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We complete our program of constructing the gauge theory of the superconformal group, and show that the
previously proposed action is completely invariant under both local supersymmetries. The gauge algebra
closes off-shell as well as on-shell. A flat-space model with a local supersymmetry is also presented.

I. INTRODUCTION

Supersymmetry unifies spacetime with internal
symmetries by adding new, fermionic symmetries.
The result is a graded group. Gauge theories
based on these graded groups are called super-
gravity theories. Since there are two spacetime
symmetry groups of interest, the Poincaré (or
de Sitter) and the conformal group, there are two
corresponding classes of supergravity theories.
Poincaré-supergravity theories, which can ac-
commodate O(N) internal symmetries, have been
studied extensively in the past two years and their
advantages and shortcomings are by now fairly
well understood.! In a recent series of articles?:?
we have started to construct conformal super- -
gravity theories which can accommodate U(N) in-
ternal symmetries.* In this article we complete
our previous work on conformal supergravity with
U(1) internal symmetry.® In particular, we es-
tablish invariance of the action under both local
supersymmetries (@ and S) corresponding to the
square roots of the translation P, and conformal
boosts K, (@ = VP and S=VK). Previously we es-
tablished S supersymmetry exactly and @ super-
symmetry of the complete interacting theory up to
terms in the varied action linear in the @Q-gauge
field. We also demonstrate that the algebra of
conformal supergravity closes off-shell, unlike
the gauge algebra of Poincaré supergravity.®
Hence the new Feynman rules® for Poincaré super-
gravity are not needed for conformal supergravity.
Finally, we show that a truncation of our theory
leads to a flat-space model with a local supersym-
metry, thus demonstrating that gravity is not
strictly necessary for local supersymmetry.-

Our method of construction”:® uses the group
curvatures R{, given by ~

Ry, =0,hf —ouhit +f gc®hEny , (1.1)

17

where h*‘ are the gauge fields corresponding to
the generators X, of the graded group with the
(anti)commutation relations

[Xas X} =FaafXc- (1:2)

We consider an action bilinear in these curvatures,
I fd“x{Rﬁ,,RBc o} . (1.3)

Proper choice of the coefficients @ can only lead
to invariance under some of the local symmetries.
Invariance under the remaining symmetries re-
quires constraints on the curvatures. As in Poin~
caré gravity and supergravity” and in conformal
gravity,? also in conformal supergrav1ty, one
needs the constraint

R%,(P)=0. (1.4)

In addition, one also needs the following two con-
straints:

Ryy(Q) +5 Ryy(Qv5=0, (1.5)

Ru(@)d"" =0, ' (1.6)
which imply

Ruy(Q7* =Ryuy(@)7*=0 (1.7)
as well. The self-duality constraint on R(Q) was

previously found to be necessary for K and S in-
variance. The new constraint (1.68) is necessary
for @ invariance as we shall show. In the noninter-
acting theory, the linearization of this constraint
was found as an identity in Ref. 9.

The constraints on curvatures, which are the
pivot of our work, follow naturally from the re-
quirement of complete invariance under all local
symmetries. Fields which are expressed in terms
of other fields as a solution of the constraints in
general no longer transform according to the gauge
prescription. We present a useful theorem which
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enables one to obtain the modified transformation
rules immediately. Use of this theorem leads to a
simple proof of @ supersymmetry. These modified
transformation rules also allow us to give a geo-
metrical interpretation of the constraints.

The physical fields in our theory are the spin-2
vierbein field e,,, the spin-§ Q-supersymmetry
field g, and the axial-vector field A,. The gauge
field wy,, of local Lorentz invariance is eliminated
by (1.4) while the S-supersymmetry gauge field is
completely eliminated by (1.5) and (1.6). The con-
straint (1.5) alone allows still an independent spin-
; field xy, which we previously gauged away by a
local S-supersymmetry transformation® but which
we now eliminate by (1.6). The gauge field of con-
formal boosts is eliminated through its nonpropa-
gating field equation while the dilatation gaugefield
drops out of the action altogether. The kinetic
terms of the action are

[, kinetic =(vaz—%R2) -%(8“,4” —'3UAM)2
33,0 H (004 =0,0,)

—-37sYp0,0€""" ]y, , (1.8)

that is, a sum of the spin-2 Weyl, spin-1 Maxwell,
and conformally invariant spin-% action, and con-
tain no lower-spin (gauge) components, as dis-
cussed in Ref. 4, since @, S, D, and general co-
ordinate invariance eliminate them. The particle
content of this higher-derivative theory has been
shown® to be two spin-2 (since (1% describes two
particles with each one 0), three spin-3 (since
#0 describes three. particles with each one §),
and one spin-1 particle. Thus there are an equal
number of bosons and fermions in the theory.

