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A new space-time model for hadron-nucleus collision is proposed, in which produced particles at the instant
of creation not only are immature, but their maturity rate is enhanced in the presence of other hadronic
matter, as in a nucleus. The model's only free parameter, describing the maturity enhancement, is fixed by
normalizing to the 200-GeV p-A multiplicity data at a fixed A. The parameter-free model then predicts
correctly the p-A differential multiplicity as function of the pseudorapidity q and A, the multiplicity energy
dependence, the n-A differential multiplicity, and the A dependences of W"„of cr;"„"„. We also show
quantitatively that the stalled cut-type model and fan-plus-cut-type model do not agree with the data.

I. INTRODUCTION

Because of the possibility of extracting out info-
mation about the space-time development of had-
ron-hadron (h-h) collisions, high-energy hadron-
nucleus (h-A) collisions in the last: few years have
become a very active area of research, both ex-
perimentally" and theoretically. " The two most
outstanding experimental characteristics are (1)
the relatively slow rate of increase in the charged-
multiplicity ratio R„=(n„)/(n„) as a function of A,
and (2}for large pseudorapidity q, the differential
multiplicity ratio dR„/dq= (dn„/dq)/(ds„/dq) i's

essentially 1 for aQ A. These properties imply
that certain degrees of freedom are frozen and
that the additional multiplicity does not come from
the large-q region. Several qualitative methods
have been proposed to freeze certain degrees of
freedom. Various authors' ' have considered the
possibility that it takes a certain time 7„of the
order of I/m „ in the rest frame of the incident
particle, to develop small-momentum partons
which can then interact with the at-rest nucleon
(or nucleus). In the laboratory frame (or nucleus
rest frame), Lorentz dilation then causes the
large-rapidity particles to take a long time to de-
velop small-momentum partons, so that they will
be spatially separated from succeeding nucleons
in the nucleus and therefore will not interact with
them. This proposal freezes some of the degrees
of freedom, and the larger the rapidity of the par-
ticle the larger the probability for it to be frozen.
However, as we will show in Sec. III, our quan-
titative calculations show that this model, even in
its most general form with two free parameters,
does not agree with the data, ' because unless
~,«1/m „, the larger-rapidity particles are frozen
too much so that the peaks are too far to the left
of the experimental peaks and there are too few

particles to the right of the peaks. Other authors
did not input this temporal freezing of degrees of
freedom and have considered a leading-particle
cascade (or cut-type) model. "" The authors of
Ref. 10 argued that, due to the weak triple-Pom-
eron coupling, produced secondaries do not par-
ticipate in the cascade process (i.e. , the fan con-
tribution is negligible) and that property (2) is
purely a kinematic energy-momentum-conserva-
tion effect on the leading-particle cascade alone.
Again, in Sec. III our quantitative calculation show
that this model, with one free parameter, also
does not agree with the data, because the cut con-
tribution creates many large-rapidity particles
and, if we assume that all the particles are coming
solely from this contribution, then the peak in
dn„/dq does not shift enough to the left as A in-
creases.

In this paper we propose a new space-time de-
scription of high-energy hadron-nucleus collisions. "
%e suggest that immediately after a collision, the
outgoing particles are "immature" (or "bare"};
i.e. , if they undergo a collision with another par-
ticle right at that moment, they have a very small
inelastic cross section. There is a typical ma-
turity time, of the order of I/m „ in the rest frame
of the particle, after which its inelastic cross sec-
tion is the same as a bona fide physical particle.
This is similar in spirit to the temporal freezing
of degrees of freedo~ of Refs. 5-9. However, we
also propose that in the presence of other hadronic
matter, as in a nucleus, the maturity time is
shortened by an amount which is proportional to
the amount of hadronic matter traversed. Our
physical picture is that immediately after a col-
lision, immature or bare particles are produced;
if given enough time, these bare particles will
then dress themselves up with gluons (or meson
clouds) to become physical particles; the pres-
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ence of other hadronic matter expedites the dress-
ing of these bare particles with gluons to become
physical particles. Our model is therefore a
modified cascade model, modified in the sense
that as the result of the immaturity effect the ef-
fective internal (corresponding to subsequent col-
lisions in the nucleus) inelastic couplings are al-
ways smaller than the external ones. Furthermore,
once the external inelastic couplings are given,
the internal inelastic couplings depend on only one
free parameter, the one that governs the maturity
rate due to the traversal through other hadronic
matter.

