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A model of quark-parton distributions with a number of features dictated by asymptotically free field

theories (AFFT) is presented. It leads to a logarithmic pattern of scale violations which, although not exactly

the same, is close to that of AFOOT and accounts for recent data on lepton-nucleon inelastic structure

functions. The model, together with the basic Berman-Bjorken-Kogut mo:hanism, accounts fairly well for
large-transverse-momentum (pr) data on single-hadron production in proton-proton collisions. At least in

order of magnitude, the essential large-p~ production parameters can be determined via AFFT considerations
and lepton-nucleon deep-inelastic data; there is some di%culty, however, in understanding the magnitude of
baryon production. Simple explanations of the p, dependence of the data on inclusive-cross-section ratios for
charged-hadron production are also given.

I. INTRODUCTION

A theory of elementary processes based on a
fundamental interaction between spin- —,

' particles
(quarks) and vector bosons (gluons} has become
recently very appealing. In this context the parton
model of Berman, Bjorken, and Kogut (BBK),'
that unifies large-transverse-momentum (pr} ha-
dron reactions and deep-inelastic lepton-hadron
processes, is of particular importance. Further-
more this model predicts a two-jet structure for
the large-P~ events that now seems to be well sup-
ported by experiment. "'

Unfortunately the original BBK model, construct-
ed on the basis of exact Bjorken scaling for the in-
elastic structure functions, naturally leads to an
inclusive cross section for, say, pp-~+X de-
creasing as P~ ', in contrast with the known exper-
imental behavior ~P~ '. There are other important
quark models, notably the constituent-interchange
model (CIM), ' leading to ~Pr ', however, these
models arbitrarily neglect the quark-gluon inter-
action and also lead to essentially one-jet struc-
ture, thus facing difficulties vis-h-vis the large-
P ~ correlation data. '

An important theoretical development has been
the realization that asymptotically free field the-
ories (AFFT) as well as conventional ones lead to
breaking of Bjorken scaling, i.e., to inelastic
structure functions which in the Bjorken limit de-
pend not only on the scaling variable x but also on
the 4-momentum Q of the probe. This scale break-
ing is now confirmed by experiment" and in fact
with a patterm quite consistent with the logarithmic
Q dependence of AFFT.

It is then of particular interest to examine wheth-
er the original BBK mechanism (i.e., quark-quark
scattering via single-gluon exchange) properly
supplemented by scale breaking (i.e., quark prob-
ability distributions depending on both x and Q')

can account for the existing wealth of experimental
data on large-p~ hadron production. This problem
was first attacked in Ref. 9 by means of a particu-
lar AFFT solution, but unfortunately the conclu-
sion was negative. More recently Hwa et al."
have shown that the introduction of scale breaking
in a phenomenological way leads to inclusive pp-m+X cross sections with a P ~ and s dependence
in accord with available data in the CERN ISR en-
ergy range. However, the scaling violation of Hwa
et a/. is powerlike rather than logarithmic in Q',
and this, although it does not contradict present
data, is in disagreement with AFFT.

The purpose of this work is, first of all, to in-
troduce a simple scale-breaking pattern which, al-
though not exactly the same, is very close to that
of AFFT and certainly logarithmic in Q'. Thus we
present a specific model for quark-parton distri-
butions depending on both x and Q' (Sec. II). The
model is in accord with data on lepton-nucleon
deep-inelastic structure functions; in particular
we present detailed comparisons of our predicted
vW, (x, Q'} with recent data for several Q' (Sec. II).
Then using the same quark-parton distributions
and the basic BBK mechanism we calculate single-
hadron inclusive cross sections at large pr (Sec.
HI}. We present detailed comparison with ISR and
Fermilab data, and we show that in our approach
all the essential parameters determining large-
p~ production of hadrons are determined, at least
in order of magnitude, from either theoretical
(AFFT) considerations or lepton-nucleon deep-
inelastic data (Sec. IV). Also we show that the
forms of our quark distributions and fragmentation
functions offer very simple explanations of the p~
dependence of the data on inclusive-cross-section
ratios for charged-particle production (Sec. IV).
Finally, in the Appendix we determine the Q'-e&
behavior of the moments of our structure functions.

