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We consider a quantized field in a Bianchi type-I anisotropically expanding universe. A suitable

expectation value of the renormalized energy-momentum tensor acts as the source of the metric in the

Einstein equations. The coupled set of differential equations is numerically integrated, with the help of
several approximations, in the case when the quantized field is the massless conformal scalar field. Boundary
conditions are imposed at an initial time to of the order of the Planck time, with the initial expansion rates

varying over a wide range consistent with the constraints. It is found that the expansion rates tend toward

isotropy and approach a radiation-filled Friedmann expansion in an interval of less than 10' Planck times, for
the full range of initial expansion rates considered.

I. INTRODUCTION

Quantum phenomena, such as particle creation
resulting from the strong gravitational field near
the cosmological singularity, may have a profound
influence on the evolution of the metric at very
early times. Here we investigate the question
whether such a process could have brought about
isotropization of an initially anisotropic expansion
at a sufficiently early time.

Studies of helium formation' ' indicate that the
expansion was effectively isotropic at t & 10 ' sec.
The isotropy of the observed cosmic blackbody ra-
diation (n, T/T & 10 ') has served as the basis for a
number of papers implying limits on the time of
isotropization. ' " calculations in Refs. 8-10,
based on evolutionary models involving classical
fluids, have concluded that isotropization of the
expansion must have occurred by as early a time
as t» 10 "sec, a time which is close to the Planck
time t~= (GS/c')' '-5x10 "sec. (Other studies
of anisotropic models with fluids may be found in
Refs. 11-19.)

The desire to avoid postulating special initial
conditions, as well as the existence of particle
horizons in isotropic models, suggested the study
of inhomogeneous, anisotropic universes. " To
bring about the observed isotropy in such models
at a sufficiently early time requires a dynamical
mechanism for damping inhomogeneity and aniso-
tropy. One such dissipative mechanism is neutrino
viscosity, which was investigated in homogeneous
Bianchi type-I, -V, and -IX cosmologies, and was
found not to be rapid enough to bring about isotropy
at a sufficiently early stage. ""

Anoth'er mechanism corning into play at much
earlier times (t t~) is the production of elementa-
ry particles by the expansion of the universe. "

Zeldovich" suggested that this process would bring
about isotropy near the Planck time. Quantum as-
pects of particle production and renormalization of
the energy-momentum tensor in Bianchi type-I and
-IX universes were studied by various authors. "-' "
The reaction back on the metric of the created par-
ticles (treated as a classical relativistic gas) has
been studied by Lukash and Starobinsky. " They
assumed that the particle creation occurred at a
time t, large with respect to t~, so that the evolu-
tion of the metric at times near to could be treated
independently of the created particles Itheir models
evolved as a Kasner (-'„—„——,') expansion until the
energy density of the created particles began to
bring about isotropization at a later stage]. If their
results are extrapolated back to to t~, then they
indicate that rapid isotropization should occur. In
order to consider directly models in which fo imp,

one would have to use a renormalized expression
for the expectation value of the energy-momentum
tensor of the quantized matter fields. (Eventually,
one would also hope to include quantum gravity as
more than a quantized perturbation on a classical
background metric. )

In the present paper, we consider a Bianchi
type-I universe in which the source of the gravita-
tional field is the renormalized energy-momentum
tensor of a quantized matter field. In this case,
the conformally invariant massless scalar field is
used, but similar results are expected for other
fields. One wishes to solve self-consistently the
coupled scalar wave equation and the Einstein
equation. We solve the scalar wave equation in a
low-frequency or early-time approximation and
explicitly evaluate the mode sums appearing in the
renormalized energy-momentum tensor. The re-
sulting Einstein equations are then numerically in-
tegrated and the times t~ of effective isotropization
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are determined for various sets of initial condi-
tions. There seems to be no natural unique choice
of state at the initial time t,. %e choose the state
vector such that if the initial expansion rates were
chosen isotropically at I,„ then the energy density
would vanish and remain zero (such a, state is pos-
sible for the conformed field). We find for t, » 3t~
that t~& 2x10't~, where t~ is the time of effective
isotropization (as defined in Sec. IV). This result
is largely independent of the initial values of the
expansion rates and indicates that the particles
creation mechanism can isotropize the expansion
in these Bianchi type-I models at a sufficiently
early time to be consistent with the observational
limits.

In Sec. II, me give the gravitational field equa-
tions in a Bianchi type-I universe, with an expec-
tation value of the renormalized energy-momentum
tensor of quantized fields acting as the source. In
Sec. III, we specialize to the conformal scalar
field, and carry out the mode sums in the renor-
malized energy-momentum tensor, using a low-
frequency or early-time approximation to the so-
lutions of the scalar wave equation. In Sec. IV, me
numerically integrate the Einstein equations for
various sets of initial conditions, and present the
results in the accompanying figures and tables.

