ).uv)__l__z_guvc(l);pa __1_1§(G(n.uv+c(n,u v )+4—18guv(G(”;,p+G(”;,ap )
x’ —x

+1_12(Ruv —:l;Rg“")G(” __;ngqu(l)] .

The quantity G'*? is the Hadamard function defined
by

G x, 2')={[¢ &), & (¢ )Y matesx » (2.8)

which satisfies

2.7

fF(x’ x”)c(l)(xu’ x;)d4x;/ =0.

Spin 3. Following DeWitt,'” the action for a
neutral spinor field ¥(x) is



948 S. M. CHRISTENSEN 17

S[lP]=%ifg”27ﬁ(7°¢;,+mw)d"x, (2.9)

where ¢ provides a spin representation of the
vierbein group and =4 y. The Dirac matrices,'®
y and y*, satisfy

[y, v*],=2g""1, (2.10)

where _1_ is the 4 X 4 unit matrix and ~ means trans-
pose. The covariant derivative of a spinor & obeys
the commutation relations

a;vu “a;uuz %GEGB]RO‘BLW& ’

a;uuu _a;uva:%G[aB]Rasvca;u +u‘;pRupvu’ (2'11)
(i; BYTo _a;uua'r = %G[aB ]Rasc‘r(i;uv + (wau"m.
+ a:upRqu-ra

and so forth. In Eq. (2.11),
G[mB]E 'i'['ya, 75]- (2.12)

are the generators of the vierbein group, [ , ]
is the commutator bracket, and

af  _ o 18 paoT
R uv_h oh‘rR By

where h®%, is the vierbein which satisfies h,,h®
=gu,- The covariant derivatives of y, y*, and
G487 Vanish.

The field equations are

14

fF(x,x’)zlJ(x’)d“x’=0, (2.13)

with
5 %
Flx,x')= =S —e —
(x, x") -Sw G

=ig Y 2[v?6,,(x, x') + mb(x, x')] . (2.14)

The stress tensor found from Eq. (2.9) is
T = 4@y P Ty,
which may be written as
T = 5 Tryy [, 97]., (2.15)

where A, B,,=3(4,B, +A,B,), ¥ y= -y~ (i.e., ¢
is an anticommuting field), and Tr means trace
over the suppressed spinor indices. Now write

(¥, 07 ) =1im 3{[¢", "L +[¥**, 07" ]}

x' —»x
in Eq. (2.15) and use the spinor Hadamard function

80, 1) = (¥ (0), 9" ()Y mateix (2.16)

which satisfies
fF(x’ x”)S“’(x”,x')d'*x”: 0 ,

and the property 8V (x’, x) = -8V (x, x’) to find

(T*"Yoatesy = 4 lim Tryyt (S5 _giv)),

X" =X

(2.17)
Later we will find it necessary to write
$M(x, x') = —i(¥?8™",, —m8)y?,
where §‘V(x, x’) is a Hadamard function and satis-
fies

f EF(x,x”)S“’(x”,x')d“x”=0 s

where
Fx,x")=—g /76, P(x,x") — GR+m*)d(x,x")]1.
(2.18)
Equation (2.17) then takes the new form
(T*") matetx = $1im Try®y (g, W _g. ),
. (2.19)

Spin 1. This case presents a new complica-
tion, the existence of a gauge invariance. The
vector field A, (x) has the action functional

Slaul= -4 [ gV2F, Fovdiy,

where F,, =A,, -A,;,. Because of the gauge

vip
invariance of the action, the wave operator
6°S
SA, 04,

is singular. To remedy this problem we add a
gauge-breaking term [which leads to a nonsingular
operator in Eq. (2.23)]

—3(A% )

(the semicolon is now the usual covariant deriva-
tive) and ghost term

*; o
cVCq s

where ¢ is a complex scalar field (c* is its com-
plex conjugate). So that we may use the Schwing-
er -DeWitt proper -time method for finding the
G’s we also introduce mass terms

1
—3m°A%A, + mic*c.

The total action is
Sldu cl= [ g/ =4F,, F* - A%,

—3m®A%A, +c* %, + mPc*cld x,
(2.20)

and the field equations are

fF“"'AB,d‘*x' =0 (2.21)
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and
fF,(r 2)e(x)d'x’ =0 (2.22)
with
. 5°S
aB’ _
F 8A, 064,
=g1/2(5%", > —~R* 6% —m*6°®") (2.23)
and
6°S
Folex)=govpo
= g5, Plx,x") —m?6(x,x')], (2.24)
where 6% =g*5(x, x').
The stress tensor is
6S
=9 1/2_ 99
g (.
= Tghxwen + Tgange + Tghost + Thsss (2.25)
where
Tihwen =F* F* 1 F*F ,g"*
Tg“a:ge - _Aa;auAv __Aoz;chu-
+[Aa:prAﬂ +%(Aa. )Z]guv’ (2 26)

Ths = —c*# e —e®¥Vcit v c*i%e, g™

1
Th% = m2(A*AY - 3A%A g ™) +mPc*c gt

Consider T{{xwen Which is constructed from pro-
ducts of the form F,, F,;. We may write

FpaF'rS = %{[Aa;p’ AB; 1’]0 - [Aa;p’A‘r;B]o
- [Ap; a’AB; 1']0 + [Ap; a’ Aﬁﬂ]*} .