While this work was in progress we became

17 839



840 A. P. CO1VTOGO URIS, R. GASKK LL, AND A. RICO LAID IS

aware of certain independent similar analyses of
large-p~ processes. " Those analyses use quark-
parton distributions and functions F, & „, G«, with
no scale breaking (only x dependent or y depen-
dent), but modify the basic BBK quark-quark scat-
tering so that it contributes exp~ '. However, so
far, these modifications are with no theoretical
basis; moreover, exact scaling is now contradicted
by inelastic lepton-nucleon data, in particular on

vW, .
This paper focuses on single-hadron production

in proton-proton collisions. We intend to present
elsewhere detailed analysis of two-hadron produc-
tion (correlations) and of single-hadron production
in pion-proton collisions. We only state that our
first results on correlations are very satisfac-
tory."

II. QUARK DISTRIBUTIONS AND SCALE BREAKING

To describe hadron production by protons we
need the distribution fuctions for the u, d, s, u,
d, s quarks. We assume an SU(3)-symmetric sea
contribution so that

u = 2v„(x, Q')+ t(x, Q'), d =v~(x, Q') + t(x, Q ),

the results of certain neutrino experiments. " In
view of (2.3), the functions P,.(Q') are given by

bx

1 '(Q') = f @. *"*s;(*)&*.
0 0

(2.6}

vW(x, Q') = —[4v„(x,Q') + v,(x, Q') + 12t(x, Q')].

Its nth moment is

(2.7)

The function p,(Q') is determined below.
We note that, in view of the conditions (2.3), the

distributions have the following basic property:
As Q' increases, at small x (s0.2), v, increase,
but at lq, rge x, e,. decrease, so that the area under
v, (x, Q') is kept constant. This is an essential
feature of certain scale-breaking parton models
which also satisfy basic requirements of AFFT
or of conventional field theories"; and it is one
of the main motivations for our choice of the scale
breaking in the form (2.4}. Our sea. distribution
(2.5) (as specified just below) has a similar prop-
erty.

In terms of the quark distributions v,. and t the
structure function vW2~(x, Q ) for ep- eX or gp
—pX takes the form

u =Z=s =s = t(x, Q').

(2.1)

(2.2}

1

M„(Q'}= x"vW, (x, Q')dx.
0

Subsequently we set

(2.8)

Then conservation of charge and third component
of isospin requires"

r
j.

v, (x, Q )dx =1,
0

(2.3)

where i =u, d; with (2.2) strangeness is also con-
served.

For the valence distributions v, we adopt the
following scale-breaking form:

bin(Q'/Q, ') = $. (2.9)

Consider first the contribution M"„($}to M„ from
either of the valence parts v,.; this has the form

j.

M„"($)-p,.($) e '"x""~'p,( )xd x
0

(2.10)

with P,($) given by (2.6). It is shown in the Appen-
dix that, in the limit g-~,

bx

,(,Q')=P, (Q') . -" P,( ),
0

and for the sea distribution

(2.4)
M(&)

-
h

" ' (2.11)

Thus the leading contributions to the nth moment
M„ from the valence parts are of order (lnQ') " '.

t(x Q') =Pg(Q') )
bx

x '(1-x)"t' (2.5)

The constants b and Q, (the same for all u, d, and
t) enter as free parameters; nevertheless, as we
discuss in Sec. IV, the values we adopt (Table I)
are in accord with independent determinations.
The functions p, (x) are given in Table I; as can
be seen at Q =Q„ the x dependence and magnitude
of our quark distributions is taken from a modified
Kuti-Weisskopf model" with only the sea contri-
bution changed according to Ref. 15 to account for

