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A systematic study is made of the relevant degrees of freedom and the dynamics of quantum
chromodynamics (QCD). We find that the dynamical properties of QCD are, to a large extent, a
consequence of the structure of the vacuum arising from the tunneling between degenerate, classically stable,
vacuums, and that the relevant degrees of freedom can be taken to be the Euclidean path histories that can
be used to calculate the tunneling in the semiclassical approximation. This nonperturbative vacuum structure
appears well suited to the major features of QCD, i.e., the dimensional transmutation that determines the
size of the hadrons and the strong-interaction coupling constant, the source of dynamical chiral symmetry
breaking, and the mechanism responsible for quark confinement.

I. INTRODUCTION

It is widely believed that the strong interactions
are generated by a non-Abelian [SU(3)] gauge theo-
ry of quarks and gluons, permanently confined in
color-singlet hadronic bound states. This theory
is called quantum chromodynamics (QCD). It can
be described by the Lagrangian density

F
e=-ir, mv+ ] 0.G8-m)u,, (1.1)
i=1
where

Fﬁu = auA:_ avA';zz"'gfabcAﬁAf/ ’

A} is an SU(3) gauge field, and y, are quark fields
with the index ¢ labeling the various quark types,
or flavors. The theory is thus parametrized by
the one coupling constant g and the values of the
quark mass parameters m; . The total number of
quark flavors is so far unknown. In addition to
the established up, down (m, =m, ~10-100 MeV),
strange (m, ~100-300 MeV), and charmed (m,
=1.3-1.4 GeV) quarks, there might very well
exist many heavier quarks with new quantum num-
bers. Fortunately this is of little relevance to the
bulk of hadronic physics, although it is of fundamen-
tal importance in understanding the structure of the
weak interactions. The properties of light hadrons
willnot be affected by such heavy quarks. Charmed
quarks can be neglected to a very good approxima-
tion in describing the properties of noncharmed had-
rons. v

Our knowledge of the nature of the constituents
of hadrons and their interactions derives from
their symmetries, the success of various phen-
omenological quark models, and, most impor-
tantly, the observed short-distance behavior of
hadronic currents. The success of the SU(3)-

symmetry scheme and simple nonrélativistic
quark models leads to the picture of hadrons as
bound states of spin-3 triplet colored quarks, !
The absence of colored states leads to the hypoth-
esis of confinement-namely that the only physical
states are color singlets.

That the strong interactions are mediated by
vector mesons coupled to color is strongly in-
dicated if one is to explain confinement. Even
proponents of dynamical schemes outside the
framework of QCD invoke colored gauge vector
mesons to explain why quark-antiquark bound
states occur whereas quark-quark states do not.
The ob'servation of scaling in the deep-inelastic
scattering of leptons off hadrons singled out non-
Abelian gauge theories as the only ones capable
of possessing the asymptotic freedom necessary
to produce such free-field-like behavior at short
distances.® In addition these experiments, as
well as e*e” annihilation to hadrons, allow us to
observe directly the quantum numbers of quarks
and to derive qualitative predictions that test the
validity of the theory.*®

Although one cannot claim that the precise
predictions of the theory as to the short-distance
structure of hadrons have been experimentally
confirmed, the qualitative picture is in remarkable
agreement with the data. The asymptotic freedom
of QCD has the enormous benefit of allowing one
to control the short-distance behavior of the
theory. Thus all properties of the theory are
calculable in terms of an effective coupling which
can be made arbitrarily small by going to short
enough distances. As one goes to larger dis-
tances, the effective coupling increases, leading

to the hypothesis that the increasing coupling in

the infrared domain leads to quark confinement—
infrared slavery.*:®
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However, we are still far from possessing a
quantitative theory of hadrons in which we could
calculate their masses, couplings, and scat-
tering amplitudes. We do not even have a qual-
itative understanding of the dynamical mechanism
for quark confinement. In this paper we shall
propose a new approach to QCD, based on an
improved understanding of the nature of the QCD
vacuum, which might ultimately lead to a quan-
titative theory of strong interactions.

Before describing the nature of our program we
would like to focus on a few of the most difficult
and important dynamical problems which must
be faced in any serious attempt to solve QCD.

A. Dimensional transmutation

QCD possesses few adjustable parameters. In-
deed we shall argue that to a good approximation
it has no adjustable parameters. As discussed
above the free paramters in the QCD Lagrangian
are the coupling g and the various masses, m,,
of the quarks. If we restrict attention to non-
charmed hadrons we need three flavors of quark.
We should obtain an excellent (10 — 20% ) approxi-
mation to the real world by setting m, =m, =m
=0. This chiral SU(3)xSU(3)-symmetric approx-
imation to the world is quite reasonable as is
evident from the small value of the pion mass.
Even if we wish to include the effects of the ex-
plicit chiral and SU(3)-symmetry breaking gen-
erated by nonvanishing quark masses we do not
believe that they would have an important effect
on the dynamics and couldbe treated perturbatively.

Thus, to a good approximation, the theory is
described by a single dimensionless parameter g,
and contains no relevant dimensional parameter
to set the scale of masses. In such a scale-
invariant theory the parameter that sets the scale
of all dimensional quantities is the renormalization
scale parameter . This is the arbitrary param
eter (with dimension of mass) that is introduced
to get the length scale at which the normalization
of the quantum fields and the coupling g are
defined. Thus all Green’s functions will depend on
g and y, although physically measurable quantities
P(g, 1) must depend only on a combination of g
and p invariant under the renormalization, since
a change in y merely indicates a change in what
one means by g. Thus

(ua—iw(g)%) Plg, 1)=0. (1.2)

In particular, masses of physical particles, or
any physical parameter with dimensions of
masses is given by

& dx
B(x)) ’ (1.3)

and all dimensionless physical parameters must
be independent of ;i and therefore calculable
numbers independent of g.’

Consequently, except for the overall mass scale
of the theory, there are no adjustable parameters.
Given some definite renormalization prescription
(or definition of g) QCD will be characterized by
an effective coupling g(p) for a given range of
momenta, where

m(g, u)= . exp <-

dg —
Papy =P
The value of this coupling for momenta of the order
of hadronic masses is a calculable number, g(my).
This phenomenon of dimensional transmutation
has serious implications. It means that ordinary
perturbation theory can be of little value in any
attempt to calculate the properties of hadrons.
This is because Eq. (1.3) implies that hadronic
masses behave as

m(g, ) ~pe=20/e

for small g. Ordinary perturbation theory, or
even fancy resummation techniques, will not
produce masses that have zero asymptotic ex-
pansions in powers of g. Even to construct the
vacuum state of QCD, nonperturbative techniques
will be required.

One of our major tasks will therefore be to
identify nonperturbative mechanisms which could
set the mass or length scale of hadronic states,
and to attempt to evaluate the magnitude of the
hadronic coupling at lengths comparable to the
hadronic size.

B. Dynamical symmetry breaking

Owing to the remarkable success of approximate
chiral SU(3) symmetry and partial conservation
of axial-vector current (PCAC), we believe that
the strong interactions possess an almost exact
chiral symmetry which is realized in the Gold-
stone mode. Thus to solve QCD we must not only
understand the confinement mechanism but also
we must construct the true, chirally asymmetric,
ground state. In a theory such as QCD, which does
not contain elementary scalar meson fields, the
chiral symmetry must be broken dynamically.
Thus the fields that acquire nonvanishing ex-
pectation values in the true vacuum will be com-
posite (i.e., 3y), the Goldstone bosons will be
quark-antiquark bound states, and the dynamically
produced masses will obey Eq. (1.3).

The problem of dynamical symmetry breaking
is very difficult, particularly in a gauge theory.



Until now little progress has been made in ident-
ifying the mechanism that generates the symmetry
breaking, and most attempts to understand con-
finement have sidestepped the problem by explicitly
breaking the chiral symmetry. It is clear that

to obtain an accurate description of hadrons it

will be necessary to solve this problem. In ad-
dition it might very well be the case that the
problems of confinement and symmetry breaking
are interrelated. In fact, as we shall argue below,
the mechanism that we envisage for confinement
requires that the quarks acquire a mass dynamic-
ally, through a mechanism that we shall identify.
The properties of massless quarks might very
well differ substantially from those of massive
quarks. ‘

C. The U(1) problem

The U(1) problem arises in any quark model
which does not contain fundamental scalar fields.
It arises due to the fact that in addition to the
desirable SU(N) chiral symmetry that obtains
for zero quark masses, there also exists a chiral
U(1) symmetry generated by the axial baryon
number current.® If the only explicit breaking of
this symmetry is due to the nonvanishing of the
quark masses then the dynamical symmetry
brea.king of chiral U(N) would be expected-to gen-
erate an isoscalar Goldstone boson with a mass
comparable to that of the isovector pion. Weinberg
has given plausible arguments which show that in
the absence of spontaneous symmetry breaking of
SU(3) this would lead to an 5 particle whose mass
would be bounded by V3 m,, in blatant contradiction
with experiment.® ’

Consequently any attempt to derive the properties
dynamical symmetry breaking in a quark-gluon
gauge theory must contain a solution to the U(1)
problem or face disaster.

D. Confinement

The central problem in QCD is to understand
the mechanism that confines quarks and gluons in
color-singlet hadronic bound states. An under-
standing of this mechanism should then allow one
to calculate the properties of the hadronic bound
states. At first, however, one wants a simple
criterion for confinement. Such a criterion is
provided by considering a pure gauge theory (no
quarks) and evaluating in such a theory the energy
E(R) of a singlet state consisting of two colored
external sources separated by a distance R.°
These sources can be regarded as infinitely mas-
sive quarks. A necessary condition for confine-
ment is that E(R) grows with R for large enough
separation, so that colored states cannot be pro-
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duced with a finite expenditure of energy. The
advantage of this criterion is that it can be ad-
dressed in a gauge-invariant fashion and invest-
igated by means of Euclidean path integrals. Of
course, in order to calculate the properties of
the hadronic bound states one must contend with
real, light, quarks. However, E(R) might be of
some physical relevance in treating the low-lying
bound states of very massive quarks (e.g.
charmonium).

How is one to make progress toward a dynamical
understanding of these problems within the frame-
work of QCD? It is clear that a straightforward
perturbation. }theory isuseless. Because of infrared
slavery, there is no way in which one can ensure
‘a small coupling for low-momentum states. Fur-
thermore, owing to dimensional transmutation
and dynamical symmetry breaking, one expects
the theory to .contain terms which have no asy-
mptotic expansion in powers of g. Such terms,
of the form g~?exp(—const/g?), can be large even
if g is very small. Of course they will never show
up to any order in perturbation theory. It is
therefore extremely unlikely that any approach
based on perturbation theory, even one that utilizes
summation techniques to sum divergent asymptotic
series, will be useful in solving QCD.

The most ambitious attempts to calculate within
the framework of QCD to date have utilized lat-
tice formulations of the theory.!! 'The advantages
of this approachare many. By introducing a space-
time lattice (or spatial lattice in the Hamiltonian
approach) one renders finite the number of degrees
of freedom in a finite volume and introduces extra
parameters (cutoffs) that can be varied. In ad-
dition, lattice QCD has an extremely simple strong-
coupling limit which exhibits confinement and
many of the qualitative features of hadrons. The '
systematic approach to lattice QCD envisages the
utilization of renormalization-group techniques
to proceed from the known dynamics at short
distances of the order of the lattice spacing to an
effective Hamiltonian appropriate for large
(hadronic) distances. At these distances one will
presumably be in the strong-coupling regime
where other techniques are available (i.e., strong-
coupling or high-temperature expansions).

However, the introduction of a space-time lat-
tice has many severe disadvantages. In addition
to destroying manifest Lorentz invariance the
lattice approach has difficulty in accommodating
fermions without explicitly breaking chiral sym-
metry. Whereas these unphysical features might
disappear in the continuum limit, they produce
problems at any finite stage of a lattice theory
calculation.

In an asymptotically free theory such as QCD
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there is no need for an ultraviolet cutoff of the
type introduced in lattice approximations since
the short-distance structure of the theory is
completely calculable and under control. Thus

it might prove profitable to construct other ap-
proximations to the theory which, similar to the
lattice models, reduce the number of degrees of
freedom but do not spoil the short-distance be-
havior of the theory or introduce new parameters.
QOur approach to QCD is an attempt to system-
atically explore the relevant degrees of freedom,
starting from short distances. What we have
found is that as one proceeds from short dis-
tances physically significant effects are generated
by instantons.

Historically the interest in instantons arose
because of the discovery of an exact finite-action
solution to the classical Yang-Mills equations in
Euclidean space-time, ' and the realization that
the existence of such finite-action field config-
urations indicates that the structure of the vacuum
in QCD is much more complicated than one would
have surmised from straightforward perturbation
theory.’®~?% Thus the classical ground state of
QCD is infinitely degenerate and the true quantum-
mechanical vacuum is a coherent superposition
of these classically degenerate vacuums. For
sufficiently weak coupling the true vacuum can be
constructed by semiclassical techniques, where
the role of multiple-instanton field configurations
is to give the dominant contribution in summing
over path histories that travel from one classical
vacuum to another.

In a scale-invariant theory, such as QCD, there
is no way one can adjust the coupling to be small
for all distances. Indeed, as we have remarked
above QCD has no relevant adjustable parameters.
Thus one cannot use semiclassical or weak-
coupling methods to determine the structure of
the vacuum, which involves all scale lengths.
However, all physically relevant questions in-
volve some external length parameter or mo-
mentum which sets the scale of the field con-
figurations. Our approach is to explore physical
quantities, such as the “potential” between mas-
sive quarks [ E(R)], characterized by a scale
length R, as a function of R. For small enough
R, asymptotic freedom will ensure that the ef-
fective coupling will be sufficiently small that
one can use semiclassical techniques (saddle-
point approximations) to evaluate functional in-
tegrals. The net effect in this small-distance
region, as we shall explain below, is that the
path integrals can be replaced by the partition -
function of a “gas” of instantons characterized by
their position, scale size, and SU(3) orientation.
The density of instantons of size p will be given by

D(p) ~—-.1—- exp<—- gonst)
2 TN )

where g%p) is the effective coupling at distance
p. For small R only instantons of size p<R
will matter and since g%p) ~const/In(1/p) as
p=0, for small R the analog gas will be suf-
ficiently dilute that one can trust a virial ex-
pansion of the partition function in powers of D.
As one increases R, the effective size of the
relevant instantons increases and the effective
coupling increases.

Thus there are two sources of corrections to the
free-field asymptotic behavior that occurs for
R = 0. First there are the ordinary perturbation
theory corrections to the integration about a
given saddle point (including perturbation theory
about the ordinary vacuum). These can in prin-
ciple be calculated by standard perturbation theory
(summing Feynman diagrams) and are of order
g%R). In addition, there are the nonperturbative
effects due to tunneling, proportional to the density
of instantons, D(R). Now one would think that the
quantum-mechanical corrections to the ordinary
vacuum sector would be much greater than the
tunneling effects for small g2, This is the case
in ordinary quantum mechanics, where tunneling
can be neglected for small coupling (g% >e™ /"2),
and while for large coupling the tunneling effects
may become substantial, they cannot be calculated
by semiclassical techniques. In QCD we find,
however, that this is not the case. Owing to the
large phase space available to instantons, the
density of instantons, D(R), becomes large (=1)
for distances at which the coupling g2/87% is still
very small (=3-). Essentially there exist so many
distinct paths to tunnel between the degenerate
vacuums, that even though the individual tun-
neling amplitudes are small, the net amplitude for
tunneling can be of order one even for very small
coupling. Thus as one proceeds from small dis-
tances one first arrives at a region where in-
stanton effects are substantial, yet reliably cal-
culable using the dilute-gas approximation and
ordinary perturbative corrections are small.

As one goes to larger distances the density of
instantons rises rapidly. One must then take into
account the interaction between instantons and
anti-instantons. In this highly nonlinear gas the
interactions are quite complicated, and at pres-
ent one can only make semi-quantitative estimates
of their effects. Crudely speaking we find that
the gas is analogous to a paramagnetic medium
of dipolar objects. In this medium there is an
effective renormalization of the coupling constant
associated with large instantons due to the
screening caused by smaller instantons. The re-
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sult is to cause the coupling g(p) to grow dra-
matically with distance, leading to the density
rising rapidly to large values at a sharply defined
distance, p,= 0.2u.

It is this distance that we associate with con-
finement. The actual confinement mechanism
requires the consideration of field configurations
other than instantons. In particular, instantons of
scale comparable to p, have a tendency to dis-
sociate into pairs of half-instantons - or “merons.”
These merons have logarithmic attractive interac-
tions, proportional to [1/g%(R)]InR, where R is

the separation of a meron pair. However, for
large enough R the entropy (log of the volume in
function space) of a meron pair is proportional

to In R and can dominate — leading to a phase
transition to a plasma of merons. These liberated
merons, we shall argue, will confine quarks. To
be sure we are still unable to treat the confinement
phase very precisely or calculate hadronic mas-
ses. However, it seems inevitable that if our
mechanism does lead to confinement the size of
hadrons will be of order p, and the hadronic mass
scale will be of order l/pc . Thus the expression
of dimensional transmutation in QCD is that the
renormalization-group-invariant equation which
determines the scale size of hadrons is D(g{p,))
~1,

Now one of the consequences of dimensional
transmutation is to fix the size of the hadronic
coupling constant — i.e., the effective coupling at
distances corresponding to hadronic size. This
is of course the coupling that is of physical in-
terest.. The effective coupling for larger distances

- is of little interest since as one pulls quarks
farther apart than the size of a hadron it will be
energetically favorable to produce a quark-anti-
quark pair from the vacuum, and the stretched
hadron will split into two smaller hadrons. Now
the phase transition to a meron plasma already
occurs for small g2/87% and it is conceivable
(although we certainly are unable to prove this)
that confinement will occur on this distance scale
and one will never need to go to larger distances
where g?/8n* becomes substantial. We therefore
conjecture that the hadvonic coupling is always
small.

. Thus we have discovered a small parameter in
QCD. This has major consequences. First, the
small size of §2/81r2 ensures that we can use
semiclassical techniques to calculate the pro-
perties of hadrons, without having to include
quantum corrections beyond one or two orders.
This reduces QCD to a semiclassical problem,
albeit an extremely difficult one. Second, a small
hadronic coupling has many phenomenological
consequences, and may shed light on some of the

unresolved mysteries of hadronic physics. For
example, it is this coupling that determines, in
our approach, the probability of producing a quark-
antiquark pair from the vacuum. The small *
magnitude of this probability may explain much
of the success of the naive quark and parton mod-
els — namely that the hadrons fall into SU(6)
multiplets as if they were made of valence quarks
alone, that the hadrons as seen in deep-inelastic
scattering contain very few quark-antiquark pairs
(for x+0), the success of the free-field theory
Melosh transformation, the rapid approach to
scaling, etc. We emphasize that the small value
of %p 1 )/87* does not mean that the strong inter-
actions are weak since nonperturbative instanton
and meron effects are large.

Until now we have ignored the problem of gen-
erating the dynamical symmetry breaking of

- chiral symmetry and the U(1) problem. These

problems cannot be separated from the problem

of confinement. As was originally pointed out by
’t Hooft'® the existence of massless fermions has
dramatic effects on instantons. Because of the
Adler-Bell-Jackiw anomaly, ' the conserved axial
baryon number, @, is not invariant under gauge
transformations. This results in the suppression
of tunneling between the classically degenerate
vacuums, since they now are eigenstates of @,
with different eigenvalues. One must still con-
struct the vacuum as a coherent superposition

of the degenerate classical vacuums to satisfy
cluster decomposition; however, the only path
histories that can now contribute have net topologi-
cal number zero - i.e., contain an equal number

of instantons and anti-instantons.

This phenomenon has two important effects.
First, the U(1) problem is eliminated. The axial
baryon number charge is no longer a symmetry
of the theory constructed about the true vacuum,*33
Second, if we try to replace path integrals by a
partition function for a gas of instantons we will
find strong long-range attractive interactions
between instantons and anti-instantons (with a
logarithmic dependence.on their separation).
Consequently in the presence of massless or very
light fermions, instantons and antiinstantons will
be closely bound in pairs. Such field configurations
differ little from the ordinary vacuum and do not ‘
have much effect on the dynamics. .In short,
massless fermions confine instantons, and unless
the fermions acquire a mass through dynamical
chiral-symmetry breaking, tunneling effects are
negligible. v

Now we have suggested that the structure of the
@ vacuum in QCD is such that there is a natural
mechanism for dynamical symmetry breaking, *
namely the effective determinantal interaction for
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massless fermions in a § vacuum. This interaction
can be regarded as the source of the U(1) sym-
metry breaking. Such an interaction, which is of
the form (Pp), if there are but two massless fer-
mions, does not break chiral SU(N). However, it
can provide a mechanism for the dynamical
breaking of chiral symmetry. Indeed the only
known mechanism for dynamical chiral-symmetry
breaking utilizes such () interactions.'”*” In a
two-dimensional model with two massless fer-
mions we have shown that this type of interaction,
generated by instantons, leads to the Goldstone
realization of chiral symmetry and gives the
fermion a mass.'®

In the case of QCD the problem is of course
much more difficult. To explore the possibility
that the true ground state breaks chiral symmetry
and to construct this state as well as the quark
“mass” requires controlling the physics over
arbitrarily large scale sizes. However, we have
found it possible, in lieu of this, to demonstrate
that the chirally symmetric vacuum is unstable
under perturbations that would shift the vacuum
expectation value of 0 =yy. To see the instability
we calculate the propagator of ¢ for large mo-
mentum. For large enough momentum of course,
asymptotic freedom determines this propagator
perturbatively in powers of g®(p). As the momen-
tum decreases instanton effects (generated by the
effective determinantal interaction) come into
play. We find that these are very large for a range
of momenta where the instanton gas is still dilute
and the effective coupling is still small. In fact
they are so large as to generate a tachyon pole
in the ¢ propagator. This tachyon indicates the
instability of the § vacuum under shifts in 0. To
be sure we are yet unable to construct the true,
chirally asymmetric vacuum state. However,
unless the theory is total nonsense, such a ground
state will exist. Our calculation indicates that
dynamical chiral-symmetry breaking does occur
via the mechanism that we have suggested, and
that it occurs at rather short distances (compared
with what we regard as the confinement scale).
This mechanism for chiral-symmetry breaking
will not suffer from the U(1) problem. The deter-
minantal interaction which is attractive in the 7
channel and thus will produce, in the true vacuum,
a zero mass pion is repulsive in the n’ channel.