In the now familar way, separate points sym-
metrically,

[ amAB,‘r —hm { ]

x! —x

[ a,paAB' ]+ ’

and use the definition for the vector Hadamard func-
tion

G“)uv’Eqéu’év'L)matrix (2.27)
to derive
<§‘pa Erﬂ>matrix

—1lim (G 1) )
=lim 4(G aB’;pT +G Ba’;Tp! -G aT’;pB’
x' —x

(1) 1 1
-G T’ 80’ -G¢ MBrar’ -G¢ )Bo';‘ra'

(8] )
+GW o ame +G )

(2.28)

Applying this procedure to each expression in Eq.
(2.26) gives

(Z_‘uv:\ma!rix = <Z‘u “haaxwell + (z‘“‘?gauge

+ <z‘“v>lhoﬂ + (z'u u)mlas’ (2.29)
where
<T )Maxwen lim [(g _.gﬂfguv)
x' —x
X gaﬂajaa fra) matrix | » (2.30a)

(T*")puuge =lim [ -5 g (""" +g*"g" —g*'g"")

x'—>x

X(G(nsr';up _G(l)

‘rB';a’a')

1)
+ agasgu ugPr (G(”B'r';an' +G( B3 por? )] ,

(2.30b)

(T*)gnost =lim [ -3(g*“g"® +g**g " —g**g %)

x'—>x

x(G™M , agr +G )], (2.30c)

<Z~uu)mm - lim[%m"’(g““g"“ _ %g uvgaB)

x'—>x
X (GM g +G N, ) +23mP g ¥ G ],
(2.30d)
where
G (x,x") =([c*(x), c(x")].) matwix

the scalar Hadamard function with £ =0 in Eq.
(2.1).

(2.31)

1II. THE HADAMARD FUNCTION

The Hadamard functions G, §, ¢ GV .,
and G’ and their derivatives appeared in the
preceding section as the key structures in the
(T"")mauix 'S derived there. We will now find the
Hadamard functions for the three spins. This will
be done in arbitrary dimension then for the pur-
poses of this paper specialized to four dimensions.
The two-dimensional case will be discussed else-
where.

The Hadamarwu functions are found by studying
the Feynman function G(x, x’). The two are re-
lated by

Gx,x")=Gx,x") + 5iGV (x, x"), (3.1)

where G is the principal-value function. (We will
suppress all indices since the mathematics is the
same for all spins.) Let F(x, x’) be one of the
operators in Egs. (2.3), (2.18), (2.22), or (2.24).
The Feynman function G(x, x’) satisfies

f F(x,x")G(x",x")d"x" = ~6(x, x*) , (3.2)
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in n dimensions. Using the Schwinger -DeWitt
proper -time approach, we find that®

Al/z ® ds < o ]
Y . 2o _ )
G(x,x )_ ——,_(4171')" 5 —,—s" 5 exp[_l m°s 23)

X Q(x,x',s), (3.3)

where A(x,x’)=g"'/2(x)D(x, x")g "/ %(x"), glx)

= —det(g,,), D(x,x’')= —det(-o0, ,,.) (the Van Vleck-
Morette determinant), and o(x,x’) is the biscalar
of geodetic interval. The covariant derivative of
o, ¢’*, is a vector tangent to the geodesic between
x and x’ at the point ¥ which is oriented in the

x’ —x direction and has length equal to the geo-
desic distance between x and x’. The biscalar

o is related to 0" by 20=0'"%0,,.”!

The function Q(x, x’, s) in Eq. (3.3) satisfies the
equation
i2q.lgieg

ds s

——D"’sz(x,x”) Dl/Z(xn)

m=0

XQx”,x',s)d"x", (3.4)

with the boundary condition Q(x, x’, 0) = &(x, x’).
This differential equation may be solved by writing
the power series

Qx,x',8)= D a,lx, x")is)*, (3.5)
k=0

A1/2

G(X,X')= —W

A change of variables
2%= -2m?, u=-2ims/z

allows us to write the integral in Eq. (3.9) as

2\t du
<_ 2im2> fo —7re explazlw ~1/u)],

which is??
—im(=z/2im?)"HS, (2),

n/2-

where HZ, |(z) is a Hankel function of the second

1/2
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3 a(xx’)( 8 >kfw ds ex|
£ R\ _a’nz o njz P

|5

which gives the recursion relations

03205+ O+ Vg, =872 [ Flrx)| 2t/

ms0

x a,(x”, x")A""  (3.6)

and
0¥a,,=0, (3.7a)

along with the boundary condition
aglx,x)=1. (3.7b)

Note that in applying the Schwinger -DeWitt tech-
nique we must have an F (x, x’) with derivatives of
the form §,,°(x, x’). Since the spinor operator
F(x,x') in Eq. (2.14) is not of this form we per-
form the 8 to ¢ transformation and use F (x.,x’)
which as we can see from Eq. (2.18) has the cor-
rect form. Also in the scalar case,

<
N

1
- 3.8
O ey (3.8)
if we want a scalar field which is conformally
invariant in » dimensions. In four dimensions we
have &=+
Using Eqgs. (3.3) and (3.5) we find that

[—z(m s —20—8)} . (3.9)

kind of order n/2 —~1. Thus Eq. (3.9) becomes

iral?z & a \*
Gx,x")= @myTe 4 akx x’ ( e

z l=n/2 @
X (—‘577 H7, . (2).