Type of quark Function p;(x)

valence i =g
valence i = d

0.895(l x) (1+2.3x)
X.&07(]. x)"

sea: co ——- 0.2, c~ ——5/56

In all valence and sea: b=1.2, Qo =1.5 GeV

TABLE I. Functions and constants determining quark
distributions.
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The contribution M„'($} from the sea is

(2.12)

and, for g-~,
M.'(h) ",-P—,(5)&

" ' (2.13)

To determine the form of P,(f) we consider the
predictions of AFFT for M, (Q'). For a Lagrangian
containing n„ fermion fields (quarks) of charge Q&

and n„vector fields (gluons} these theories pre-
dict, for Q'-~ ' '

tions are essentially the same as those of Refs.
14 and 15. Better fits are certainly possible by
using more complicated P,(Q') and x dependences,
but this is outside the scope of the present work.

With respect to higher moments AFFT predict,
that, for Q -~, M„(Q ) cc (lnQ ) ~n with d„ccinn for
n»1. In our case Eqs. (2.11}, (2.13}, and (2.15}
imply

M„(Q }cc(lnQ ) ". (2.16)

Thus, apart from n =0, our scale breaking some-
what differs but it is still of logarithmic character.

2n„+ n„(lnQ')' (2.14) III. SINGLE-HADRON INCLUSIVE CROSS SECTIONS

withA and 6 constants, A&0 and 0&6&1. Then
the simplest choice of P, leading to essentially
this form is

P,(h) =c.+c,h (2.15)

with c, and c, constants. We take n~ =4 x-3(=quark
flavors x color} and n„=6 so that M,(Q') -~5; this
completely fixes c, to the value c, =—,', . The con-
stant c0 is determined by fitting the data on vW, ;
its value (Table I} is close to the values of Refs.
14 and 15. With these choices our M, (Q') is of
the form (2.14}with A &0 and 6 =1.

In view of (2.13) and (2.15), for $-~,

The differential probability dP that a hadron A
is seen by a probe of 4-momentum Q to contain
a quark a with a fraction x of its longitudinal mo-
mentum is written

dx
dP =F,i ~(x, Q ) —. (3.1)

Likewise the differential probability that a quark
c is seen by a probe of 4-momentum Q to produce
a hadron C carrying a fraction y of the quark's

M„'(t') cc ( ". 1&Q 2(Q &5

Comparing with (2.11) we see that the leading
term in M,(Q') arises from the sea distribution
f(x, Q') and not from the valence v, (x, Q'). This
xs in agreement with the results of recent detailed
analyses of the contributions to the structure func-
tions from the nonsinglet Wilson operators (assoc-
iated only with valence) and from the singlet op-
erators (where the sea enters). " Then, as Q'
varies, this property implies a change in the com-
position of the proton with respect to valence and
sea quarks. Notice that this can be directly tested
by comparing, e.g. , data on the ratio of e p- e K"
+X to e p- e m +X and taking into account that K"
originates mostly from the proton sea, whereas
s most:ly from the valence (see also Secs. III and
IV}.

The resulting expression of vW, is compared with
experimental data for various values of Q (Fig. 1}s;
on the whole agreement is fair. Notice in particul-
ar that at small x (s0.2) vW, increases with Q'
but at large x it decreases, in agreement with
the behavior of vW, (x, Q') in scale-breaking parton
models of Ref. IV. Also, the ratio vW,"/vW, of
neutron to proton structure function is reasonably
well accounted, as can be seen from the fact that
for Q' =Q,' our valence- and sea-quark distribu-

Na
X

~a
0.5 x 0.5 -ijI

0.5

8&Q &l5

0.5 0.5

FIG. 1. The structure function vW) as a function of x
and/2. Data: 0, Ref. 8;E, E. M. Riordan et al. ,
SLAC Report No. SLAG-PUB-1634, 1975 (unpublished).
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momentum is written

dP =Gory(y, Q ) —.dg (3.2)