II. GRAVITATIONAL FIELD EQUATIONS

(T.')=p, &T )=-P;5 (2 3)

where p is the energy density and the p,. are the
principal pressures [no sum on t in (2.3)]. The
Einstein equations (2.1) take the form

-G,' = V 'I'(n'a'+ a'a'+ a' n') = 8&p

II Il

G 1 V B/3 2 + 3 + &(nt)2+ &(nt)2
02 a~

(2.4)

t
y-1/3 d]I (2.6)

n, =lna, ,

V = a,a,a, . (2.8)

One may regard Eq. (2.4) as a constraint to be sat-
isfied at an initial time $0 The dynamical equa-
tions (2.5) may be rewritten in a convenient form
(for numerical integration) containing only one
second time derivative, as

V Ay = ny + gaI(ny+ n2+ n3)

+ ~g(n~n2+ n~n~ —n2n3) = 8&pq .

(2.5)

[The equations involving p, and p, are obtained
from (2.5) by cyclic interchange of indices 1, 2,
3.] Here a prime denotes derivative with respect
to

In the semiclassical theory the Einstein equations
take the form"

=8v(p, + 'T)V"- (2.9)

G„"= -8&(T„"), (2.1)

—a '(t)(dx')' —a '(t)(dh')' (2.2)

In a homogeneous state which has the symmetry of
the metric, the nonvanishing components of (T„")
are

where G„" is the Einstein tensor formed from the
classical metric and (T„")denotes a suitable ex-
pectation value of the energy-momentum tensor of
the quantized particle fields under consideration.
Although the use of (T„")as the source of the grav-
itational field in a semiclassical approximation
may not be justified when the probable (in the
quantum sense) matter distributions differ greatly
from their average, its use appears to be correct
in the present cosmological context. In general,
the expectation values of the formal energy-mo-
mentum tensors are not well defiried and must be
renormalized. The considerations of the present
section do not depend on the renormalization pro-
cedure, or the particular quantized fields present.

%e are considering metrics of the form

d s'=dt' —a,'(t) (dx')'

and cyclic permutations of indices 1, 2, 3, where T
is the renormalized trace of the energy-momentum
tensor discussed below. The constraint Eq. (2.4)
is consistently propagated by the dynamical equa-
tion, provided that

or

(T„"),„=0 (2.10)

V '(Vp)'+ g a,'.P,. = 0 . (2.11)

For simplicity, we will assume that initially

1 2& Pl P2 (2.12)

This axial symmetry mill continue to hold at all
times. The renormalized trace of the energy-mo-
mentum tensor is

&T,"&=p —ZP;=T(n) . (2.13)

In a theory in which T„"vanishes on a classical
level, a nonvanishing trace anomaly T(q) may a.rise
in the quantum theory as a result of renormaliza-
tion. In the axially symmetric case, Eqs. (2.11)
and (2.13) can be used to express p, and p, in terms
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of p, p ~ and T. Thus,

2(n', —n,')p, = p'+ 2(n,'+ n.', )p n3T (2.14)

I agrangian of the scalar field is

& = 2( g-)'~ '(g-""s„y&„g ~fte') . (3 1)

(n,' —n,')p, = p'+ (3n', + n,')p —n'„T.

With these equations, one can generate the regu-
larized expressions for p, and p, from those for p
and T in the anisotropically expanding universe
(n', & n,'). The form of the trace anomaly T for con-
formally invariant theories has been calculated by
a number of authors. '" "

In anisotropically expanding universes we expect
that for I, ~ t~ the process of anisotropy damping is
dominated by the created particles, rather than by
other vacuum contributions to the energy-momentum
tensor, which make up the trace anomaly. As we
take tp t~ in these calculations, we have ignored
the trace anomaly and set T = 0 throughout. How-
ever, it would be of interest to investigate the ef-
fect of the trace anomaly by direct calculation, es-
pecially for smaller values of l, (the quantum na-
ture of the background metric would also be impor-
tant for t —t~). Our present results do not depend
significantly on the particular form of the subtrac-
tions involved in the renormalization of (T„"), as
described in later sections. (The possibility that
including higher than second derivatives of the a,
in the subtractions may alter the fundamental char-
acter of the equations is not considered here. )

An,explicit expression for the regularized energy
density p of the quantized conformal scalar field in
the metric of Eq. (2.2} has been obtained by means
of adiabatic regularization (Ref. 29} and shown to
agree with that obtained by "n-wave" regularization
(Ref. 26). We use that expression here. Bunch"
has shown for a Robertson-Wa, 'ker metric that
adiabatic regularization yields the same trace
anomalies as the manifestly covariant techniques.
Explicit expressions for the energy density in an-
isotropically expanding universes have not yet been
obtained by other methods.