In this article, we present mostly new results.
A pedagogical review with many more details and
explanations of this and previous articles on con-
formal supergravity is in preparation. In Sec. II
we present the action and transformation laws. In
Sec. III we determine the modification of the trans-
formation laws of the nonphysical fields due to the
presence of constraints. In Sec. IV we demon-
strate invariance of the action under all 24 local
symmetries, in particular complete @-supersym-
metry invariance. In Sec. V we obtain the gauge
algebra and show that it closes even off-shell.

used to lower (raise) local Lorentz indices. €

Section VI contains the flat-space model with local
supersymmetry. In Sec. VII we interpret our re-
sults.

Our conventions are as follows:
Guu=(+;+’+’+)’ N’V:1:2:3y4’
€=, =+1, V5=V V2VsVas ?’u='}’;1;, ')’5=Y§,
v’=vs =1, ow=i(vury =vyyy), e=dete,
(1.9)
époze-Léuupon’ Rub,=R;wubeav, x=CYT

==-CT =—C-17 C'}/aC“=—yf, Yﬂ=eﬁ7/a

= a
Suw=¢€,,€6,,

where R, is the Ricci tensor, x is a Majorana

spinor, -and C is the charge conjugation matrix.
The tensor R, (Q) starts with (8, ¥, +5 ¥u0® Wyge)
—(p=v). We define R,,(Q) to be minus the charge
conjugate of RT,(Q) so that it starts with

(8y =3 Wy 4 0°®) Yy = (u=v). The vierbien field ¢,
and its inverse ¢* are used to convert local Lo-
rentz to world indices and vice versa. g, (and its
inverse g"”) is used to lower (and raise) world
indices and the flat-space metric §,, (and 6%) is
HVUpP o
is a tensor density, so that e~¢"”?7 is a tensor (as
is e€yypq)-

II. THE ACTION, CONSTRAINTS,
AND TRANSFORMATION RULES

The superconformal group'® has the following 24
generators X ,, gauge fields hﬁ, and gauge param-
eters e*:

Xp=Py,Ky,Myy,D,A,Qq,Sq,
B =y s faps @uans busAu, U, O 5 (?-1)
et =€ 4 NP Ap, 1y, €5, €5,
The (anti)commutation relations of the generators
are given in Table I

Parity conservation and the absence of dimen-
sional constants led to the following action®:

I= fd‘*x{e“”“[aR,fz(M)Rffo(M) €apod +BRuU(Q)y5§p°(S) +yRyy(A)R,,(D)] +6eR,, (A)R*¥(A)},

ﬁ:ﬁ:zi‘y:_sa.

2.2)



TABLE I. (Anti) commutation relations of the super-
conformal group.
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TABLE IL Curvatures of the superconformal group.
All curvatures are to be antisymmetrized in (&, V).

Moy Megl = Mo Mg+ NaaMoc— Nac Moa— MogMac
Myp, Po1= MocPo= NacPs '

[Maps Kol = MooKy~ nacKop

[P, D1=P,

[K,,D]=-K,

(K4, Ppl==2(1gpD + Myp)

[S, Pl=v,Q, IS, Al=%iy;S, [S,Dl==1%s,
[Q, K l==v,S, [Q,Al=—%4iy,Q, [Q,DI=%@,

[Q, Map]=04,Q, {Qe» Qa}=—+¥*ClasPs

(S, Map) <0055, {Sas S} =$(r°C) oK,

{Qus Spt=—$CupD + (0*°C)oygMyy+ (#75C)epd (a>b).

The curvatures are obtained from (1.1) and are
given in Table II. The sums over (a,b), (c,d), and
wv are unrestricted.