The occurence of spontaneous symmetry break-
ing of chiral symmetry at distances short com-
pared to the confinement scale is crucial to the
success of our program. It ensures that as the
quarks are pulled apart they acquire a mass at
some distance where the dynamics is still man-
ageable. Once this occurs instantons are liberated
and, as.we proceed to larger distances, begin

interacting strongly to produce confinement.
Thus, as a function of distance, there are two
“phase transitions.” At very short distances the
vacuum can be described by a gas of tightly
bound instanton-anti-instanton pairs, which at
distance p, (the asymptotically free chirally
symmetric phase) undergo a phase transition to
a dilute gas of instantons (the chirally asym-
metric phase) due to chiral symmetry breaking.
At a somewhat larger distance, p,, the instantons
themselves dissociate into meron pairs (the
confining phase). "

This paper is structured as follows. In Sec. II
we present a general introduction to instanton
physics. We show that four-dimensional gauge
theories possess an infinity of classical vacuum
states with a finite-energy barrier separating
them, and discuss how instantons can be used to
construct the amplitude for tunneling between
these states in the semiclassical approximation.
The analog gas model of instantons is constructed
and the methods used to calculate in the dilute-
gas approximation are presented. We give a
qualitativ. picture in real space-time of the ef-
fect of tunneling on the interaction between quarks
and on the structure of the vacuum wave function.
The physical effects produced by massless fer-
mions are discussed including the resolution of
the U(1) problem. Finally we discuss briefly
the problems associated with going beyond the
dilute-gas approximation.

In Sec. III we begin to explore the dynamical
effects of instantons in QCD. We first analyze
the nature of instanton interactions, show that
these give rise to a nonperturbative coupling-
constant renormalization. We argue that a sharply
defined infrared cutoff on instanton scale size is
produced which we identify with the confinement
radius or hadronic size.

Section IV is devoted to an evaluation of the
instanton contribution to the quark-antiquark
“potential, ” which for small separations can re-
liably be evaluated (in the absence of massless
quarks). We find a large effect but one which is
unlikely to produce confinement.

Section V deals with the effects of massless
quarks and a discussion of dynamical chiral-sym-
metry breaking. We argue that the chirally sym-
metric vacuum is unstable, and identify the mode
in which the instability occurs and the mechanism
responsible for generating ;adynamical quark mass.

Section VI is devoted to a discussion of con-
finement. Here we describe the phase transition
from a gas of instantons to a plasmalike con-
figuration of merons (half-instantons) and argue
that this produces a linear potential between
quarks.
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Finally in Sec. VII we discuss the (many) un-
solved problems in our approach and suggest
various ways of proceeding to solve these problems.

II. INTRODUCTORY INSTANTON PHYSICS

Our approach to the dynamics of Yang-Mills
theories amounts to nothing more than an ela-
boration of the standard perturbation theory treat-
ment in which the vacuum is regarded as associated
with a (typically unique) classical field corre-
sponding to minimum potential energy, and quan-
tum mechanics amounts to including the effects
of Gaussian fluctuations about this classical
vacuum configuration. In Yang-Mills theories
there is a new kind of vacuum fluctuation which
must be considered. Despite initial appearances,
there is a countable infinity of classical vacuum
states with only a finite barrier separating them.
Consequently there is a finite amplitude for tun-
neling back and forth befween such states. Such
spontaneous vacuum fluctuations are large in am-
plitude and potentially much more important than
the standard Gaussian zero-point fluctuations.
Our first task will be to bring this multiple vacuum
structure to light and to show that the tunnelings
are conveniently described by certain Euclidean
classical solutions of the Yang-Mills equations
called instantons.” In later sections we will
discuss in detail the consequences for physics of
including this new class of quantum fluctuation.

A. Tunneling

We consider the pure Yang-Mills theory based
on a Lie group G [in practice SU(2) or SU(3)] and

J

described by the Lagrangian

£=ip, F1,Fo
(2.1)

F%,=9,A%-08,A% +f,, ALAC.

For the purposes we have in mind it is simplest to
eliminate the gauge freedom by setting A2=0. Then
the dynamical variables are the space components
A4, the canonica} momenta are the electric field
components E{=A4, and the Hamiltonian density is

3¢ =3 [(E9)?+ (B2,

2.2
B =4 (VAL V,AG+S 1y ATADE e @2

The equations of motion derived from the Hamil-
tonian are the usual Yang-Mills equation except
for the analog of Gauss’s law

Ca(A)ZVtA%JFfabcA?Af:O’ (2.3)

which is conjugate to A, in the usual treatment. On
the other hand, [3¢,C]=0 so that if the initial con-
figuration satisfies C(4) =0, then so does the time
evolution of that configuration. Thus, Gauss’s law
may be regarded as a constvaint on the initial p’s
and ¢’s selecting physical configurations out of a
larger manifold.

The quantum-mechanical version of this theory
has states |A‘;(§)) (eigenstates of the field operator)
between which matrix elements of the time evol-

. ution operator may be computed by the path-inte-

gral technique

— X . j'z()‘() . i T N N
(A4R) |47 |AYX) = f ) DA%, t)] exp %7 f dtdsxlEg(x,t)z_Bg(x,t)ﬂ}. (2.4)
A% (X [

The path integral is over all time histories con-
necting the configurations A%(X) to A%(X) in time T
and g is the coupling constant. The quantum-mech-
anical version of Gauss’s law constraint is that
C%A), regarded as an operator, should annihilate
physical states: C%A) lz/)) =0. The field eigen-
states, IA‘;(SE)), which are convenient for the path
integral do not satisfy this condition and we must
characterize the states which do.

At this point it is convenient to write the fields
as elements of the Lie algebra of G: A4,(X)
=A4R)T,, L7,,7,] =, T.. Now the theory is in-
variant under time-independent gauge transform-
ations

A~ U AU iUV, 07, (2.5)

r

where

U, = e T,
is an arbitrary function of X taking values in the
group G [we have parametrized it by as many func-
tions of position, 1,(X), as there are generators].

The above transformation on the fields is imple-
mented by the unitary operator ¢! where

Q= [ dAYT AT A D). (2.6)

If the function A%(X) vanishes at spatial infinity we
may integrate by parts to find that

th_-rd3x)\“(§)(vi14‘;+ beABAS). (2.7)
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The term in parentheses is just Gauss’s law and
annihilates physical states. Thus physical states
are also characterized by

ey = |9 (2.8)
if

Aa(sz) —0 ’

1%

which is to say that they are eigenstates with
eigenvalue 1 of the subclass of all gauge trans-
formations characterized by A%+ 0 at spatial infin-
ity. Since a field eigenstate transforms under ¢!
as

N, &)= |4,&),),
A,X), =U, AU, +i0,V,U,, (2.9)
U, = ei)\a(i)Ta,

it is apparent that the only way to construct a phy-
sical state is to sum over gauge transforms:

IA5(§)>nhYsicalz f[D)\“(i)]e"leAi(i» ’

where the functional integral is over all A’s which
vanish at ]il-"’o and the integration measure is
locally gauge invariant.

The notation here is a bit clumsy since we have
not identified the variables which actually specify
the physical state. In standard perturbation theory
treatments it would be convenient to regard the
above state as being parametrized by A}, that4,,
among all the 4;’s summed over to form the phy-
sical state, which satisfies V*A=0. A has pre-
cisely the correct degrees of freedom to describe
the massless gluons which are normally thought
to express the physical content of the theory. We
could adopt the same strategy here, defining a
function U(x, ) by

A, D) =UAFU " +UV, U,

N

VAF=0,

and writing the A, =0 functional integral in terms
of A¥ and U instead of A, (and regarding the states
as functions ofA}”). Since U turns out to be es-
sentially a cyclic variable (this follows directly
from our ability to impose Gauss’s law as a con-
straint, i.e., an equation which when imposed at
one time remains true for all time) we could think
of eliminating it from the system and writing the
path integral entirely in terms of the physical vari-
ables, A!{*. This would amount to casting the the-
ory in the Coulomb gauge. The fact that only re-
stricted classes of gauge transformations U (those
which go to a constant at spatial infinity) may be
integrated over makes this a rather tricky enter-

prise and we will not attempt it here.

Although it is not necessary to so limit our at-
tention, we will for convenience now consider phy-
sical vacuum states |w>. A vacuum gauge field
configuration, corresponding to zero energy den-
sity, must have B ;=0 which is possible only if 4,
=ig(X)V, g7 1(%) [gX) takes values in G]. For sim-
plicity of notation let the corresponding state be
written |g(X)). Under a gauge transformation el
lg@) = |U,g() = |2X) and |gX)),p,, Will be a
sum over all lg(ﬁ)) obtainable this way. The equiv-
alence relation g(X)~g(X) = U, g(x) [\*(X) = 0 as
|§|"°°] divides the set of all possible elements of
G into equivalence classes and possible physical
vacuum states are just

lyaC> = )

ge (equivalence class)

lg®)) . (2.10)

This large class of possible vacuums can be cut
down to manageable size, while bringing topolog-
ical notions into the game, by the following dynam-
ical remarks. Consider a transition amplitude
(vac | e T |vac) between two of these possible vac-
uums. Because the initial and final states may be
simultaneously gauge transformed without affecting
the value of the amplitude, we may without harm
choose the initial vacuum to be in the equivalence
class of g(X)=1. Clearly, all the states in this
equivalence class are characterized by g(X) ~ &0
[or 4,(%)~0] as |X|~=. We would like to argue
that there will be a finite transition amplitude from
this equivalence class only to other equivalence
classes also characterized by gX)—g, [or A,X)
~0] as |%|~«. For any other type offinalequiv-
alence class A;X)#0 as ]:'E;I-w and the histories
entering the path integral must have A#0
over an infinite spatial volume. ' Such inifinite en-
ergy transitions must in fact have zero amplitude
and we may limit our attention, as far as dynamics
is concerned, to vacuum equivalence classes
characterized by g(X)~1 as |X|—+«.

If g(X)~1 as |X|—~=, then the domain of g(¥) may
be thought of as three-space with points at infinity
identified. This manifold is topologically equiv-
alent to S,. The vacuum equivalence classes are
now seen to be classes of maps from S 5 to G which
may be continuously deformed into another: homo-.
topy classes. It is known that the homotopy clas-
ses of G=SU(n) are countable and characterized by
a positive and negative integer-valued topological
invariant (winding number or Pontryagin class)

1 -
n=5i fdsxemtr[g“V,-g(i)g”V,g(i)g'lV,,g(x)].
(2.11)

A typical element |[for G =SU(2)] of the =0 class



is g(X) =I while a typical element for n=1 is

- . X7
g(x)=exp[zﬁ W]=gl

For reference, a g(X) which belongs to no homo-
topy class (and is representative of the vacuums
we threw out with our dynamical argument) is

]

with @ not an integer multiple of 7. For conven-
ience we will now label the surviving vacuum
states by the appropriate winding numbers: |n).

It can be shown that multiplying an element of
the n, homotopy class by an-element of the n, class
gives an element of the », + n, class. Therefore if
we call R the unitary operator which implements
a typical gauge transformation of the =1 class
(g, =explinX * T/2®+a%)'/?], say) we must have R |n)

= |n+1) (R [n)—|n 1)). Now R= U,, With Xg=21%/
(X2+ a®)*/2 if we choose R to correspond to g,. Al-
though R is a gauge transformation, since 1,70
as |§|—’°° Gauss’s law constraint does not specify
how physical states behave under R. The physical
requirement of gauge invariance is met so long as
the physical states are eigenstates of R: R lzl))
=e¥ |¢). No physical principle determines what 6
must be, although since [H, R]= 0, neither time
evolution nor local gauge-invariant perturbations
in general will change 6. In short, 6 labels super-
selection sectors of the theory and the Hamiltonian
must be block diagonal in 6. One easily constructs
0 eigenstates from # eigenstates by the rule

g(X) = exp [ia
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and it is apparent that the 6-vacuum states are
nondegenerate. What is not altogether obvious at
this stage, although true, is that the theories
based on the different |9) states are physically
different from each other, so that this multiplicity
of 6 worlds is a nontrivial property of the theory
and not some gauge artifact. For 6#0, IG) is not
an eigenstate of parity or time reversal. There-
fore for QCD 6 must be very small and in all like-
lihood is equal to zero. The physical principle

(if any) which determines ¢ is unknown.

We have argued that there will be a finite quan-
tum-mechanical transition amplitude between
states [n) and |n’) because the time variation of
A ; needed to effect the transition can be localized
in space and does not require infinite kinetic en-
ergy at any point. On the other hand, if we look
at the vacuum 4 ,=0, say, it is épparent that the
classical equations of motion will leave the system
in the state A, =0 forever. Thus transitions from
|n) to |n’)# |n) look like tunneling processes: clas-
sically forbidden but quantum mechanically allowed
barrier penetration processes.

To bring the tunneling interpretation into clearer
view, it is helpful to pass to the imaginary time
picture, i.e., to discuss (n’|e"#7|n) instead of
(n' le'””'ln) The reason for this is that we know
from experience with ordinary quantum mechanics
that imaginary time solutions of the classical eq-
uations of motion can be used to obtain a WKB (or
small 7%) treatment of barrier penetration prob-
lems. In real time a classically forbidden process
defines no stationary path which dominates the
functional integral and there is no simple way to

\0) - i eind ln) , (2.12) study tunneling.
- The new path integral is
n T . 5 1 ’
(n' |exp(-HT) ln):f LDA,] exp —f; did>x[(A%)? + (BY) ]Z—g—z}, (2.13)
n .

with the implied boundary condition of first com-
puting the path integral between a representative
pair (A$,A%) of functions belonging to the homo-
topy classes (z,n’) and then integrating over all
representatives in the (z,n’) classes. Since the
action is positive-definite, the dominanthistory is
one of minimum action consistent with the bound-
ary conditions. Such a path satisfies all the Eucli-
dean Yang-Mills equations— except Gauss’s law
constraint. Upon varying the end points of the 4,
path history, one will finally pick out the path
which satisfies the constraint as well. This path
is guaranteed to have the absolute minimum action
consistent with the constraint that it describes a

r

transition » ~»’ and satisfies the full set of Eucli-
dean Yang-Mills equations.

A rather large class of Euclidean Yang-Mills
solutions are known.by now,' but we need only dis-
cuss the original one of Belavin et al.'? out of
which, in a sense, all the others are constructed.
In Landau the gauge (5 * 4 =0) the particular sol-
ution is [G =SU(2)]

4 2
Ag=278% Fi,= el (2.14)

where 7,,, is a numerical tensor coupling two
SU(2)’s to O(4) (nau,,=<0aw+%<abcebcw) and p is an
arbitrary scale parameter (arising from the scale
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invariance of the classical theory). The Euclidean
action of this solution is 87%/g2 (independent of p)
so that the magnitude of the path integral domin-
ated by this path is exp(-87%?/g?). Remembering
that g2~ one sees that this amplitude vanishes
like exp(-1/7) as 7 =0, the sort of essential sing-
ularity characteristic of vacuum tunneling in or-
dinary quantum mechanics. Finally, if we pass to
the gauge A, =0 in order to make contact with the
earlier discussion in this section, we find

A (xy=—w)=0,
. (2.15)
A (Ky=+0)=U'V,U U’:exp[in— T ]

indicating that this solution describes the vacuum
tunneling |0) =~ |1). A more convenient and gauge-
invariant way of identifying the topological class
of a trajectory is

Ap =

8;2 fd“xtr(FwFu,,) , (2.16)
where F,,=8,A,-08,A, +ilA,,A ] is the four-di-
mensional field strength tensor and F,, =3 €, 5, Fy,-
In general, tr(F,, F,,) may be written as a total
divergence, and when evaluated in the A ;=0 gauge
the £=+« surface contributions are seen to be id-
entical to the vacuum winding numbers defined
earlier. This solution, called the instanton, exists
in a conjugate version, called anti-instanton, de-
scribing tunneling from 0 to —1. One simply re-
places 7,,, bY M4, (Mguy = €ogur — z €apc€pour) The
same solutions describe the basic tunneling event'
in any theory based on SU(r). In the explicit form-
ulas for A, SU(2) generators are simply replaced
by an SU(2) subset of the SU(z) generators.?
There is a slight conceptual complication that
this field-theoretic vacuum tunneling process has
over and above its analog in ordinary quantum
mechanics, namely, the multiplicity of Euclidean
tunneling saddle points. The classical solution
may be centered anywhere in space-time and may
be of any scale size (small scale size p means the
tunneling event has large field strengths but hap-
pens qliickly; vice versa for large scale size).
For weak coupling the detailed tunneling ampli-
tude 'can be computed by the following device. The

matrix element
(n+1|exp(-HT) [n) =(1 | exp(-HT) |0)

is expressed as a functional integral as in Eq.
(2.13). For weak coupling, g2~0, one then per-
forms the Euclidean functional integral by a sad-
dle-point approximation. This requires a solution
to the Euclidean equations of motion satisfying the
appropriate boundary conditions—which is just the
Belavin- Polyakov-Schwartz-Tyupkin (BPST) one-
instanton solution, A% (x - x;,0), located at an ar-
bitrary point x;, with arbitrary scale size p. Ex-
panding the quantum field as A% (x — x;,p) + gQ% (x),
one has

(L exp(-17)0) = exp - %"—) [ineg)

Xexp<—% f d4x£”[Ag]Q2), (2.17)

where £” is the second functional derivative of the
Lagrangian evaluated at the instanton solution, and
higher-order terms, proportional to g,% (g, is the
bare coupling), are neglected.

The normalization of the tunneling amplitude
arises from the Gaussian integral around the sad-
dle point. Evaluation of this integral requires cal-
culating the determinant of the operator £”(49).
By exploiting the conformal invariance of the clas-
sical theory, ’t Hooft has computed this deter-
minant explicitly.?! The following points are worth
mentioning: ' .

(1) For every symmetry of the original Lagran-
gian there will exist a zero eigenvalue of £"(A2).
These zero energy modes can be dealt with by in-
troducing collective coordinates for the degrees of
freedom corresponding to the appropriate sym-
metries, and yield factors of the volume of the
corresponding symmetry groups. In the case of
QCD the SU(2) instanton possesses 4 translational,
1 scale, and 3 group degrees of freedom. [In the
case of an SU(N) instanton, constructed using an
SU(2) subgroup, there are 4N — 5 group degrees
of freedom.] For each degree of freedom a factor

S ofl /g will result from the introduction of collec-

tive coordinates. Thus the matrix element will
take the form |for an SU(N) gauge group]

82 \2¥ dp 82 L '
(1|exp(-HT) |0) = VN<,E07> fd“xf y exp<— g2>f[DQ']exp{—§ fd‘*x.,(’/f(A")Q’2 , (2.18)
0
where V), is a numerical constant and Q' refers to the quantum field with the zero-energy modes removed.
(2) Owing to the standard ultraviolet divergences of ordinary perturbation theory, the remaining deter-
minant (which is simply the exponential of the sum of connected vacuum-to-vacuum diagrams in the back-
ground instanton field) will require renormalization. This renormalization is standard since the ultravio-
let divergences do not depend on the smooth background field. The net effect is to replace the bare action,

81%/g,2, with the renormalized value, 87%/g2(1/pu), where u is the renormalization mass and g2 is the ef-
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fective coupling constant of the renormalization group, satisfying

T = @)=+, B+ O(F). (2.19)
We thus have
~ . @_ 81T2 2N —
1 lexp(—JHT) |0y = V7,f o8 (m) exp (— m> cl1+o(@* (1 /o), (2.20)

where VT is the volume of space-time, and C is a numerical constant. For SU(2), Cgy(,y=0.26 (Ref. 21)

whereas for SU(3) we find that Cyy,,=0.10.

The integration over scale sizes is rendered convergent for p — 0 by asymptotic freedom, since [for a

pure SU(N) gauge theory]

8m2/g%(1/pu) ~ (¥ N)In(1/pu).

p0

(2.21)

However, the integration also extends to arbitrarily large scale sizes, where g3(1/pu) increases. Thus in

a scale-invariant theory such as QCD one cannot adjust the coupling to be small, and even constructing the
. vacuum requires an understanding of the infrared, perhaps strong-coupling, behavior of the theory. ’

- For the moment we shall ignore this problem, and consider the contribution to the tunneling amplitude

of instantons of sizes p to p +dp, replacing Eq. (2.20) with

(1|exp(-HT)|0)=DVT exp(— q(ﬁ%j)ﬂ)’

This is what one would obtain in a superrenormal-
izable field theory and willbe instructive astothe
physical picture of tunneling. In the following sec-
tion, we shall discuss in great detail the physical
consequences that arise from the existence of in-
stantons of all sizes in QCD.

The scale size p can be considered as the time
which it takes to tunnel and the coefficient of T,
VD exp(-87%/Z2) can be interpreted as the inverse
of the mean time between tunnelings. Then for p
KT < (VD) 'exp(8m%/g?%) we can expand the matrix
element in Eq. (2.22) according to

(1|exp(-HT)|0) =(1 |1~ HT +- - - |0)
= (L{H|O)T
=TVD exp (— %’:—) : (2.23)

One can then read off the tunneling Hamiltonian
which for general n ~n+1 is

82
(n+1|H|n)==VDexp -5 ) (2.24)
Taking this as the tunneling Hamiltonian it is
straightforward to compute the energy of a 6 vac-
uum. If E(6)5(6 — 6')=(6’ |H |6) one finds
- 872

E(@)=E,~2cosfVDexp|- 7)) (2.25)

where E, is the energy in the absence of tunneling,

Note that the energy is decreased and proportional
tq V as it should be.

g°(p)
-

It is important to note that there are two steps
involved in constructing the  vacuum. First, the
tunneling amplitude {(n IH |n+ 1) is determined from
a single instanton and then the tunneling Hamilton-
ian is diagonalized. It is the second step that
brings in multi-instanton effects. This is shown
schematically in fig. 1 where the single instanton
and anti-instanton (anti-tunneling »—~#» - 1) of Fig.
1(a) are iterated in Fig. 1(b) to produce a 6 vac-
uum. Observe that the 6 vacuum looks like a gas
of instantons in 4 dimensions. Below we will use
this analogy to develop a more powerful method
for handling instantons.

(&)™, | @22

B. The analog gas

The above method of constructing a tunneling
Hamiltonian gives correct answers for weak coup-
ling but suffers from conceptual difficulties for
larger g where the mean time between tunnelings
is not so small. In particular, it is totally inad-
equate for QCD.