%'e assume that the inclusive reaction AB -C+X

takes place via the quark scattering subprocesses
ab - cd of which the differential cross section is
denoted by do/dt T.hen the invariant inclusive
cross section for AB- C+X with C produced at
an angle 8 in the c.m. of A and B is'"

d(7 4 1 1 d0' rlE, (pr, 8, s)=, g dx, dx, F,i„(x„Q')F,is(x„Q') —„Gci,(y, Q'), , +(8 —v —8). (3.3)

2(p 2+ m 2}1/2
T C

T (3 4)

so that

8 8
x, =cot —xT 2 —tan —xT

8 8 1

X2 =tan Xa T 2Xa —Cot —XT

xr(1+ q)
2x, tan(8/2) '

x,s tan(8/2)
tan(8/2)/x, + cot(8/2)/x,

X 28tan' —.
XQ 2

Throughout our work do/dt is taken to be

(3.5)

do 2p~ '
& ] '

eff rP„ (3.6}

and here 0' ' is the total c.m. energy of the sub-
process ab-cd. The expression (3.6) corresponds
to scattering of two spin- —,

' quarks by exchange of
a massless vector gluon. In (3.3) the contributions
of the t and u channel have been added incoherent-
ly." Q.,« is the fine-structure constant for the
quark- gluon interaction.

For hadron production by protons the probability
functions x 'F, i„(x,Q ) and x 'F~is(x, Q ) are given
by the quark distributions (2.1) and (2.2). For the
quark fragmentation functions Gct,(y, Q ) we as-
sume a scale breaking similar to that of Eq.
(2.5). Thus we take by-

G 1,(y, Q') =A(C, c)P,i,(Q'), (I —y)""'
0

(3.7)

with b and Qo the same as in Sec. II (Table I}. The
function Pc+(Qy) is determined from the condition

1 2 by

&c~. '(Q') = . (1-y) ""dy,
0 0

(3.6)

With pT and mc the transverse momentum and mass
of hadron C we use

TABLE II. Values of the constants m(C, c) (above) and
A (C, c)/A (7t', u) (below).

K+ E p

1 1.5 1
1 0.5 0.5
15 1 2
0.5 1 0,25
1.5 1.5 2
0.5 0.5 0.25
1 5 1 2
05 1 025
1 1.5 2

0.5 0.25
1.5 1.5 1
0.5 0.5 0.5

2 3
0.25 10
2 3
0.25 10
1 ~ ~ ~

0.5 0
1 ~ ~ ~

0.5 0
2 ~ ~ ~

0.25 0
2 ~ ~ ~

0.25 0

0
3

10
3

10

which is much the same as (2.6); m(C, c) and

A(C, c) are constants.
Our exponents m(C, c}and the ratios of coef-

ficients A(C, c)/A(r}', u) are given in Table Ii. To
explain and justify our choice of many of these
constants we distinguish between the case in which
c is a valence quark of hadron C and the ca e in
which c is a nonvalence quark of C.

In the first case m(C, c) is determined from the
counting rules of Ref. 20. Thus, when C=w', K',
m(C, c}= 1; when C =P,P, m(C, c) = 3. Notice that
if we assume that, near y =1, Gci,(y)-F, ic(y)
("crossing" relation); for C = v' and C =p our values
of m(C, c) are in accord with the Drell-Yan relation
connecting the behavior of vW, (y) with the asymp-
totic behavior of the electromagnetic form factor
F (q') of the hadron C [assuming that F'(q') 0:q

'
and Fy(q') ~q '].

In the case where c is a nonvalence quark of C,
in general the corresponding Gc&, are relatively
small. Nevertheless analysis of deep-inelastic
neutrino-nucleon data" shows that, for C = m',

Gci, are non-negligible. Thus we use a simple
form consistent with the results of Ref. 22. For
C =K' there is no similar analysis, but rough
SU(3) arguments suggest forms essentially sim-
ilar to those for C=w'. Finally, for C=P and P
we anticipate very small contributions and simply
take A(C, c) =0.



SCALE-VIOLATING QUARK MODEL FOR LARGE-p~. . .