The constraint R.u,,a(P) =0 can be solved alge-
braically to give

Wpap = =Wygp(€) +(eyubs = eqn b,)

+5 (Du¥s Yo = Bu¥a Vs =P Yuls) s ©(2.3)
wu;b(e) _=§ les (epv,u—epu,v) +erep ecy, pei]
‘ —(a+~b).

Thus there is torsion if b, or iy, are nonzero.
The duality constraint R,,(Q) +3R,,(Q)vs=0 can
be solved algebraically for ¢,,
bu =7:‘ ')’y(snv +%75§nv) +YuX
Syy = (D,, bu +3 bvv ‘ku '% iA, 75%) - # -v), (2.4

Dy Py=38y lpu“la'wvucab Py«

}

Ry M) = RO 4 — Heq ufov— eopfar) = 20, 0asy
Ry,D) ==20,,by + deq uf5+ ¥y,

R, (A)==~28, Ay— 280 1750y

R Q) =(2Dy P+ 28,7, +by¥,—F i A, 0,79
RE(S)=(2Dy ¢y~ 20, Vo f = by, + 514, 675"

R yq(P) :‘zapeau+2wZaebu+%’$p7u¢v+ 2eq,by
Rpua(K) :"2apfav+ szafbu-%'%?a%- 2fq ubv .

The field y is an arbitrary spin-} field related to
¢u by x=%7v°¢. The new constraintR,,(Q)¢"" =0
eliminates y,

x=50"" Sy, . (2.5)
Substituting (2.5) into (2.4) yields :

bu=57"Suv +3755m) » .(2.6)
which can also be obtained directly from solving
R, (Q)y"=0.

The field equation for the proper conformal gauge
field f,, is algebraic so that f,, can be eliminated,

fuv= _%(RW —;s—guuﬁ) +3R MJ(Q) Yv l/)}‘
e @) e

where ﬁ,,u denotes R, (M) e*” with f,, put equal to
zero, and R =g"R,,. Note thatR,, is not symme-
tric due to torsion and the yo¢ term. This equa-
tion holds whether or not w,,, and ¢, have been
eliminated since they are f independent. Note also
that f=g""f,, =~ % R.

Inserting (2.7) into (2.2) yields the action,

I=8a fd'*x{eRuu(M)R""(M)‘-(6/3)R2(M)+4€""”°5p75'yoDu ¢u= (3e/4 Ry, (A)R*(A)

+e(/2) Dupy R*(A) +(31) 8, A, Pp o€ +e(i/2) Ryy (M)R*V(A) = 33" v, puA,
~eR*'(M)R,4(Q) v, ¥* +e(i/HR""(A)R\u(Q) vy ¥ +e 5 [R oy (A) ¥ ¥°] [Ru(Q) " ¥*]

= Pu0apPv prysaub¢a€wpc} ’

where ¢, is given by (2.4). The first four terms
yield (1.8). As we shall show shortly, the dilaton’
field b, drops from the action, so that b, can be
put to zero in each of the terms in (2.8).

This action is invariant under gauge transforma-

(2.8)

—

tions on the remaining physical fields, e,,, ¥,
and A:
58 pit = (Dye)* =9 e +chAhﬁ€C ’ (2.9

for M, D, A, S, and @ symmetries. Invariance
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under K is trivial since the physical fields are K
inert, while the action is not invariant under P-
gauge transformations but rather (by construction)
under general coordinate transformations. For

" example, under @ supersymmetry, the physical
fields transform as

80€au =3 €qYadu 5

Bo¥u=0u€q =% Wygy(e, ¥) 0¥ €q —(3i/4) A v 5¢€q,

A u=(~1/3)EQvs¥ By +1¥sZun) (2.10)

Sy =[00 = wy (e, ¥) 0™ = (31/4) A, 519,
=(u=v).

The field b, may be omitted from the transforma-
tion laws since it is not present in the action.

III. MODIFICATION OF TRANSFORMATION LAWS
IN THE PRESENCE OF CONSTRAINTS

As mentioned in the Introduction, the transforma-
tions of w,,, and ¢, as given in (2.3) and (2.6) dif-
fer from the group transformations in (2.9). One
can of course obtain the former by tedious applica-
tion of the chain rule; instead, one may apply to
advantage the following obvious theorem:

Theorvem: The actual transformation laws of
gauge fields in the presence of constraints are
such as to maintain these constraints under vari-
ation.