A systematic approach is based on the long-time,
T >(VD)* exp(8m®/g?), Euclidean functional inte-
gral exp(-HT),

(6 |exp(~HT)|6) =Z expli(no — n’@’)]

X(n' |exp(~HT) |n), (2.26)

with (n’ |exp(~HT) |n) given by Eq. (2.13). A de-
ductive approach to vacuum tunneling would begin
with this functional integral. As 7 =« this be-
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FIG. 1. Construction of a § vacuum. The single
instanton and anti-instanton shown in (a) causes transi-
tions fromn ton+1 or n —1. The ¢ vacuum is built
upon successive transitions back and forth between
different » states as in (b). One should imagine inte-
grating over the locations in imaginary time and space
of the instantons and anti-instantons.

comes const X5(0 — 6') exp|—E(6)T]. Letus seehow
this comes about in the weak-coupling limit where the
mean time between tunneling is large (but small com-
paredto T'). One can then classify the configurations,
A", that contribute to (n|exp(~HT)|0) according

to the number of well-separated tunnelings (instan-
tons) #,, and antitunnelings (anti-instantons) »n_,
suchthatn=n,-n_.. Wechoosethenormalization

(6 |exp(- HT) |6 = fj 1—,

p[ZTVDcoseexp< Zﬂ )],

L . [
-~ (TVD) exp

sothat thenaive vacuumterm, »,=n_=0, is equal
to 1. The term with »n,=1, n.=0 can be eval-
uated by the saddle-point method described above
yielding

2
VTD exp( Zﬂ > exp(i6) .

The term with #, =0, n.=1 is the same with ¢ re-
placed by —6. The first nontrivial term has n, =2,
n.=0 and could also be computed by a standard
saddle-point technique, since there exist exact
two-instanton solutions'® depending on the right
number of parameters to describe.two independent
tunnelings. The action for these solutions is sim-
ply twice 872/g2, but the determinant D, has not
yet been calculated for two instantons. However,

when the instantons are far apart, as will be the

case for small g2, D, must reduce to the square
of the determinant for »,=1, ».=0, and the dom-
inant contribution to the n,=2, n_ =0 sector is

1672 .
§Z >82t9,

where the 1/2! is necessary to avoid double count-
ing. Since the determinant D, presumably does de-
pend on the instanton separation when they are
close this form is only approximate. There are
corrections to it which are proportional to one
power of the volume VT, which for small coupling
will yield corrections to E(6) which are suppressed
by exp(-8m?/g?). The n,=0, n_=2 contribution is
then obtained in the obvious way (6 - -0).

The n,=n.=1 term introduces some new physics.
This time we cannot evaluate the functional inte-
gral by a strict saddle-point method. The mini-
mum action configuration for »n,- n.=0 is simply
the naive vacuum A¢ =0, corresponding to a tun-
neling on top of an antitunneling, or no tunneling
at-all. However, we can certainly imagine config-
urations corresponding to a well-separated instan-
ton-anti-instanton pair.

Such a configuration is not an exact solution to
the Euclidean equations of motion but will never-
theless make a nontrivial contribution equal to
(VTD)? exp(-1672/g ), when

—1—1- (VTD)? exp <—

2
VTDexp< Zﬂ >>>1

Generalizing to arbitrary #, and n_ then yields

: (n,+n.)+ i9(n+— n_)]

(2.27)



and we recover the previous result

E(9) = (const) — 2VD cosb exp(-81%/g2).
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Although it is valid only for weak coupling, Eq. (2.27) contains some important lessons. Specializing for

simplicity to 6 =0, we have

<OIexp< HT) \0> -3

Ny Nas=0

1

For large T the dominant term in this series is
the one for which

2 .
n,=n.=TVD exp(— E}z—> , (2.29)

and as 7'— = essentially the entire sum comes
from this term alone. Observe that

(i) the dominant term contains both instantons
and anti-instantons and cannot be computéd by a
strict saddle-point method that relies on exact so-
lutions to the Euclidean equations of motion,

(ii) the dominant term is not the one for which
the classical action exp[- (87%/g2)(n,+n.)] is min-
imal.

One conclusion is that although the remarkable
exact multi-instanton solutions'® may indicate a
new structure or symmetry to the theory, they
are of essentially no relevance when it comes to
constructing the vacuum state. In fact the sum
over all terms with either n, or n_ equal to zero
yields

2 exp {TVD exp <— %)},

which for large T is exponentially small compared
to the complete sum,

exn 2 [rvo exs (2]}

The nature of the long time functional integral
is most easily understood in terms of an analog

e l(TVD)’I ”’-exp[

— (n,+ n-)] . (2.28)

r

gas. The sum in Eq. (2.28) is precisely the grand
partition function for a classical, four-dimen-
sional perfect gas containing two species of par-
ticles with equal fugacities exp [ — 87%/¢*] and

‘volume measured in units of D~'. The energy

(action) for a configuration with », and »_ mem-
bers of each species is (n, +#_)87%/g* while en-
tropy of the configuration is In[(TVD)™ * -/
n,!n_!]. The dominant term is the one for which
thefree energy (energy minus entropy) is smallest.

More generally, the entropy of a field configur-
ation can be thought of as the log of the volume
in function space occupied by similar configur-
ations. For large coupling the action of a given
field configuration decreases like g~* while its
entropy is generally less sensitive to g. Thus for
moderate or strong coupling the entropy of a field
configuration can be a more important consider-
ation than its action. This will become increas-
ingly evident in later sections. It also has its
effects at small g: The exact multi-instanton
solutions are in a sense uninteresting because
they have so little entropy.

When g is small the analog gas is extyemely
dilute and the phys1cs is the same as the tun-
neling picture discussed above. For larger g
when instantons and anti-instantons are closer
together the language of tunneling is at best pic-
turesque. However, the idea of an interacting gas
where instantons and anti-instantons interfere and
the action for an »,,#_ configuration is not just
(n, +n_)87%/g* still makes sense,

C. Wave functions and the functional integral

Consider a gauge where the gauge conditidn (A°=0, A®=0, or VA= 0) does not involve time explicitly.
One can then consider the wave function ®4[A (}E)] of a 6 vacuum as a functional of the independent
components of A at one fixed time. The modulus of ® is easily related to the Euclidean functional inte-

gral. If the fields at T/2 are fixed to be A (x) then

T
fl_l.T J‘[dA“]exp[fo dtJ’d3 ( 4trF2+—8—ﬂ7trF

)]

.. =constxexp[-E()T][®,[AX)][*.
AT /2,x)= Alx)
(2.30)
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Thus by examining a time slice of the Euclidean
functional integral one can determine which field
configurations are important in the vacuum. For
a dilute instanton gas in the gauge A° =0 most time
slices will see only a gauge-rotated-vacuum A
=iQ'VQ consistent with the wave function |6)

=), exp(inf)|n) obtained from the tunneling picture.

In the dense gas that occurs in QCD most time
slices will intersect one or more instantons ad-
ding a new component to ®,. For strong enough
coupling further objects such as merons (Sec.
VI) will also be present.

D. New quark interactions

Until now we have discussed tunneling in a
pure Yang-Mills theory. Other fields are easily
incorporated without significant effect on the tun-
neling picture (except for massless fermions as
we shall see below). For example, in the pres-

J

[}
<9]T(61()C1) te QN(xN))D = <6J1?x1)> e <6JN(XN)>
DA, ] exp[=S(A) + [ ,(2)0,(x)d*x] (2.31)

X

ence of massive fermions the action will contain
a term § (i — m)y. In constructing the 9 vacuum,
however, this will only slightly affect the nor-
malization of the tunneling amblitudes. One will
still, in the saddle-point approximation, expand
about the multiple-instanton gauge fields; how-
ever, the one-loop quantum fluctuation will now
include those of the fermion fields in the back-
ground instanton field. This will modify the
functional integral by a factor of {det[iH(A?%)

~ m]}"+*"- for well-separated instantons.

It is possible to calculate, using the dilute-gas
approximation, the Green’s functions of any num-
ber of gauge-invariant operators. One simply
adds to the Lagrangian density a term }3,J, (x)
6;(x), where J,(x) is an external c-number source
coupled to the operator in question, §;(x), con-
structed out of the gauge and matter fields. Eu-
clidean Green’s functions of §; are then defined as

In performing the saddle-point integrations for the
various multiple-instanton sectors in Eq. (2.31),.
one treats the term )} J,6; as a small perturbation
and expands the gauge fields in 6, about the mul-
tiple-instanton configurations.

Of particular concern to us is the effect of tun-
neling on the quark-antiquark interaction. Let
us first give a physical picture of how tunneling
modifies the interaction of quarks.

A quark-antiquark state constructed in per-
turbation theory would be built on one of the n
states |n) rather than a 9 vacuum. Let |nT)
be such a state where the gg pair is separated by
T. There will be tunneling to other states |mr)
and the true g7 state built on a § vacuum is |6T)
=3 exp(im8)|mT). Because the tunneling am-
plitude {mT [H [sT) will differ from the vacuum
amplitude{m |H |#) and depend on ?, nonperturbative
q - q interactions will appear. In a weak-coupling
approximation the energy E(9, T) of [6T) relative
to the energy of the 9 vacuum is

E(T,; 6) :EO(F) +2Re[ exp(i0)({17|H|0r) ‘
-(1H[0)], (2.32)

where E,(T) includes the perturbative terms, e.g.
Coulomb interaction, which are diagonal and the
same for each n. For heavy “test quarks” the
state |nT) can be constructed in a gauge-invariant

JIDA, ] exp[-5(4)] o

T
way to be

Ity =q(r) U(T, 0)q(0) ) , (2.33)
where

ur,0)=T exp<i J;f A- d?{)

is the ordered exponential integrated along a
straight line from 0 to ¥. The tunneling just
shifts U(F,0) by a gauge and for a given instanton
location (and scale size and orientation) {1 ¥|H|0T)
differs from (1 |H|0) only by a factor

tr[ U,"*(F, 0) U,(F, 0)] where the subscripts refer
to the values of U in the initial and final » states.
Because we are in the gauge A°=0, we can write

->

tr[ U,"\(F, 0) U,(%, 0)] =T exp <z‘ fA;;m dx“) , (2.34)

where the ordered line integral of the instanton field
runs around a rectangular Euclidean loop with
corners at (0,0), (F,0), (¥, T), (0,T). This or-
dered loop integral then has to be integrated over
all instanton locations (and scale sizes and
orientations) to get (1T |H|0Tr) and then from Eq.
(2.32) E(6,T) can be obtained.

The tunneling calculation outlined above is, for
weak coupling where it is valid, equivalent to the
following dilute-instanton-gas calculation. Let
E(6,T) be defined by
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[[dA* Jtr[ T exp(i $A* dx*)

)] exp{ [[—itr F? +(i6/87)tr FF]d“x}

(2.35)

exp[—‘E(e,-f‘)T]'= JdlA* Texp{ []

where the Euclidean time T is assumed to be large
and the ordered exponential runs around the same
Euclidean loop as before. If this ratio of func-
tional integrals is evaluated in exactly the same
(dilute gas) approximation as in Eq. (2.32) except
that in the numerator each multiple instanton-
anti-instanton configuration is multiplied by the
loop integral for that configuration (before in-
tegrating over locations, scale sizes, etc.) then
the resulting approximation to E(9, T) will be
equivalent to the tunneling calculation.

A deductive derivation of the effect of instantons
on the gq interaction would begin with the func-
tional integral in Eq. (2.34). Wilson has argued
that the average Euclidean loop integral does in
fact yield the interaction energy of a heavy
“test quark” pair' (not to be confused with the
potential between real light quarks). Unlike the
tunneling picture the averaged loop integral makes
perfectly good sense when the instanton gas is not
dilute but rather dense as in QCD.

For the moment we will refrain from com-
menting on whether or not this new tunneling ;
interaction has anything to do with quark con-
finement. It is, however, definitely there and will
turn out to be non-negligible as we shall see in
Sec. IV,

E. Light quarks

The Wilson loop is not directly relevant to the
binding of ordinary light quarks. The problem
is not just a kinematic one, since, as ’t Hooft
has emphasized, instantons do qualitatively new
things when light fermions are present.'® It is
simplest to discuss the situation in the limit of
massless fermions. As before we will develop
the physics in a simple tunneling picture and
then pass to the long-time Euclidean functional
integral.

In a theory with fermions a “classical” state is
specified by giving the boson field configuration
and saying which fermion states are occupied. A
perturbation-theoretic »n state is thus one for
which the gauge field belongs to class n and all the
negative-energy fermion levels are occupied.

One can think of tunneling as being an adiabatic
process as far as the fermions are concerned. For
each value of Euclidean time ¢, the time-indepen-
dent Dirac equation in an instanton field will have
eigenvalues €,(¢) and eigenfunctions ¥ ,(¢,X) where

t enters only as a parameter. Since the net ef-
fect of tunneling is just a gauge transformation the
original eigenvalues of €,(0) must be in one-to-

AtrF2+ (i6/8m)tr F F]d*x}

r .

one correspondence with the final eigenvalues.

If the correspondence ¢,(0) = ¢,(T) is the trivial
one €,(0)=¢,(T) then the tunneling can connect

two distinct classical vacuums. For an instanton
and massless fermions, however, this mapping
of the spectrum of the Dirac equation into itself
is nontrivial and in particular the highest right-
handed negative-energy state crosses zero and
becomes the lowest right-handed positive-energy
state while the lowest positive-energy left-
handed state becomes the highest negative-energy
left-handed state. Thus if the initial configuration
had all its negative-energy states occupied and all
positive-energy states.empty, then in the final -
configuration there will be one right-handed pos-
itive-energy state which is occupied and one left-
handed negative-energy state which is empty.
The tunneling process is then n-m +q, g rather
than just n —-m. Strictly speaking there are then
no vacuum tunnelings but only virtual tunnelings
n—-m+qq—n.

The above picture is easy to demonstrate ex-
plicitly in two-dimensional models (the reader
can easily work it out, for the two-dimensional
Abelian model discussed in Ref. 18) and is known
to follow directly from the topology of the in-
stanton field in four dimensions.??

A canonical picture of the suppression of tun-
neling in the presence of massless fermions can °
also be given. As is well known® in QCD the
axial baryon number current contains an anomaly,
and is not conserved (« labels color, 7 labels
flavor):

J?A= z: %cxi?’uyswaf ’
% (2.36)
=g ﬂz Fi Fg, .

The above current is the gauge-invariant regulated

current (defined, say, by a point-separation

technique). One can define a gauge-variant cur-
rent which is conserved:

j;&t =J?1 ég;z €;.lv)\c;]:‘rA ( XA0+§AXA0)’
(2.37)

~ d
=f dst?,, -&;Qs=0

Qs is now conserved but not gauge invariant. Itis
easy to see that @, is gauge invariant under gauge
transformations that vanish at infinity, but not
under gauge transformations that change the
topological class of A,
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1If we consider A, =0 gauge we find that the uni-
tary operator R which implements a gauge trans-
formation of the n=1 class (R |x> = [u+1>) has the
following effect on Qy:

RQR'=Q,-2N,

where N is the number of flavors. If the vacuum
states of different topology ) are defined by

[y =R"|0), with @,[0) =0, then Q;[z) =2Nn|0).
However, @, is conserved, [Q,,H]=0, so that
(nlexp(-H7T)|m) ~5, », namely tunneling is sup-
pressed in the absence of non-chiral-invariant
sources.

However, virtual tunneling does occur and again
the true vacuum will be the coherent superposition
of the n» vacuums. Indeed it is only in such a
state that one recovers cluster decomposition
of operators of chirality =2N. However, unlike
the case of massive fermions, physical quantities
will have no dependence on 4: The vacuum energy
will be independent of 6, and 8E(9)/86=( g [trF,,
F,, |9) =0. Finally axial baryon number conser-
vation is violated. The operator exp(ia@;) (for
a #7/N) is ill defined, and takes one out of the
Hilbert space constructed about a § vacuum.
Alternatively the gauge-invariant current, Ih
has a hard divergence, TrF,,F,,, which has
nonvanishing matrix elements (( 6 [y trFF|g) #0
in the case of one flavor) thus vitiating Goldstoné’s
theorem.

Let us now proceed to examine the effects of
massless fermions on the long-timé Euclidean
functional integral after making the following ob-
servation. In an adiabatic approximation the
solutions to the time-dependent Dirac equation in
an instanton field will be

i (t, %) = ¥2(t,x) exp [- fo tei(t')dt’] .

(2.38)

Such a solution will be normalizable if €; crosses
zero and €; is positive for ¢ -+ and negative for
Thus the shift in a right-handed state
from negative to positive energy in an instanton
field can be expected to produce a normalizable
solution to the time-dependent Dirac equation.
The existence of normalizable solutions to the
massless Dirac equation in fields with nonzero
topological quantum number @ has been demon-
strated by a number of authors.?® This has a
dramatic effect on the functional integral. The
fermion determinant then vanishes identically for
any configuration containing an unequal number of
instantons and anti-instantons, in agreement with
the above argument that only virtual tunnelings
are allowed. In the analog gas picture a virtual
tunneling is a closely correlated instanton—anti-
instanton pair. We have in fact shown in a pre-

f— -,
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vious paper that in the presence of several mass-
less fermions a sufficiently dilute instanton gas
is actually a “molecular” gas composed of in-
stantons and anti-instantons permanently bound
into “diatomic molecules, ”* by the exchange of
massless fermions. This exchange gives rise to
a logarithmic attractive interaction proportional
to the number of flavors, of the form 6N1n R,
where R is the distance between the instanton and
the anti-instanton. In QCD it is probable that for
strong enough coupling there is a phase transition
at which point the “molecules” disassociate, lib-
erating free instantons and anti-instantons. This
would lead to a spontaneous breakdown of chiral
symmetry and will be discussed in Sec. V. In any
case the quasitunneling vac -fermions and anti-
fermions (which crosses tofermions - fermions)
leads to qualitatively new nonperturbative interac-
tions among massless fermions.

F. Beyond the dilute-gas approximation

The analog model developed above of a perfect
gas of instantons and anti-instantons is only a
valid approximation for very small coupling (or
small ). As the nonlinear coupling g increases
one must improve this approximation. In order
to see the effects which emerge when g increases
let us consider the contribution to the functional
integral of the n+=n-=1 sector. This sector has
net topological quantum number equal to zero,
i.e., the same as the naive vacuum sector n+=n-
=0, and strictly speaking the only saddle point
(solution of the classical field equations) is the
naive vacuum configuration. However, a super-
position of widely separated instanton and anti-
instanton configurations is very close to a saddle
point.

One way of including such approximate saddle
points in a systematic fashion is to introduce con-
straints into the functional integral. Thus we write
(schematically)

f [DA,]e™5W
h+=n.=1

=J-[DA,J] fﬂda;"Cf(A“,a;')nda;Ci'(A“,a{)e'S(A) ,
(2.39)

where fndai*Cf(A“,a,-*)= 1, the aj (aj) are “col-
lective coordinates” for the individual instanton
(anti-instanton) corresponding to the relevant
translational, scale, and group degrees of freedom,
and the C} are functions of the field that, for given
a;, fix these degrees of freedom. Interchanging
orders of integration one now expands, for fixed
af , about a true saddle point of the constrained
functional integral. For values of a; corresponding
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to well-separated instanton configurations the
saddle-point configuration will be approximately
given by the superposition of the instanton and
anti-instanton solution, and the action will be
simply —167%/g?, independent of the a;. This is
what yields, upon integration over af, the term
proportional to the square of the volume of space-
time (VT)? reproducing, with the correct nor-
malization, the perfect gas approximation.

Moreover, one can now imagine improving-on
this approximation, taking into account that the
action at the saddle point does depend on a; when
the instantons are at a finite separation. We can
interpret

1671
S(ai)=

+08S(@ai,a;) (2.40)
as consisting of, in'the analog gas model, a term
corresponding to the chemical potential (87%/g® a
piece) for the instanton and anti-instanton and an
interaction energy, 8S(a;,a;). Asimilar procédure
can be carried out in the multiple instanton—anti-

. instanton sectors. The result of performing the
saddle-point integrations will be to replace the
functional integral by the partition function of a
gas of interacting instantons and anti-instantons.
Since the Lagrangian is a nonlinear functional of
the fields there will in general be multibody
interactions.

The nature of these interactions for well separated
configurations is easily understood. In general
instantons will attract anti-instantons and repel
instantons, since in the first case one reduces
the action by bringing the configurations together
and in the latter the action is a minimum for in-
finite separation. In special theories, such as
QCD, instantons will have no interaction with
instantons, but an attractive instanton—anti-
instanton interaction will always exist. The in-
teraction energy will also depend on the group
orientation and scale size. The interaction will
vanish for infinite separation, exponentially in
non-scale-invariant superrenormalizable theories,
and according to a power law in scale-invariant
theories such as QCD.

Since for weak coupling we have shown that
the density of instantons is proportional to exp
(—8112/g2) one can perform a virial expansion
of the partition function. To first approximation
we have the perfect gas described above, where
8S has been neglected. Including the effects of the
interactions will yield corrections proportional
to the density of instantons. Thus one might hope
to set up a systematic virial expansion of the
analog gas in powers of exp(—8r%/g®). There are,
however, severe technical and conceptual problems
in attempting to do this. The first problem is that

of double counting. A well-separated instanton—
anti-instanton pair clearly gives an important
contribution to the functional integral. However,

it is clearly nonsense to consider both the ordinary
vacuum field configuration as well as an instanton-

.anti-instanton pair close together with equal weight.

The second problem is how to systematically sum
the quantum fluctuations about a given field con-
figuration when tunneling exists. We now know
that in the presence of tunneling the ordinary
perturbation theory is not Borel-summable.?
Thus the perturbation theory about the ordinary
vacuum will yield an asymptotic power series
E,,C,,g" which we do notknow precisely how to define
when g#0.

These problems are interrelated. The lack of
Borel summability arises from the existence of
real instantons, and the ambiguity in dealing with
overlapping instantons is related to whether such
configurations have been included as fluctuations
in other sectors. At the moment we lack the so-
lution to both of these problems and do not have a
systematic formalism for dealing with tunnehng
for large coupling.

To illustrate the nature. of the dilute-gas ap-
proximation'a,s well as the double-counting prob-
lem, it is instructive to consider for following
model, in which all quantum fluctuations have been
suppressed. Consider replacing the field vari-
ables A} (%;) by discrete spinso; =0 (t;) on a
dlscrete (Euclidean) time lattice. At each discrete
time the field will be constrained to be in one of
an infinity of possible |n) states, o;==, ...,
-1,0,+1,2,. Thus a Euclidean field configura-
tion'is represented by a lattice of spins that take
integer values: (o), 05, ...,07), Where T =total
time. A static |#) vacuum state is represented by
theo,=n, i=1, ..., T configuration (n,n, ...,n).
Obviously an instanton that effects |n) — |z + 1) at
time t'=i, is represented by (0,=0,F *** =0, =n;
044+,=*** =0p=n+1). Thetopological quantum num-

berisclearlyv=0,~0,. We shall choose theaction

to be

L 1
S= ;? lai "UH—J.‘ >

so that a configuration consisting of », instantons
and #_ anti-instantons has action = (n, +%n_)g*. The
6 vacuum to 6 vacuum amplitude is then given by

(ole=Tle) = D,

(0;),0,=0

(2.41)

e~Stoiislor=op (2.42)
This is simply the partition function for a one-
dimensional system of infinite-component clas-
sical spins with nearest-neighbor interactions.