In the next section, we make quantitative this
maturity idea and formulate our model to calcu-
late dn~/dq, R~(E~), dn„"/dq, a.", , and a"."„,where
the superscripts P and m denote the incident hadron.
Section III shows that our model predictions are
all in agreement with the data. On the other hand,
it also shows that the models of Refs. 5-10 do not
agree with the data. Section IV ends with a sum-
mary.

II. FORMULATION OF MODEL

We first discuss what is the average number of
nucleons K that an incident hadron encounters as
it traverses through a given nucleus with A nucle-
ons. We assume the nucleus is a sphere of radius
r„with uniform density p. First consider the case
where the hadron is incident on the center of the
nucleus, i.e. , at zero impact parameter. Let K
be the number of nucleons within a cylinder of
length 2x„and width 2rN, where rN is the radius
of a nucleon. We know

A= p(& wr„')

this implies

TABLE I. Relationship between&, v&, v„and g.

Vg

30
60

{emulsion)
108
282

{extrapolated)

2.00
2.50

3.00
4.00

l.74
2.07

2.40
3.05

2.5
3.1

3.8
5.2

ness of the nucleus, because the interpretation of
v„as the average number of inelastic collisions
that the incident particle encounters in traversing
the nucleus is model-dependent, especially in view
of the presence of the immaturity effect. In com-
paring our model predictions with the data of Ref.
2, which are presented in terms of v„, we use v„
only to tell us the value of A and then use Eq. (3)
to calculate K. The relationship of A, v~, v„, and
K is tabulated in Table I. Notice that K is inde-
pendent of the type of incident particle. Later we
will explain what gives rise to the difference be-
tween P-A and m-A collisions.

Given a nucleus A, we want to find the multi-
plicity rapidity distribution as the result of the
incident particle (and subsequently also the pro-
duced secondaries) colliding with K nucleons. Var-
ious phenomenological analyses indicate that me-
son clusters are predominantly the directly pro-
duced objects in high-energy multiparticle pro-
duction. For definiteness we assume that these
clusters decay asymptoticaQy to an average of
three pions. Our conclusions are insensitive to
the exact value chosen for this number. The clus-
ter rapidity distribution may be assumed to be
similar in shape to the observed pion rapidity
distribution. " The fact that it is clusters which
are produced and which initiate subsequent colli-
sions already reduces the total number of degrees
of freedom.

We formulate our problem in terms of the rapid-
ity variable y. At the end of our calculation we
kinematically transform our y distributions into
pseudorapidity q distributions with the relation

2+NK=A
+A

(2)

We obtain K by averaging over impact parameter;
this gives

(5)1 ~T
g = sinh ' sinhy

PT

where mr—= (m„'+pr')'~' with the nominal value of
Pr= 0.35 GeV/c. We divide the rapidity into uni-
form intervals of length 4 and write

Since r„=l.l r„A" (Ref. 12), we get y;=id, i=1, 2, . .. ,I. (6)

K=0.8 A'~ (3)

which is expected to be correct only for large A.
Unlike many others, we do not use the variable

v„~Aa""„/a""„as a measure of the apparent thick-

At 200 GeV, the rapidity of the incident proton is
y = 6.1; in our calculation we set y = 7.0 to ef-
fectively take into account that kinematically y"
can be larger than y by as much as 1.9. In our
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II,(t) = P„V„(t,I)+

M, (t}= P„V„(t,I), (7b)

where V„(i,I) and V„(i,I) are, respectively, the
nucleon and meson-cluster rapidity distributions
normalized to inelastic events. The latter are
known from P-N data. From the 200-GeV' P-N
data of Ref. 2 we can parameterize V (t, l) as

C,(1 —e '«)' for y, ~yz/2
V««(i, I)=

C,(1 —e I " )' for y, ~yl/2, (Bb)

(Ba)

calculation we set b = 0.5. We have also repeated
our calculation with 4= 0.25 and found that our re-
sults are completely insensitive to the choice of h.