III. ENERGY-MOMENTUM TENSOR

We take the quantized massless conformal scalar
field as the source of the gravitational field. The

The energy-momentum tensor is

&'„.=(&„4)(&.q) —''g„-.a'"(&g4)(&„A)

(3.2)

where V& denotes covariant derivative. One can
write in the present nietric

with

(3.3)

x=t2') '"' }rl'l(Ajx;brie'"'"

+A~x~gr))e 'k'"] . (3 4)

The function g ('p) satisfies

Xu +(Qy +Q)xg =0,
where

(3 5)

1/Zp-=v'~' Q/ ' a ' (3 6)

and

0=,.[(n', —n,')'+(n', -n,')"+(n.'. —n,')'] . (3.7)

X X]f X* X-= ~
k k

(3.8)

Let ~0„) be the state annihilated by all the 4-„. The
complete specificationof ~0„) depends on the bound-
ary conditions imposed on the functions X-„(q). All
expectation values below will refer to the state
~0„). Boundary conditions will be in:posed on the
X-„ later, by means of a physical argument.

The regularized energy density given in Eqs.
(2.26) and (2.45) of Ref. 29 is

The operators A]„A.]-', obey the usual commutation.
relations for annihilation and creation operators as
a consequence of the canonical commutators of the
field and its conjugate momentum, provided th.ft
the conserved Wronskian of Eq. (3.5) ha.s the value

(3.9)



936 B. L. H U AND LEONARD PARKER 17

/

}t„-=(2Q-„) (~2 zz-„exp i-Qg dg'

where the expressions for c»~ are defined and
evaluated in Eqs. (Bl) and (B2) of Ref. 29. The
first two terms in Eq. (3.9) come from the formal
expression for (T,'). The term (-QI, ) removes the
quartic divergence, while the next term removes
the quadratic divergence, and the final term elim-
inates the logarithmic high frequency divergence.
In the case when m = 0, the adiabatic expansion
upon which the final term was based is not valid
for small% and it in fact introduces an evidently
spurious logarithmic inf rared divergence. That
term will therefore not be subtracted in the low-
frequency modes in our work below so that the in-
frared behavior is determined by the original for-
mal contribution to p. This procedure has the ad-
ditional feature of not introducing higher than sec-
ond derivatives of the a, into the Einstein equa-
tions. The quartically divergent term Q-„ is sub-
tracted at low frequencies even in flat-spacetime
renormalization. To explore the question whether
the quadratically divergent terms in Eq. (3.9)
should be subtracted at low frequencies, we have
performed our calculations with and without those
subtractions and find that the orders of magnitude
of the anisotropy damping times are not influenced
by those terms. For convenience of exposition we
will include the quadratically divergent subtrac-
tions in all equations below, rather than explicitly
consider each possibility.

To facilitate integration of the coupled Einstein-
particle field equations, we will make use of a low-
frequency or early-time approximation for X„- given
in Ref. 26. We will then be able to obtain an ex-
pression for p in terms of the unspecified expan-
sion functions a, (z)). First one reduces Eq. (3.5) to
two first-order differential equations by defining
the functions a~(z)) and J3„-()7) through

2' =- (()-„)2)'j' e, exp -1 f ()„dx

—Pg exp Q kdg' (3.11)

Then Eq. (3.8) becomes

I o(-, (n) I' —
I &I, (z})I'=1 (3.12)

and Eq. (3.5), together with the equation obtained

by comparing (3.10) and (3.11), leads to

1 Q' . Q
7l

—i P exp 2i Qdq'
2 Q Q

Q
2Q

(3.13)

Q', QP'= — +z @exp -2z
2 Q Q

Q+z P, (3.14)

where the subscript k has been dropped. At early
times (z} near z},) or low frequencies, such that
exp(2i f„Qdz)') = 1, one finds that the general solu-
tion of Eqs. (3.13) and (3.14) is

Q'!2 —zQ &/2 Qdqf +c Q 3|5)
7)0

7)

P c Ql /2+ zQ-1/2
1 Qdg' —C,Q '/', 3.16

where c,(%) and c,(R) are complex numbers, which
by virtue of Eq. (3.12) satisfy

+ Pk exp z Qg 4'g (3.10)

C1C2+ + C2Cj+ = 2

In this approximation, one finds that

(3.17)

21 7)

Ix.'I' ~ (()'-j))lx(-'=2I',
i

(jj*-()l~ ()dlj' j+2I .I* ~ 2(; .—,:) j)de')
0 ~0

(3.18)

Thus,

e(j)=(166') 'V 'j f d'2 2(,p[(()*—ji) ~ (f Qie'} ~ 2(
3

e(0 Tl

Q
+2z(cd1'cz —c,cf) 'I Z2)dz)' -Q —(2Q) 'i— —ZI|J + p, «&

"~o
(3.19)
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where q(t) is the domain in k space over which the
approximate form of X-„ is valid at time t, and p,
refers to the integral in Eq. (3.9) over the rest of
k space.

