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We explore canonical quantization in the axial gauge, with special reference to the problems of (i)
additional gauge fixing; and (ii) the infrared infinities which occur in eliminating the dependent variables.
We show that the freedom inherent in (i) permits the removal of (ii), resulting in a Hamiltonian with no
explicit infinities, generating the proper equations of motion. This does not mean, however, that all
matrix elements of the Hamiltonian will be finite. In particular, the bare-vacuum-expectation value of A

still contains an infrared divergence.

I. INTRODUCTION

The Coulomb gauge in non-Abelian gauge theo-
ries has been coming under attack recently, prin-
cipally on charges of ambiguity' and of discontin- .
uity? in the time evolution of the potentials. It is
still not clear whether these apparent difficulties
render the Coulomb gauge inappropriate for the
formulation of non-Abelian theories, or whether
they can in fact be used somehow to achieve a bet-
ter understanding of the physical phenomena in-
volved.® If one inclines to the former view, then
one is led almost inevitably to consider the class
of so-called linear gauges, n,A"=0 with », space-
like, since only for them does the source of am-
biguity pointed out by Gribov fail to make an im-
mediate appearance. It is the purpose of this
paper to examine the canonical quantization of
non-Abelian gauge theories in the axial gauge,
A3=0.

The gauge A3=0 in non-Abelian gauge theories
was introduced by Arnowitt and Fickler* because
the constraint equations were thereby considerably
simplified. Shortly thereafter, the problem of
quantization in the axial gauge was studied brief-
ly by Schwinger,® who commented that his proce-
dure was incomplete for two reasons (i) The
Hamiltonian density contained a nontrivial infin-
ity, and (ii) the gauge was not completely spec-
ified, since the freedom still existed to make
gauge transformations independent of z. In fact,
these two problems are related because the in-
finity is proportional to the generator of the trans-
verse gauge transformations, @%(x,y).

More recently, Mandelstam® observed that the
condition for finiteness of the energy density is
violated by the bare vacuum:

Q?_(x7 y) l 0>ba.re ¢0’

and set about to construct a modified vacuum state
for which the energy density would be finite, and
which consequently would represent an infinite
improvement over the perturbation theory vacuum.
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In the Abelian case this problem is easily solved,
but is much less tractable in the non-Abelian case.
Mandelstam conjectured that there is a close re-
lationship between rendering the energy density
finite and understanding confinement.”

The approach in this paper will be somewhat dif-
ferent. Instead of imposing Q¢=0 as a condition
on the states, we shall make it into an operator
equation. This represents a constraint on the
system which one does not ordinarily have the
freedom to impose. However, in this case, the
additional' freedom comes precisely from the abil-
ity to fix the gauge further by making transverse
gauge transformations.

Before proceeding, a word about boundary con-
ditions: If the general gauge transformation is’
represented by a matrix U(x,y,z,?), then the
transverse subset is given by those independent of
z: U,=U(x,y,t). One can eliminate these altogeth-
er (and hence also the possibility discussed in the
preceding paragraph) by imposing the boundary
condition

lim U(X,#)=1

1] >
and considering what happens as ]?{[ proceeds to
infinity in the z direction. However, there seems
to be no compelling reason for imposing this boun-
dary condition other than for convenience, espec-
ially since the gauge transformations and the po-
tentials they act on are not observable. Instead,
we shall impose boundary conditions on the field
strengths and fermion currents,

lim F¢, =0, (1.1a)

1R —>o

lim J4=0, (1.1b)

131 o
where, as usual,

Fi,=08,A2- 3, A% +gf A AC (1.2)
and

J =Ty, 3%, (1.3)
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Here the %% are the structure constants of the
gauge group of the theory.

Since the Hamiltonian density [cf. Eq. (2.8) be-
low ] contains the terms

2(E*E*+ B BY)+ A5,

these boundary conditions are motivated by the
~ desire to avoid infrared infinities in the Hamil-
tonian.

One can deduce from Eq. (1.1a) that A% must
tend to a pure gauge transformation as |X| tends
to infinity. Hence, one would expect that by means
of a gauge transformation, A% could be made to
vanish as |X| tends to infinity, and that thereafter,
only gauge transformations tending to one at in-
finity would be allowed. However, in the axial
gauge the plane z -« is disconnected from the
plane z - =, Thus, for certain F{,, it may hap-
pen that A¢ tends to different gauge transforma-
tions as z - +.® It would then be impossible to
make Af vanish at both z= and z=—« while main-
taining the axial-gauge condition. So, especially
in the axial gauge, one must be careful about con-
cluding too hastily that no further gauge fixing is
necessary.