Let a constraint be given by R{, I'y” =0 where I"
may depend on {. Defining

5'/1‘3 = § actual hﬁ — & gauge hﬁ , ‘ (3.1)

one finds by applying the above theorem

(5 gauge Rf}y ) 1—,‘];1111 +Rﬁy(6 gauge l—.ill)

3}
ohE

=~6'h3 (R&, THY). (3.2)
From (2.9) and the corresponding homogeneous
rotation of curvatures,

55 R, =fsc*RE, €, (3.3)

one can directly obtain 6’w and 5’ ¢.

Under K, M, D,”A, and S gauge transformations
one finds that the constraints transform into
themselves. Consequently, the left-hand side of
(3.2) vanishes and §’#f =0 for all these symme-
tries. Under Q-supersymmetry gauge transforma-
tions, however, the constraints are not maintained
so that one finds nonzero §’w and §'¢. Since R§,(P)
rotates into R, (Q) under @, (3.2) yields

%[EQ'}’Q—R-W(Q)] +(6,wuab) e} "'(5'wzum) efz- (3.4)

This can be solved for 6'w in the same way as one
solves for the Christoffel symbol in terms of g,,:

8 Wyap = =% [ €@ 7R ap(Q) +€07aRyy(Q)
+€q Ybﬁ;zu(Q)] . (3.5)
Using the cyclic identity of (1.7) one finally ob-
tains '
o' Wyap =5 [Rap (@) vpeq] - ; (3.6)

A similar procedure applied to the constraint
v’ R,,(Q) =0 [which is equivalent to (1.5) and (1.6)]
yields

7“[(3i/4)75€QRuy(A) -%pr(D) €q ’*‘% Tap eQ_Rﬁl;/ (M) -3 5’60;1,,;, o® Yy +% 5" Wy gp o wu] +‘é’ (EQ Vuzpa)'}’aﬁuy(Q)

=26"y +1(v 0'9). (3.7)

After multiplication by v, one solves for y+ 8’ ¢, and reinserting the result and using (3.6) one finds

5l¢u F%‘y“[ysR“y(A) +§Ruu(A)] €Q — é—')’u[Rpu(D) +§Y5pr(D)] € .
+ é_')’uo'ab [Rpuab(M) +(75 /4)Ruuab(M)] € "% (EQ Ypll))\)[Y)\Ruu(Q)] - 1_12 (EQ Yulpx)[YvRu)\(Q)]
- % [ €g YVRab(Q)](yu i ZP;:) + 'ZIZ[EQ ')’uﬁab (Q)](?’v o Z,b“) - % (')’p €Q)[R MJ(Q) Yv l/))\] s (3-8)
where R,,,,=€€,,,, R*,,. Amazing simplifications lead to the final result,
6'q§,,=(i/4)y“['y5Ru,,(A) "'%Ruu(A)] €Q > (3-9)
which we now prove. We proceed in several steps:
(1) We extract the f,, dependence from (3.8). This is,
5}¢v="7’ufuv ) (3-10)

and this can be expressed in terms of R (M), R(Q), and R(A) by means of (2.7).
(2) We collect together all R(M), R(Q), and R(A) terms. The total R(A) dependence is just that of (3.9)

while the R (M) terms sum to
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12 Y (Ruu 'Ruu)€g +(9-1/12)7’5Vp€Q[ albs Ru e’ nR)\g-r gnu] ' (3-11)

(3) Some R(Q)y terms in (3.8) must be Fierz transformed so that they are all of the generic form
[9R(Q)] €g- All terms in (3.8) then have the spinor structure O%¢, where O* are the 16 Dirac matrices.
The terms for which O# is a scalar, pseudoscalar, or tensor come only from a Fierz transformation of
R(Q)p terms and must vanish separately. Using the R(Q) constraints this can be shown to be the case. All
remaining terms have O* equal to a vector or an axial vector.

(4) We collect together all the “3¢” terms coming from R (M) and R(D), but not R(A).