In the case C = m', for every kind of quark c we
take

C~/. (y, Q') =ace/. (y, Q')+C;/. (3,Q')]. (3 8)

For a given quark c, the functions Gc/, (y, Q')
are subject to the sum rule

10

I
C, /.(y, Q')dy =1.

all C

In view of (3.8) this implies

(3.10)
Ol

I

Q -29

P A(C, c) =1.
all C

(3.11)

This sum rule together with the values of A(C, c)/
A(v', v) (Table II) fixes the magnitude of the coef-
ficients A(C, c).

IV. RESULTS AND DISCUSSION

With the parameters specified in Tables I and
II we have calculated the inclusive cross sections
for PP C+X, where C = m', m, K', p, p.

First, at fixed s, the P~ dependence of.these
cross sections is sensitive to the value of the
parameter b. The choice b =1.2, although here
on phenomenological grounds, is in reasonable
agreement with values resulting from experimen-
tal determinations of the quantity (&o = I/x)
S' in[vW, (&o, Q')]/S(Inner)S(lnQ'). '

The p~ dependence of pp -CX is rather insensi-
tive to the exact value of Q, . Our choice Q,

' =1.5
(Table I) has been dictated by the fact that at
Q = Q, our valence and sea distributions (2.4) and
(2.5) become practically the same as those of
Refs. 14 and 15, which have been determined
mainly from low-Q data.

AFFT predict that 0,,«decreases logarithmically
with the momenta P& of the particles involved. '
However, this holds for momenta in the deep Eu-
clidean region (i.e., all p,' large and negative). In
our case the quarks are nearly on their mass shells
and the behavior of n,« is not known. In our cal-
culations we have fixed 0.,« to a constant value.
In certain similar calculations' eef f ls taken to
decrease ~1/logQ'. Following Ref. 10, we pre-
fer to fix oyff to a constant value. Anyway, a slow
variation of a„,with Q' does not significantly
change our results (see also Ref. 8).

Depending on what we include in the sum over
hadrons C of (3.11), the fits we present in Figs.
2-5 correspond to c/„, =1 or n,«=1.8 (see below).
Although the value of e,« is somewhat higher than
that obtained in AFFT applications to deep-inelas-
tic scattering, it is of the same order of magni-
tude. It can be said that in our approach, at least
in order of magnitude, all essential parameters
are either theoretically motivated or independently
determined.

I I I I I I I

O.l )(~ O. 2

10

0
Q

Ol

E

pp~yr X

vs (GeV)

.6

.8

-29]0

LLI

45

-31
&0

e=62.5
8=62.5

I l

O.l )( T 0.2

FIG. 3. Invariant inclusive cross sections for pp
r X at 8=62.5 and 45 . Data are from the same

source as in Fig. 2.

FIG. 2. Invariant inclusive cross sections for pp
m X at 8 =89 . Data are from B.Alper et al . (British-

Scandinavian Collaboration); Nucl. Phys. B87, 19 (1975).
%e do not include compari, son with data at Ms=23.4 GeV,
for they correspond to rather small pz (& 2.34 GeV/c).
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Figures 2 and 3 present comparison with data
on pp- m"X at several ISR energies and c.m.
angles 8. Our model accounts fairly well for the
x~ as well as 8 dependence, in particular at the
highest ISR energies. Figure 4 presents compari-
son with data on pp - v X and pp —(v'+ v )/2X at
52.'l GeV [ISR and 19.4 (Fermilab)]. While the
52.V data are well accounted for, our predictions
at 19.4 fall somewhat too low, showing that our s
dependence (at fixed pr) is somewhat too strong.
Nevertheless, we believe that, on the whole, the
results are acceptable.

Figure 5 presents comparison with data on ratios
of inclusive cross sections for charged-hadron
production. The model accounts very well for the
cross-section ratios of K /v and Z'/v', but at
intermediate xr predicts a ratio v'/v somewhat
too large; nevertheless, the basic trends of the
data are well reproduced. Finally, with the values
of A(p, c) and A(p, e) of Table II, the model ac-
counts very well for p/v' and reasonably well for
p/v-.