In the domain q(t) of R space in which the low-
frequency approximation is valid, quantum effects
such as particle creation and vacuum polarization
are dominant. For higher frequencies such that the
%KB approximation is valid, the matter can be
treated classically. In the absence of an approx-
imation for the intermediate range of frequencies,
and to make explicit integration over k possible,
we take the classical domain c(t), over which the
WEB approximation can be used, to consist of all
k such that {d&t '; and we take the quantum domain
q(t) to consist" of all R such that u& ~ t ' For.
k~c(t), )(& can be written as a linear combination
of positive- and negative-frequency extended %KB
solutions (Ref. 29) of Eq. (3.5), and the value of p,
will depend on the coefficient of the negative-fre-
quency part of X-„. This coefficient is determined
by the behavior of X~ at earlier times when k was
in q [for the initial conditions we consider, V in-
creases with time and one generally has q(t) C:q(t')
if t &t]. At such times positive and negative fre-
quencies are not well defined (i.e. , particle crea-
tion is occurring). Thus p, consists of the remnant
of particles created at earlier times. As modes k
pass out of q into c, their contribution can be
treated as a classical relativistic (m =0) gas of
already created particles.

It is still necessary to complete the specification
of the )(p (or equivalently of the state vector ~0„))
for modes k~ q. This corresponds to choosing
c,(k) and c,(k) in Eq. (3.19). That choice is dic-
tated by the following considerations. If the ex-
pansion were isotropic then there would be a natu-
ral choice of vacuum state for the conformal

field." In that case 0„-=k is constant and Eq.
(3.10) with &„- and P-„constants is the solution of
Eq. (3.5). positive and negative frequencies are
well defined, which coincide with the usual ones in
Minkowski space during any interval when the ex-
pansion ceases and which do not mix during the ex-
pansion. The state

~ 0„) annihilated by the A-„of
Eq. (3.4) corresponds to the vacuum state if X-„ is
a positive-frequency solution, that is, if o.,= 1 (to
within an arbitrary phase) and P, = 0. When the ex-
pansion is not isotropic we would like to choose a
state which corresponds to the absence of particles
at t, (so that one can find the anisotropy damping
produced by particles created after t3). However,
there is no clear definition of positive frequency
(or of particle) in the early anisotropic expansion.
Nevertheless, if one assumes that the natural
choice of quantum state at I,, is independent of the
initial values of a,' and a,', then one is led to
choosing the state vector which would correspond
to the vacuum if the initial conditions were iso-
tropic (i.e. , if o.', were equal to c.'3). Thus, when
the expansion is not isotropic, we complete the
definition of the state vector ~0„) by imposing the
initial condition

&r(3).) = I &u(7)o) = 0 (3.20)

with

~q (t) + ~c(t) (3.22)

where q, is the q time corresponding to t, . This
requires that the constants c,(k) and c,(k) in the
low-frequency approximation of Eqs. (3.15) and
(3.16) have the values

c =-'n '/'2 c =-'0 '~2 (3.21)

where 0, is the value of 0 at time t,. Then the av-
erage energy density of Eq. (3.19) is

p (]6v3)-ly-4/3 2 -1 '1 n'
d3k (2Q3) ' (Q' —Q)+ Qd3t' ' +2 'Qo —Q —(2Q) ' — —Q . (3.23)

(t)

In the integrand of Eq. (3.23) it appears that the
term involving ( f„Qd '3)t3which depends on the
past history of the system„correponds to the ac-
cumulated particles or energy produced in the low-
frequency modes by the expansion between l, and t,
while the other terms evidently correspond to
vacuum polarization or vacuum energy effects.

The integration over k in Eq. (3.23) can be car-
ried out explicitly, giving p, (,; as a function of the
a, . We are considering the axisymmetric case,
a, = a„so that k, and k2 always appear in the com-

bination

k,.= (k, '+ k,3)'~' . (3.24)

(k„/k„)'+(k3/k, )'=1, (3.25)

with k» and k, being functions of time given by

k„„=a, (t)/t, k, =a,(t)/t . (3.26)

We are free to scale the coordinates x' such that

The domain q(t) for which cu ~ I ' is an ellipse in k
space,
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at t0,

a,(t,) =a,(t,) .
One finds

p (4vt) 2 V 2/3g 2$ t 2

(3.27)

part of the energy density p, (2}) which becomes
classical in the interval from q to q+ b,q is given
at time g by

&p, (q) = p, (k (2}),2}) —p, (k (q+ a3)), q)

+ &V-4/3g 2(g 2+g 2f )t 2 t 2

+V /'a 'I
1 0 Qd~1 Q

+ V-2/3q ~ V2 3/( nl nt)2[

(3.28)

where I, is defined in Eq. (A5). At t, the energy
density does not vanish, and is given by

(3.29)p, (t,) = (72-0a'a, 't, ') '(n', —n,')',

This negative-energy density arises from the sub-
traction term involving (fl'/Q)2 in Eq. (3.23). As
noted earlier, we find that when the calculations
are repeated with that subtraction absent there is
no significant change in the anisotropy damping
time. It is nevertheless of qualitative interest to
note that negative-energy density causes the aniso-
tropy to increase, as we have found using a model
with fluid source. In the present case, the energy
density soon becomes positive and brings about
anisotropy damping.