The result of these manipulations is'

8 ¢y =G/D)YMysR \w(A) + 1R (A €q + 27 (b +¥5buy /4 €q = 2L 9 YR (@] ¥ eq
- 5[0 7 VsRw(@vsrieq + %[i“nvsﬁw(Q)]m*eq + 75 7" €o (R —R(9)
+(e'1/12)y5yxe0(e“ MbR(;%a +3¢€ “aBRSs)u)')’LEIE ' GQ(E’:M U).v% -%0",,% 'iv Uxulfpx *@)ﬁ"u‘ﬁv)
T (e7/12) y5yr€q €™ (Pp0ap by =Py 0oy dp) +(e71/12) v5vy€q € B Yot P gup
= 15 (P dw = By du) V" €q +(e7/28) y 7, € B (Do p)eq Lo » C(3.12)

where by, =8,b, - 3,b,. In Fig. 1 we give a sche-- Ruy(Q) =5(Suy ~ 5 ¥5Sup 0,78y —05Sua) - (3.16)
matic representation of where all the various
terms come from. R{) ., is Ry, ,,(M) without the
“ef” and without the “j¢” terms. To simplify

Finally, the “P¢” terms in (3.12) may be cast
into the “3S” form by using the formulas

(3.12) still further, we use the results that Tapdy = s—(y‘xs,,“-yus,,x +3 %S+ 5 S arLun
e MR, =B = (Puv,St,), (3.13) =37 Saugun — 17572 Sou + 5 Vs vuSun
e PR, 4y =% =5 (Pory %) ' o =37 S+ 577 S

+5 (Yar S22 67 (3.19) ~5757"Sarguv) s (3.17)
R =RE =204, =% (37" S o = Pu¥ Sy o == (77" 5u) (3.18)
+0°¥Suy) s (3.15) This reduces all terms in (3.12), except the R(A)

where S,, was defined in (2.4). The right-hand terms, to the generic form

side of these equations comes from the nonzero veo(D7S), veq(Bvs¥S), vsveo(¥¥S),

torsion. This allows us to rewrite the R (M) terms - s) (3'19.)
in the form “yS” as the explicit b, terms in 7sre(P757S).

(3.13)—(3.15) cancel the explicit b, terms in (3.12). All four sets of terms vanish independently. Thus
We may also write the R(Q) terms in this form by 8’ ¢, is given by (3.9).

means of the identity

N. FULL LOCAL SUPERSYMMETRY

, . AND OTHER INVARIANCES
3¢ =8w,8e, R(M, R, R(A)

The main result of this section is the proof that ~
R(Q) our action (2.8) is locally @ supersymmetric.
: Previously we established local S supersymme-
Rlw) Ve f b,u.v ;ry as well as %nvariance ur?der 4a¥1 ot'her bosonic
ocal symmetries, but our investigation of @
supersymmetry was incomplete. In order to es-
tablish @ invariance, we need the new constraint

(1.6). First we must show that this constraint

. tab
R(Einstein) torsion RQ) R(A) does not invalidate the prev1ous1y established local

symmetries.
l\~ We begin by considering the action in (2.2) where
we can use the rotation of curvatures in (3.3). Un-
cancels buy ¥S der local M, D, and A gauge transformations this

action is invariant, but under K and S gauge trans-
FIG. 1. Diagram of contributions to &8¢, formations one finds
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6K1=_/d"x[—4aRf:dc(M)RZu(P)eam
=BRu(Q)V5YaRp,(Q)
=2/R 5 (A)Ryy(P)] €088,  (4.1)
51 = f e d*x{ RS(M) €400 7sB""(Q) (4a +B/2)

+Ryy(Q) s €s R (D)(=B/2 +iv)
+Ru,(A)[2i0R"7(Q)vses
+(3iB/4=v/2) R*"(Q)es]
. ~BR*(S)ysva€sREL(P)} . (4.2)
Local K invariance requires the constraints

R?JU(P) =0=Ruu(Q) +CRMU(Q)75’ (4-3)

where ¢ is an arbitrary constant. If ¢ is not equal

to £} then the duality constraint implies that R,,(Q)
=0, which constitutes 24 equations for the 16 com-
ponents ¢, and is therefore too strong a constraint.
If ¢ =} there are only 12 equations; the remaining
four components of ¢, constitute the spin-} field

encountered in Sec. II. We choose ¢ = + 3 which

|

amounts to a sign choice for y..