In the remainder of the paper, our strategy will
be as follows: Starting from the Lagrangian, we
arrive at the Hamiltonian by following the usual
canonical rules augmented with a cavalier inte-
gration by parts. We then proceed to eliminate
dependent variables by imposing both A3=0 and
a further gauge condition which has the effect of
fixing the transverse gauge transformations as
well. The resulting Hamiltonian is a more com-
plicated function of the independent canonical
variaples than the naive axial-gauge Hamiltonian,
and violates manifest translation invariance in the
z direction. However, we are able to justify this
form of the Hamiltonian by showing, first, that the
correct equations of motion are generated, and
second, that the explicit infrared infinities in the
energy density have been eliminated, with one
exception. The remaining infinity is due to our
failure to fix the gauge transformations depending
only on time, and this can be removed via a re-
definition of the dependent variable AgZ.

II. CONSTRUCTING THE HAMILTONIAN
The Lagrange density is
L=—3F, F™e4+gJ% A4

+P(Ed y* - m)y, o (2.1)
from which follow the equations of motion
b, F™o= _gJ’e _ gfewF usAcC 2.2)

and
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GNP - (2.3)
The canonical momenta are given by

0L
6A2
Not all of these will be independent, however,

once we fix the gauge.
Using the canonical definition

@0 ,v" - m)p=-gAiy"

4 =
J

=_ (Fy=F3,. (2.4)

se= 2 mAL iy~ £ (2.5)
a, j
with
A?=70 4+ VAL gf ALAS, (2.6)

and integrating once by parts, we find, with the
aid of the constraint equation

Zv %= —g( °)“+gf‘”’°2AJ 7, (2.7

» the following expression for 3C:

= an +4F" Fe

z

+ G- Vem)y+g f:JgA;!. (2.8)

This is not yet in canonical form since we have
to specify which variables are to be eliminated by
means of the constraint equation (2.7).

HI. AXIAL GAUGE

We begin the process of gauge specification by
setting

A%=0. (3.1)

It is then convenient to rewrite the constraint
equation (2.7) as

2
v, Fgo=ng+ Zl(vjéab_ gfabcA‘j")ﬂ;’SO'a. (3.2)
7=

Following Schwinger,5 we adopt the symmetric def-
inition of the inverse derivative:

= % U,, dz'0%(z") - f de’o"(Z')]

I dz’ e(z z2’)a%(z’). (3.3)

We can then partially rewrite the Hamlltoman in
terms of canonical variables:

2
...L a, Lya ra
_22 w5+ 3 F3Fg,
Go1
+2F" F3;

+zF,]

+yia- Vem)p+g ZJ;A; , (3.4)
J=1
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where F}, is given by Eq. (3.3). It is already pos-
sible, however, to see that further gauge condi-
tions are necessary. To begin with, from Eq.
(3.3) we have
lim Fi =+3Q°%, (3.5)
Z— %o .

=] dz'o%z’), ‘ : (3.6)

-co

‘which violates Eq. (1.1a) unless @¢=
Furthermore, we can use the fact that

f dz'dz”dzf( /)e(z_zlk(z z")g n) Lf dzlf(zl)f dZ"g //)_af dZ'dZ”f I)Izl Z”Ig(z”) (37)

~ to see that the term 3F2 F¢ in the Hamiltonian
density will, when integrated on z, contain the
infinite piece
Llim 1LQi(x,y)Qx,) (3.8)

unless Q%=0. This infinity is nontrivial in the
sense that it will show up in the equations of mo-
tion.

Our method of enforcing the condition @¢=0 is
as follows: In the spirit of the axial gauge, we
construct a linear functional of 4,:

a3(r,9,0= ] dz fo@)Ad(x, v, 2,0). (3.9)

Here f,(z) is an arbitrary real integrable func-
tion of z:
f dz fo(z) =x,< o, (3.10)
Now @ can be made to vanish by making a ga\ige

transformation independent of z, leaving A§ un-
disturbed. We therefore impose the condition

®%(x,y,t)=0. (3.11)

In order to continue the canonicalization of H, we
must identify the momentum conjugate to ®; and
solve for it using the constraint equation (3.2).
is convenient to imagine that f, is one of a set of
complete orthonormal functions {f,},

2fn(5)f"(2') =6 -2'), (3.12a)
f’w az f,(2)f (@) = 8, (3.12b)

which in addition have the property of being inte-
grable:

fwdzf"(z)zk,ﬁw. (3.13)

For example, harmonic-oscillator wave functions
have these properties. In that case we would have

Ay, = [(2%)!]1/2 \

n= 2™ | 03 (3.143,)

T

Aome =0, (3.14b)

but the explicit forms of the f, or the x, will not
be needed in what follows.