For 6=0 the Hamiltonian is simply H =23|0; =04, .|,
and the temperature is kT =1/g*.
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For this system
1
E(8)=—1im (-In@|e~"7| 6))
T T—00

can easily be evaluated [by the change of variable
¥ =0;-04.)]:

2 2
1-2cosfe=Y ¢ + g2k
E(9)=1n< l_e_z/ga

2
~ —2 cosfe~E%+ 2 sin%0e=2#" + O(e%8")

(2.43)

Alternatively one can replace the spin variables
with instanton and anti-instanton variables. Every
configuration of spins corresponds to a configura-
tion of instantons and anti-instantons (which are
simply domain walls in the one-dimensional lat-
tice). Thus the configuration (,=0,=...=0,
=0, 044150442= ++.=05=1, 0ps,=...=0, =0,
Oe41=«+-=04=2) corresponds to an instanton at
t=a, an anti-instanton at t=0, and two instantons
at t=c. We can then rewrite Eq. (2.42) as the
partition function for a lattice gas of instantons and
anti-instantons with a chemical potential equal
to 1/g%. The instantons and anti-instantons may
be placed anywhere without affecting the action
(energy) except that we cannot allow an instanton
to sit on top of an anti-instanton. Thus, in effect,
the only interaction is an infinite repulsive core
between instanton and anti-instanton; instantons
do not interact among themselves. '

The perfect-gas approximationignores the double-
counting interaction, yielding

Glewmlo) = 3> 1

nyn_=0 T4l

X T+ +n-e-(n++n_)/xzei9(n+-n£)

= exp(2T cosfe~ %) (2.44)

The correction to this, which gives the first term
in Eq. (2.43) can be calculated by taking into
account the double-counting interactions of the
gas. Thus in the two-instanton sector, a con-
figuration consisting of two instantons on top of
each other contributes an amount Te~2%%¢?0

not 37 e~2%%¢%9 a5 given by Eq. (2.44). Also, an
instanton-anti-instanton cannot sit on top of
each other and one must subtract a term Te
from Eq. (2.44). Thus to order e~*#% we have,
including the above two corrections,

-2/82

©®le "T|6)=1+2T cosfe™ > +% (2T cosh)?e~2~*
+ 7 cos20e~2K" _ T om2*
~ exp{T][ 2 cosfe~ %" — gin*ge~2k"

+0(e” )}, (2.45)

in agreement with Eq. (2.43).

In a continuum theory, such as QCD, there will
of course be additional corrections due to long-
range interactions between instantons and anti-
instantons, as well as to the quantum fluctuations
about the saddle points. Fortunately the dominant
corrections to the perfect gas in QCD arise from
the long-range interactions which can be evaluated
in the dilute-gas approximation. Furthermore,
as we shall see below, instantons never get too
dense nor does the coupling constant get lérge
enough to seriously invalidate the dilute-gas
approximation. Thus we shall be able to proceed
to include effects of instanton interaction even
though we lack a systematic procedure for dealing
with the problems of double counting and quantum
fluctuations which would arise for large densities
and couplings. '

Finally let us note that, when the coupling in-
creases, other field configurations in addition to
instantons might become important. That in-
stantons determine the vacuum structure for ar-
bitrarily small coupling is due to the fact that
although the “energy” necessary to create an
instanton in the analog gas is (1/g%S,, the “en-
tropy” is even larger [ S~ InV (V =volume of space
time)] and the “free energy” F=Sqg —g%lnV is
dominated by the entropy term. The “temperature”
corresponding to a phase transition from an# .
vacuum is roughly given by

~g2=Sd_/an‘:;O.

On the other hand, one might consider other field
configurations whose action is in some sense in-
finite. If such field configurations occupy a volume
in function space which is large enough they might
be important at some finite g*>. Of particular
importance are configurations consisting of pairs
of configurations (molecules) whose action depends
logarithmically on the separation of the pair. The
free energy of such a pair, separated by R, will
behave as F~ CInR - g°lnR. For small g° the pair
will be close together, while for large g the en-
tropy term will dominate and the pair will sep-
arate. We might then expect a phase transition
at a finite temperature (=g%) from a gas of tightly
bound molecules to a-gas of dissociated molecules.
Such phase transitions are well known in one- and
two-dimensional systems with logarithmic in-
teractions.?®

In QCD there are two important cases of such
molecular field configurations. First, there are
instantons themselves in the presence of massless
fermions. The fermions effectively bind instantons
to anti-instantons with an attractive logarithmic
potential, thus suppressing tunneling. The phase
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transition which is responsible for chiral-sym-
metry breaking, from a gas of instanton-anti-
instanton molecules to a dilute gas of instantons,
is discussed in Sec. V. The second case concerns
merons. As we shall see, - instantons themselves
can be regarded as tightly bound pairs of merons,
which are localized lumps of one-half topological
charge, with independent entropy of position and
logarithmic interactions. The phase transition in
which instantons dissociate into merons and
which may be responsible for confinement is
discussed in Sec. VI.

II. INSTANTON INTERACTIONS

In this section we will study some simple fea-
tures of the instanton gas in QCD. As explained in
the Introduction, this theory has no free paramet-
ers and we cannot vary the relative importance of
instantons by varying some convenient coupling
constant. However, by asking questions which em-
phasize different distance scales one may accom-
plish much the same effect. At short distances the
effective coupling becomes small and the density
of instantons is very low. Our strategy will be to
start at the small scales and work our way out-
ward. Inevitably, we reach a scale where the in-
stantons are close enough that their interactions
become significant. This produces new pheno-
mena which we will discuss in this section. We
will find that large new effects begin to appear at
scales where the density of instantons is reason-
ably low and quantitative calculations are possible.
Still larger scales where confinement presumably
becomes manifest will be probed in Sec. VI.

In order to focus on pure QCD effects, we will
discuss an unrealistic theory with no light fermions
(the properties of light quarks will be studied in
Sec. V). We will also treat SU(2) and SU(3) in par-
allel since they differ in their behavior in instruc-
- tive ways. Let us begin with the role of the BPST
instanton in the SU(2) vacuum. As shown by ’t
Hooft its contribution to the functional integral is,
to one-loop order, ’

alitlncy= fave [ 8 029( )’

2 N
X exp<- SLZ + 2 lnup> s
8o
(3.1)
where p is a renormalization mass introduced by
the Pauli-Villars procedure. It of course makes
sense to express this in terms of a running coup-
ling constant, g(p), but this is ambiguous until
some precise definition of g has been adopted. To.
one-loop order, however, the ambiguity is just an

additive constant in 87%/g2:

a2 8rr 1
L N Y (3.2
270 gr T tow t 62

For simplicity, we shall adopt the coupling-con-
stant definition which sets C=0. This is not the
same definition as the dimensiona.} regularization
definition of g [which amounts in the SU(2) case to
setting C =-6.9] but does not appear particularly
unnatural—indeed, for the values of g we shall be
interested in, it makes two-loop contributions to
anomalous dimensions of low-lying twist-two op-
erators rather smaller'than does the dimensional
regularization definition. This is quite important
since we shall claim that interesting strong-inter-
action effects occur at sufficiently small coupling -
constant that we may neglect higher-loop effects—
but the same physics may correspond to large or
small g depending on what definition of g has been
adopted. In what follows we shall replace u and g,
by i so that .

82 22 1 as .. 1 82
o s Zln— =2 T 3.3
g70)  * "Ep P Yt el 3.3)

Eventually we will see that [ can be related to the
hadron scale size [we expect this one-loop expres-
sion for g(p) to be useful as long as fp is small].
To be consistent with the requirements of the re-
normalization group we must also assume that the
determinantal factor of (87%/g,%)* is actually [872/
g%(p)]*. To be more precise about this it would be
necessary to do a two-loop calculation of the in-
stanton determinant, a worthy exercise which has
not yet been carried out. In summary, our ex-
pression for the one-instanton contribution to the
vacuum functional in the pure SU(2) gauge theory
is

(an|"+l>su(2)=f d'z J %(0'26)<£%)—) 4

2

xexp - }8_;’(_‘5] . (3.4)

A modest extension of ’t Hooft’s calculation of the
SU(2) instanton determinant allows us to conclude
that, for SU(3),

(anl”H' 1>s§(3) = j d'z f _z—g (0’10)(5782%>6

812
xem| - zaay]s 6.9

where this time 81%/g%(p) =111n(1/p{x). The 12
powers of g™ arise from the zero modes: one
dilatation, four translations, and seven gauge
modes (the A, génerator does not induce a change
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in the instanton field and does not induce a zero
mode).

Next we construct the analog gas. To be system-
atic, we should invent a set of constraints such
that solving the Yang-Mills equations under them
yields the desired multi-instanton- anti-instanton
configurations, evaluate the functional integral
about the saddle point, and then integrate out the
constraints.- Since we do not know a good way to
do this we resort to a crude procedure which
should be adequate in the limit of low pseudopar-
ticle density. First, we convert the standard in-
stanton to singular gauge by inversion:

2

A2 P

" g x +p nauvxz (3.6)

Since A, now falls as 72 at infinity it makes sense
to construct multi-instanton configurations by su-
perposition:

Az —ZR“’A(”(x_z,.,p,.). (3.7)

In this expression 4 (!’ is the basic instanton or
anti-instanton solution of Eq. (3.6) (for anti-instan-
ton 7 =n) and R, is a matrix from the adjoint re-
presentation of the group representing the group
orientation degree of freedom. This is a solution
of the Yang-Mills equations only in the limit of in-
finite separation, but should be a decent approxi-
mation to the dominant configuration so long as the
pseudoparticles do not overlap significantly. In
this case the functional determinant should just be
the product of the individual instanton determin-
ants, and we know what weight to give these con-
figurations when we integrate over z;,0;,R{. In
what follows, we shall in first approximation neg-
lect interactions, taking the action of N pseudopar-
ticles to be N8r%/g 2, After exploring the conse-
quences of this assumption, we will turn to a com-
putation and discussion of the effects of instanton—
anti-instanton interactions.

The dilute gas arguments of Sec. II then imply
that the dominant contribution to the functional in-
tegral comes from configurations where the space-
time density of pseudoparticles of scale size be-
tween p and p +dp is [for SU(2)]

-

iF;D(p)— 5(0 26)< 0 ))46-8,,2“2“,). (3.8)

p
To check the cdnsistency of the dilute-gas approxi-
mation we may compute the fraction, f(p), of
space-time occupied by pseudo-particles of scale
size less than p. If f(p) is less than unity we will
have a dilute gas at scale size p. We take the
“volume” of an instanton of scale Size p to be that
of a sphere of radius p[(72/2)p%] and find

[4 dp'

Ao)=r* [~ Z-D(p") (3.9)

o P
(this is the sum of equal contributions from instan-
tons and anti-instantons). In the asymptotic free-
dom regime (small p) we may reexpress f as an
integral over x =87%/g? by using the [SU(2)] re-
lation

dx 2

= 22
dinl 7p“ =3 . (3.10)
The result is
L 32 )
f@)= 55 [ axD(), (3.11)

where now D(x)=0.26x%"*, Figure 2 displays f as
a function of x as well as (pu). It is clearly a very
rapidly varying function: f increases from 0.01 to
1 as p increases by only a factor of 2, from 0.15u"!
to 0.35u"'. We shall find that when f is less than
one, but not vanishingly small (greater than 0.1,
sdy) instantons cause significant modifications of
vacuum properties, in spite of the smallness of
the effective coupling in this region (x~10). When
f is greater than 1, however, the instanton gas
picture must break down and some new vacuum
physics must take over. Everything that we will
find strongly suggests that this transition is as-
sociated with confinement, or at least with the phy-
sics which sets the scale size of hadrons, and we
will provisionally make that identification. Since
the rise in f is so rapid as a function of x or p one
gets a rather sharp definition of the hadronic cou-
pling constant and scale size: x,~8, p_ u ~0.3.
Thus, through the equation f(x(p 1))~ 1, one real-
izes dimensional transmutation, eliminates u in
favor of the hadron scale size, and identifies the
hadronic coupling constant as a pure number. By
most usual measures x~ 8 corresponds to a rather
small coupling constant and measurements which
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FIG. 2. The fractionf of space-time occupied by in-
stantons smaller than agivenscale size p inan SU(2) (no
quarks) gauge theory. We plot f as a function of p and
%(p).
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FIG. 3. The fraction f of space-time occupied by in-
stantons smaller than a given scale size p in an SU(3)
(mo quarks) gauge theory. We plot f as a function of p
and x(p). :

probe distances smaller than the hadron scale will
see even smaller coupling, This picture of what
happens in SU(2) requires some modification be-
cause it will turn out that at x 11, the instantons
ionize into a new kind of pseudoparticle, dubbed
meron, which is very directly related to the dy-
namics of confinement. This would lead us to re-
vise our estimate of the critical values of p and x
slightly to x,~11, p,~0.2u"'. We will amplify this
remark in Sec. VI.

The situation for SU(3) is significantly different.
Now

dx
=11 3.12
din(1/pw) (3.12)
_and we have [in contrast to Eq. (3.11)]
T ("
flx)= ¥l f dx Dyya (%) . (3.13)

This function, plotted in Fig. 3, attains the critical
value at a much larger value of ¥ and grows much
more rapidly with p than the SU(2) case. The same
kind of argument as before would lead us to be-
lieve that the hadron coupling constant and scale
size are given by x,~16, p,~0.25u"1, Again, the
analysis of various effects arising from merons
or instanton interactions will cause us to revise
these numbers slightly, but the basic point re-
mains: The dilute instanton gas picture reveals
how and where dimensional transmutation occurs
and shows, most importantly, that the coupling
constant at the hadron scale size is a small num-
ber which gets smaller as the group gets larger.
The value provisionally associated with SU(3), «
~0.4, is not far from numbers which have been ex-
tracted from optimistic studies of scaling in elec-
troproduction.

We now would like to discuss various effects
which arise within the dilute-gas picture when the
density, while still small, becomes large enough

17 "TOWARD A THEORY OF THE STRONG INTERACTIONS ) 2737

for the pseudoparticles to influence each other.

To study this problem, we imagine imposing on
the system from the outside a weak slowly varying
external field, Fg*'. In the no-instanton vacuum
the action of such a configuration is just

1
0= o [dwy PP

In fact A®** must be regarded as a perturbation on
[Au]", the multiple-instanton configuration which
dominates the dilute gas vacuum. The interaction
of the external field with the instantons must be
included in 8S and, as we shall see, the net effect
for a weak external field is just a coupling-con-
stant renormalization.

First, we examine the problem of a single in-
stanton in a weak, slowly varying F&t. Thus, A u
=[A,]°+064, where [A,]° is the standard single in-
stanton of scale size p and 84, approaches the po-
tential of a weak constant F& at distances large
compared to the instanton scale size. In fact we
will divide space into two regions by a sphere of -
radius R, many times p, such that inside, in re-
tion I, [A,]° is larger than 64, and outside, in re-
tion I, 84, is larger than [A,]°. For |x| compar-
able to R we may choose 84, = -3 F¢%x,, the Lan-
dau gauge potential of a weak constant F .

Inside R we could find 84, explicitly as the so-
lution of the linearized equations of motion in the
instanton background field subject to the condition
of regularity at the origin and linear growth at
large x. On the other hand, if we define

S,=4 f Cdix(Fe)?
IxI< R

then
S1([A]+584) -8, ((A])

(3.14)

(3.15)

zf d4x(D%6AF®,+ 0(64%).  (3.16)
“IxI<R

Upon integrating by parts and using the equation

of motion for the instanton background field, D) FS,

=0, we can express the interaction energy as a

surface term, ’ :
S (A°+8A) -5, (A% = dﬂfcuﬁA;‘,(F:y)“

Ixl=R

+O(5A2). (3.17)

Now A is the instanton field in singular gauge so
that
Mg v P°

where M, ,=g,, - 2%,%,. Also, on the surface |x|
=R we may set 0A , =-3F%!x". The angular aver-
ages may then be carried out explicitly to evaluate

4
[Fe, = 7 Muu M (3.18)
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the O(8A) surface term, with the result
SI(AO +084) - SI(A0)= - E szﬁEXtT)auv

+0(8A%). (3.19)

The O(6A?) piece can also be seen to reduce to a
surface term and turns out to give the integral of
$(Fe%)? over the region |x|<R. A similar analysis
of region II, with A° now regarded as the perturb-
ing field and A®** as the background field, yields
an identical surface term to Eq. (3.19), assuming
only that A®*t is a solution by itself of the Yang-
Mills equations and that it goes to zero at infinity.

The net result of all this is that an instanton in
a weak, slowly varying background field may be
assigned an interaction energy

(3.20)

2m2
Spat== — pznauv‘F:itv s
g
“where F°*t ig the value of background field at the
instanton position. Note that if F®*¢ is self-dual,
Syt vanishes because 7,,, is an anti-self-dual ten-
sor. If Fe¢ is itself taken to be an anti-instanton
field of scale size p and centered a distance R
from the instanton, one finds '
3972 p%02 _ . o~
Sint =+ 2 R Rabnau Wop v Rv Rv' ’

z (3.21)

where R is the unit vector pointing from the instan-
ton to the anti-instanton and R, is the matrix de-
scribing the relative group orientation of the two
pseudoparticles. The maximum value of -S, ,
(obtained by varying R,,) is 967%¢ "%p%p 2R™*, inde-
pendent of K. This agrees with Forster’s calcu-
lation of the action of a pair constrained only as to
location, but not as to orientation.?* Since, in gen-
eral, S, , depends on instanton group orientation
and falls with separation like R™, instantons look
like objects carrying a colov magnetic dipole mo-
ment proportional to pzﬁw. [Recall that a magnetic
dipole moment is really an antisymmetric tensor

~ f(j“x"—j”x”).] This interpretation leads us to
expect that the dilute instanton gas will behave like
a dilute gas of spins with its response to an exter-
nal field described by a susceptibility. This effect
will, among other things, lead to a “classical cou-
pling-constant renormalization” of a rather inter-
esting nature which we will now study.

In the low density limit we may use a virial ex-
pansion to find the effect of the medium on an ex-
ternal field: Given the interaction, Eq. (3.20), of
a single pseudoparticle with the external field,
one first computes '

—Sgpe=(e St — 1) |

averaging over group orientation of the pseudopar-

ticle, and then weights this effective single-par-
ticle action with the appropriate pseudoparticle
density and integrates over scale size and location
to get the full effective action. For weak external
fields, one finds from Eq. (3.20) that )

F_ -F_\28r 72t
= Sint — - ext ext - .
(s = (Lo er) 5 00

+O(F 1Y, (3.22)
where # refers to the SU(z) gauge group, A(n) is

3 (8) for n=2 (3), and F,,=3¢€,,,,F), The appear-
ance of F — F simply reflects the fact that the in-
stanton interacts only with the anti-self-dual part
of F,,. The analog of Eq. (3.22) for an anti-instan-
ton simply replaces (F — F)? by (F +F)?. Since in-
stantons and anti-instantons occur with equal prob-
ability, the net effect of the medium is proportion-
al to [(F +F)+ (F — F)?]/4=F2. In other words,

the effect of the medium is to renormalize the or-
iginal external field action density by a multipli-
cative constant K~', where

8r2  4n%pt

-1 dp

Since K>1, the instantons cause the vacuum to be-
have like a paramagnetic medium and increase the
interaction energy between fixed external sources.
In fact, one easily sees from our discussion of the
integrated density, f(p), that the integral in Eq.
(3.20) will be large even in the dilute gas region
where f is less than one. If K is large enough, it
may even be energetically favorable in the pres-
ence of external sources (quarks) to form a flux
tube (or bag) in which the flux is expelled from the
region of normal vacuum (K large) and confined to
a region of abnormal vacuum (K = 1) where no in-
stantons are present. Expelling the instantons
costs vacuum energy which is made up for by the
lowered interaction energy between the quarks. In
this picture, the confinement or hadron scale will
have directly to do with where K begins to depart
significantly from one. This will be different
from our earlier criterion based on integrated den-
sity, but not dramatically so.

If we focus our attention on the instantons them-
selves, the above effects can be interpreted as a
coupling-constant renormalization. Evidently, the
action of an instanton of scale size p is decreased
by the presence within it of smaller scale instan-
tons. Very crudely

8.”2 87T2

2%(p) ~ g%p)

5 (3.24)
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PH

FIG. 4. The dependence of the effective coupling x
=871%/g% as a function of distance py, taking the classi-
cal renormalization effects into account for SU(3) (no
quarks). The dashed line represents the value of x using
asymptotic freedom alone.

where g(p) is, at this stage, the standard asymp-
totic freedom running coupling constant and g(p) is
the running coupling constant including the “clas-
sical” ;renormalization effects of the medium. As
expected, the medium amplifies the ordinary per-
turbative asymptotic freedom effects and causes
the effective coupling to increase more rapidly
with scale size. One could regard Eq. (3.24) as

a self-consistent equation for the effective coupling
by replacing x =87%/g%(p) under the integral by ¥
=81%/g%(p):

xw)xm-f o’ ﬂ‘%mnum» (3.25)

where x(p) is taken to be the perturbative asymp-
totic freedom effective coupling. Differentiation
with respect to Inp gives a renormalization-group
equation for ¥,

dx 4 _,
am(i/em) -t By * O
(where C,= 2, C,=11), which we may integrate
numerically. The results for SU(3) are displayed
in Fig. 4 and for SU(2) in Fig. 5. In both cases the

(3.26)

PH
FIG. 5. The dependence of the effective coupling x
=87%/g? as a function of distance pp, taking the classi-
cal renormalization effects into account for SU(2) (no
quarks). The dashed line represents the value of x using
asymptotic freedom alone.

new effects turn on very sharply at scale sizes
where our earlier estimates indicated that the in-
tegrated pseudoparticle density was rather small,
say 10%. As soon as they are at all significant,
the new effects are dominant.

A further point is that since ¥ increases more
rapidly with p than required by asymptotic free-
dom, the integrated density functions Eqgs. (3.9) and
(8.11) should be modified. Taking account of Eq.
(3.25) we have

D%

f o P N YN e R

Now f (x) is less than f(x) and, more importantly,
always less than one for interesting values of x

(x 2 10): One easily sees that f (x) <xA(n)/4. There-
fore, the coupling-constant renormalization effects
appear to reduce instanton densities to a manage-
able level and change our definition of the critical
scale size (where a transition from vacuum physics
to confinement physics occurs) to that scale
(~0.1u"1) where the effective coupling begins to in-
crease very rapidly. Therefore we must modify
the picture we extracted from the behavior of the
noninteracting instanton gas at the beginning of the
section. There we said that the onset of new phy-
sics is associated with the passage of f(x) through
1, identifying in that way a critical coupling and
scale size. Once the effects of interactions are
included, the density no longer rises dramatically,
but there is still a well-defined scale size and
coupling constant at which the renormalized coup-
ling constant (and vacuum susceptibility) begin to
rise rapidly. We now identify this transition as
setting the hadron scale and find new critical coup-
lings and scale sizes for SU(2) and SU(3) which do
not, in fact, differ markedly from the original es-
timates.