Local S invariance now follows from these con-
straints if one puts 8 =6 =27y =-8a. We will as-
sume these values from now on.

In principle the transformations of the fields are
modified after solving the constraints and extra
terms proportional to 6’w and 6’ ¢ would appear in
(4.1) and (4.2). However, as shown in Sec. III, the
8’ terms vanish for M, D, A, K, and S transfor-
mations so that all these invariances remain after
solving (4.3).  We now need to impose the con-
straint ¢*"R,,(Q) =0. The same arguments show
that this constraint also respects the M, D, A, K,
and S local symmetries.

The reader might object that there are also pos-
sible terms in the varied action proportional to

" §'f,, since this gauge field has also been expressed
al

in terms of other fields by means of its field equa-
tion. However, any such variation is multiplied
by the f,, field equation in the varied action, which
vanishes by definition.*8

We now prove invariance of the action under @
supersymmetry. The variation of the action (2.2)
under @-gauge transformations following from (2.9)
is given by

ag““ge'1=8af ed*x{R"(Q) ¥ 57, €q RE,(K) +2iR"V(S) [7sRuy(A) +5 Ry, (A)] €q

—1 (Zgy* WRW(AIRP(A) +2(Eg ¥ ¥,) Ruy(A)R™(A)} . ' (4.4)

There are additional variations containing 6’ ¢ and 6’w. These extra terms are

65 1=8a f ed*x{26' WP R""(K) €4gpe €*y +4R"(S)yyv 56’ ¢y +4i Yyl vsR(A) + 1R (A)]6' ¢y} - (4.5)

This result was obtained by using the following formula’ for the variation of the action (1.3) for arbitrary

variations 644 :

5I=4f d*x[8n{iRERS , (fac”Qab"° ~fan” Qbe’ %)l

+ [ x(RERE,0015%) - 4 [ @ x[ohE (D, Ry, P QL +5RERE,0,(012%)] . C (4.6)

The two terms in the last set of square brackets
in (4.6) only contribute if Q}Y"° is not proportional
to €"YP5, This follows from the fact that 9,e*"?° =0
and the Bianchi identity €"?°(D,R,,)? =0. But we
use 6%# =8'njt and only &' ¢, and 6’ wy,, are non-
zero, For these variations Q};”° is proportional
to €"”P° in these terms which therefore do not con-
tribute to (4.5). Note that when A =(a,b), one con-
siders only a> 5. Since we sum always over un-
restricted indices, care is required to obtain the
correct factor 2 in (4.5).

r

We now consider the cancellation of independent
terms in (4.4) and (4.5) separately. The R(Q)R (K)
term in (4.4) cancels with the 5’wR (K) term in
(4.5) provided 6’w is given by (3.6). If one would
only have the two constraints in (4.3), 6’w would
be given by (3.5), and no cancellation would occur.
At this point we discovered the need for the last
constraint,

o*'R,, =0, (4.7)

which we a:dopt from this boint on. Anticipating



this constraint we were able to derive in Sec. III
the simple form for &’ ¢ of (3.9). Substituting (3.9)
into (4.5) one finds immediately cancellations of
the R(A)R(S) and the R(A)R(A) terms. This com-
pletes the proof of @ invariance.

Finally, we demonstrate that the dilaton field b,
drops from the action as mentioned previously.
The simplest proof of this fact is that, of the fields
€aus Pus Ay, and by, only b, transforms under K.
Its infinitesimal transformation is

55D, = ~2£K . (4.8)

Clearly, a finite K transformation can eliminate
by. On the other hand, the action is K invariant,
hence it is b, independent. This elegant argument
was checked explicitly.