To find the part of p, which goes over into p, with
the passage of time as the domhin q becomes
smaller, let p, (k, q) denote the expression in Eq.
(3.23), where the domain q is given by Eq. (3.25)
with k = (k|2, k, ) regarded as independent vari-
ables related to the limits of integration. Then the

(3.30)

where k (3t) is given by Eq. (3.26) with 2} = q(t). One
can obtain the effective equation of state of the
remnant of created particles by using the WEB ap-
proximation in the classical domain c(t), as dis-
cussed in the paragraph following Eq. (3.19) [that
procedure yields p, = (2vv) '

J&,&
d3k &u-„i p„- ~']. The

complicated dependence on the a, (t) makes it dif-
ficult in that case to use p, to generate p, as the
domain q(t) decreases with time. For simplicity,
we treat the classical remnant as a relativistic
fluid with energy density p, proportional to V ' ',
and with the p, generated by the conservation law,
i.e. , by Eqs. (2.14) and (2.15). Because of the
presence of p„ the pressures p, will not be iso-
tropic. However, as p, becomes large with respect
to p, the p,- will tend toward isotropy. One might at
first expect that anisotropic responses of the p, to
the different expansion rates were necessary to
bring about isotropy of the expansion. However,
we find that equalization of the expansion rates
does take place, so that the anisotropy parameter~ decreases below unity.

In the approximation that p, ~ V '/', the classical
contributions to the energy density are red-shifted
during any interval, say from g, to g„by the fac-
tor [V(2},)/V(q2)]4/3. Then we have from Eqs. (3.22)
and (3.30)

p(2}+a2)) = [V(2))/V(2}+ t22})]'/'[p, (q) + 6p, (q)]+ p, (k (Tt+ t3q), q+ nq)

= [V(q)/V(q+ aq)]'/3[p(q) p,(k (3}+a2)—), q)]+ p, (k (q+ n2)), q+ n.3})

=[V(2})/V(q+ aq)]4 3p(2))+ ay p, (k (q), q)+— p,(k (q), q)
4 V'(2)) (3.31)

where k„(2)) is held fixed in the partial derivative in Eq. (3.31). This was the expression used to generate
p(7}) in the numerical integration of the Einstein equations, with hq being the step size. The quantity

p,(k„(2}),q) appearing in Eq. (3.31) is given in Eq. (3.28). To find Sp,(k„(2}),q)/82} we perform the integration
over k in Eq. (3.23) with k, which specifies the domain q of integration, left arbitrary (so that q can be
varied independently). The integrals involved and their partial derivatives with respect to 3} are listed in
the Appendix. The result is that Eq. (3.31) becomes

p(2}+n,2})=[V(q) /V(q +n2})]'/3p(q)

2/3 2

g3

2 q V2/3
ni)2+ (nil nlr)] ]

3 I 3 (3.32)

(n,' —n,')(n,"—n3')(V' ' —a, 'f, )18''
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where I, and e, are defined in Eqs. (A5) and (A16}, respectively. In the computation one also needs this
expression when e, is small (i.e., when a, and a, are nearly equal). In that case,

p(q+ nq) ~ [v(q+ t q)/v(q)]-"p(q)
2 2/3 /3

8t

+ ', (1+ —,'eo) —,'Q Qdq' -~8(u', —u,')(a," —a3')
gp

2/3

0, ( ', — .')[„( ', — .')'+(,"— .")](.90t' (3.33)

%e now turn to the numerical integration of Ein-
stein's equations and describe the results.

IV. NUMERICAL SOLUTIONS AND RESULTS

In this section we solve the Einstein equations
with the energy density and pressure derived
above. Before we embark upon the numerical in-
tegration procedure, let us first summarize the
system of equations that we deal with.

The Einstein equations. The Einstein equations
for an axisymmetric type-I metric are given by
Eqs. (2.4) and (2.9) with u, = u, :

u" + 2u', n,'= BmpV2/3

u,"+—',a', (2a [+u,') = 8v(p, + -', T)V'~',

u3 + —', u,'(2u', + u,') =8m(p, +-,'T)V'~' .

(4.1a)

(4.1b}

(4.1c)

The energy density p is generated in the numerical
integration by means of Eq. (3.32}. The pressures
p, and p, are related to p and T, the trace of (T„„)
by Eqs. (2.14) and (2.15), in which p' is deter-
mined numerically from p. As explained earlier,
we expect the anisotropy damping effect for t & t~
to be dominated by the created particles, so that
we have used the approximation that T = 0 in these
calculations. The unknown functions u; appear on
both sides of the system of equatia1s (4.1), (2.14),
and (2.15) which has to be solved self-consistently.