These considerations are probably too crude to
be taken very seriously since the rapid rise in
D(x)x® means that most of the renormalization ef-
fect on an instanton of a given scale size is com-
ing from instantons of nearly the same size. It
probably should be renormalized by instantons of,
say, half its size, or smaller, which would delay
the onset of sizable renormalization effects to
smaller x and integrated densities more nearly
equal to one. At the moment we do not know how
to translate this notion into manageable mathemat-
ics, but do not believe that it would materially
change the qualitative conclusions we have reached.
The most important of these qualitative effects,
let us repeat, is the identification of a well-de-
fined scale size and coupling constant (and a small
coupling as well) at which there is a transition be-
tween asymptotic freedom behavior and confining
behavior. This provides, we believe, the basic
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explanation for the apparent smallness of the Yang-
Mills coupling on the scale of ordinary hadron
sizes.

An alternate method of computing the “classical”
coupling-constant renormalization is to compute
the gauge field propagator D% (x—y). We now know
that the effects of vacuum tunneling may not be
negligible and we must include the non-Gaussian
fluctuations associated with tunneling. The sim-
plest way to do this is to write A as a sum over
instanton and anti-instanton fields (in singular
gauge) and perform the average by integrating over
instanton scale sizes, locations, and group orien-
tations with the appropriate density function D(p)
[D(p) summarizes the effects of Gaussian fluctu-
ations about vacuum tunneling]. In the product
A%(x)A%(y), cross terms between different instan-
tons vanish when we perform the independent
group orientation averages and we are left with a
sum over instantons of the correlation function
(A®%A%) for a single instanton.

It is best to evaluate the propagator in momentum
space (momentum ¢) and we have (Af‘o‘ is the one-
instanton field)

_Id4y eiq'yf d“xei""‘f d‘*zAg(‘”(x—zM,’j(‘”(y-z)

= 2m)%8(¢" - AL (Q)AY(-q)). (3.28)
The Fourier transform of the singular gauge in-

stanton field is easily seen to be

i(4m)? N4
vV UF y
g(p) ¢ (Pq)

where p is the scale size, F has the property

AL(g)= (3.29)

F(x)~1, x—

(3.30)
F(x)=-5x2, x~0
and g(p) is the coupling appropriate to scale size
p.

To construct the tunneling contribution to the
propagator we must form A2A3J, average over
group orientations (n,,, ~R,0,;,,, and average
over R), sum over instantons and anti-instantons,
and integrate over scale size. The result is

5 - -2
DE(q) puuner = (47125, 2= 0p 0
do D(p) F*(pq)
X | = Al ot 3.31
|5 =% %0 (3.31)

.The factor 5 arises from group averaging if the
group is SU(2). For SU(3) replace § by =.

If there is an upper cutoff p, on p and gp,<1,
then this result is simplified to
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o - 2
D) yunner = (27)%0 45 L_g_ﬂ_/_q

x f fedp 1  D(p)

b P gip) 3
This is just a numerical multiple of the free prop-
agator, and the result of adding the two effects to-

gether is to produce a finite wave-function renor-
malization

. m (e dp < 872 >
z=1+ % [ 2 () Dlo).
Y3 e\ )PP

Since the effect of Z on g is g2 —~g2Z this classical

(3.32)

(3.33)

‘wave-function renormalization increases the ef-

fective coupling. Our previous result was

1 1 2 e 82
35*55(1‘%‘ A 2 G e). G

As long as the renormalization effect is small,

the two results are identical. The previous calcu-
lation is in fact the more accurate. It was a self-
consistent field type of calculation which takes in-
to account instanton- anti-instanton correlations
induced by the long-range R™* interactions. Equa-
tion (3.27) does not take these correlations into ac-
count.

Finally, it is worth emphasizing that the instan-
ton gas is a paramagnetic medium. It is magnetic
rather than electric because a Euclidean gauge
theory corresponds to static magnetism. It is
paramagnetic because the coupling is renormalized
upward. '

IV. QUARK POTENTIAL

We now turn to the effect of vacuum tunneling on
the interaction energy of infinitely massive test
particles. As discussed in Sec. II the energy of a
quark-antiquark pair separated by a distance R
should be given by the Wilson loop in the form

e'E(R’TT:w<[trexp<ifdx'A):D, (4.1)

where f is taken about the obvious rectangle of
length T and width R, P is the symbol for path or-
dering, and the expectatidn is taken over gauge
fields A with the usual Yang-Mills action as weight.
This is of course the famous loop integral one uses
as a confinement test, but in this form it is being
used to pick out the potential energy of static spin-
less sources at separation R. This, or some vari-
ant of it, is directly relevant to the spectrum of
charmonium. Our interest in it, at this stage, is
mainly as an indication of how the instanton mod-
ifications to vacuum structure have a large and
qualitatively important effect on physics.

Our expectation is that E(R) can be computed
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FIG. 6. The contribution of a given instanton—anti-
instanton configuration on the quark loop.

reliably in the small R limit since fluctuations in
A onh a scale large compared to R will cancel out
between quark and antiquark. By taking R small
enough we can then arrange the loop integral to
be sensitive only to the low-density, small-scale-
size part of the instanton gas, where calculations
can be done reliably.

If this calculation is done in the naive perturb-
ation theory vacuum one will of course find

)

The effect is entirely due to one-gluon exchange
with a coupling constant varying according to asy-
mptotic freedom. Note that this energy is explic-
itly O(g?). But even at small distances the vacuum
has nontrivial structure due to vacuum tuhneling.
The associated vector potentials are O(1) and can
have a large effect on E(R) even though the dens1ty
of small-scale instantons is low.

The computation of this loop integral is in gen-
eral a rather difficult business, but it simplifies
considerably in the dilute-gas approximation. The
situation is as illustrated in Fig. 6. In our by now
familiar approximation the gauge field is taken to
be the sum of the individual instanton gauge fields.
Individual instantons are in singular gauge, so that
only those that are within their scale size of one
or both quarks will influence the loop integral.
Since the loop is long in the time direction there
is a time-ordered series of instantons (labeled in

the figure) which have an effect on the loop. Since
the instanton fields fall rapidly at infinity the in-
stantons may be considered in isolation in their
local effect on the loop.

Thus the entire loop integral may be written, in

this approximation, as
Loopztr(UF-)Uéﬂ... .. Ué-)Ui-))

(4.2)

(D))
Un Un Un-1

where the U,’s are ordered line integrals,

Pexp(ifdx'A “’) ,

associated with individual instantons. For U¢*
(U"?) the integral is taken over the increasing (de-
creasing) time portion of the loop. Since instantons
are widely separated and their A’s fall rapidly, we
assume that we can truly extend the upper and low-
er limits on the line integrals to infinity.

This expresSion simplifies when we average over
the gauge orientation degree of freedom of the in-
stantons. To average we replace Ui* by g,U{*'g7!
and independently integrate each g; over the prop-
erly normalized group measure. We immediately
see that under this sort of averaging,

UOUS - 2 v 4.3)
[where # is the # of SU(z)]. But then if the averag-
ing is done in reverse order, from xz down to 1,
the entire loop integral collapses to a product of
traces,

Loop -II[% tr(U§"U§")] . (4.4)
. =1 :

So, in the dilute-gas approximation, each instan-
ton contributes a term

1 -
b5, :1nz[tr(U;Z)U§i’)] (4.5)

to the action. We label U by the position; x;, of
the instanton to recall that U depends on the re-
maining free parameters of the instanton. Of
course, U depends on the spatial position (and scale
size) of the instanton because the quark loop has
been chosen to be invariant under time translation.
3S; of course vanishes when x; is far from the
loop.

Since the instantons are now decoupled, the sum
over multiple-instanton contributions to the loop
integral simply exponentiates the single-instanton
contribution and we have

-E®)= | degg—D(p)%tr(U;U;—l), (4.6)

where D(p) is the instanton density function [Eq.
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(3.5)] and the formula is strictly correct only so
long as E is small (density is low). Note that if

R =0 (the quark and antiquark are at the same
place) the paths used to evaluate U* and U~ are
identical, but traversed in opposite senses so that
U'U"=1. Hence E(0)=0 as it should. One can
easily convince oneself that the first term in an
expansion of E(k) in powers of R is O(R?) so that
the first-order effect of vacuum tuhneling on near-
by quarks is to prov1de a harmonic-oscillator po-
tential.

The strength of this potential is easy to evaluate.
U is supposed to be evaluated using the singular
gauge form of Aimstanton  On the other hand,
tr(UYUY) is identically the ordered loop integral
for a single instanton and is gauge invariant. It
is therefore legal to use the nonsingular gauge
form of Airstanton jp evaluating the trace (a more
handy gauge for computmg) An easy calculation
gives

U*=expl+inT * X/(x2 +p?)'/2], (4.7)

where X is the three-vector from the instanton cen-
ter to the quark (antiquark) position and p is the
instanton scale size. Simple algebra then shows
that

2 4
ae - [T 4
fdxtr(u U--1)=-R [—-3 o

+?x—zsmﬂ—(~9—€—2——2-)—17—2—]

+O(RY), (4.8)

where R is the quark-antiquark separation. The
sign corresponds to attraction. )

Doing the three-dimensional x integration and
summing over instanton and anti-instanton contri-
butions gives our final dilute-gas expression for
the quark-antiquark potential:

cdpll

L D0, @9

E(R) = (33.8)R? j
: 0

where D, is the instanton density function approp-
riate to SU(z). Now the upper limit on the p inte-
gration is surely determined by the confinement
scale of the theory. We have argued that this
scale corresponds to 8m2/z2(p,) ~10 and we will
provisionally adopt p, asthe upper cutoff in the in-
tegral for E(R). However, since p~3D(p) is a rea-
sonably rapidly decreasing function of p [for both
SU(2) and SU(3)] for p <p,, it is apparent that the
integral is dominated by the scale sizes near the
upper cutoff, and the precise way in which the cut-
off is imposed by the physics of confinement be-
comes important. Nevertheless, our crude eval-
uation should be good for order-of-magnitude
purposes. '

If we define a hadronic mass scale by u,~1/p,
we can express the unphysical u in terms of u,
and evaluate E in terms of physical quantities.

For purposes of comparison we consider two
cases: (a) SU(2) no flavors and (b) SU(3) three
flavors. The results are (a) E(R)=0.46 u, (u,R)?,
(b) E(R)=14.5u, (1 ,R)?. Most of the contribution
to the integration over scale sizes comes from the
range between p, and pc/2. The corresponding
range in x=8r%/g2 is from 10 to ~15, with the in-
tegral falling reasonably slowly over this range.

What are the salient features of this result?
First, the SU(3) potential is much larger than the
SU(2) potential. This is largely due to the fact
that for SU(2) the cutoff x,=10 is well within the
dilute gas regime (integrated instanton volume=1
at x=6.5) while for SU(3) x,=10 is just about at the
limit of the dilute gas regime. Had we extended the
SU(2) integral to smaller x we would have gotten
a much larger result. What is most interesting is
the size of our result—the potential energy is of
typical strong-interaction magnitude for [at least
in the SU(3) case] R’s small compared to hadronic
size. Further, sizable contributions to this energy
come from instantons whose effective coupling
constant and density are very small. Once again,
the dilute instanton gas produces large effects,
just through the vacuum tunneling corrections to
the vacuum, even when the coupling constant is
small enough that perturbation theory about the
naive vacuum would appear to be accurate. Al-
though we will not pursue the matter here, it
would appear that this interaction is of phenomeno-
logical interest, although when E becomes large,
one must do the calculation a bit better. '

In this calculation we have ignored a key feature
of realistic gauge theories: light quarks. If all
quarks had masses larger than u,,,, say, then the
calculation we have done would be correct. How-
ever, we know that massless quarks suppress
vacuum tunneling entirely and that light quarks
(on the scale of p™') reduce the amplitude for tunnel-
ing on a scale p. Since there are at least two fla-
vors of quark whose masses are light compared to
Uyag We must expect E(R) to be considerably re-
duced. A further, and potentially crucial, com-
plication is that if the bare masses of the two light
quarks are zero (or nearly zero) and receive their
physical mass by spontaneous symmetry break-
down, then one will expect the effective quark mass
to have a scale dependence (at short distances
symmetry breaking goes away). We will see
shortly that dynamical symmetry breaking occurs
at a scale size not too far from p,, the confine-
ment scale. Lesson: Instanton effects are so
large that the suppression of their effects by light
quarks is crucial to even qualitative understanding



of the dynamics.

Finally, we consider briefly the question whether
instantons by themselves can confine quarks. To
study this we redo the loop calculation, taking R
to infinity. Everything goes through as before ex-
cept that in Eq. (4.6) we may take U~= -1 (or U*
= -1) since a single instanton will overlap only the
quark or the antiquark. Indeed, the net effect is
just a renormalization of the quark mass which
turns out to be

AR = ” 2 2| T u
AE—{641TJ‘; duu® cos [2 W]}

([0

Pc
=111L %%Dn(p). (4.10)
This of course shows no sign of diverging, no
matter what the upper cutoff on p. The next term
in the large-R expansion.of E(R) is proportional
to R™! and should be interpreted as a coupling-con-
stant renormalization. An easy calculation shows
that

&\ .1 ] *edp
6(87rz)— 2, o Dile), .
a result which coincides with Eq. (3.24) as long
as the total coupling constant is small. Once again

we see that the effect of instantons is to increase
the coupling.

(4.11)

V. MASSLESS FERMIONS AND CHIRAL—SYMMETRY
BREAKING

As was realized at the very beginning of the
study of the physics of instantons, massless ferm-
ions play a very special role, converting the pure
vacuum tunneling of the nonfermion theory into
combined vacuum tunneling plus emission of one
chiral quark-antiquark pair for each flavor of
fermion. (Inthis discussion a fermion is for all
practical purposes massless if its mass is small
compared to the inverse scale size of the instant-
on.) This is what underlies the solution of the U(1)
problem. In a suitable approximation ( to be ex-
plained below) an instanton of size p provides a
nonlocal effective interaction between quarks of
the general form

N
H [T (1=v)¥; ]+ (Vs —=7s), (5.1)
where N is the number of massless flavors (the
color index as well as the normalization have been
suppressed). This vertex is invariant under SU(N)
X SU(N) flavor transformations but nof under axial
U(1), unlike the original Lagrangian of QCD. Since

17 TOWARD A THEORY OF THE STRONG INTERACTIONS . 2743

the effective interaction is nonlocal, it includes a
short-distance cutoff making it renormalizable.

Its numerical magnitude may be estimated in the
context of the dilute-gas approximation in much the
same way as we evaluated the static quark-anti-
quark potential. It will turn out that it is of gs'tan‘d-
ard strong-interaction magnitude and can be ex-
pected to provide a large mass to any would-be

1’ Goldstone boson.

This effective interaction, however, doesnotdi-
rectly break chiral symmetry. Thus inthe absence
of dynamical symmetry breaking tunneling is sup-
pressed and the evaluation of Green’s functions of
chirally invariant operators (i.e., that commute with
Qs) will only receive contributions from sectors with
het topological quantumnumber zero. Ineffectin-
btantons and anti-instantons will be bound together,
Fmd have little effect on such Green’s functions.
To be more specific, consider the one-instan-
ton contribution in the presence of a light quark,
whose mass is m. The normalization of the
tunneling amplitude is determined by the zero-
point fluctuations about the classical solution. The
additional term that arises due to the fermions is
simply the determinant of the operator B ,=(i#
+m —gA ;). As ’t Hooft discovered,'® the Dirac
equation EA\II= EV¥ possesses a zero energy nor-
malizable solution, ¥ (x), when m=0, resulting
in D(0)=det[#, ]| .o=0. This is simply the mani-
festation, in the path-integral formulation, of the
suppression of tunneling. For a light fermion the .
lowest eigenvalue no longer vanishes, but is pro-
portional to m. Thus

D(m)=det[B,],~,=mp, (5.2)

where p is the scale size of the instanton. Thus
the contribution of an instanton is severely sup-
pressed unless its size is larger than 1/m. When
mp is large the fermion determinant, after re-
moving the contribution to the charge renormaliza-
tion, approaches unity (this.is simply a conse-
quence of the decoupling theorem for heavy fer-
mions). ‘

In QCD we believe that at least two of the quarks
have very small (bare) mass parameters. Thus in -
the absence of dynamical mass generation for
these quarks instantons of sizes less than 1/m,,
would be totally suppressed. However, if by vir-
tue of the dynamical symmetry breaking of chiral
SU(N) the quarks acquire a dynamical mass then
instantons of smaller size could be important.

In the above discussion the “quark mass” does
not refer to the position of a pole in the quark
propagator, but rather to the, in general, momen-
tum-dependent piece of the propagator which com-
mutes with y,. Thus we might define a quark mass
to be m(p)=TrS™*(p). In general this will consist
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of a true mass term m(p,g) and a dynamical mass
term mp(p,g). For weak coupling my(g)~m, (m,
is the renormalized mass parameter in the La-
grangian) and mp(g)~exp(-1/g%). The momentum
dependence of my(p) is calculable from the re-
normalization group for large p: my(p/u)
~mIn(p/i))* (a is determined by the anomalous
dimension of ¥¥). On the other hand, m(p) will
behave as m,(p)~ (p2/12)° (G depends on the
mechanism for dynamical mass generation). In
Eq. (5.2) the mass parameter must be evaluated
at momenta of order 1/p, i.e.,

sesf ) omf2)]

Thus at very short distances, where only small
instantons are relevant, we will see the bare mass
which will suppress tunneling. If, however, dy-
namical symmetry breaking occurs, a dynamical
mass will turn on and restore the tunneling at
distances d, such that dm(1/du)=1. For our pro-
gram to succeed it is necessary that d=< p,.

To illustrate the above picture let us consider
the case of a single massless quark (1 flavor).
Here the original flavor symmetry of the Lagran-
gian is U(1)x U(1), and this is broken down to
U(1) by the transition to the 6 vacuum. The quark
acquires a mass directly by virtue of the nonvan-
ishing 6-vacuum expectation value of ¥, In the
presence of an instanton of given size p at x;

<W(x)\ll(y)>=$o(x "’x];p)\llo(y _xlyp) ’ (5'3)

where ¥ (v, p) is the normalized zero energy mode
of the massless fermion in the instanton field®:

3/2 9\1/2

\I’O(x’p)'—-(ﬁc—zwf(F) u. (5.4)
Upon integrating over instanton position and size
this yields an effective mass term which is mo-
mentum dependent:

m(p)=32ﬂZJ%D(p)%e'”" . (5.5)

In effect this mass is generated by considering the
fermion propagating in the background instanton
field in the dilute gas approximation and only in-
cluding the modification of the propagator due to
the zero-energy mode.

Since one must integrate over all scale sizes,
p, in Eq. (5.5) m(p) cannot be réliably calculated
for all p. If p is large enough the integral over
scale sizes will be effectively cut off at p~1/2P
and thus insensitive to the infrared behavior. As
discussed above the instantons interact strongly |
when p~p,~0.2u™. Thus we can trust the dilute-
gas approximation to calculate m(p) only for p
= 2.5u. Inthe case of SU(3) we find from Eq. (5.5)

oK+

m(p)

P

FIG. 7. The p dependence of m (p), in units of the re-
normalization scale parameter, in the case of one
flavor. The gauge group is SU(3).

that m(p) becomes substantial for p 2 20u (see
Fig. 7). In fact m(20u)=0.8u, m(15u)=2.3p,
m(10u)=8pu, and m(5u) =33 . Thus the quark
mass “turns on” at very short distances (compared
to 0.2u.7') where our calculation is reliable. This
means that instantons will undergo a phase tran-
sition—and be liberated once their scale size is
roughly £u™. This transition is certainly in the
dilute-gas region and occurs well before the
screening effects become substantial.
Unfortunately, it is much more difficult to cal-
culate the quark mass when there are two or more
massless quarks, since chiral symmetry is not
completely brokenby the 6 vacuum and additional dy-
namical symmetrybreaking is required. We have
suggested that the source of such dynamical symme-
try breaking mightbe the effective determinantal in-
teraction between left-handed and right-handed
quarks.'® Indeed given such an interaction one
might attempt to solve self-consistent integral
equations for the quark propagator in a chirally
asymmetric vacuum. The simplest of such equa-
tions (in the case of two massless quarks) is
shown in Fig. 8 where the left-hand side is the
quark mass operator, the internal line on the
right-hand side is the full fermion propagator in-
cluding the mass operator, and the vertex is the
instanton-generated effective fermion interaction.

Mg
—— =
P P P p

FIG. 8. Graphical expression of the integral equation
for the quark mass in the case of two flavors.
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The resulting equation is

my(q)
mp(p)= [ ok e L ILACRP

V(0,0= [ LoeWie.p,0),

(5.65

where V(p;p,q) is the effective vertex generated
by an instanton of size p.

In an analogous two-dimensional model we were
able to show that such an equation did indeed gen-
erate a quark mass,!® and by exploiting the cor-
respondence between the gas of instantons and the
two-dimensional Coulomb gas we were able to
verify this result. There we were able to proceed
with confidence by adjusting the coupling constant
to be arbitrarily small and relying on the infrared
instability of the two-dimensional theory to gen-
erate the mass. In QCD we have no such adjust-
able parameters. Furthermore, Eq. (5.6) is not
infrared unstable, namely the right-hand side does
not tend to diverge as m - 0. Thus the existence
of a self-consistent solution depends on the mag-
nitude and structure of V(p,q). .

The evaluation of V(p,q), however, requires
controlling instantons of arbitrary size, and thus
in general will be sensitive to the nature of the
cutoff on instanton sizes. Since V(p,p,q) behaves
as exp[-2p(p +¢)] one could contemplate using
Eq. (5.6) to determine the form of m(p) for large
p within the framework of the dilute gas approxi-
mation, but to actually prove the existence of a
self-consistently generated quark mass requires
detailed knowledge of V(p,p,q) for arbitrarily
large p. Caldi®® has investigated Eq. (5.6) using
the dilute gas approximation and approximating
the kernel by the contribution of an instanton of
a given size. He concludes that the interaction
is strong enough to generate a quark mass.

In lieu of attempting to construct the quark
propagator in the true chirally asymmetric ground
state we shall investigate the stability of the
chirally symmetric 6 vacuum, using as a probe
an appropriately chosen Green’s function which
can be reliably calculated for large momentum.
Such a quantitiy is the o=Ea.,,\TMI‘i ¥4  Propa-
gator (a =color, i=flavor),

J

q
XSO WoBRNNOE X
p+q
FIG. 9. The structure of the diagrams that produce
a tachyon in the ¢ channel. The + () blobs refer to

the effective determinantal four-fermion interaction
induced by instantons (anti-instantons).