(3.10)

Now in order to find the small-distance behavior
of G in four dimensions, we expand H{¥(z) in an
asymptotic series® and follow the procedure given
in Ref. 9 to obtain

A 1 ;
G“’(x,x’):w— lao[? +m L1+ gm0+ o) = 3m® —Emio+- ] —a,[L(L+3mP0+++) —tmP0 —+++]

. .
a0[L(5 +5m’o4oee) —f —eoe]ioeoy W[a2+°‘°]+m;[a3+°°°]+°°°},

L (3.11)
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where L=(y+31n|3m’c|) and ¥ is Euler’s constant.
Note again that above®*

G (x, x’), a biscalar for spin 0,

GV (x, x')=< §V(x, x’), a bispinor for spin } ,
GY",,., abivector for spin 1:

(3.12)
a,(x, x’), a biscalar for spin 0,
a,(x,x') = { @,(x,x'), a bispinor for spin 3,

@huy, @ bivector for spin 1.

(3.13)

We now can see that {(T*")marx is divergent.
As x’ - x, the length of the geodesic goes to zero,
so that 0~ 0. Thus, G‘!) —= because of terms
such as 0~! and L. Since (T"*") nauix 1S constructed
from G and its derivatives it is also divergent.

IV. REGULARIZATION AND RENORMALIZATION

In Sec. II we looked at (T*")mauix defined using
Eq. (2.5). Here we are really interested in finding
(1)

vae =(in, vac| 7*"|in, vac) 4.1

the vacuum expectation value of the stress tensor
in the vacuum state defined prior to any dynamics
in the background gravitational field. This quan-
tity, properly regularized and renormalized,
gives us all the information we want about par -
ticle production and vacuum polarization. It is
the object we choose to use as a source in the
semiclassical gravitational field equations,

Guvz<zvuu> (4‘2)

vac?’

when doing a back-reaction problem.*® So why then
do we need to calculate (T"")matnx?

The answer to this quegtion (and many others)
can be found in DeWitt’s work.?® He shows that

<z~uv>vac = (Zuv>matnx + <_Tuv>“n“e ) (4-3)

where (T"") .., 1§ zero when there is no particle
production, is always finite, and satisfies the
conversation equation (T"%),, .., =0. The di-
vergences appearing in (T*")_,. and {(T*")maux are
identical. Regularize (T®")mu and you have re-
gularized (T*"),,.. Regularizing (T*"),..x gives

<z~uv>mamx = <qu>div + <Z“v>matrh,ren s (4.4)

where (T*"),,, contains the infinite pieces which
we will renormalize away by adding infinite coun-
terterms onto the classical action for the gra-
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vitational field and {(T"") ..., ren iS the remaining
finite physical part of the matrix element. Re-
normalizing (T*")4,, away also gives us a renor-
malized (T*"),,.,

(Tuv>mc. ren'——' <Z~uv>“c - <z‘uv>d“
:<zuv>mamx,reu+<Iuv>unlte) (45)

to be used as the source in Eq. (4.2).

How do we find out what (T*"),,, is? We do this
by applying Schwinger’s reg—ularization prescrip-
tion using the covariant geodesic point-separation
methods proposed by DeWitt.?” He shows that

, OW

<Tuv>malrh:2g-l/_L1L ’ (4-6)
- Gguv

where
W, = —i In{out, vac|in, vac) (4.7

is the so-called effective action. He also shows
that

oW, 3}
9172 Oett _ o -1/2 fL 4
8 b B g, ) T

OF (x, x")
=1 -1/2 a,.m 9T Ry )
4 Trfd X 52,

X ([S0x'"), 6 ()] Jumai
(4.8)

where Tr means trace over the suppressed spinor
and vector indices and the anticommutator is re-
placed by a commutator for spinors. If we per-
form point separation on the right-hand side of
Eq. (4.8) we will obtain Eqgs. (2.7), (2.19), or
(2.30). Thus we see that the divergences which
will appear in the right-hand side of Eq. (4.8),
found by studying G'*’, are exactly the same as
those obtained by functionally differentiating W ;.
Eliminating the divergences on one side of Eq.
(4.8) will make the other side finite as well.
DeWitt (see also Ref. 5) goes on to find that
. 1 8
Ly, =-limzTr —a—[g”“(x)G(”(x, ' )g V()]
x'—>x o
(4.9)

(A2 and Q held fixed), which may be written in
terms of G,

)
L¢=Imlim Tr gg—[g’“(x)G(x,x')gl“(x’)] .
x'—>x

(4.10)
Now using Eq. (3.3) this becomes
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. D1/2 nds .< ) U)]
Le“=_hm TI‘W . S—Sexp[— ms—zs

x'—=x

X Qx,x’,s), (4.11)

in four dimensions.
Schwinger’s prescription tells us that the re-
normalized effective Lagrangian is®®

L Loy - Lgy» 4.12)

eff,ren

where

. D2 ,* ds ) ) 0‘)1
Ld":—hmTr—ﬁ?L —STexp[—t<ms—§J

X [ay+a,(is) + a,(is)?].

(4.13)

The a,, a,, and a, are the expansion coefficients
determined by Egs. (3.6) and (3.7).