In our model the increase with xr (at fixed s) of
the cross-section ratio of v'/n is due to the fact
that the initial protons contain two quarks u (val-
ence quark of n'), but only one quark d (valence
of v ); as xr increases the contributions of those
valence quarks of the initial protons which are also
valence of the final pion dominate over the rest of
the contributions.

The increase of IP/v' in the range p r ~ 1 is ac-
counted for in our fit by including the mass m, in
the expression (3.4), i.e. , it is understood as a
mass effect (mr &m, ). As xr increases beyond
xr =0.4, Jf'/m' tends to flatten.

The fact that K'/v is predicted to be much smal-
ler than IP/n is due to the fact that none of the
valence quarks of E." is a valence quark of the col-
liding hadrons (protons). The same holds for the
ratio of P/v compared with P/v+ The de. crease
of Z /v with pr (for pre 2.5) is mainly. due to the
higher exponent (=—",) of 1 —x in the sea contribu-
tion [Eq. (2.5}].

For pr a 2.5, the decrease with pr of p/v' re-
sults from the higher exponent m(p, c) = 3 of 1 —y
in G~&,(y, Q') (Table II); and the fast decrease of
P/v is due to higher exponents of both 1 —x in the
sea ard 1 —y in G~g, (y, Q'). Finally, for 1 &pr ~2.5
the increase with pr of all EC /s, p/v, and p/s
is understood as a mass effect [due to me in (3.4)].

To account for the data on the cross-section
ratios of p/w' and p/n we had to choose large
values for the coefficient ratios A(p„c)/A(v', u)
and A(p, c)/A(v', u) [in Table II: A(p, u) =A(p, d)
=A(p, u) =A(p, 2) =10A(n', u)]. We have no justifi-
cation for such a choice. In fact, considering the
sum rule (3.11), e.g. , for the quark c =u it is

-26
10

A
28

C9

Q

E
-30

IO
CL

~O
b

—32

pp f7+X
vs (GaV)

0 52.7 JC

+ 52.7 {ft +0 )/2

-34
tO

4.0
p (QgV)

FIG. 4. Invariant inclusive cross sections at 8 =90
for pp wX and pp--,'(n'+m )X. Data: 0, K. Eggert
e t al . (Aachen-CERN-Heidelberg-Munich Collaboration),
Nucl. Phys. B98, 49 (1975);~, B.Alper et al . (British-
Scandinavian Collaboration), Nucl. Phys. B100, 237
(1975);0, D. C. Carey et al ., Fermilab Report No.
Fermilab-Pub-75/20 (unpublished); Phys. Rev. D 14,
1196 (1976); 4, G. Donaldson et al ., Phys. Rev. Lett;
36, 1110 (1976); A, J.W. Cronin et al. (Chicago-
Princeton Collaboration), Phys. Rev. D 11, 3105 (1975).

6.0

clear that A(P, u) will give the dominant contribu-
tion. This is inconsistent with SPEAR data which
indicate that mesons dominate in the quark frag-
mentation.

There are further problems concerning the en-
ergy dependence at fixed p~ of p+p-p+X. For
Z"/v, p/v, as well as p/n the model predicts
an increase of the cross-section ratio with ener-
gy. The predicted energy dependence is not very
strong and for K /v and p/v is in agreement
with the data (Fig 5). How. ever, for P/v' the data
indicate a decrease with energy. Thus although
the model appears to correctly predict the P~ de-
pendence at fixed s, it fails with respect to the
s dependence.