Dy(p)= f

The instability of the vacuum will be signaled by
the divergence of the ¢ propagator at positive
(Euclidean) momentum squared. This corre-
sponds to a tachyon in the o channel, leads to the
breakdown of cluster decomposition in the 6 vacu-
um, and implies that the chirally symmetric state
about which the theory has been expanded is not
the state of lowest energy. It strongly suggests
that the true vacuum is one with a nonvanishing
expectation value of o.

Now for large enough p, D (p) can be reliably
calculated, with the corrections to its free-field
structure being generated by ordinary perturba-
tion theory plus the effects of instantons in the
dilute-gas approximation. In particular, we focus
on the effective four-fermion interaction induced
by vacuum tunneling, which leads to diagrams .
such as those displayed in Fig. 9. Large external
momentum (compared to the inverse confinement
scale) provides a scale size cutoff, restricting
us to a regimie where the effective coupling is
weak and the instanton density is low.  As p is de-
creased we shall find that the instanton interaction
increases in magnitude and becomes large enough
(for p~6.5u) to generate a tachyon pole in a re-
gion where the calculation is still reliable, This
we argue demonstrates that, as in the case of one
massless quark, the instantons are the source of
chiral-symmetry breaking and that this occurs at
a distance short compared to the confinement
scale.

We may proceed to a descrlptlon of the calcula-
tion itself. The key ingredient is the instanton
four-fermion vertex computed by ’t Hooft, 2!

(0 | T(o(x)o(O))]O) ettr |

1-

(O] B, 0¥, I DE,0)] = (s = c8n B =00 (F522). Rl

-1

X W o(10) (0 )W o(9)¥,(2) ‘ (5.7)

where w, ... are the locations of the fermion
sources (we take the instanton to be centered at
the origin), a,... are flavor indices, a,... are
color indices, 7,... are Dirac indices, and

2 1/2 3/2
w=(3) " G

is the normalized zero-energy eigenfunction (p
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is the instanton scale size). As explained by

’t Hooft, this simple form is achieved by aver-
aging over the gauge orientation of the instanton.*
For anti-instantons, replace (1 -v,) by (1+v,).

To compute the o propagator we must chain
these vertices together as in Fig. 9. Inorder not to
overcount fermion propagators, we must put an
inverse massless propagator between each pair
of fermion lines which is joined together (I" is an
improper vertex). The resulting y, structure re-
quires instantons to alternate with anti-instantons
in the chain.

The explicit flavor and v, structure of the ver-
tices allows one to say something about the corre-
sponding structure of the “¢” propagator. The
U(2)®U(2) relatives of 0=2%,¥, are n=2\17i75‘l/i,
7 =00¥,7¢ ¥, and 7%= 7% 7, ¥, and the same
graphical series as in Fig. 9, with appropriate
modifications of the terminating vertices, defines
their propagators. An =1 projection gives an
extra minus for each instanton relative to the /=0
projection and for y, propagators there is an extra
minus sign for terms having an evern number of
instanton vertices. The net result of this is that
if the o propagator is written A =2,7 A, where
A; is the contribution from a chain of ¢ instantons,
then the n propagator is written A2 =27 (-)'A,.
The general propagator has the symbolic form
A2+ 72)+ AP (n?+72). In other words, the ¢
and 7 propagators are identical, as required by
SU(2)®SU(2) invariance, while the ¢ and 1 propa-
gators are not the same, as would have been re-
quired by U(2)®U(2) invariance. The breaking of
chiral U(1) comes precisely from terms with in-
stanton number not equal to zero, as expected.
This is just another manifestation of the breaking
of chiral U(1) by vacuum tunneling.

The signal for vacuum instability will be a singu-

J

larity in either A“? or A‘” at some positive
(Euclidean) p2. Whether it occurs in A“’ or A" ig
not significant because the underlying theory is
massless and we may freely interchange our de-
finition of 77 and 0. Because these functions are
constructed as a geometric series, they obey an
integral equation with a kernel built out of the
instanton vertex. The kernel has an eigenvalue
spectrum (depending on the momentum, p, flowing
through the propagator) and the geometric series
will first diverge when the largest eigerivalue of
the kernel passes through 1. Our calculation will
be trustworthy if this catastrophe happens for suf-
ficiently large p®.

In computing the bubble chain there are three
types of integration to do: over the location of
each instanton, over the loop momentum in each
fermion loop joining two instantons, and over in-.
stanton scale sizes. The first simply establishes
momentum conservation at each vertex; the sec-
ond would be the usual trivial fermion-loop in-
tegral but for the structure the vertex possesses
through the fermion zero energy eigenfunctions—
it is in any event an explicit momentum-space in-
tegral which we will display; the third is what
makes the problem nontrivial—if instantons came
in one scale size there would be no integral equa-
tion to study, just an explicit geometrical series
in an explicit bubble function. We of course must
supply the scale-size-dependent instanton density
function for each scale-size integration, and we
will see that the external momentum provides the
desired lafge scale-size cutoff.

With this preamble we are ready to write down
the kernel of our integral equation. The kernel
acts on the scale-size variable, p, and has the
external momentum, p, as aparameter. Its ex-
plicit form is )

- D(P) 1/2 D(P’) 1/2{<2>1/2 2 /j\zl: 2 \/2 2 13/2 2 i‘;q__ -(P+ﬁ')(|al+lﬁ-q|)_q_;@_'.'_ﬂ
K”(p’p')'< ps) o’ = R N w7 B @’ P -q7’ (5.8)

where D(p) is the appropriate scale-size density
function and D( p) appears with a square root since
each instanton belongs to two loops. The d'g in-
tegration is the fermion-loop integration. Thefac-
torsofm, p*¥2, ™'Y, ande™'*"* arise from the Four-
ier transforms of the zero-energy fermion wave
functions in the instanton vertices. The exponen-
tial factors provide the large scale-size cutoff
mentioned before. The eigenvalue equation is

just

<w(p)= [ dp',(p, ") (p"). (5.9)

P

Because of the small scale-size cutoff built into
D(p), it is reasonably easy to see that, because of
the exponentials, for large p the eigenvalues are
all small. Our problem is to find when, as we re-
duce p, the largest eigenvalue first crosses 1.

The momentum-space integration can be partial-
ly performed yielding

[oD(p) ]/ 2[p'D(p") ]}/
(p+p")?

xF((p+p")p),

Kp(ps p')= 327T2

(5.10)

where
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Fp)= [ ayep?
-1

“ (yz _ 1)1/2[33)2 -4 _y(yz _ 1)1/2]
W+ 67177

1, p—-
= {‘_(ﬂp/z)lfze-’, pco (5.11)

Now we will be interested in F(p) for values of
p=1, and we find that for these values F is ap-
prox1mate1y given by (to=~5%)

F((p+p"Yp)=e"?? for 0<p(p+p’)<2. (5.12)

This again makes (as in the case of one massless

K, o = (026326200 2201 (1 Ly L

(o+p')

so that

(pp)y(, 1
K4, oy = 018208 w* (52 (1n

up - up’

In the case of SU(3) color .and two massless flavors

D=0, ‘( 8(;)>se"p<§%>a“d 527({;%““(:7)’

quark) the large scale cutoff induced by the ex-
ternal momentum very explicit.

The only place where the nature of the gauge
group enters is in determining D(p). If we study
SU(2) color with two light flavors then for small
scale sizes

Dip)=0 26(-2<p)> e (- 3?2))

8r2 < 1 >
= = 61 —
Z%(p) aym

and

so that ‘
2
) R (5.13)
1 =plp+p) :
o e pre) (5.14)

To find the maximum eigenvalue of K, we will attempt to maximize its expectation value in a normalized
wave function ¥(p). It is convenient to rescale p by p and define x=pp and ¢(x)=vp¥ (p) so that ¢ is
normalized with respect to the variable x. The expectation of K is then, foranSU(2) gauge group,

(9|K,| 9= (106421)<—£i>6 (m%)q fu i d L2EW e [+ (nx) in(u/p)FHe— 2

= (ﬁ’-}i‘-y <1n~§)4 fdx dx'd(x)L (x ,x")b(x")

where f dx $*=1. The salient feature of this ex-
pression is that the explicit p dependence out front
is very rapid while the kernel L, is rather slowly
varying with p. Evidently the critical value of p
will be ~6.9u: For p large compared to this, the
factor of (6.9u/p)® will drive the maximum eigen-
value to zero, and vice versa for p small com-
pared to 6.9u. The kernel L, is rather well be-
haved and a numerical exploration of this region
reveals that the maximum eigenvalue crosses
1 at p/1=5.5 and the corresponding eigenfunction
is reasonably well approximated by ¢(x)= 6(x
—-0.75)6(1.75 —x). Thus the instability arises
from instantons whose scale sizes range from
0.14." to 0.32u™ and the corresponding couplings
range from 872/g%=12.0 to 87%/g2=6.9.

If the gauge group is SU(3) instead of SU(2) the
analog of Eq. (5.15) is

(x+x')?

(5.15)

0,50 224)"" (2

xfdxdx'¢>(x)L,(x,x')¢(x'). (5.16)

Analysis of this equation shows that the maximum
eigenvalue crosses 1 at p ~9.2u with the corres-
ponding eigenfunction being approximated by ¢(x)
=¢(x —1.25)6(2.25 —x). Therefore the instantons
responsible for the instability range in scale size
from 0.14pu to 0.26 u. The corresponding coupling
constants range from 87%2/g%=19 to 13. In this
range the dilute-gas approximation we have em-
ployed is reliable.

We therefore conclude that the chirally sym-
metric 6 vacuum is unstable, that in the true
vacuum o will have a nonvanishing vacuum expec-
tation value, and that the quark will possess a'
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dynamical mass. Furthermore, the instability
arises at rather short distances, so that we might
expect the quark mass to turn on rapidly at rather
large momenta, leading to the liberation of the
tightly bound instanton-anti-instanton pairs.
Clearly additional investigation is required to
gain a quantitative control over this phase transi-
tion. However, to a first approximation we would
imagine that the net effect in calculating Green’s
functions of chirally invariant operators is that
instantons of sizes less than p,=0.25u" or x,
~15 are suppressed and instantons of larger sizes
are not.

If one goes back now to reevaluate the interaction
between instantons as discussed in Sec. III one will
find that the screening effects are diminished,
since until we get to x =x, there are no free in-
stantons. Similarly, in the presence of massless
fermions, merons will be liberated at a slightly
larger scale size, or larger x. Alsé), the instant-
on corrections to the quark-antiquark potential
will be postponed to distances greater than p,.

Note that because massless fermions suppress
the effects of instantons at scale sizes less than
p, our calculation of the ¢ propagator is highly
reliable. We need not worry about the effect of
instanton interactions in probing for chiral-sym-
metry breaking, since until one gets to the dis-
tance at which the symmetry breaking occurs
these interactions are small.

VI. AMECHANISM FOR CONFINEMENT
A. Infr_oduction

We have seen how instantons can make the cou-
. pling g grow dramatically with distance leading

to a strong g-q interaction. However, this does
not necessarily imply strict confinement in the
sense that isolated quarks do not exist. It may
be that confinement can only be demonstrated by
actually solving the theory, but one would hope
that such an important property arises from a
simple qualitative mechanism which can be seen
at an elementary level. This section is devoted
to the discussion of an effect of this kind. It is
based on a new kind of field configuration in
Euclidean space-time. - To motivate the introduc-
tion of these configurations it is useful to review
some work of Polyakov on (2+ 1)-dimensional
models.?”

Polyakov studied the Georgi-Glashow model
in 2+ 1 dimensions. This model contains a triplet
of heavy Higgs scalars, heavy charged vector
bosons W*and W~, and a massless photon. In
Euclidean space-time the classical equations of
motion for this model are identical to the static
equations of motion for the Georgi- Glashow model

'

in 3+1 dimensions. These equations possess a
well-known instantonlike configuration: the Poly-
akov-’t Hooft monopole. .Polyakov shows that
these instantonlike monopoles confine charged
particles in the (2 +1)-dimensional theory. We
will paraphrase his arguments below, but first
it is important to understand that there is an es-
sential difference between the monopole in 2+1
dimensions and the instanton in QCD. For both
the monopole and the instanton the vector poten-
tial A* falls like ™ at large distances. However,
in the case of the monopole F*” falls with its
dimensional power, 2, while for the QCD in-
stanton F*” falls as ™ and depends on an ar-
bitrary scale size. This difference is fundamental.
Because of the slow falloff of F*¥, the monopole
cannot be interpreted as a vacuum tunneling event.
(In fact, it can be shown topologically that » states
and 6 vacuums as defined in Sec. II do not exist
in odd numbers of dimensions.) Conversely,
Polyakov’s confinement mechanism cannot be
straightforwardly applied to instantons in QCD.

The chemical potential of a monopole or anti-
monopole in Polyakov’s theory is ~el/ & (g is
the dimensionless coupling constant). Thus by
taking g small the monopole-antimonopole gas can
be made as dilute as one likes. Because of the
long-range (magnetic) Coulomb interaction between
monopoles, the gas does not become noninteracting
even in the limit of zero density. However, for
sufficiently small density the parameters of the
gas are such that the Deybe theory applies. The
IEuclidean functional integral then describes a
}Deybe plasma of monopoles and antimonopoles.

To see why charged particles are confined in
this model consider the Wilson loop

e ERT= (exp(i $A -dx)) (6.1)

averaged over the vacuum ensemble of monopoles
and antimonopoles. The character of this average
can be seen as follows. The quantity E(R)T is
precisely the free energy of a steady electric
current loop in a plasma of magnetic monopoles.
(The ¢ appears in the statistical mechanics for-
mula because upon passing to imaginary time the
interaction [ A* x“df remains real.) By Am-
pere’s law the current loop has to make a mag-
netic field, but a magnetic field cannot penetrate
into a plasma of magnetic monopoles for the same
reason that a static electric field cannot penetrate
into an ordinary conductor. As shown in Fig. 10,
this conflict will be resolved by the formation of
a dipole sheet across the loop. The thickness of
the layer will be essentially the Deybe length and
when the size of the loop is large compared to

the Deybe length the free energy will be propor-
tional to the area. This leads to an energy €(R)
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(a)

FIG. 10. (a) The Wilson loop with its dipole sheet.
() A cross section of the sheet. The + (—) signs are
monopoles (antimonopoles) and the directed arrows are
the magnetic field.

~R (but the reader should remember that this
linear potential holds only for distances greater
than the Deybe length ~e2/3¢%). Also for very
large separations the interaction will not be just
a static linear potential. It is relatively easy to
stretch or bend a large dipole sheet. This will
introduce new degrees of freedom and lead to a
string-like interaction between charged particles.
The dipole sheet contains a magnetic field H,
=¢€,;; F¥ normal to the sheet. Taking a time slice
through the sheet one then finds an electric field
F%’"'=E” lying in the sheet, which means that
at a fixed time charged particles are connected
by electric flux tubes; see Fig. 11, Thus in a
fixed time picture the vacuum would appear to be
a magnetic superconductor which expels electric
flux. One can in fact verify from Polyakov’s
dispersion relation for H that the vacuum does in
fact expel a static transverse electrical field.
There are therefore two ways tolook at Polyakov’s
model, either as an ordinary magnetic conductor
in space-time or as a magnetic superconductor at
a fixed time. :
As far as confinement is concerned, the im-
portant property of the monopole is that F** goes
like 2, implying A~ 7" with the »™ term not
a pure gauge. Objects with F*Y~»"3, say, would
correspond to permanent magnetic dipoles. A
vacuum filled with them would act like a para-
magnetic medium (analogous to the dilute in-

FIG. 11. The sheet at a fixed time showing that the
confined Euclidean magnetic field is an electric flux
tube in Minkowski language.

stanton gas in QCD) which just renormalizes the
logarithmic Coulomb interaction. Still shorter
range objects (»™ with » >3) affect the Wilson
loop only when they are very close to it, and
produce only a mass renormalization. A non-
trivial A going like ™ has the property that for

a loop of (space-time) radius p the integral $A -dx

. will be of order unity as long as the source of

the field (e.g. monopole) lies within p of the loop.
In a plasma there are order p® such monopoles
and if there were no correlations between mono-
poles the Wilson loop averaged over configurations
would behave like exp[—(const)p®] corresponding,
since p® should be interpreted as R*T, to a quad-
ratic potential. However, the long-range cor-
relations that exist in a plasma reduce the po-
tential down to linear.

Evidently, if we want to find an analog of Poly-
akov’s mechanism in QCD we need to look for
configurations where A goes like »™ and is not
a pure gauge. This requires that F*¥~»2 and
there is an immediate problem: The action of
such a configuration will be ~g 2 In(R*), where
R* is the volume of space-time. It would appear
that such configurations cannot strictly exist in
an-infinite volume, but one has to remember
that the entropy of position of such an object
(assuming that in some sense it can be considered
as localized) is proportional to R* and that the
probability that it will appear somewhere is

R~/ e

This vanishes as R - « if g is small, indicating
that in the infinite volume limit such objects make
no finite contribution to the functional integral.

On the other hand, for larger g, :

Rite 1R/ 2w

as R— « and isolated configurations of this kind
can contribute. This phenomenon is familiar in
two-dimensional statistical mechanics and will

be discussed in the QCD context below. For di-
mensions greater than four, F*¥ going like »™
implies an action which grows like a power of

R and cannot be overcome by entropy. Thus d=4
is the critical dimension for confinement by Poly-
akov’s mechanism.,

There is a classical solution to the Euclidean
Yang-Mills equations, due to De Alfaro, Fubini,
and Furlan,?® in which A , behaves like ™ and
F*" is nontrivial. It is

v

X
A: (x)=17auv72— . (6.2)

This solution is singular at the origin as well as
at infinity. However, since confinement is strictly
a long-range problem, we may freely smear the
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field at short distances (details of the smearing
will be given below). . One then finds. that the InR
term in the action is multiplied by 37%/g2 and

R: e'3v2/g’21n R

ceases to vanish for large R when g?%/87% >4,

It appears therefore that g2/87%=% is the critical
coupling for the appearance of these objects as
significant contributors to the functional integral.
Later we will see what this means in terms of

the running coupling of Eq. (3.3). '

A configuration such as that in Eq. (6.2) will
affect a Wilson loop of radius p whenever it is
centered within p of the loop. In an uncorrelated
gas of such objects the loop integral would then
behave like exp(-;const_ Xp*) corresponding to an
R? qq potential. However, as will be explicitly
demonstrated below, there are logarithmic in-
teractions between any two of these objects, and
strong plasmalike correlations. Our guess, and
this is purely conjectural, is that these correlations
will produce some analog of Polyakov’s dipole
sheet and reduce the R?® potential to a linear one.

Assuming for the moment that some sense can
be made out of these rather peculiar objects, it
is amusing to ask what their physical interpreta-
tion would be. Consider the wave function of the
vacuum as discussed in Sec. II: In the gauge
Af=0 we take it to be a function of the A} at a

fixed time. Taking a time slice of the configuration

in Eq. (5.2) at =0 one finds that the magnetic field
H’= ;¥ Fii (which depends only on'the A* at

17
one time) is, up to a time- independent gauge
rotation,

x® x?
4= el . .
Hy= IX1° ©-3)
By a gauge transformation which rotates x° into,
say, the third axis H? becomes
x*
e (6.4)

which is just the field of an Abelian magnetic
monopole. In particular, except for a lack of
smoothing at the origin it is the monopole of the
Georgi-Glashow model. Thus when the coupling
is large enough so that the configurations in Eq.
(6.2) appear in the Euclidean functional integ-
ral, the wave function of the vacuum will contain
(color) magnetic monopoles (strictly speaking,
well-separated monopole-antimonopole pairs;
see below). A time slice of the configuration in
Eq. (6.2) for £<0 (¢>0) is not quite a monopole
but is rather a configuration building up toward
(decaying away from) a monopole. Mandelstam
has argued that the presence of such objects in
the vacuum wave function will lead to a magnetic
superconducting state in which (color) electric
flux is expelled.?® Thus we may very well have
electric flux tubes between quarks and in general
a picture which is qualitatively almost identical
to that of the (2+ 1)-dimensional model.

. As was pointed out by [De Alfaro et al.,?® the
solution in Eq. (6.2) has a half unit of topological

TABLE 1. Confinement as a function of dimension. The question marks indicate  either

unknown or conjectured..

Dimension d=2 d=3 d =4 d =5
Space-time vortex monapole meron
configuration
Naive qg linear quadratic cubic
potential :
Interaction short Coulomb logarithmic
between range oY
configurations
g9 potential linear linear linear (?)
including no }
correlations confinement
Vacuum in 2 magnetic color magnetic
space-time conductor conductor (?)
Fixed time > vortex monopole J
configuration )
Vacuam magnetic color magnetic

wave function

superconductor

superconductor (?)
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charge @ located at the origin.. For this reason
we have named these objects merons (from the
Greek root pepoo part).’® Oddly enough, half-
integral topologiéal charge seems to be closely
related to confinement in the Schwinger model.
Following a suggestion of Rothe and Swieca,®!
Nielsen and Schroer®® have pointed out that certain
functional integrals which show confinement in the
Schwinger model are dominated by the vortex
configuration A*=¢*¥x"/|x|? which has two-
dimensional Abelian topological charge of 3 and
which they called a ¢ instanton. The ™ field

of these vortices is a pure gauge and the inter-
actions are short range. In fact confinement is
essentially kinematic in two-dimensional gauge
theories (the Coulomb potential is linear), and
we are not sure how much to make of this. It is
nonetheless amusing to note that a time slice
through the origin of the (2 +1)-dimensional mo-
nopole produces the vortex in the same way that
a time slice through a meron yields a monopole.
Thus the superconducting vacuum in Polyakov’s
model has vortices in its wave function.

Note that the confining objects, merons, mo-
nopoles, and vortices all come from the con-
figuration in Eq. (6.2) taken in 4, 3, and 2 dimen-
sions (in 3 and 2 dimensions it can be reduced
to an Abelian configuration). The physics as a
function of dimension is summarized in Table I,
where it has been optimistically assumed that
merons will confine for d=4.

There are clearly sufficient indications that
merons are important to warrant a serious study
of them. What follows should be considered only
as a first step in this direction.

B. Meron kinematics

As mentioned earlier, the meron is characterized

by having one half unit of topological charge con-
centrated at the origin and another half unit at
infinity. The logarithmic singularity of the action
integral comes precisely from this delta function
concentration of topological charge. We will
eliminate the singularities by replacing the mer-
on by a different configuration in which the top-
ological charge is spread out around the origin
and infinity:

( 2
2577 NauvXe, X<V I
vA“—{ ! <x<R 1 (6.5)
b= T Maus¥es ¥ <X ]
2 |
Wnawxu, R<x IIIII.
.