From Eqgs. (4.9) and (3.11) we can determine the
form of Ly,. We find

. DY/? 1 m? wmt X
Ldlv =lim Tr——{ao [—6_—2— —EE" - —4—(y+%1nl Emzal )+ .I%m4

87

x'—>x

2

1 _’ﬁ Lin|ime|) - im?| - La¥( L1|L2|)( (4.14)
ta |55t g (Y+znl2m‘7| —am”| —za' \Y+zlnjzmo 5» :

which we can use to find

WdthLdlvd4x’
and then

<I“v>div = Zg-llzawdiv/ﬁguv *

(4.15)

(4.16)

The normal procedure now would be to absorb Wy, into a classical gravitational action of the form

Serav = f g/ X+ KR + @y (RMR,, — 3R?) + B,R*|d *x

(4.17)

by renormalization of the bare coupling constants X\,, k,, @, and B,. Unfortunately, Eq. (4.14) is not ob-
viously of the same form as Eq. (4.17). If we expand D”z, Tra,, Tra,, and Tra, we find that

1 C,(5) 1
Luf‘é}?g‘”{?T 5

X
e [Cz('s")mz + Cy(SIR + C,(5)Ry ﬁ%"]

+[C4(E)m* + C4(B)m?R + C,(F)RM*R, y,,, + Co(F)RM R, + Cy(5)R* + C o (S)OR](¥ + 3 In| 3m°c|)

+ [Cu(g)"'ﬁ + C12(§)m2R + C13(§)m2RN

oot

orolo*ot

=\ (_1 1 T 1
+Cl4(3)(_zssteRm + 350 R% {Rpxﬂ +80Rx£;xt) oz

_ _ _ olot
+C (8 )[- ﬁR“R"( + s_éoR”Rou: + WIoDRu + CIS(S)RPT"XRDT':E +C,(3 )R;u] _0'—] } , (4.18)

where the constants C,(S) are functions of the spin
S. The direction-dependent terms cannot be ab-
sorbed into Eq. (4.17) without special treatment.
One of the main advantages of the point-separa-

tion approach is that, unlike dimensional regular-
ization, we never need to know the mode func-
tions outside of four dimensions. However, this
advantage is also the cause of the complicated
form of Ly, in Eq. (4.18). In dimensional regular-

ization there is one regularization parameter €
=n -4, while in point separation there are four.

If we write 0°=¢€¢?, where € is the geodesic length
and ¢° is parallel to o” but normalized to +1, we
see that the regularization parameters are €, ¢',
t%, and t°. To eliminate three of the parameters
we can average over direction in the manner of
Adler et al. (Ref. 19). With the averaged

products
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(00 =2
and

(07040 0, =502 (gMg" +g™g " +gMg ™),

(4.19)

the direction-dependent terms become combina-
tions of R, R?, R™R,, - 3R?, and RM“R,,,, and
may, after use of the four-dimensional Gauss-
Bonnet theorem, be absorbed into Eq. (4.17) to
produce

Ssrav.renE fgl/z[)‘ren+KrenR

O ren (RMRN - %Rz) + BrenRz]d4x y
(4.20)

where the renormalized constants must be deter -
mined experimentally.

Note that we will never do an averaging in the
actual calculations. It is presented here only to
show the underlying similarity between regulariza-
tion methods.

This process leaves us with the finite quantum
action W, .., whose functional derivative will
give (T"") auicsen and then using Eq. (4.5) give
(T"")vaceen- We have eliminated (T*")y;, by renor-
malization. This whole process is totally equiv-
alent to simply subtracting (T*")¢y from (T*"),,.
Since both (T"*) matrixen and (T “Ynite Are conserved
by construction, (T Yvacren w111 by definition, be
conserved.

How do we find the detailed structure (T"")4, ?
There are two possible paths. We may fﬁnctionally
differentiate Waiv using Eqs. (4.14)-(4.16) or we
can put the expression for G in Eq. (3.11) into
Eq. (2.7), (2.19), or (2.30) and then pick out the
pieces which are constructed from a,, a,, and a,
and of order m°, m®, m*, and lnm®. These are
the only terms which can arise from the functional
derivative of Eqs. (4.14) and (4.15). The only
reason we will choose the second path is because
it is conceptually simpler than trying to func-
tionally differentiate Wesr. In Sec. VII we will show
how one might carry out the first method.

Recently, Wald,? using a very general axio-
matic approach, has shown that the point-separa-
tion approach will give the unique vacuum expec-
tation value up to the addition of arbitrary con-
served local geometrical tensors (the usual re-
normalization ambiguity).

V. FINDING (I*"),,,

Now we will find the explicit form for {(T**)4y,
for the three spins. -

Spin 0. As was done in Ref. 9, we use Eq. (2.7).

We want to find the expansion of G’ and its de-
rivatives in terms of functions at the point x and
the tangent to the geodesic ¢** =0*. To expand

a bivector such as G*¥**' | for example, we form

gva(l);ul' , (5.1)

which is a contravariant tensor of rank two at x
and a scalar at x’. The object g¥,. is the bivector
of parallel displacement which has the effect of
transporting in parallel the vector-at-x’ part of
G'Vi#¥ along the geodesic between x and x’ back
to x. When this is done we can expand expression
(5.1) in powers of o”.

The procedure we actually follow is to sub-
stitute G'*) from Eq. (3.11) into Eq. (2.7) and then
expand each bitensor using the series expansions
on page 2497 of Ref. 9 and in the Appendix of this
paper. We then collect terms in powers of 0°. Fi-
nally we pick out the terms built from a,, a,, or
a, and of order m°, m®, m*, or lnm®. We call
the collection of these terms T&[x, 0] and we have

(T*") g =1im T [x, 0]
x'—x
See Eqs. (5.5)-(5.8) for the results.