Initial conditions. The dynamical equations
(4.1b), and (4.1c) are second-order equations, so
that at some initial time t, one must specify both
the values (a„a,), and their first derivatives
(a,', a,'),. In a spatially flat type-I universe, as the
only dynamical variables appearing in the Einstein
equations are the expansion rates a,', one can
freely scale the axes a, . For convenience, we set
a, =a, =a, =-a, at t, . The first-order constraint
equation (4.1a) relates the expansion rates a', and
n3 to the energy density p. The initial energy den-
sity p, is given by Eq. (3.29). This nonvanishing
initial energy density arises from the vacuum sub-
traction involving (fI'/0)' in Eq. (3.19). To com-

pare the effect on our results of the various sub-
traction terms in the energy density, we have per-
formed the numerical integration for three differ-
ent cases. In case 1, the complete expression in
Eq. (3.19) is used for p(t). In case 2, the term
4(&'/fI)' is omitted from Eq. (3.19), and in case 3,
the full term [~(Q'/0)' —Q] is omitted from Eq.
(3.19}. These terms arise from the second-order
vacuum subtraction in the renormalization pro-
cess. The initial energy density p, is zero in
cases 2 and 3. From the G,' equation [Eq. (4.1a)],
one derives a relation between n,' and n3' at t,. In
case 1,

(u,'), = (u,'),{1+[-1+(1 —So) ' ']/e}

where

6= 1
(4.2)

7T 0

whereas in eases 2 and 3, (u,'), = -(u,'),/2. To cal-
culate p, and p, at t, from Eqs. (2.14) and (2.15) one
also needs the inital values of p,'. In case 1, Eq.
(3.32) yields

(n', —,'), (s„}' 1 (a. }'0, 0 0

21 I 3 0 1N 3 0

—-', (2a', + u,'),(u', —a', ),]
(4.3)

The quantity u," —u," in Eq. (4.3) can be expressed
in terms of p, p', and u,' by means of the Einstein
equations [Eq. (4.1)], the divergence equation, and
the trace condition [Eqs. (2.14) and (2.15)]. Thus
from Eq. (4.1) one gets

ul' —u3 =-8"V' '(p -p )

-g(u~+ u2+ a3)(u~ —a3)

and from Eqs. (2.14) and (2.15),

P, -P, = —2(, ,
)

[Sp'+4p(2u, '+ u,')]
1

1 3
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Hence

2/3
n,' —n,"=, , [3p'+4p(2o. ', + o3)] —-', (2o.', + o.,')(a', —o,') .

Cl 1 3

Substituting this into Eq. (4.3) and solving for p,', one gets

po ((+I/30vt2) 24v2I4
I

45 1 30 s2 1 30 15vt2 7( 1 3 D (4 4)

The expressions for P, and P, follow from Eqs.
(2.14) and (2.15),

(P,).= — 2, , „[p,'+ 2p, (n', + o.,'),],2(a~ o.3)o

(p.).= p. —2(p, ). ,
(4.5)

1 1
48)PI 4 ' P3)o 247@/ 4

0 0
(4.6)

Numerical integration and results. We have nu-
merically integrated the Einstein equations (4.1)
with a source energy density p given by Eq. (3.32)
and the related pressures P„P, given by Eqs.
(2.14) and (2.15). The expressions for p'(q), o.,"(q),
and J Q(q')dq' are computed numerically as the
integration proceeds. We used a fourth-order

with po given by Eq. (4.4).
In summary, as initial conditions, one has to

specify only to, a„and (a', ),. The quantity (n,'),
is given by (4.2). The initial energy density p, and
pressures (p,.), are given by (3.29) and (4.5), re-
spectively.

For the simpler cases 2 and 3, one finds

(o,' —o",).
~0 24g2t 4

0

and from Eqs. (2.14) and (2.15),

Runge-Kutta subroutine for the solution of ordinary
linear differential equations on an IBM 360/95
computer. We have per'formed computations for
different initial values of t, and n,' for all three
cases. The results are given in the accompanying
graphs and tables.

We define nH =—(o', —a,')/2 as the anisotropy pa-
rameter and H = —,'(Q, o.,

' )as . the average Hubble
parameter. The quantity aH/H is a measure of
the variance in the expansion rates in different
directions and hence gives the degree of aniso-
tropy. For an isotropic expansion, AH/H=O. In
case 1 for I, -l, one sees from Eq. (4.2) that
aH/H = 1.5, whereas in cases 2 and 3 as n,' Ql/2
at to AH/H = 1 .5. Although aH/H is approximately
the same as for a Kasner solution (where a; t~'

and Q,.p,. =g, p,.'=1), the initial values of nI and

n3 are not restricted to the Kasner values. As the
universe evolves, hH/H decreases; and we define
t~ as the earliest time after which ~H!H remains
less than unity. This definition of t~ agrees with
that of Ref. 31 and is in ratio (W6: 3/2) with that of
Ref. 20 (1968) in the axisymmetric case. It serves
as a measure of the time of effective isotropiza-
tion. In the following we give a discussion of the
results of our computations (see Figs. 1 to 4 and
Ta.bles I and II).

Figures 1(a), 1(b), and 1(c) show &H/& as a func-

TABLE I. t& as a function of tp for (n&)p=3 (ap=1) for
cases 1, 2, and 3 (ap = 1).