V. CLOSURE OF THE GAUGE ALGEBRA OFF SHELL

In Poincaré supergravity the gauge algebra does
not close off shell, i.e., the commutator of two
local symmetry operations is only then again a
local symmetry if one uses the equation of motion
of some of the gauge fields. Recently it was shown
that this lack of closure leads to modified Feynman
rules for the quantized theory.® In particular a
four-ghost coupling was needed to restore uni-
tarity. It is therefore of importance for the quan-
tization of conformal supergravity to investigate
its gauge algebra. Surprisingly, the gauge algebra
on the physical fields e}, ¢,, and A, does close
without the need to use their field equations. This
reinforces a previous conjecture’?** that in Poin-
caré supergravity the gauge algebra might close
(and a simpler structure arise) with the addition
of at least one auxiliary axial-vector field.

The nonphysical fields ¢, wy,,, and f,, were
eliminated by constraints and nonpropagating field
equations. Hence b, will be the only nonphysical field
contained in the gauge transformations of physical
fields. In the action b,was absent, hence putting
b, equal to zero is a consistent truncation. In the
gauge algebra, however, it makes a difference
whether one carries b, and its variations along or
whether one puts it equal to zero right from the
beginning. We will consider both cases separately
and start with the b,-dependent gauge transforma-
tions.

The general commutator is given by

(62,6, 10f =05hft + [fac*0bhBel - (1=2)],  (5.1)

where A is restricted to the physical group indices
belonging to e,,, ¥, and A,, and where §, is again
a gauge transformation with parameter €4 =f 4€Z¢f.
We note the following points:
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(1) Only for @-supersymmetry transformations
are the 6'2f nonzero, and only for iff =wyua, Gu,
and f,,.

(2) &'f,, never contributes.

(3) &'y and 6’ wy,, contribute only to the com-
mutator of two local @-supersymmetry transfor-
mations or to a [P, Q] commutator.

(4) However, as in Poincaré supergravity, P is
not a symmetry of the action but one must consider
instead general coordinate transformations. One
may check that the commutator of a general co-
ordinate transformation and any of the local sym-
metries except P is again a local symmetry.

(5) &' ¢ contributes only to [6,,0,]A, and 3" wy,,
only to [8g ,8q]Py-

Using the previously obtained results for &' w
and &’ ¢ in (3.6) and (3.9) one obtains the result

(63,091 9u=05 P+ 5 (€17 e) Rin(Q), (5.2)
[69,08]A,=065A,+5(€17 es) R (A), (5.3)
[62,06%] equ=065e. , (5.4)

where 6% is a P-gauge transformation with param-

eter 3(€,y,€,). However, a general coordinate

transformation with parameter p can be written
13

as

6g.c. hﬁ =(D;1 e)A +p>‘Rf>\ ) EA =p>\h§ s (5. 5)

where (Dy €)* is a gauge transformation with pa-
rameters e4. Clearly, (5.2)—(5.4) are a sum of a
general coordinate transformation plus local gauge
transformations other than P. This establishes
the closure of the gauge algebra even off shell in
the presence of the nonphysical field b,.

The more realistic case in which one puts b,
equal to zero in the transformation laws right
from the beginning now follows easily. We return
to (5.1) and derive expressions for &' ¢, and 5wy,
valid when b, and its variations are absent. These
are obtained from the explicit » dependence of o
and Witaps

6é)"”llab(b =0)= 5(’;»‘*’uab (6+0) - ebu(éQba)
+eau(8qbs) (5.6)
Gé)d)p(b =0) =5’ ¢u(b¢0) ‘%(5Qba)'}’alpu ’ (5.7)
where 6ob, =5€qpy. Inserting these modified ex-
pressions into the [5,, GQ] commutator leads to an
extra S-gauge supersymmetry transformation with

field-dependent parameter. The final result is
given by
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[50’ Gg]hﬁ(b =‘0) =0 g.c. [‘é’(gf}’)\ez)] 4+ loc. Lorentz [‘%(E1y>\€2) w)\ub]
+0 chiral [—%(Elyk‘ez)Ax] +0 Q-sym ["%(51?’)‘62)%\]

+0 ssym [——;—(E17X€2)Q—>>\] +0 5.5ym [i(auﬁ)gg"}’“—(l“z)] ’ ] (508)

where the last term is not present in (5.2) and
(5.4). Again, the algebra closes off shell.