Spin 3. The procedure in this case is almost the
same as the spin-0 case. We now have §*’ and
@,, @, and @, in Eq. (3.11). We substitute Eq.
(3.11) into Eq. (2.19) and expand the parallel-
transported bispinors. The expansions are dif-
ferent of course.

In the scalar case, Eq. (3.7) implies a,(x, x’)
=1 for all x and x’. But in the spinor case the
solution to Eq. (3.7) is the bispinor of parallel dis-
placement 9(x, x’). Thisobject paralleltransports
spinors from x’ to x. We have G, (x, x’)=9(x, x’)
and 9(x,x)=1. Equation (3.6) for spinors is

0@y + (R +1)8,,, = A/ 3(AY2@,), P — IRG, .

(5.2)

Following the expansion procedure in Ref. 9 and
using Eq. (2.11), we obtain the expansions of the
bispinors listed in the Appendix. Note that in

calculating an object such as @} ** say, we form

9g". @ B ¥

first. The 9 parallel transports the spinor -at -x’
part of @, back to x and the g, does the same for
the vector-at-x’ in the covariant derivative.

Now collect powers of o” and perform the trace
on the ¥*’s and G,g, matrices which appear. We
need the relations Try*y®=4g"*?,

TI")’ uypG[aB ]R“a'r = "4Rupu'r ’

and
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Try®y pG[aB ]G 4] ]RaBafRMn
- 4(R‘“°,R",m —R’XO,R“M, _ _é_g “"R“"RN,“) ,

when we take the traces. Once again, pick out the
terms which come from Lg,, to obtain

(T*")giy =1im T4 [x, 0 *]
x'>x
given in Egs. (5.5)—-(5.8).

Spin 1. This is the most difficult case. In Eq.
(3.11), we now have the bivectors G*?,,. and
@4~ Consider Egs. (2.30b) and (2.30c). To ex-
pand these objects we must form g," G, .,
&8 Ig G 18’0’ gr F'G( )B‘r' ap’s
88 lg MG( ’1'8' ipa’s gB G( ’ H andg G“)
But there are two relationships between G“" vt
and G“),so

(1) H - (1)
G, =G v
and

(1) H-. (§8)]
G, = G,

which is we put then into the parallel -transported
forms of Egs. (2.30b) and (2.30c¢) give

<Zuu>gauge + <Z_‘“v>ghost - —ig BV 1im G(l)';pp

x'>x

= —im’g*lim G, (5.3)

x'—x

This simplifies the calculation greatly.
Now define

GuvaB =gvy’gBB’G( ' aB’ s
G(naB :gBB'G( ”atﬂ’ .
This gives the parallel-transported (Z‘“")mmix:

13 s 1 by
(zv v>Maxweu - hm;[Gx uy +G)‘)wu +Guvxx +Gvux)'
x'—x

_G)uwl G).vu ux v va N
- =

- (lepo - pra). )g uv] ,

(5.4)
<qu>gauge +(Iuv>gholt = _%ng “"limG(l)’ ,
x'—x
(T g =lim [ (G974 G190 —g" G2

1,2 “V(; l
lmg (n

To determine the expansions of G, and G,
we need to use the recursion relations in Eqs.

(3.6) and (3.7). For spin 1, the solution to Eq.
(3.7) is ay,,» =g,,» the bivector of parallel dis-
placement. Now lim,_ g, =g,,, the metric.
Equation (3.6) becomes

~1/2(Al/2
0 Apurupe 0+ (ke + 1)y pye = A r2(at Qv );°
R, ap,. -

Using the usual commutation relations for covari-
ant derivatives and the method of expansion in
Ref. 9 gives the expansions for g,,., a,,,, @,
and their derivatives. These are put into Eqgs.
(5.4) and powers of o” are collected. The terms
which arise from Ly, are picked out and we again
have
<I“v>div =lim Ty [x, 0°].
x'—x

The results are in Egs. (5.5)-(5.8).

In the calculations above the following relations
are very useful:

R Rv78a _1 aByRV“BY ,
Rausp:Ba =R p;aB »
Ru“Bp;qa=DR“ —-%R;“ +R°‘BR“ _Ru Ra ,
O’ 0
Ruxauav (0'"0’) (R“,u “R“ 'V _R R“a"g
»
+R*, c) ( Pg) ,
orgt orgt
R ey = (<R% R ) o

ra (0%0,) (0’0’ )y "

After a great deal of algebra, we finally obtain
the expressions for (T*")sv. The notation is

~ coefficient for spin 0 (£=1),
- coefficient for spin %,

- coefficient for spin 1

and

(Vwy _ =1/2_
HDY =g

1/2R2d4x
Gguv—[g ’

H(z)uv :g-xlz

V/2R8R odx.
Gguu -[g

The results are

.1 1 o“o?
Tuv . = —_— - by
<_ >dlv.quaruc B‘E 2112 2 (0 000)2 <g -4 0”0‘0 ) ’