TABLE II. tz as a function of (a& )p for tp=1 for cases
1, 2 and 3 (ap=1).

tp Case pv4/' (t »t, ) Case p v'~' (t »t&)

0.5

1.0

2.0

3.0

1.0
1.0
0.76

21.0
21.0
14.6

385
366
275

2078
1970
1450

0.208 x 10
0.232 x 10 i

0.297 x 10 i

0.148 x 10 ~

0.161x 10
0.199x10 2

0 ~ 955 x10
0 ~ 103 x10
0.125 x 10

0.190x 10 4

0.202 x10 4

0.246 x 10

10 23.5
23.24

2 ~ 60

32.5
29.85
4.97

27.0
24.76
14.26

13.2
13.9
11.5

0.558x10 i

0.623 x10 ~

0.317

0.181x 10 ~

0.207 x 10 ~

0.703 x10 '

0.234 x10 ~

0.258 x10
0.361 x10 2

0.677 x10
0.732 x10 3

0.80 x10 3
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FIG. 1. Plot of AH/H as a function of v =—lnt for ini-
tial time t p

—-0.5, 1.0 ~ 2.0, 3.0, (o')p=2 p/3tap ap=l.
(a), (b), and (c) correspond to cases 1, 2, and 3, res-
pectively.

FIG. 2. Plot of 6H/H as a function of 7 for t p
——1 and

(&g)p=3$1, 5, 10 (pp=l). (a), {b), and (c) corres-
pond to cases 1, 2, and 3, respectively.

tion of v—= tnt with initial conditions (n, )p=2a, /(3t, ),
(a, = 1) and initial times t, =0.5, 1.0, 2.0, 3.0 (in
units of Planck time) for the three cases. First,
one notices that the results in all three cases
are quite close and indeed cases j. and 2 are
almost indistinguishable. This means that the ef-
fect of the (0'/0)' term is small compared with the
-Q term in the second-order subtraction. Com-
parison of Fig. 1(c) with Fig. 1(a) or 1(b) shows
that the entire second-order term has a relatively
small effect on t~. In all three cases, the time of
isotropization t~ depends on the choice of t, rather

strongly. For t, & 1, the particle energy density
builds up rapidly and the universe isotropizes
almost instantly. For t, & 1, the particle density
builds up more gradually, and the time of isotrop-
ization increases rapidly with increasing tp.

For larger t, (e.g. , t, =3), AH/H remains nearly
=1.5 for a longer time (-10') while the universe
stays as an anisotropic near-vacuum Kasner solu-
tion, after which it isotropizes rather quickly.
Table I gives t~ for different values of t, . The con-
stant values of pV' ' for t~ t~ are also listed,
showing that more matter is created when tp ls
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0
}og)ot ~
2

I

'o= 1.0
Q; =2/3

IO-

I 2

to= t. )

log, o t
6 7

Ln g —12~

c

I

8 [0
8 IO t2

}n t

i4 i6

FIQ. 3. Plot of energy density p as a function of 7. for
0=1 a d «t)0=-',,- f"r cases 1 ", and 3 (as indicated by

arrowhead) .
to* l.O

I0 =—

3

I'I )I
smaller. For t, ~1, one sees from the table that
pV' ' is proportional to t„', as might be expected
on dimensional grounds (V, = 1 here).

In Figs. 2(a}, 2(b), and 2(c), we show the depen-
dence of ~/K on the initial rate of expansion (nI)„
= (-,', 1, 5, 10)(a,lt, ) for a fixed starting time, I„
=1, (a, =1) for the three cases. Again, cases 1
and 2 are almost identical and differ only slightly
from case 3. All three cases show that the time of
isotropization depends little on the initial values of
u', . Table II gives tz and pV'~' (for f»tz) for dif-
ferent values of n', with t, = 1.

Figure 3 shows the energy density of particles,
as a function of time for t, = 1, (o.', )„=—', for all three
eases. There is no significant difference between
the three cases. Particles are created abundantly
in a short interval after t„during which p, grows
rapidly for a brief period (-It~). Afterwards, the
classical energy density p, remains as the domi-
nant contribution to p, which decreases as V 4~'.

In Figures 4(a) and 4(b), we show the radii func-
tions lna, and lna, as a function of time v'=lnt, for
I, =l, (o.,'},= —, [cases 1 and 2 a.re indistinguishable
and are presented in Fig. 4(a)]. At the start a, ex-
pands as t' ' and a, contracts as t ' '. At about tF,
the energy density from particle creation becomes
comparable to the anisotropy energy of the back-
ground and causes a, to reverse to an expansion
while the expansion rate in the a, direction grad-
ually slows down. After t-10't~, a, and a, both
approach t' ' behavior, and the universe approx-
imates a radiation-filled Friedmann solution. In
Fig. 4(c), the radii functions are plotted for I, =1,
but with an initial expansion rate of (n', ),= 10.
After t ™10't~, a, and a, again both approach the
t' ' behavior of a radiation-filled Friedmann uni-
verse.