VI. FLAT-SPACE LOCAL SUPERSYMMETRY

Conformal supergravity differs from Poincaré
supergravity in that it has two rather than one
local supersymmetry, denoted by @ and S. Be-
cause in the graded Poincaré group {Q,, @4}
=(y”C)aSP” , it was suspected in the process of
constructing supergravity that local supersymme-
try isa deeper symmetry, underlying and neces-
sarily implying gravity. Although this argument
is correct for Poincaré supergravity, it does not
apply to S supersymmetry in conformal super-
gravity. From the anticommutator

{Sa’sﬁ} =é(yuc)a5Ku , (6.1)

one might expect at first that an S-supersymme-
tric theory necessarily leads to f-curved space-
time, since in the algebra (P, Q) and (K,S) appear
symmetrically up to signs. However, the con-
straints destroy this symmetry since they involve
only the P and @ curvatures, and, as we have seen,
one can eliminate the gauge field f,, but not ¢, .
Since under S supersymmetry

0sequ=0, Oshu=—vues, OsA,=i(Esysdy)
‘ (6.2)

one can consistently put ¢% =5} in our action. This
reduction of the U(1) conformal supergravity action
is thus a flat-space locally supersymmetric field
theory containing one spin-2 and one spin-1 field
(or three spin-3 particles and one spin-1 particle).

Thus this model demonstrates that local super-
symmetry can exist in flat spacetime, and that
Fermi-Bose symmetry and spacetime symmetries
are independent concepts. )

One should investigate whether this model is
also free from the higher-spin inconsistencies.

VII. CONCLUSIONS

We have shown that the previously constructed
theory of conformal supergravity with U(1) in-.
ternal symmetry? is invariant under both local
supersymmetries, @ and S, as well as under all
other bosonic symmetries. The action contains
the spin-2 vierbein field, a spin-3 field, and an

axial-vector field, and is a supersymmetric ex-
tension of Weyl’s R,,,> — $R? theory of conformal-
invariant gravity. ' .

We have developed techniques for handling gauge
theories with constraints on the group curvatures.
The requirements of invariance of the action under
K (or S) and @ local symmetry led directly to the
three constraints

R?w(P) =0, Ruu(Q) +%RHU(Q)YS=O’
Ry, (Q)d"” =0.

In hindsight one can understand these constraints
geometrically. In the absence of constraints, the
{Q, @} =P relation tells us that the commutator of
two @-gauge transformations is a P-gauge trans-
formation. However, the action is invariant by
construction under gerferal coordinate and not un-
der P-gauge transformations. The relation be-
tween the two is given in (5.5). Hence, not all
fields can transform according to the gauge pre-
scription under @ transformations. Therefore
there must be modified transformation laws de-
noted in (3.1) by & yea 2ji = (Dy€)* +8'nfi. The re-
lations 6gef =% €y ¥, and 89, =Dyeq lead to the
same commutators as in Poincaré supergravity.
Hence the same relation wf’ =w(’(e, ) as there is
needed in order to lead to a general coordinate
transformation. This is equivalent to requiring
R§,(P)=0.

The same argument for the commutator of two
@-supersymmetry transformations on A yields

(7.1)

(63,0814, =-i€Pys05@ ¢, - (1-2), (7.2)

which shows that 6q ¢, must be nonzero. The.con-
straints on the @ curvatures lead indeed to the ex-
pression for & ¢, in (3.9), which leads to the de-
sired result in (5.3). Thus the role of the con-
straints is to convert the P-gauge transformations
of the group to the general coordinate transforma-
tions of the spacetime manifold.

It would be interesting to see whether a super-
space approach to conformal supergravity'**° would
lead to the same constraints. In that case another
geometrical interpretation might be possible.

We have shown that the gauge algebra of con-
formal supergravity closes without the need to use
field equations. Thus the four-ghost coupling need-
ed for unitarity in Poincaré supergravity® is ab-
sent in conformal supergravity. It is instructive
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to understand in this language why the Poincaré

algebra does not close on 3, [it does on ¢ since
4y(P)=0]. The reason is that the cyclic con-

straint €"”?9y, R, (Q) =0 is not available to cast

8’ wyg, into the 81mp1e form of (3.6). In fact, this

relation is in Poincaré supergravity just the spin-2

field equation.
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