The same difficulties in connection with p+p-p
+X and p+P-P+X appear in other models based
on quark-quark interaction (which completely
neglect scale-violating effects." It is possible
that for baryon production the quark-quark scat-
tering subprocess does not provide the dominant
dynamical mechanism; e.g. , bremsstrahlung-type
mechanisms" may play an important role. Still
P+P P +X remains a.puzzle since it is not simply
explained by bremsstrahlung.
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0 01 0.3 0.5
7 7

0.7

2.0 ™

"0.5 0
~ o

- 0.3

1.0
0.4- - 0.&

0.2-
-.09 o

-.07

0 4
-.03

".01

0.2

3 5
p (GeV/c)

3 5
p (G|2V/c)

FIG. 5. Ratios of invariant inclusive cross sections at 8 =90' for pp charged hadron +X. Data: 0 at incident pro-
ton laboratory momentum pm, =200 GeV/c; 0, p. , ~300; ', p. , =400 all from A. Andreasyan et al . (Chicago-Princeton
Collaboration), submitted to the Tbilisi Conference (see Ref. 3) {unpublished). Data: V correspond to p +nucleon

77'/m + X with p~, =200 GeVjc and are taken J.W. Cronin et al . (Chicago-Princeton Collaboration), Phys. Rev.
D 11, 3105 (1975). All our calculations correspond to p. , =300 GeV/c; the model predicts a weak energy dependence.

Returning to the sum rule (3.11) for c =u, the
fact that A(p, u) dominates much affects the deter-
mination of the absolute magnitude of the other
coefficients such as A(v', u), A(m', u), etc. In turn,
the absolute magnitude of these coefficients is im-
portant in the determination of the value of O.,ff
required to fit the data. Thus the value e,« =1
quoted above corresponds to completely neglect-
ing p and p in the sum rules (3.11), and a,« =1.8
corresponds to including p and P.

In closing, we would like to stress that we do
not aim at producing perfect fits to either the
lepton-nucleon structure functions or to the large-
hadron data; in fact, we have made no systematic
search for the overall best values of our parame-

ters (within the allowed ranges). However, we
believe that our fits are satisfactory enough in
quality and detail to support our point, that the
BBK mechanism together with scale breaking
of logarithms pattern provides a good account
of large-p~ hadron production.

APPENDIX

The contributions from the valence parts v; to
the n momentum are given by (2.10). With $ de-
fined in (2.9), these may be written

d 77+j

I„"($)=p, ($)(-1) ', ' dx e '"x ' 'p (x).
0
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In view of Eq. (2.6) the integral in (A1) is just P,
so that

d f241

M".(5) =(-I)""p((5)
d g p( '(5) (A2)

The asymptotic expansion for p, '($) as $-~ is
obtained by changing the integration variable to
y = $x. Vfe find

p (() = V'" dy e 'y--"'p, —
i

ye-2y-' 'P 0 = wP 0 &-I/2
4~ oe 0

(A2}

(A4)

The contribution from the sea to the n moment
is given by (2.12). With the change of variable
y = $x this becomes

Substituting (AS) into (A2) we find the leading be-
havior

The second term in (A6) vanishes faster than any
inverse power of $ as $-~. The first term gives
the asymptotic expansion for the integral in (A5):

J 11 y
dye "y" 1 ———+ ~ ~ ~

2

M!(&)-—", r(n+ I)~ "{c,+(Iy~)[c, ——",c,(&+1}I

+ o(C')). (A8)

The expression for the asymptotic behavior of
the n moment is obtained from (A4) and (A8) with

M„($)=M„'($)+(2)(-;)M„"(()+ —,'M„"&($). (A9)

Since M"„~ and M„'~ have the same leading term we
find

M„($)-—91'(n+ 1)c, $
"

= I'(n+ 1}——", P'I'(n+ 2}+O(P'). (A V)

If we substitute (A7) into (A5) and use the definition
(2.15) for P,($) we obtain

y jX/2
M„'($) =~P,($)(-"-' dy e 'y" I ---

0

The integral may be written as

(A5) + 9F 0+1 Co —2C~ ~+1

(A10)

dye ~y" 1-—

11 ydye "y" 1 ———+ ~ ~ ~

2

eo 11/2

( 1}ll/8 dy e 9 n (A6)

The moment n=0 is

Mo(() - '9 c, + [—",(c, ——", c,) + ~~ j] ' = —' + 0.112$ ',
(A11)

where c, and e, are chosen as in Table I.
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