(5.5)
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0
1 1 040" oo orot o"o‘]
. . 1l ]2(gur 4R ap 990 ww_apuv 0
<Z %iv,quadratic"l}fi 4772 0”0’, 4 [3< +R o.po.p/ 4R by 000‘, + 3RH anpg 3R PN 0’”0’,
1
oto? o¥o? groloto? ]
uv _ 2pw ~ -~ 2 —_—
[ 2 c,op> e e T
0 1
1 1
<Z‘“v>div.logarithmic=lim - (a0 ‘Hm‘w]+? - mzcw_f 2| m'g" ) (v+3|smo]),
x'—>x
1 2
(5.7)
(0
1 3 4 g¥c¥\ 1 ogkoV
sy T A 4 vy _ 2 = 1 2 wy
<I >div,ﬁnite'r'_’x 4"2 32 2lm (g 3 0”0’,) 6 | m < +R UpGP>
L1
1 —1) 0 1
w v
e | 2R w2 | RMR,+ -2 |R%: | 3 |OR |22
0 Aeke o UD
-13 88 _25 18
1 2
1 1
+ —6 le+.6_0 —2 R)«c'(“ —6 -1{R ® R
2 -8
1
g lo
180 RU%Rias +55 | -2| Ba"R" tax (©%0,)
2
1 0 2
1 1 1 o*olo*o*
+ —W —12 R"hye;“ —'3_6' —1 R“Ruxv' +m‘ 1 R“haeRvka ———(0"0 )2
[
42 4 -16
1
1 orolo¥o! ola¥
+ o -2 (TI'ORN;N'F%R).{R:« +'91_0RuxBeRath) (0 ) (g‘w -4 o’o, )
2
1
1 orolot ot ,,

~ 79 0 (ZRN:m +Ry R, *Raxsg Raxm)
-6

A
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+1 13 -1 me¢—144 1 RRxe+'_‘_360 3 | Ry,
4 20 -18
2—1 -1 0
_L 1 | Rt#w o 1 2 | R* R®V __1__ 1 | R*R
120 47180 R P) M
-16 88 14
3‘} 1 4
_1 4 RWMY 1 1 R“ RY 1 navd
- 130 ne—3g TRYy - 360 7T |R R8s
_4_' -10 -52
2
_1_ 1 R Ru(uu) 1 4 BvaB pv
~ 360 Ao ¢t 7360 7 R™*™\R%,
164 -52

4

1 aBy 0"0' O-uo.u
*Ta0 | T | R *R"B"] o° <g”“2_oT>

-52



17 REGULARIZATION, RENORMALIZATION, AND COVARIANT... 957

0 0 1
1 1 1
| -7 [0 |m R+ g |0 |RRutgg | O | Rine
1 1 0
1 1 0
1 1
"m 0 DRXC+E 0 RlaRae__ 0 RGBRalBC
-6 -24 1
0
1 o*at
+§ 0 RaB,J\RaBN Ty g (5.8)
P
1

Note that as in Ref. 9, we have eliminated odd

powers of 0 by forming
(T*")aww = 3 1im (T&[x, 0°] + T4k [x, —0*]).
x'—x

The notation (T*") aw,mmite Seems a bit confusing
perhaps. The “div, finite” means that these are
finite terms in the stress tensor which arise from
the divergent part of W,,,, namely W,.

Many of the terms in (T"*"),,, have coefficients

1 (o
-2 | or | -3
2 1

The first is (-1)** times the number of helicity
states for each spin while the second is (-1)%32.
Why these particular dependences on spin occur
is not completely understood as yet.

VI. THE MASSLESS CASE AND ANOMALIES

As we can easily see the massless field pre-
sents a special problem. In the expressions for
(T"")4, We find that all the divergences and finite
subtraction terms have smooth m - 0 limits except
the logarithmic divergence. The H®#v _ {HWwv
term blows up. If we go back to Ly, in Eq. (4.14)
we see that this term comes from the functional
derivative of the a, term which is divergent as
m ~0. This term appears in Eq. (4.14) because
the integral

Tr | ds gior2sy ()2 (6.1)
s S
in Eq. (4.13) not only diverges at the upper (s=0)

limit when x’~x but also diverges at the upper
(s==) limit even when x and x’ are separated.

This is an infrared divergence. We cannot include
this divergence in L4, since it would also make

L o4y, -en infrared-divergent. So we put an upper
cutoff on the integral by introducing a factor

e %, This makes the integral finite and allows
us to write Eq. (4.14) as

D1/2 ' .
Ldlv= lim Tr _8;‘_2_[‘100-2 +2a,0
x'—>x

—za(y+z1In|zp?])].  (6.2)

The cutoff factor i, which has units of mass, is
completely arbitrary. Suppose we write p=p’(u/
k"), then

In|3p2%0 |=In|3u"%0 |+ In|(1/p")?]. (6.3)

The finite a,1n|(x/p’)?| term only contributes to
the renormalization of &, in Sy, en. NO extra
terms are produced in (T*")g, or (T"%),;c ren-

The (T""),, for a massless field is the same as
in Sec. V with m set equal to zero everywhere
except in the In|3m?%| factor in the logarithmic
divergence. There m becomes i. Note that exact-
ly the same sort of cutoff factor appears in the
order regularization methods where the symbol
for it is k,* L,° T,! or u.'1+?°

For massless fields of spin 0 (§=%), spin 3,
and spin 1, the classical theory is invariant under
conformal transformations of the metric, i.e.,
Eup™ Qz(x)gw. This symmetry carries over to the
stress tensor making it trace-free. In the quantum
theory, the renormalization process causes the
trace of the stress tensor to be nonzero. This
trace is called an anomaly.**

We can see the form that the anomaly will have.
The trace of (T""),, is
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1 1
(I* Day= 'z‘g%(l)? T | C*+| & |(R*R 3R?)
-13 62
1
+1 3 |OR. (6.4)
-18

Thus, since the trace of (T*"),,. is zero by con-
struction, the trace of (T‘W)vmen must be the neg-
ative of (T*,)y, in Eq. (6.4).