Between the inner and outer spheres (whose radii

are arbitrary) the field is identical to the meron
field. At the inner (outer) radius it joins smoothly
onto a standard instanton field whose scale size
is chosen such that the net topological charge
inside (outside) that radius is one-half unit. This
field satisfies the equations of motion everywhere
except on the two spheres. In fact, it is the so-
lution of the equations of motion under the con-
straint that there be one-half unit of topological
charge both in the inner and outer spheres. None
of our qualitative arguments depended on the
pointlike distribution of topological charge—all
that mattered was the existence of a region where
A, fell like 1/x and was not pure gauge. Con-
sequently, this smeared configuration should
be just as interesting from the point of view of
confinement.

The action of the new configuration is readily
calculated to be

8m2 3r?® . R
Sweron = ?2— + E.T ln,},_, (6.6)

where the constant term comes from the two half-
instantons and the In term comes from the pure
meron region in between. Furthermore, if

we let R -7, this configuration becomes the
standard instanton and we recognize the meron
as the extreme limit of a class of deformations
away from the instanton. In a sense that we will
eventually make precise, the instanton may be.
regarded as a bound pair of merons, and there
are inescapable circumstances where this new
degree of freedom plays an important role in
the statistical mechanics of the instanton.

To make this notion clearer it is helpful to
invert the configuration about some point a, in
the region between » and R [x,~a, +p*(x —a),/

(x —a)?, with p an arbitrary scale factor]. Be-
cause of conformal invariance, this produces an
equally good solution of the equations of motion.
The geometry before and after inversion is de-
scribed in Fig. 12. Since topological charge is
a conformal invariant, after inversion we have
two spherical regions of net topological charge
one-half surrounded by an infinite region of zero
topological charge density.

This new configuration is shown in Fig. 13.
Regions I’ and III’ (the inversions of regions I
and III) are again circles whose centers and radii
are to be inferred from the coordinates displayed.

~ Since the inversion of an instanton is again an

instanton, the field in regions I’ and III’ is an in-
stanton. The center coordinates x;., x;;;. and scale
sizes 7', R’ of these instantons are indicated on

Fig. 13 and it is worth noting that x;, and x;;,, are
off center. Region II’ is the inversion of the meron.
Explicitly, this field is
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~

~

/
< ()
(b)

FIG. 12. (a) Concentric sphere geometry for a
smeared meron. Region II is the region of zero topolo-
gical charge. The point a is the center about which we
invert to obtain (b). (b) Inversion of (a) containing two
localized regions, I’ and IIT’, of nonzero topological
charge.

(& =%p1p)y
WYX =Xy )

(x —x4.)
Nawv (x_x:, )gu +

A= (6.7)

or just the sum of two merons. The corresponding

F,, falls at infinity as ™, leading of course to

a convergent action integral. So the inverted con-
figuration is a smeared version of two merons

at positions x;, and Xy,

It is very revealing to consider a sequence of
such configurations obtained by holding 7 fixed
and increasing R from 7 to infinity. For def-
initeness, choose p=a=vR7. With these choices,
for large R the configuration is as shown in Fig.
14(a): two half instantons of scale size 7 and
separation \R7 =d between the centers of the in-
stanton configurations. The action is

8r2 672 d
= -3+ ? 1n ; .

On the other hand, in the limit R -7, regions I’
and III’ grow without limit in radius and move
toward each other while the centers of the in-
stanton configurations move toward each other.
In the limit the configuration is just an instanton
of scale size 7 split in half through the center
[ Fig. 14(b)].

In other words, the smoothed meron configura-

L

tot 1 t
PZ PZ PZ p2
= e e

FIG. 13. Detailed specification of the configuration of
Fig. 12(b). p is the scale parameter of the inversion.
The crosses mark the centers of the instanton configur-
ations filling out I’ and III’. #’ and R’ are their scale

. sizes.

tion may be thought of as describing various stages
in a sequence of deformations.of the instanton,
leading from the instanton at one extreme to two
widely separated smeared merons at the other.
In a sense the meron is to be regarded as a con-
stituent of the instanton. This is closely related
to the fact that the instanton behaves like a color
magnetic dipole—the merons are the configura-
tions into which the dipole can split. We shall
see that excitation of the meron pair degree of
freedom makes a significant change in such quan-

|[«~—r0d0d ='\/F¥l’ —_—

/_. o
’ \ ’
o N\ A
—1 x X% T
\ /
\N /
~o —
nI
tb)

FIG. 14. (a) Large-R limit of meron pair configura-
tion. The crosses mark the center of instanton config-
urations of scale size 7 filling out regions I’ and III.
(b) Limit of meron configuration as R— 7. The crosses
mark the centers of instanton configurations of scale -
size 7 filling out I’ and III’. The crosses approach each
other and region II' vanishes as R —7.
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tities as vacuum susceptibility. More importantly,
there is a phase transition which sets the merons
free, which, we believe, leads to quark confine-
ment. '

In what follows, we shall elaborate on the prop-
erties of the individual meron pair configuration,
first showing that it makes a sensible contribution
to the functional integral (and has a well-defined
entropy) and then evaluating its effect on some
interesting physical quantities. In fact, of course,
a single meron or meron pair makes a negligible
contribution to the vacuum functional. What really
counts is a multimeron configuration in which
the mean density of merons is chosen to maximize
the free energy. In the instanton case it was
obvious that a reasonable multi-instanton con-
figuration could be constructed just by super-
position. Precisely because of the slow asym-
ptotic falloff of the meron field, it is not obvious
how to superpose an arbitrary number of merons
and we do not yet have a sensible representation
of the sort of configuration which will dominate
the functional integral. It would be very helpful
to find the N-meron pair generalization of Eq.
(6.7), the singular one-meron-pair solution of
the Yang-Mills equations, which one could convert
to a useful “meron gas” configuration by smearing
out the singularities in the way just described for
the two-meron configuration. We expect that the
problem of making function-theoretic sense of
the smearing is basically the same in the 2N as
in the two-meron case. )

We should mention that the spherically sym-
metric ansatz

Az=7n2,8,Inp(|x|) (6.8)
leads to other infinite-action solutions than the

meron. If we define

d
$=-1- ZInp,"

(6.9)
7=In(x),
the equations of motion become
dz ’
Fm b =26(07-1). (6.10)

The meron is the solution ¢ =0, but this equation
also has periodic solutions which would corres-
pond to nested merons. Our belief is that such
configurations are special cases of the more gen-
eral n-meron configuration in which each meron
has its own position and scale-size coordinate and
will be included once we learn how to deal with
the meron “gas.” . J

It is also clear for this ansatz that the only
solutions with localizable topological charge are

merons or instantons. In fact, for a spherically
symmetric configuration, the requirement of
localizability of charge for a configuration cen-
tered at the origin,

x*Tr(F,,F,)—0,

lxl=o

requires that
9
a7 ¢—0.

This eliminates all but the meron and instanton
solutions. Configurations with other localizable
fractions of topological charge will not satisfy

the equations of motion anywhere. To obtain these
as true saddle points one would have to introduce
an infinite number of constraints and one would -
not obtain for superpositions of such configurations
as independent entropy of position for each one.

C. Meron functional determinant

In our qualitative discussion of smeared merons
we assumed that they contribute to the functional
integral in the same way as instantons, with a
chemical potential determined by the action and
an entropy determined in an obvious way by the

iscale size. The only way to be sure of this is to

evaluate the Gaussian functional integral about
our chosen smeared meron configuration. This
is an extremely interesting exercise, fbecause :
the meron is not, strictly speaking, a solution of
the equations of motion and all intuition about
Yang-Mills theories so far concerns integrations
about strict solutions. One may worry that some
catastrophe causes the meron functional integral
to be undefined.

In fact the situation is not, strictly speaking,
much different from that which obtains in the
dilute instanton gas. The instanton-anti-instanton
configuration is not a solution of the equations
of motion either, and we have always argued that
it was simply necessary to impose some con-
straint which picks out the instanton-anti-instanton
configuration to the functional integral and then
integrate over parameters in the constraints which
correspond to the-coordinates of the instanton
and anti-instanton. (Also, when massless fermions
are present the instantons and anti-instantons
interact via a long-range logarithmic interaction
in precise analogy with a meron pair.) In fact
we never carried out this program in detail since
it is obvious what the answer is. For the meron,
the answer is not obvious and we must carefully
evaluate the functional integral.

In so doing we will answer some obvious questions.,
First, why are there half-units of topological
charge? The answer is because that is the con-
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figuration which you can specify with a finite num-
ber of constraints. Second, why is the smearing
defined by spherical regions and not some other
more complicated shape? When one evaluates
the functional integral, one in effect integrates
over small deformations about the sphere. The
convergence of the integration over small fluctu-
ations indicates that spheres are a locally optimal
choice for the smearing constraint. We see no
evidence for another nonspherical family of con-
straints which should be included. At the moment
we have no rigorous argument, but only a strong
feeling that nothing has been missed.

We will now set up the problem of evaluating
the functional integral about the two-meron con-
figuration shown in Fig. 13. In order not to over-
burden the reader, we will present here only the
outline of the calculation as well as the essential
features of the results, reserving the details for
a future publication. The two-meron configuration
is not general enough to tell us directly about con-
finement, of course, but should suffice to reassure
us that the meron makes as well defined a con-
tribution to the functional integral as does the
instanton. In fact we shall see the discussion of
the meron is nof optional: Whenever instantons
are quantitatively important, merons are more
s0.

There are several issues to clarify. In the clas-
sical action of this configuration,

3m? 1 R 472
goz n 7 + goz s

4 2

S= ;0"2— N
the three terms arise from the inner instanton,
meron, and outer instanton regions, respectively.
The renormalization procedure has to turn each
g, into an appropriate value of the renormalized
effective coupling constant. Roughly, one wants
the instanton coupling to be renormalized at its
scale size and the meron itself to be renormalized
at something like the separation of the two mer-
ons. This poses the question of how the renor-
malization and regularization scheme works in
detail. On top of this, we must show how to im-
pose and integrate over the constraints needed
to pick out the meron configuration.

Let us first tackle the renormalization question
by computing the functional determinant of a
scalar field of isospin ¢ in meron field background.
In this and what follows, our notation conforms
to ’t Hooft’s treatment of the functional deter-
minant of the instanton.?! We wish to compute

D®-1/2= f[D(Z)(x)] e A (6.11)

4
I

2 3d
A= fawo(- - S L

+40T - L1+p202T2>¢ , (6.12)
where p?=x2 and o is given by
p*+7?’ 0<p<r
1
o(p) =¢ e 7<p<R (6.13)
2
R<p<
L 2 +RZ’ p<>

To fully exploit the conformal invariance of this

‘system it is best to use a dimensionless field

variable <Z>' =p¢. This is unconventional and we
will normalize our answer by computing Dpepon/
Dianton » Which is unambiguous, and taking

Dy ganton from|’t Hooft. It is now appropriate

to pass to new variables {=1Inp and € =solid
angle so that the action integral becomes

A()= fdﬂf_w dt[$t2+¢72+4L25?

+400°6 T+ L, ¢ + (020" §T?¢] .
© (6.14)

The ‘k/irtue of this form of the action is that in
the meron region op?=1 and the action is a sum
of harmonic oscillators. We will regulate this
determinant by adding other scalar regulator
fields with space-dependent mass terms AZ%(x)
proportional to the local magnitude of F, ,,

( 472
ey 0P

1
w2 ? r<p<R

A%(x) =22 xé p

(6.15)
4R?

R BEP<=-
|

The virtues of such a choice in the instanton region
have been explained by ’t Hooft.2* For us, it suf-
fices to note that the mass term for the ¢~> reg-

ulator is A%(x) %2, which is a constant in the mer-

on region (¥ <p<R). Therefore, even with reg-
ulators, the meron action is still a sum of har-
monic oscillators. .

The partial-wave decomposition into simul-
taneous eigenstates of L ® and (L, +7T)?*=J* com-
pletely separates the problem. If

F= 2 YL@ 0,
(6.16)

Iy L
fdﬂ(Y{)2=1 ,
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then
A() = JZ; f: AHD 1%+ My 2 6517, (6.17)
where
My ?=1+4L%+40x°T - L, !
+(0x2)? T 2 1 x203(x?) (6.18)

and is independent of x in the meron region. For
the moment let us concentrate on a particular
partial wave and evaluate the functional integral
except for the integration over ¢,=¢"%(»), ¢,
=¢7L(R), the values on the boundaries between

* regions I and II, II and III, respectively. The
regions I, II, and IIT correspond to inner in-
stanton, meron, and outer instanton, respectively.
Thus

D, M= fd¢ dp,FI¥(0,¢ VFIE(D,, ¢,) Fi(6,,0),
(6.19)

where FJL(¢, ¢’) is the JL partial-wave functional
integral over the restricted region I with ¢, set
equal to ¢, at the end points of region I (similarly
for regions II and III).

Because we are computing a Gaussian functional
integral, it must-be true that

F(0,¢ ) =F;(0,0) e m®1*/2
(6.20)
Fin(é,, 0)=F (0, 0) e~mi®s’/2

Since regions I and III are instanton regions, which
may be transformed into one another by an in-
version, we also have m;=m;=m and F(0, 0)
=F;;(0,0). Therefore, if we imagine treating

the instanton functional determinant in a similar
way, writing

[DJL-llz]instanton = _[d‘l’ FI(O! ¢) F111(¢, 0) ’
‘ (6.21)

we have
-1/2]_ - FI(O: O)Fln(o: 0) .
instanton ‘/m—

[Dsy (6.22)

This will be important when we compare D oo,
with Dmstanton ’

The function F{#(¢,, ¢,)'can be computed ex-
plicity since the action function in region II is
that of a harmonic oscillator of frequency,

Brp?=1+4L%+4T « L +T? 422,

Consequently it is easy to show that

i
,
Fr*(@, ¢,)= ‘smhunT

exp[ - u”(qbff%z) cothu T
+2U,.0,¢,cschuT],

(6.23)

where T=¢,~1,=In(R/r). In the limit of large
meron separation (R /7 -~ «) the variables ¢, and
¢, decouple,

R
Fr (¢, 0.~y exp(— Krr 1“7)

X exp[—ps (¢ 2+0,3)]. (6.24)

The ¢, and ¢, integrations may be done explicitly
to yield

[DJL-l/Z]meron FJL(O O)FHI(O’ O)

X exp (— Boryy, R >
(w+m)yy 2
(6.25)
or
[I)JL.1

[D J’L-1 2] instanton

IRALUTSANS 3

(m+ 1)y

X exp <—- % ln—f—> .

’]
meron

(6.26)

To compute the full determinant we divide by
the vacuum contribution in the same partial wave
and then take the product over all partial waves.
Under these operations the factor multiplying the
exponential can be shown to give a convergent
result, a pure number of order one which we have
yet to calculate and will denote by ¢. Thus

H ( Dmeron > -1/2
D

JL instanton
1[¢ R
=c exp{— g[z(#n - ) ln;-l} , (6.27)

and the divergence is entirely contained in Z{u;,

— ). The vacuum eigenvalues are of course

‘obtained by setting T'=0 in Eq. (6.18).

Regulation of this divergence is carried out in
the conventional manner described by ’t Hooft.2*
If DY/2()) is the determinant calculated with reg-
ulator mass A, then the divergences of the partial-
wave sum are eliminated by forming

D().)”/zf g[D-llz(M)]ei [D"UZ(O)] , (6.28)

where e; =1, 7 runs from 1 to (in this case) 4 and
4
Z Zeik =
i=1 i=1
Sen

(6.29)
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and

Ze,ln)\ _—ln7\

i=1

(6.30)

The parameter X plays the role of a large cutoff
parameter and can only be eliminated by supplying
a counterterm for coupling-constant renormali-
zation.

Evidently the eigenvalue sum in Eq. (6. 27) serves
to renormalize the coefficient 372/g,? of In(R/7) -
in the classical action. Since it is precisely the
In(R/7) term which determines how rapidly the
meron determinant falls with increasing separation
and therefore how important meron effects are
relative to instantons, this eigenvalue sum is what
we are mainly interested in. The meron mass
matrix may be diagonalized explicitly and the reg-
ulated sum computed by a combination of num-
erical and analytic methods. The result, for =1,
iS33

2 2
3—”2—1:15—-(3” +31m 4 0. 52>1n-}l (6.31)
&o r &o
The coefficient of In) is consistent with the con-
tribution of an I=1 scalar to the one-loop re-
normalization of the coupling.

To complete the renormalization procedure we
must add a counterterm which absorbs the diver-
gence in the effective coupling constant and com-
pensates for the space-time dependence of the
regulator mass. We make use of 't Hooft’s ar-
gument that the counterterm must be local and,
therefore, locally identical to the fixed-mass
counterterm. Thus the counterterm appropriate
to defining the renormalized coupling constant
at fixed mass p is

Az (x)

A=~ tr(F2?) 4 In —~ (6.32)

9672

Now AZ(x) is proportional to A2, and it is easy to
verify that the InX terms cancel between the
counterterm and the regulated determinant. What
is more interesting is how the resulting finite
quantity depends on u.

In the first instance we are tempted to use

4y 2

v A

A%(x) =212 X —1-, r<x<R

p (6.33?

4R?
W’ R<x<ow,

This is wrong if we are describing the renor-
malization of the two-meron configuration of Fig.
13. The reason is that we must carry out a con-
formal transformation (inversion, to be more

accurate) to bring the two-meron configuration
into spherical form and A? is not conformally
invariant—it transforms like a density of dimen-
sion 2. Thus, if the inversion taking us from the
spherical configuration to the two-meron con-
figuration is carried out around x =a with scale
parameter p, then the proper counterterm is
obtained by setting

4 0<x<
(’;’2+x;§’ el '1’
4
A= E= ey %, r<x<R (6.34)
4R?

m, R<x <o,

Let us choose a?=Rv =p? so that, as explained
earlier, the two-meron configuration consists,
at least for large R/7, of two half instantons of
radius 7 separated by a distance d=vR 7 In what

" follows, except when explicitly noted, we take the

special case of equal-size merons.

Let us first consider the total action, including
the counterterm, coming from the region 0<x <7.
Since a>7, we may neglect the factor (x - a)*/p*
in A%(x). Then the counterterm action is

492 2
___ 4
ad=- fd [1’ FZex % ]
X1 [Az 472 }
n F‘ (,},2+'x2)2

= AT 1 const (6.35)
= - g;g— 3 n Frj— +const ). .
This combines with the classical action and de-
terminant associated with this region to give

[Aliganton =47 <g12 + z:nz Ing 1'2>+const .
(6.36)
The contents of the parentheses are (up to a con-
stant) just 1/g%(ur), where g is the effective cou-
pling constant including only the renormalization-
group effects of a scalar field. At any event, the
chemical potential of a meron core will, as ex-
pected, be determined by the effective couphng at
the core size.
What about the region R<x<»? This time, since
R >>a, we replace (¥ —a)*/p* by x*/p*, and we find
(remember that a? =R7)

1 [ 4Rz 72
M=-m L d""[(Rz +x2)2]

[ aRe ]
ln[w Ror® B2 1407

1 (4n® Az
=—— In —— B +const

5 " (6.37)
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Once again, the renormalization scale for the
meron core is seen to be 7, which is the physical
size of the core.

Finally, we must go through the same procedure
for the region outside the cores, in the meron re-
gion itself, Now we have )

L (L)
R Tl Bl Ve

A2 (x—a)
><1n[u2x2 pr ] .

(6.38)

If we keep only the pieces which grow with in-
creasing R,
1 2 2 R

AA =5 InA% = In (¥ d’i’)ln; s 6.39)
where d=VR7 is the separation distance of the
meron pair, Combining this counterterm with the
classical action and the regulated determinant as-
sociated with the meron region we have

32

d .
(Al neron =2(g;— +3 1nu2dr+o.52) ln,  (6.40)

which is to be interpreted as saying that the meron
action has the effective coupling constant evaluated
at scale size Vd¥ , This is perhaps a bit more
complicated than one might like, but not physically
unreasonable, '

So far we have shown that the determinant serves
to identify the effective coupling at which the ac-
tion of the various components of’the smeared
meron pair should be evaluated, The computation
was carried out for a scalar field, but similar re-
sults would have been obtained for higher-spin
fields. The details would have been different since
the partial-wave decomposition is not so trivial,
but these differences are necessary to produce the
different renormalization-group behavior of
higher-spin fields. The essential aspects of this
question will be explained as we discuss the deter-
minant of the gauge fields themselves,

The contribution of the gauge field itself to the
functional integral must now be studied, and it is
here that the issue of constraints arises since we
are attempting to integrate about a gauge field
configuration which is not a solution of the equa-
tions of motion, We want to specify location and
scale size for two meron cores, which is a total
of 2(4 +1)=10 constraints. Nine of them are as-
sociated with zero modes arising from the sym-
metries of translation (4 parameters), inversion
(4 parameters: arbitrary location of inversion
point), and scale invariance. The tenth is the one
constraint variable on which the action depends
(R/7 in the spherical configuration),

We propose to pick out the desired two-meron

solution by constraining a small number of partial-
wave amplitudes on two spheres, each sphere de-
fined by center coordinates, @, and a radius, 7,
This is a convenient set of parameters from the
point of view of conformal invariance: Under in-
version, spheres transform into spheres and,
furthermore, the obvious volume element, d‘adv/

75, for integrating over constraint parameters is

invariant under inversion. Since the whole scheme
will be inversion invariant, we are then free to
identify a useful choice of constraints in the spher-
ically symmetric configuration.

Consider first the inner instanton core of the
configuration. We want to guarantee that it has
scale size 7 and is centered at @, Define

672
L= f dﬂA,‘inauu(x-a)u "'g_a"(l -€),

Teay

(6.41)
Iy = f dQAleapv.

r.u“
The integrals are taken over a sphere of radius » cen-
teredata, and € isa small parameter whose sig-
nificance will shortly emerge. It is easy to show
that f, and [, vanish if A, is taken to be the Landau
gauge instanton field of scale size (1 +€)” centered
at a,. I, can be thought of as fixing scale size while
I, fixes location. The reason for the factor of
(1 =€) in the definition of I, is that if € =0, I,=0
(as well as I, =0) for the meron field Al =M%, /X2,
The constraint, by itself, would then not distin-
guish between the smeared meron and the original
singular meron (although a requirement of finite
action would).