Our numerical results indicate that the anisotro-

Jln o;

2O-

a, /
CASE 3

I I

2
I t

6 8 !0

)og,o t

O
C

4

-2
0 8 (0 i2

In t

FIG. 4. Plot of radii function a; as a function of 7 for
I;o

——1. (a) corresponds to cases 1 and 2 with (0.
& )0

——
~

while (b) corresponds to case 3 with (G&)o ——.-„and (c)
corresponds to cases 1 and ' with (Gi)0=10.

py damping resulting from particle creation in a
Bianchi type-I expansion is strong enough when I„
-t~ to bring about effective isotropization at a suf-
ficiently early time t~ to be consistent with the
various upper bounds on t~ arrived at from consid-
erations of the observed cosmic blackbody radia-
tion, helium abundance, and deuterium abundance.
These results also indicate that the value of t~ for
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a given t, is only weakly dependent on the initial
values of the expansion rates (consistent with the
Einstein constraint equation and the axial symme-
try). This is, of course, not a proof that particle
creation occurring near the Planck time will bring
about isotropy at a sufficiently early time regard-
less of the initial expansion rates, but it is en-
couraging that isotropization did take place for the
full range of initial values considered.

In this first attempt at directly calculating (T„„)
by solving the equation governing the quantized
iield P in suitable approximation and integrating
the resulting Einstein equations in the Bianchi
type-I metric, the following simplifications were
necessarily made: (1) The expectation value of T„„
was taken in a quantum state corresponding as
nearly as possible to the absence of matter at t, .
Other state vectors were not considered, as our
objective was limited to studying the effect of
particle creation on the anisotropy of the expansion
for t) t, . (2) A Iow-fre(luency approximation to the
solutions of the scalar field equation was used, and
the high-frequency modes were treated as a class-
ical gas. (3) The assumption that the energy den-
sity p, of the classical remnant was proportional
to V ' ' implied that at late times, when the total
energy density became mainly classical, the pres-
sures P, and p, became equal and the equation of
state approached p=t)/3. (4) The initial time t, was
taken to be of order t~. In a complete theory one
would hope that t, could be eliminated or would
enter in a more fundamental way. (5} The trace
anomaly was not fully incorporated into the numer-
ical calculation. This would be of increasing sig-
nificance as t, became small with respect to fp.
(6) The metric was treated classically. Quantum
gravity would be very important for t, ( tz. (7)
Nongravitational interactions were not included.
(6} Consideration was limited to Bianchi type-I
metrics (with a, = a,). It is hoped that these points
can be more fully treated in future work.

APPENDIX

The integrals and derivatives involved in Eqs.
(3.23) and (3.31), with the domain of integration
given by E(I. (3.25), are as follows:

~a 2@i/3
1 4

3a3

gal/3
+ k, '(5k„'+2k2 'f)

6as

where

f =(a, /a, )' —(k» /k, „)'

ai
(Al)

(A2)

3

(f) I/2In) 2m 3 (f)3/2 ( iff )p

I= a, a, , if =0 A3

( f) ,I., —, 3'" (-f)'*),-&f

Jt A+2k= (&/2)k32 2(k2 '+ k„'I,),
where

f (f )
3/2 ln ' 21 [Ii (f )3/2]I, iff & P

~ u,.
0

$ k 0
}

I 0

I, =t 1, if f0=P

(A4)

( f) /2 sin 3 -m (-f )3/ if f (P
12m
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i

0 0 d k=2&e, V ~ k, 2 (aI —&p)' 3 f-' ', &+f '
3 f-

3 3 3- (A10)

l = (a3/a, )(l + -', e + —', e'+~7 e'+ ~ ~ ~ ), (A11)

To obtain Eq. (3.28) one sets k» = a, (t)/t, k,
= a, (t)/t, and makes use of the expansion of f for
small f:

f12' Idsk -—vy2&3u -t-4(o' o')
anal

X 3Ip+ 1
gl

~ Ip ~

g3

where

e=(a, '/a, ')f =1 —(k„, /a, )'(k, /a, )
' .

When a, and a, are nearly equal it is useful to ex-
pand this last expression to first order in

To evaluate Eq. (3.31) one must take the derivative
of the above expressions with respect to q, keeping

k» and k, fixed, and then set k»„=a,(t)/t and k,
= a, (t)/t. Performing those operations one finds
after some calculation that

e, =l -a, 'a, ',
using the expans&on

lp=1+ —,e, +-, e '+ ~ ~ ~

with the result

(A16)

(A17)

-1 3
i

Qd k=0, '

,
0 'd'k=0 .

Bg 8$J J

One also has

(A13)

Finally, one finds

x (~+ Neo) . (A18)

a 8

'dn t Qg'k = 0, Qp 'd k=0
8'g

Furthermore, one finds that

(A14)
x [~,(nI —o'3)'+ (oi —o'3')]

(A19)
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