We might ask why we cannot keep conformal in-
variance by adding more finite counterterms to
Sgravren in such a way that (Tuu>va”c“ is zero. The
reason is that such counterterms must be non-
local (see Ref. 10). There are no local action
functionals whose functional derivatives with re-
spect to g,, will give stress tensors whose traces
are C? or R** R, - 3R%. The OR term’s status as
an anomaly is still vague. There is a local action,

fg‘/Zde%,

whose functional derivative has a trace proportion-
al to OR. So by adding an R? counterterm we can
eliminate the TR trace. To further confuse the
issue we find that in the spin-1 case, dimensional
regularization gives 120JR in the anomaly instead
of —-1800R which both zeta function and point separ-
ation give. All other anomaly coefficients are the
same in all methods. We know why dimensional
regularization gives a different answer It is the
fact that unlike the spin-0 and spin-z cases the
spin-1 theory is not conformally invariant for
arbitrary dimensions. The n-dimensional manip-
ulations of the effective action force extra RZ-
type counterterms and therefore an extra 300R
anomaly term to appear when continuing back to
four dimensions. (See Refs. 5, 6, and 11 for more
details.) Only with new physical arguments, such
as those presented by Horowitz and Wald,** will
we know more about what the OR anomaly should
be. At present we will accept the value predicted
by our method.

-1 A n/2—l)

1=0

Yn/ 2-1(2) - (__%Z)-(n/ 2=1)y

_Zl-n/zﬂ.-l(z?.)(nlz-l)/z Z [¢(l+ 1) +d)(n/2+ [)]

1=0

2-21(22)1 + 21-n/ 2r°l1p HZ

M. CHRISTENSEN 17

It is an interesting and relatively simple exer-
cise to find the form of the anomaly for arbitrary
dimensions. We will confine our discussion to
theories which are classically conformally invari-
ant in all dimensions.

The anomaly arises because of the logarithm
term in Lg,. We can find the form for this term in
any dimension. Looking to how we found Ly in
Eq. (4.16) we see that the logarithm term arises
from the a, (or a,oln|% p2o| for mass-
less fields) term in G**? when we differentiate with
respect to o [Eq. (4.9)].

Consider Eq. (3.10) which gives G in arbitrary
dimensions. Suppose n is odd, then

HPoa2)= @2 /0 (2
for n= 3, where h,,,,, is a spherlcal Hankel
function of the second kind of order %(n —3). The
asymptotic expansion of 22, , is

(2) (n+l)/2_ =1 iz
IGisy 2=t z27e

(n=3)/2

HO 3)+l]
X Z TG0 = )

(2i2)7.

We see immediately that the H{2,_,(z) has no log-
arithmic terms and therefore there is no possib-
ility for an anomaly. Hence we have®

<£“u.>vuc,ren = 0’

for all odd dimensions.
In even dimensions, the situation is totally dif-

ferent. Using the definition of H3),_ (z),

Hv(i)z (2)=d /z-x(z) =Y a(2 z), (6.5)

where J,,,_, and Y,,,, are Bessel functions of the
first and second kind, respectively, and z%= -2m?0,
we get

2ral/? 3 \*
n/ 2
e o Zak(zo)k<5?)
X(ZZ)(n/z-U/zYn/z_l(z)
(6.6)

from Eqs. (3.10) and (3.1). Now we write the ex-
pansion of Y, /,.,(2),

G(l)(x’xl) =

o (_1)12-21(22)1

2 2y(n/2=1)/2
(=) £ T (n/2+1)

(_1)!2-2l(z2)1
Hm/2+1-1)1° (6.7)

and note the log term in the second term on the right-hand side. In Eq. (6.6) this takes the form
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0
@ S gimn/2 ;ak(Za) (az>2""/211'11n|l 2| (z2)n/ >

6.8
—Tr—m +nonlog terms. ( )

If we do the differentiations in Eq. (6.8) we obtain

2r A/ =

( 1) 2-21

(I+n/2-1)!

G‘”(x,x’): @ 21-'./2”-10,1-»1/2 Za (20)* Z ;

+nonlog terms.

We now find the term which is oln|3m%s|. Count-
ing powers of ¢ we find that only when /=1 will
we find such a term. We must also have no m’s
in the term so we require [ —k+n/2 -1=0. With
I=1, this gives k=n/2. Finally,

AY 2(x,x")

GP(x,x") = '—Wa—'anlz(" x?) olnlé’mgol

+non-oln|zm’%s|terms,
which gives the log term in L g,

Lgiyjo=lim Tr|=
x'—>x

D1/2(x xr) ,
[ e e

x In|zm2o(x,x") |] (6.9)
This leads to the anomaly (for m - )3

1
<Zu¢>vac,ren= (4_.")572_ Tran/z(x’x)' (6.10)

As a check, for n=2

1
<zuu)vac. ren™ 4_17" Tral(x,x) ’

and for p=4

1
<Zuu>vac,ren" 167 T6.2 Traz(x x)
in agreement with previous calculations. Note that

a(x, %) = {ak(x,x), for spin 0,
Tr@,(x,x) for spin 3.