We first consider P-A collision. We denote the
nucleon and meson-cluster rapidity distributions
after the first collision by A«, (t) and M, (t) I.f we
denote the probability that the incident proton when
encountering a nucleon would undergo an inelastic
collision by P„, then N, (i) and M, (i) are given by

lision P„, which can also be estimated from h-h
collision data. We make use of the usual disk ap-
proximation. Here the scattering amplitude is as-
sumed to be purely imaginary and to be constant
within a disk of radius r. Then the S matrix at
impact parameter 5 is given by

S(b) = S8(r —b),

where 0 & S & 1, with S= 0 corresponding to the
limit of a black disk and S= 1 corresponding to
the absence of interaction. The inelastic-collision
probability for t«&r is given by

P„=1 —S',

and the complementary (or noninelastic) prob-
ability 1 —P~= S' represents the square of the am-
plitude for the coherent superposition of the elas-
tic scattering and through-going waves. " Within
the disk approximation S is readily obtained through
the experimental ratio of inelastic to total cross
sections. In particular,

where C, = 1.8V." Since we know the leading nucle-
on has an elasticity $ =0.5 (for the inelastic
events}, after taking into account both the outgoing
projectile nucleon and the recoil nucleon, one pa-
rameterization for V„(t,I} is just

&hei 1 —S' 1+S
e„« 2(1 —S} 2

We use the nominal values of rr. „=32 mb and
6g„=40 mb for PP collisions and get

V (t, I)= V (t, I)+ V (t, I)

Q ~ I«+ Q' Ill (Qa)

P~= 0.64 .

Similarly, for m -induced reactions, using
0. „=21 mb and o «, = 24 mb, "we get

(12a)

where yl'= yl+ln( and pr"= —ln(. We can get an-
other parameterization for V„(i,I) by noticing that
the outgoing projectile nucleon has an approximate
flat distribution as a function of the center-of-
mass longitudinal momentum p,*, i.e. , «f««/dp,* =C."
Using the constraint

' dn—XCfX ydx

where @=2p,*/Ws, we can derive

c&l—= 4fe '~t'cosh(y —y /2),
dy

resulting in a second parameterization for V„(t,I)
as

V„(i,I)=4fe "«I'[sinh(y; —y, /2)

—sinh(y, —n —yg/2) j, (9b}

where now V"„and V~ are just, respectively, the
right half and the left half of V&. We found that
parameterizations (Qa) and (Qb) give rise to no
significant difference for the calculation of the
final meson distribution.

Now we come to the probability of inelastic col-

P„=0.44 . (12b)

Equations (7), (B), (9), and (12) completely spec-
ify the rapidity distributions after the first colli-
sion. To be able to discuss subsequent collisions,
we must first formulate the immaturity effect. As
mentioned in the Introduction, particles immedi-
ately after a collision are assumed to be immature,
i.e. , they have zero inelastic-collision probability.
They gradually acquire a maturity status through
both a "spontaneous maturity process" and an "in-
duced maturity process" owing to the presence of
other hadronic matter. We denote the immature
probability by tI«, and assume that Q falls off ex-
ponentially with time t and with the amount of ha-
dronic rnatter traversed. 'The amount of hadronic
matter traversed between successive collisions
is just the internucleon distance within the nucleus,
which we denote by d; the value of d is given by
«I= 2r„/K= 1.3/m „where we have made use of
Eq. (1}together with the numerical values quoted
in Ref. 12. 'The immaturity probability for a par-
ticle with velocity P= v/c or coshy= y = (1 —P') ' '
at the mean distance d away or at time t= «f/v after
its creation is given by
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-d/To sinh y -if/go

N„,(i) = G„„(i,j)N, (j)+ G„„(i,j)M, (j),
Mt, „(i)=Gtttt(i, j }Nt(j)+ Gtttt(i, j)M)(j ) .