The Jacobian associated with integrating over a,
and 7 about the configuration which satisfies the
constraints is easy to compute, and we may estab-
lish the identity

1 d*adr

1= ) =%

6P ) 6(4,A), 701, A)) .
(6.42)

The factors of 672 and 1/g come from the Jacobian.
The factor of 1/g arises because the field about
which we integrate is O(1/g). To pick out a meron
pair, we need two such constraints: one for the
inner core and one for the outer core., After in-
version, the integration d*adrd*a’dr’ can be inter-
preted as an integration over location and scale
size of two meron cores and looks very much like
the integration we are used to in the dilute instan-
ton gas. All the expected dimensional factors and
nearly all the powers of £ are now present.

We now must evaluate the constrained vector-
meson functional integral. We set the problem up
in the same way as we set up the scalar field func-
tional integral: We work in the spherical configu~



2758

ration, use a dimensionless field variable a, =xA,,
and use a logarithmic radial coordinate ¢ =1nx,
Then the action function is

A =fdszf dt[a“ 4y et+aya, +4a,L2ay +40x%a,T + L, a,
+(0x%fa,T%a, +A2(x)x%a,a,
+2a,T,x% §,a,]. (6.43)

f 'L,, is the background field tensor and satisfies

47252

2fa A <
T = (x2+72)2na1“” X<
=77auu—nauuxxkxu_xux)\naﬂw Y<x<R
4R?x2
R<x, (6.44)

=(_JC—§TR_2_)2_TIG““”

The quantities ¢ and A have the same definition as
before. The main difference with the scalar case
is the presence of the spin coupling term involving
fp,,., The presence of this term complicates the .
analysis somewhat since now the partial-wave re-
duction does not completely diagonalize the action.
In fact, since fi™" is neither self-dual nor anti-
self-dual, as a general rule four partial waves are
coupled. On the other hand, in the meron region .
the action is still a sum of harmonic oscillators,

Virtually all of the analysis of the scalar field
determinant carries through here. The only dif-
ference is that since partial waves are coupled,
the quantities m and u are 4X4 matrices instead
of numbers. The algebra of combining the deter-
minants of the several regions and dividing out
the instanton determinant goes through with the
understanding that functions of 4 and 7, now ma-
trices, must be interpreted by taking the deter-
minant. The constraints affect only a few /=Q and
! =1 partial waves and therefore have no effect on
the divergences or their renormalization.

To analyze the renormalization of the In(R/7)
term in the action we must once again compute the
regulated sum of meron eigenvalues. Despite the
more complicated meron mass matrix (compared
to the scalar case), the eigenvalues may still be
found explicitly and the regulated sum computed.
The result is to replace the classical action,
(672/8,2)1In(d/7), by a renormalized action,

Sn(d,7, 1), which grows with d and has the simple
property that33

9 S _3 8m
alnd ™" 4 g,2(ud)

In this expression C, is a constant [found to have
the value 2.89 for SU(2) and 6.55 for SU(3)] and g,
is the same Pauli-Villars definition of the coupling
constant adopted in Sec, III:

-C,. (6.45)
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8m 8n?
Z2(Ed) =E§‘ 2 pd =~ z"‘lnnd , (6.46)
8m* 871 1 ‘
£ - 11pd=11In=7., (6.47)

The essential feature of the determinant
[exp (=S,)] is the power of d with which it de-
creases: If it falls too rapidly, the merons never
get far enough apart to be effective as separate en-
tities. In the next section we will see that the cri-
tical condition is just

8/

m-sm=8, (6.48) -
or
13.6, SU(2)
8n? )
=D =2,C,= (6.49)

17.2, SU3).

Thus there is a critical coupling and separation at
which meron dominated vacuum physics will set in.
By comparison with the arguments of Sec. III we
see that for SU(2) merons come in at a scale where
instanton (and presumably also meron) density is
low, while in SU(3) merons come in at larger, but

still small densities.

The dependence of S, on the core radii is also
simple, Taking two cores of independent radii 7
and 7’ and keeping d fixed, it can be shown that

Y _ §< 872 C)

9 'm 2 “%njls

In¥ 8\ g, ("—‘W) (6.50)
d 3, 8n? ,

a8 gy ~ %)

Thus the derivatives of S, with respect to Ind, 1n7,
or In7’ are the same as those of the bare action
with g, replaced by an approprlate coupling renor-
malized at d, 7, or 7',

Finally, we should comment on an instability
which is present in the lowest partial wave, Since
the meron pair action increases without limit as
we increase the separation, there is a point where,
as we increase the separation, it becomes ener-
getically favorable to create a meron-antimeron
pair out of the vacuum and convert the original
two-meron configuration into a configuration con-
sisting of an instanton and an anti-instanton. This
is reflected in the occurrence of a negative s-wave
eigenvalue as we increase R/7, The calculation we
have described is strictly valid in the region
1< R/7<exp(n/2v2) where there are 7o negative
eigenvalues at all. In fact, meron pairs do not
occur in isolation and we expect the density of
pairs of a given scale size to be comparable to the
density of instantons of comparable scale size. In
SU(3) at least, when the meron effective coupling



is large enough for the meron degree of freedom
to be sxgmfxcant the meron density is comparable
to one; Then a meron is never far enough from a
neighbor for the above-mentioned instability to be .
relevant, The converse: of the existence of this
instability is that when an instanton and anti-in-
stanton get too close to each other, it will be ener-
getlcally favorable for them to convert to a meron-
antimeron pair. The critical separation is related
to the stability requirement 1< R /7 < exp(7/2v2)
and corresponds, to a density of a few percent.
That is, when'the integrated instanton density ex-
ceeds a few percent, neighboring instanton-anti-
instanton pairs will collapse to meron-antimeron
configurations, Consequently, it may be that
merons dominate all the semiclassical vacuum
fluctuations—not just at the confinement scale,
This point will be investigated further.

To summarize, the contribution of a meron pair
to the functional integral may be written as

dix dv - dix'dr’

» 75
4m? 4m , '
XeXp[-M—M -Sn(d, 7,7 )j' : (6.51)

where d=|x-x'|, the meron separation, and

C is a number containing some powers of g,
from the constraints. At the one-loop level C.

is independent of 7, 7', and d (assuming of course
that d>>7,7') and we have isolated the complete
dependence on the interesting parameters. Each
core has a chemical potential 47%/g%(r) and an en-
tropy of position measured in units of the core
size. The integration over core sizes is conver-
gent at 7 =0 by asymptotic freedom. To go to large
7 we would have to determine the way in which the
factors of g,7! in C depend on 7, 7' and d, Unlike
the case of an instanton the renormalization group
does not suffice here and a two-loop calculatmn or
some further physical insight is -needed.

D. The dynamical effects of merons

In the examples reviewed at the beginning of this
section confinement was achieved by reducing the
Euclidean functional integral to the partition func-
tion of a plasma and using our understanding of
plasma dynamics (more specifically, charge
screening) to establish the confining behavior of
the quark- ant1quark potential, Turning to four-
dimensional gauge theories, we found a class of
field configurations (meron_s) which have the essen-
tial properties of the lower dimensional plasma
pseudoparticles (most importantly A,~#"! for large
7) and conjectured that a plasma of such pseudo-
particles would account for confinement in realistic
gauge theories, The merons, of course, are
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rather strange objects and the preceding lengthy
discussion was aimed at convincing the reader that
they make a perfectly sensible contribution to the
functional integral and have entropy of position,
etc., just as do the instantons,

There are significant dlfferences of course.
Most 1mportant1y, the meron cannot be discussed
in isolation, even when we smear its core, be-
cause of the logarithmic divergence of its action
at infinity, This can be understood, by the way,
in vacuum tunneling language: The meron can
readily be shown to descrlbe the transition between
an 7 vacuum and an “2 +3” vacuum, and the gen-
eral argument of Sec. II shows that such an event
cannot have finite action, Pairs of merons have
finite action, but this action grows logarithmically
as they are pulled apart,

Two-dimensional experience, summarized in our
paper on the effects of massless fermions on two-
dimensional instantons,'® has shown that a logarith-
mic potential between pseudoparticles, though
growing without limit, does not prevent the pas-
sage to a pseudoparticle plasma phase: Entropy
can beat energy provided the temperature (coupling -
constant) is high enough (the essential elements of
this mechanism work in four dimensions as well
as two). Our study of the meron determinant
showed that the coupling constant that goes with
the logarithmic interaction energy depends on
meron separation and scale size and, because of
asymptotic freedom, increases (decreases) as
these quantities increase (decreaée). We will
shortly discuss ways of estimating the critical
coupling constant at which the merons are “liber-
ated” and will find that it is gratifyingly small,

The general picture then is that small merons are
closely bound in pairs and not much different in
their effect on vacuum quantities from instantons,
while sufficiently large scale-size merons are
not, in spite of their divergent action when con-
sidered separately. One might therefore expect
many of the vacuum fluctuation effects associated

_with “half vacuum tunneling” to survive, at least

in a qualitative fashion.

There are some technical problems which stand
in the way of a quantitative study of these ques-
tions. Most serious is our lack of a suitable trial
function to describe the meron plasma. We know
what a meron paiv looks like when it is recogniz-
ably a deformation of an instanton and can of -
course describe a sufficiently dilute gas of such
pairs. In a pair, the group orientation of the indi-
vidual merons is rigidly locked together, while
that is presumably not the case in the more gen-
eral configuration appropriate to the plasma phase.
At the moment, the best we can do is to examine
how the meron degree of freedom affects vacuum
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properties on the other side of the “phase transi-
tion” where we have a gas of meron pairs and look
for singular behavior signaling the onset of a tran-
sition. The idea is the following: We have already
seen that instantons in the Yang-Mills vacuum lead
to a paramagnetic susceptibility which increases
with increasing scale size. This susceptibility
arises from the response of the instanton color
dipole to the applied field. The two-meron config-
uration can be regarded as a deformation of an
instanton and could arise in response to an applied
field. We will now include these deformations in
our calculation of the susceptibility and will find
that it is enhanced, More to the point, we will
find that at some scale size the susceptibility be-
gins to diverge, signaling an imminent phase
transition. This occurs, classically, at the rather
small coupling g2/872 = -332-, which is in fact the value
of the coupling at which the free energy of an iso-
lated meron vanishes.

We proceed as in the computation of the instanton
gas susceptibility. To evaluate the interaction of
a meron pair with a weak constant external field,
Fgx' we only need to know the meron pair field at
large distances. Let the separation between the
merons be A, and let ¥ (large compared to A) be
the position at which Fij™" is evaluated. In the
gauge described earlier in this section it is easy
to see that (for x>A)

Az ~ A~ -~
F‘:w(x) NxTMpp’ (x)Muu’ (x)EF‘,‘J,,,, (A) ’

EF‘:W =%Yaa’ (—nu’uv +3u3 et .

(6.52)

+ "Ia'u)\3 )‘Av) ’

where M, () = (g, — 2%,%,/%%) is the conformal in-
version matrix and G, is a group matrix describ-
ing the group orientation of the meron pair. Since
the meron pair is basically a deformation of an
instanton it is perhaps not surprising that F,, falls
as x~* just as does the field of an instanton. What
plays the role of scale size is the separation, A,
of the meron pair so that for fixed x, the field
(and the interaction with an external field) grows
like A% with increasing separation. Unlike the
instanton case, the field is neither self-dual nor
anti-self-dual. E

By the arguments of Sec. III the interaction en-
ergy of the pair with a weak external field is

85, =2 f AR, (~3F, ) Frgones | (5.53)

where the integral is taken over a large sphere of
radius X. One easily finds that

2 gz @), (6.54)

As before, (8S) =0 when we average over gauge
orientations. The effective interaction for F ﬁ’;} is
thus 30S? averaged over gauge orientations and
meron coordinates while weighted with the appro-
priate meron pair density functions. For the pur-
poses of this crude analysis we shall ignore the
integration over meron scale sizes and imagine
them to be held fixed at some optimal value, This
does not affect the qualitative point we want to
make. The meron pair has two position coordi-

- nates which we must integrate over. Nothing, ex-

ext

cept possibly F;, depends on the center-of-mass
position coordinate and we leave that until last.
For the moment we only concern ourselves with
the integral over A, the meron pair separation co-
ordinate. It must be integrated d*A with the appro-
priate meron pair weight function. This weight
contains the logarithmically growing meron pair
interaction energy, which cuts off the A integra-
tion and makes the meron pair picture sensible.
The result of all this is an effective interaction

6S eff _l_nf_c_[d‘; (Fa Fav)ext

X f N N (6.55)

where n=3 (8) if the gauge group is SU(2) [SU@3)],
C is the normalization factor of the meron coordi-
nate integration arising from the meron determi-
nant, and g(A) is the effective coupling that goes
with the logarithmic interaction energy [symbols
have the meaning of Eq. (6,51)]. This is the same
sort of expression which led us to conclude that
the instanton gas behaves like a medium with mag-
netic susceptibility. In the case at hand

1 81 & e

%20 4 y

This expression is superficially like the instanton
contribution to the susceptibility, with the scale-
size parameter replaced by A, The integral be-
gins to diverge when (3 /91nA)S,, =8,

Thus when A crosses the threshold defined by
8n°/g%(8) =2 +C, the integration over A begins to
diverge with larger contributions coming from
larger separations. This is a familiar enough situ-
ation in mean field theory calculations and typically
signals the onset of a new phase in which the con-
stituents described by the parameter A are liber-
ated. The new feature is that the “temperature,”
or effective coupling constant, cannot be affected
from the outside but has its own internal dynamics.

The critical effective coupling is rather small
giving us a reasonable hope that quantum correc-
tions will not substantially modify this qualitative
picture. It is also not too much different from the
effective coupling at which the instantons them-

X= +f #ac= (6.56)
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selves begin to have large effects on coupling re-
normalization, etc. In fact, the meron degree of
freedom places a natural cutoff on instanton scale
sizes themselves: Beyond 87%/g? =2 .C,, the in-
stantons do not really exist, but dissociate into
merons. Since the meron plasma should provide
the ultimate confining potential, this is another
‘piece of evidence that the confinement scale size
is defined by 872/g2~12 [for 'SUR)] or 17 [for SU(3)].
To lend some weight to our conjecture that the
meron plasma confines we will now look at the -
effect of the meron pair degree of freedom on the
static quark-antiquark potential. In contrast to
the instanton case, we will find a crossover to a
potential which rises with distance at essentially
the critical coupling of the preceding paragraph.
We have discussed most of the mechanics of such
a calculation in Sec. IV. Everything said there
(apart from the specific choice of instanton field)
is valid here so long as we are dealing with a di-
lute gas of meron pairs, We use Eq. (4.6) for the

R-x®

contribution of a specific configuration to the
energy :
r (U(+)U(—) - 1)] ,

66 = (6.57)

-1
tr (1) It
where U® are the loop integrals taken over the
quark (anti-quark) trajectories. Then, holding the
time coordinate of one meron fixed, we must in-
tegrate over the remaining seven meron position
coordinates, including the proper weight function,
to compute E (once more, we neglect the meron
scale-size intégrals, which do not affect the
growth rate of the potential),

The meron pair field is taken to be

—x@) (2)
3 wnen ST - £250],

with x%) and x®) denoting the four-vector locations
of the two merons. The two legs of the quark loop
have fixed spatial coordinates R* and the integral
for U has the form

(6.58)

‘R-7®@

T (7
U=Pexp{l’2"f‘ dxo[(x _x(l))z.,.(R—:?'(‘))2

+(x _xo(z))z +(§_3—C'(2))2 ]} - (6.59)

where R =R® for U® and U® is UM with R =R{, The path-ordering instruction, P, is not superfluous
and it does not seem possible to evaluate this mtegral analytically except in special cases.

There is some simplification if |R — ®)|> |R - )|,

m -
U~M2\:Z-%tan

where

M;(0)= exp[ (97%—):‘ s

so that, m partlcular M(1/2)=i7T* (R -%P)/|R -x¥)|,

In that case we can show that
@) _ 4 (2)

1(%‘.)_;7’{_25’?_2}/\41<%)M2 [’;’f +%tan‘1<—ﬁ—_—frg3‘—->] , | (6;60)

(6.61)

Now if ¥®) is far from both the quark and antiquark lines, so that (R® —%(2))/|R® —‘(2)l~ RE) ~x@)/
|R®) —x%)| | the M, matrices drop out when we form tr (U“’U"’), Then

tr(UMUe)~ trl: (+)<Z)M§—)(—;)] %%ﬁ%;"—xﬁ% .

OF is proportional to tr (U(+)U e 1) which vanishes,
according to the above result, whenever |[R®) - R,
IR® —%%)| become large compared to 7 =|[R® ~R®)|,
Roughly speaking we get a contribution of order 1
to tr (UMPU® -~ 1) whenever meron 1 is within a
sphere of radius ~7 centered about the mean posi-
tion of the quark-antiquark pair and meron 2 is
outside that sphere. The quark-antiquark interac-
tion energy is obtained by integrating over meron
positions and scale sizes with the weight function
obtained from the meron determinant. We will

not worry about the scale-size integration (which
would be important if we wanted the value of the

6.62) .

r

potential and not just its 7 dependence) and discuss
the integration over position only. The determi-
nant gives a factor of exp[—S,,,(A)], where A is the
four-dimensional distance between the merons,
Roughly speaking, given the geometry of the in-
tegrations and the fact that g° is relatively slowly
varying, this should behave roughly like
ymee2()*sCnk  Wwe have seven position coordinates
to integrate over (the time coordinate of meron 1
is held fixed in this calculation), The 7~*™#° rep-
ders the integral convergent and the geometry of
the integral is such that the seven dimensional co-
ordinate integrals must behave [like #”. In sum-
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mary (and very approximately) |

OF ocy76™/e2¢)*3Cnls (6.63)

This gives an alternate estimate of the critical
coupling. The quark-antiquark potential starts to
increase with separation, signaling the onset of
confinement, when 672/g%(»)="7 +3C, /4 or 8u2/g*(7)
=28 +C,, This is close enough to the value that
emerges from the susceptibility calculation to re-
assure us that the underlying physics is the same.
To see the actual phase transition at #+C, re-
quires a different calculation. Cutting off the in-
tegration over A so that 87/g,2(A)- C,=> % and
taking 7 very large yields, as we saw for instan-
tons at the end of Sec. IV, a (finite) mass renor-
malization for each quark and a renormalized Cou-
lomb interaction. The coefficient of 7! (static
coupling) blows up when 8m2/g,2(A) approaches

2 +C,, as it should because this is where the mag-
netic susceptibility diverges.

Once we have complete control over the meron
determinant we must redo this calculation with a
view to establishing the detailed 7 dependence and
numerical magnitude of the potential in the precon-
finement region where such a computation can be
trusted. Once we have a handle on the meron
plasma we must also verify that the onset of a
growing potential is indeed followed ultimately by
a linearly rising potential. This is a harder task,
but the indication of confinement seen here is sug-
gestive and encouraging to say the least,

VII. CONCLUSIONS

In this paper we have initiated a systematic ex-
ploration of the relevant degrees of freedom and
the dynamics of quantum chromodynamics. We
have discovered that to a large extent the dynami-
cal properties of QCD are a consequence of the
structure of the vacuum arising from the tunneling
between degenerate, classically stable vacuums,
and that the relevant degrees of freedom can be
taken to be the Euclidean path histories that can be
used to calculate the tunneling amplitudes in the
semiclassical approximation. We have seen that
the nonperturbative structure of the vacuum that
arises due to this tunneling explains the major
features of QCD, i.e., the dimensional transmuta-
tion which determines the size of the hadrons and
the strong-interaction coupling constant, the
source of dynamical chiral-symmetry breaking,
and the mechanism responsible for confinement,

Let us summarize the picture of QCD that has
emerged from our investigation. The general
structure of the 6 vacuum as a superposition of #
vacuums and the solution of the U(1) problem.fol-
low from general considerations, The detailed

dynamics of QCD, however, depend crucially on
the scale of phenomena under investigation. At
very short distance asymptotic freedom guaran-
tees that the effective coupling is small enough so
that the theory is essentially free. The density of
instantons of small size vanishes rapidly and at
short distances the “dilute-gas approximation”
applies. Since the up and down quark masses are
very light, tunneling is suppressed at short dis-
tances or, alternatively, instantons of small size
are tightly bound to anti-instantons. We have
shown that at distances, p,, corresponding to cou-
plings of order g°/8n® ~Z chiral-symmetry break-
ing occurs via a Nambu-Jona-Lasinio—-type mech-
anism generated by the effective determinantal in-
teractions provided by instantons. At this distance
therefore the quark dynamical mass will become
substantial and tunneling will be restored. Alter-
natively, instantons of ‘size greater than p, will
exist in isolation. At this distance scale the in-
stanton gas is dilute and can be treated by mean
field theory techniques. Their dynamical effects
are large and significant. For example, we have
seen how they substantially modify the Coulomb
potential between massive quarks. They are cer-

-tainly much greater in importance than the stan-

dard perturbative corrections. Physically the
reason that such tunneling effects are so large for
small coupling is the existence of many distinct
tunneling paths (degrees of freedom for instantons).
The interactions in the dilute instanton gas, which
behaves as a paramagnetic medium of magnetic
dipoles, cause a renormalization of the effective
coupling resulting in a rapid increase in its value
at a sharply defined distance p,~0.2*, At this
distance, where the effective coupling is of order
g%/8n? ~} instantons dissociate into merons. The
latter configurations are such as to provide a
mechanism for confinement of quarks., In the con-

- finement phase we conjecture that the vacuum is

dominated by configurations that can be described
as a plasma of merons, leading to a picture of
electric confinement in ordinary space similar to
that in a magnetic superconductor. We associate
P with the confinement scale or the size of a had-
ron and g2/8m% ~k with the hadronic coupling con-
stant, thereby concluding'that in QCD the coupling
is always relatively small and that many aspects

* of the strong interactions can be treated by semi-

classical methods.

Much work remains to be done. The quantitative
details of the chiral phase transition require fur-
ther investigation. A formalism for generating
systematic improvements of the dilute-gas approx-
imation should be developed. Most important we
must gain control over the meron configurations
and the confinement phase where our understanding



is still at a qualitative and conjectural stage.
Finally we must proceed with the construction of
hadronic states, and the calculation of their
masses, couplings, and scattering amplitudes.
This is a difficult problem in a theory such as
QCD where it is not even clear what is the best
way to begin the attack. Perhaps the most rea-
sonable strategy is to construct a phenomenologi-
cal model of hadrons which would play a role sim-
ilar to that of the Landau-Ginzburg theory in
superconductivity. Given our picture of confine-
ment as described above, the most likely candi-
date for such a model is a string model. This
would be a string of confined electric flux joining
massive quarks. The size of the string would be
given by the Debye length of the meron plasma.
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The dynamics of the string as well as the ampli-
tude for the breaking of the string could be deter-
mined by Euclidean functional techniques. Such a
model would be useful for calculating hadronic
masses, as well as offering the possibility of con-
structing a model of hadrons that could be used in
Minkowski space to calculate scattering amplitudes.
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