Spin 1 is not conformally invariant in all dimen-
3 35
sions.

VII. DISCUSSION

In this section we will look at three subjects.
First, we will outline briefly how to use {(T*")g;
in a practical calculation. Second, we will show
how we could functionally differentiate Waw to ob-

IT(n/2+1) (1+n/2 -k =1)!

(__zmza)l-k*'IIZ-l 1n|%mzo|

tain (T*"),, . Finally, we will discuss calculations
in other dimensions.

In several recent papers, the method for finding
{T*") vacren in various cosmological models has
been given.’® The method described in those pap-
ers will work in all cases if certain pieces of in-
formation are given. The first bit of information
is the definition of the vacuum state Iin,vac). As
we said in the Introduction, this may not be easy.
Let us suppose that through perseverance we dis-
cover a complete set of mode functions u,(x) which
we find give a physically reasonable |in, vac)
state. It is then easy to show that if we expand
the field operator in terms of creation (a}) and
annihilation operators (g_,) as

o(x)= Z [_a_,u,(x)+g;“u‘*(x)] ,

then
(T*)yac = Z T*u,(x), uf(x)] . (7.1)

The Z), in Eq. (7.1) represents a sum (when i is a
discrete index) or an integral (when i is continuous)
over all modes. T*u,(x),u¥(x)] is constructed
by substituting «#; and «} in for the ¢(x)’s in Egs.
(2.4), (2.15), or (2.26).

We already know that

(Iuv> vacren (Z‘“V)vac - <Z“ y)aiv ’ (7' 2)

when we eliminate the infinite (T") 4, with infinite
counterterms. We also know the forms for
<Z‘uv>dlv =lim T:;;:[X, Up] ’ (7.3)

x'—»x

from Sec. V._ We use this information in the fol -
lowing way. Take (T*"), in Eq. (7.1) and form

(T e = $1im D {7, (x), u} ()]

x'-x 1

+ T*[u, ('), uf (x)}

=lim TwYx,0°], (7.4)
X —>x
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being very careful to make the point separation in
exactly the same symmetrical manner as Sec. IL
Calculate the mode sums (usually a gruesome
task) if possible. Expand the sums in powers of
o°. Now because (T*")4v contains the divergences
and finite subtraction terms which are renorm-
alized away, if we form

(T*) vacgen =1im (Tllx, 0°] = Tgilx, 0%]) - (7.5)
x'>x

we will have the finite result of Eq. (4.5). The
lim,._,, in Eqs. (7.5) becomes superfluous since
we will have no terms left which depend on ¢*
and which also survive in the coincidence limit.
This procedure is quite general and will work for
any quantum field or background field so long as
we can define an |in, vac) state and do the mode
sums.

Next we consider the possibility of finding
(T*")gw by functionally differentiating. DeWit
has shown that

!
50 (x, x") “lokg

0guy

t37

v

+terms of order (0°)® and higher.
(7.6)

Consider the scalar field where g,=1. Remember
that D'/2(x, x’)=g*/? +terms of order (¢*)® and
higher. Let us look at the direction-independent
terms of line one in Eq. (4.14) which are

1
872

fg”z[a'2 —imPo™t —tm*(y+ 31n| tma|)

+E2mildix. (1.7)

Making a variation of g,, in Eq. (7.7) gives

%rf{bg‘/z[c'z im0t —imi(y+ $n| im0 |) + Fm?] + g1/ -207%60 + 3m°0 260 — gm0 ™160] d x .

Using 6g'/%=3g'/%¢**6g,,, Eq. (7.6), and the definition of {(T"");, gives

1 1 uy
2% (0%0,) (g -4

clo? 1 1 2< v
a"o,) ~ 8% (¢°0,) mi\g™ -2

1
~ 32n°

which are exactly the same as the terms which ap-
pear in Sec. V. The anomaly comes from

lim | g'/%a,In|3m0|d'x.
x'—>x

~ 3272

Varying g,, in this term gives one finite term from

1 . 1/2 12 4
__3—2?_’1‘13 g'%a,51n|sm*c|dx
[
L 1/2 n9 9 a
= =g Am | g7l %) 5 0gu, A
So the trace term in the finite part of (T‘“’)d" is

o-ﬂo,l‘
oo

1
T lim a,(x, x’)

’
167 Lo

P

exactly as in Sec. V. In the massless case, this

is the only finite non-trace-free term which arises
from the functional derivative of L4;,. The rest of
the terms in Sec. V come from the expansions of
D2 g, a, and 60 of higher powers in 0. As
far as we know, the expansion for 6o has not been
calculated. We hope to carry this out in later
research just to prove that it can be done and find
(T*")4, in another way.

“Finally, a few comments on (T*")y, in other di-

octo?

)

3
mig* (v + 3 1n|3m?o) + Wm“(g“” -

4 otg¥
3 o0

> + higher -order terms in o?,
[

mensions. In Eq. (6.6) we give the expression for
G in arbitrary dimension. To find (T*")q we
simply follow the same procedure as we did in
four dimensions. We need only be careful to take
into account terms such as £(z) and remember that
g"%g,,=n. In dimensions higher than four, the
calculation would be extremely long and probably
would have to be done on a computer.
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APPENDIX

Here we present the expansions of the various bitensors used in the text which did not appear in Ref. 9.
The methods used to find these expansions can be found in Refs. 9 and 29:
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