(15)

For instance, the element G»(i,j ) gives the me-
son-cluster spectrum at rapidity y, for one inci-
dent meson cluster at rapidity y&.

From the definitions of the inclusive spectra,
the inelastic-collision probability, and the imma-
turity probability, one arrives at the following
expressions for the matrix elements of G:

sinhy, 1
=exp — . '+-

sinhy

where sinhy, =—d/v „and )). =-z,/d is the "mean in-
duced maturity path" in units of the internucleon
distance. In our model, r, = I/m v or y, = 1.1 (our
results are somewhat insensitive to the precise
value for this number), and )). is the model's only
free parameter.

We next introduce a propagating matrix G such
that after the k+ 1 collision the distributions are
given by

/ &a+ t ) / &a '}

(M, , 1 (M
In terms of the elements of G we have

final-n spectrum is of course obtained from the
final-meson-cluster spectrum by allowing each
cluster to decay to three pions, as assumed earlier.

As for m-A collisions, the only change from P-A
collisions is to replace P„by P„, together with the
obvious reinterpretation of some symbols due to
the change of projectile. Because P, & P„, we
expect a smaller number of produced secondaries.

We are now in the position to calculate e~"~ and
o'"„. Within the disk approximation, at a fixed
impact parameter 5,
o~" (b}~ 1-S' = 1 —(S,S, S—)'

= 1 —(1 —P„)[1 —P (1 —Q )]

Integrating over the transverse area of the nucleus,
one gets

&'".) = CvA' 'Il —(1 —PN) [1 —P~(I —Qt)] '},
(1Va)

where C~ is independent of A. One should remem-
ber that this formula is only applicable for large
A. Similarly, one derives

o~v) = CvA2/'(1 —(1 —Pv) [1 —Pv(1 —Qt)] '].
(1Vb)

From Eq. (1V}one sees that the A dependences of
o ~",

&
and o". ,"& also only depend on the single param-

eter A, appearing in Qz. The absolute normaliza-
tions of o;„„and 0"",

&
of course depend on C~ and

C,.
G„tt(t, j)= V)t(i, 7)Ptt(l —Q/),

GttN(i, 7)= V„(i', j)P)t(1 —Q/), (16) III. QUANTITATIVE COMPARISONS WITH DATA

where the term V"„(i,j) in the last equation of (16)
comes from assuming that the outgoing-projectile
spectrum for an incident meson cluster is the same
as that for an incident nucleon. In our calculation,
for definiteness, we set P„=P„(varying P„would
change X somewhat), which is given in Eq. (12b).
From Eq. (16) we see that the immaturity factor
Q~ has the net effect of decreasing the internal
(other than for the first collision) inelastic-col-
lision probability from the external value of P„[„~
«»~tt) (I —Qt).

Therefore, Eqs. (V), (8), (9), (12), (13), (15),
and (16) allow one to calculate N, (i) and M, (i) for
any k in terms of only one free parameter ~. For
nonintegral k, we make a linear extrapolation.
Since the data of Ref. 2 are normalized to inelas-
tic events, one should renormalize the output spec-
tra N~ and M~ by dividing by the inelastic prob-
ability factor 1 —(1 —P„)[1—P„(1—Qt)]~ '. The

As discussed in Sec. II, our model has only one
free parameter )., the mean induced maturity path
Its value is determined to be A. = 2.4 by normaliz-
ing the model calculation to the 200-GeV p-induced
data for v~=4. The differential distribution
at v~= 4 is then predicted; furthermore, the
normalizations as well as the differential distribu-
tions at v~= 2 and 3 are all predicted. These are
shown in Fig. 1. We see that the model repro-
duces the data reasonably well. " In particular for
large t}, dn„/d)I has no or little dependence on A;
whereas for small t}, dn Jdt) grows with vt, with a
slope of order unity. The A dependence of the in-
tegrated multiplicity R„ is shown in Fig. 2; the
prediction is in fairly good agreement with the
data. The energy dependence for p-emulsion col-
lision is shown in Fig. 3 (Ref. 19); the model pre-
diction is not inconsiatenf w.i' the. Mfa. maw~ ~~=
cise data, especially at cosmic-ray energies, are
needed. The model's predictions for m-A collisions
at 200 GeV are shown in Fig. 4, again reproducing
the data' reasonably well. In our model, K is the
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g=-In tan (-,' HL)

FIG. 1. Variation of dna/d g as functions of g and v&

for P -A collision at 200 GeV. Solid lines are our
curves; the v& =1 curve is the input. Histograms are the
data of Ref. 2.

FIG. 3. Variation of R, „&,„„with incident laboratory
momentum PI,b. The solid curve is our model prediction.
The circle data points are from Ref. 2, and the triangle
points are the cosmic-ray data given in Ref. 4 assuming

o;„,& grows like ln s. The p-A data show that the 100-
GeV point is higher than the 200-GeV point; however, the
~-A data (also of Ref. 2) show that the 100-GeV point
is lower than the 200-GeV point.

same for P- or m-induced reactions. It has been
pointed out' that the experimental PA and mA dis-
tributions for identical values of v have similar
behavior. Within our formulation, v is never in-
troduced. Since we can simultaneously explain
both the P-A and m-A data, we feel this coinci-
dence in v may not have any deep significance.
Finally, the A dependences of v~"„and o"",

&
are

I I I i I I I I I

2.0—
Lead

1.5— dll A

1.0

FIG. 2. Variation of the integrated multiplicity Rz
with v& for P-A collision at 200 GeV. Data points are
from Ref. 2; error bars shown represent typical errors
of + 4/o. The curve from our model may be parameter-
ized approximately as R~ ~1+0.52( v& —1). Also shown
is the prediction of a refined version (Ref. 1) of
K. Gottfried's energy-flux-cascade (EFC) model [Phys.
Rev. Lett. 32, 957 (1974)], where R z = 1 +0.38(v

&
—1).

0 I 2 3 4 5 6 7

FIG. 4. Variation of dna/dg for ~ A collision at
200 GeV for lead (v ~ =2.82, K=4.7) and A =52 (v ~ =2.0,
F7 =3.0). Solid lines are our curves; histograms are the
data of Ref. 2.
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FIG. 5. The A dependence of cr~,
&

and 0 ~,&. Solid
lines are our curves; the data points are from Ref. 20.

shown in Fig. 5; again the model predictions fit
the data20 well.

We end this section by presenting quantitative
calculations of the cut-type model (and without
any temporal freezing of degrees of freedom) of
Ref. 10 and the fan-plus-cut-type model (and with
temporal freezing of degrees of freedom) of Refs.
5-9. We call these model I and model II, respec-
tively.

Model I has no temporal freezing and corre-
sponds to r, = 0 (or y, = ™).It furthermore neglects
the interactions of produced secondaries with sub-
sequent nucleons in the nucleus; this means the
internal meson inelastic probability P„' is set
equal to zero. Model I therefore has one free pa-
rameter P„', the internal nucleon inelastic prob-
ability. 2' The predictions of model I with P„' = 0.54
are shown in Fig. 6; we see that the peaks do not
shift enough to the left as A increases and the
multiplicities are too large for large g.

In model II, r, is set equal to I/m, where m is
of the order of m„. Because it does not have the
effect of hadronic enhancement as discussed in
Sec. II, it corresponds to A. = . In its most gen-
eral form, it allows both the leading particle and
the produced secondaries to interact with subse-
quent nucleons. It therefore has two free param-
eters, P„' and P„'.22 For so= I/m„(or y, = 1.1),
because Q(y) = exp(- sinhy, /sinhy) =1 except for
small y, there is essentially no inelastic collision
with subsequent nucleons. So even if we give the
maximum values to P&' and P~', i.e. , P„'=PN'=1,
we still find that R„are much too small as com-
pared to the data. For r, = 1/1 GeV (or y, =3), we
can get the right normalization, but the shapes are
all wrong because the large-rapidity particles are
still suppressed too much from further interacting
inelastically. This is shown in Fig. V with
P~~'=0. 60 and P~~' =O.V5. To fit the data, we find

II
—

I 0 I 2 3 4 5 6 7

FIG. 6. Predictions of model I (see text) for dna/dq
for P -A collision at 200 GeV.

I I I I

d lip

d 'II 5—

0
J

V
-I 0 I 2 3 4 5 6 7

FIG. 7. Predictions of model II (see text) vrith Tp

~1/1 GeV for de&/dg for p-A collisions at 200 GeV.

that we need r, &1/155 m, (or y, ~6); this means
that at present energies there is little temporal
freezing of degrees of freedom, contrary to the
original motivation of the model, and the model
now has three free parameters. One could argue
that v, -l/m should be considered in the center-
of-mass frame, "and not in the rest frame of the
particle. The approximate effect of t&is is to re-
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place exp(- sinhy, /sinhy) by exp[- sinhy, /
(sinhy/2)]; this results in a fit with r, = 1/1 GeV
(or y, =3). This is a phenomenologically viable
model, which is a three-parameter model.

IV. SUMMARY

We have formulated a model based on the itera-
tion of single-particle inclusive distribution. This
enables us to take into account some important
kinematic effects, but, at the same time avoids
elaborate Monte Carlo calculation. Within the
present formulation, topological multiplicity dis-
tribution is not available.

%'e suggest that at the instant particles are pro-
duced during a collision, these particles are very
immature, or bare. There is a typical maturity
time v„of the order of 1/m „ in the rest frame of
the particle; the presence of other hadronic matter
expedites the dressing of the bare particle and so
effectively shortens its maturity time. This ha-
dronic enhancement is crucial in explaining the data.
The immaturity effect effectively reduces the in-
ternal inelastic couplings and so suppresses the
overall multiplicity.

The model has only one free parameter A., the
mean induced maturity path. This parameter is
fixed by normalizing to the 200-QeV P-A multi-
plicity data at a fixed A. The parameter-free
model then predicts correctly the P-A differential
multiplicity as functions of q and A, the multiplic-
ity energy dependence, the w-A differential multi-
plicity, and the A dependences of a m~",

& and o". "„.

We found that the suppression of multiplicity at
large y is not only due to a rapidity-dependent
suppression factor, but also due to the constraint
of energy-momentum conservation in both the
secondary cascade and the leading-particle cas-
cade processes.

By explicity quantitative calculations, we have

also shown that the so-called fan-plus-cut-type
model (with temporal freezing of degrees of free-
dom)' ' and the cut-type model (without temporal
freezing of degrees of freedom)" are not in agree-
ment with the data.

We suggest that R„ increases very slowly with

energy. We also suggest that in comparision to

v„, K as defined in the text, especially in the pres-
ence of the immaturity effect, is a more model-
independent measure of the thickness of the nucleus.

One final word is that because of the immaturity
effect and because our model takes into account
elastic scattering, the average elasticity of the
leading nucleon for h-A collisions is not very much
smaller than $ =0.5, the average elasticity of h-h
collisions. For example, our calculations for the
largest nuclei give $„„=0.35.
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'C. B. Chiu and Z. Ugaz, Nucl. Phys. 886, 153 {1975).' Even after including a 10% kaon contribution, the nor-
malization of the P -N data of Bef. 2 seems to be
approximately 209~ higher than the 205-GeV data of
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'~See, e.g. , M. E. Law et al. , Lawrence Berkeley Lab-
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'"In case of a black disk, S =0, I'z =1. This means that
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scattering and through-going waves, resulting in the
usual black-disk result a,&

= 0~,I.
D, Bogert et al ., Phys. Rev. Lett. 31, 1271 (1973).

'80ne should not put too much emphasis on the bins
—1~ g—0.5, because our input meson-cluster distri-
bution Vz{y) was constrained to vanish at y =0 and we
did not allow the pions to move into the negative-y
region as they should. Technically speaking, a proper
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The effect of Fermi motion of the nucleons is also not
negligible in this region.
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and the two cosmic-ray data points are from Ref. 4
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'In this model one does not have a good physical explan-
ation for the value chosen for the internal coupling
guilt

This model also does not provide a good physical
explanation for the value chosen for the internal coup-

gs ~int and ~int

This idea has also been proposed in Ref. 4.