Using Eq. (3.12a), we can expand our variables
in a series in f;:

v(x,v,2,0)= D0 (x,y, 1f(2), (3.15)
where v stands for any of the relevant fields,
and -
"’=f dz f,(z)v(z). (3.16)

At the present level of gauge fixation, we regard the
A2® 140, and the corresponding 7% @ as independent
var1ables. However, since A2® =$2=0, we must
solve for 73 from Eq. (3.2). As we have already
pointed out [cf. Eq. (3.5)], Eq. (3.2) together with
the boundary condition (1.1a) implies that Q%=
From Eq. (3.6), we can represent @¢ as

= zw: X,;O’a( n)_
'n=0

where the ), are defined by Eq. (3.13). The o*"’
are given by

(3.17)

2
a(n) _ a(n) a(n)
oM =gd g +§1Vj7rj
7=

2
_gfabc Z Z chLmZAc(ml)ﬂ?(mz (3.18)
j=1 my, my
where
Compmy = || 62 1y (2 (@) (3.19)
is totally symmetric in the indices (nmlmz) From
(3.12a) we have
Z)\nfn(z)=1> (3.20)
which implies
> XeComym = Omymy - (3.21)

We then have directly from Eq. (3.17)
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V2 g(o) [gfabc Z:Ac(n) bn) Z)\ (gJa(")-i-V ﬂa(n))__ Z)\ v ,"a(n)] . (3.22)

Note that 7%°? does not appear in the first term on the right-hand side of Eq. (3.22) because A%’ =0,
Therefore we can solve for Ty 400) from Eq. (3.22) by defining the inverse of V, in the same way that the in-
verse of V, was defmed in Eq. (3.3).

Let us examine the form of the term 5F§oFgo in the Hamiltonian. If we define

gm(2)=%<f_: dZ’—jdeDfm(Z’), (3.23)

we find that

Fi= Zo“"”’ n(2)- (3.24)
m .
Furthermore, we define a matrix g,,, by
Zn(@) =" &mnfa(2), ’ (3.25)
n
= f a2 8, @) 0(2) = ~Zpmy , (3.26)

where the antisymmetry of g is established by integration by parts and the use of

lim g,(2)=£37,,

z—> %o - /

which follows from Eq. (3.23).
The Hamiltonian density integrated over z now takes the form

JC(x v, t)- i Z ﬂa(n) a(n)+ 1 Zﬂa(n) a(n)+ a(O).n. (O)+_ Z Fa(n)Fn(n)+ 4 ZFa(n)Fa(n)

i,5=1

2
+% Z (§"m0“‘m’)(§”,ﬂﬂ“(“")+“zl)*(ia- V+m)¢,’+gZZJ?(")A3(")’ (3.27)

n, mym’ . j=1 n
where we have made use of
0n(0)= = Z A 0.a(rr) (3.17/)
0 n# R
to replace g,, by

P (3.28)

g~nm =Znm— XO

In Eq. (3 217), 17“(‘” is a dependent variable whose functional form is obtained from Eq. (3 22), and
“wtia-V+m)y” is shorthand for

f dz PV + m)y.

We now show that, as expected, the infinity which was present in the (F,,)® term of H [cf. Eq. (3.8)] has
been eliminated by the additional gauge specification. We have

Zgnmgnm’s Tmm
n

= Zgnmgnm X Zgnognm"' T ngngno + =7 Z gnognm (3'29)

ILIEIEY N NACK ) DEAAICAI AN

but
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Zgn(zl)gn<22)——(f d2f dz" + fdz'f dz" f dzf dz" — f dzf dz”> 20— 2

=3L - z|2,- 2,

(3.30)

where we have cut off the z/ and z” integrals at +L in order to display explicitly the infinity that would have
been present in the absence of gauge fixing. From Eq. (3.30) we find

Egnmgnm'=)\m7\m‘(él‘)“‘%fdzldzzfm(zl)lzl_zz Ifm'(zz)"

and putting this into Eq. (3.29) we have

T == [ desdaffute) = 32 o] 21 - 2] [ (o) - 32 e,

in which the explicit infinity has canceled. It does
not necessarily follow, however, that all matrix
elements of H are free of infrared singularities.
This point is illustrated in Appendix C.

The alert reader will have observed that although
the (F,,)? term in H has now been rendered finite,
a new infinity has popped up in the [73®’P term,

since 7%’ is of the form
73 x,y,8) = ( dy’ —f dy’)
X E4x,y,1), (3.32)

and therefore integration on y will produce the in-
finite term

1LQF(V)Q5(x),

where

Qe(x) = [ dy&().

The reason for this is clear: Although we have
restricted the gauge sufficiently to eliminate gauge
transformations depending on y and z, we still
have to contend with those depending only on x and
t. It is, furthermore, clear that the elimination

of gauge transformations depending on x will simp-
ly be a replay of the procedure of eliminating those
depending on y. That is, we impose the condition

a20c, 0= [ dydzhy(y,2)A(x,y,2,0=0,

where, for convenience we can take, for example

ho(9,2) = fo(¥)fo(2).

It will then be possible to expand the fields in a
double series:

(n)x v, t) Zv(n,m)(x t)f (y)

and, if we mtegrate Eq. (3.22) over all y, the left-
hand side will vanish, leaving an equation of the

form .

(3.31)

r
v,715%% = (a function of canonical varlables),

which is the analog of Eq. (3.22) in this case. Put-
ting this into the Hamiltonian will eliminate the in-
finity in the (72'°’)? term at the cost of producing
another one in the (7%*%)? term. At this point only
the gauge transformations dependmg on time will
remain.

Rather than exhibit all of this explicitly, which
will only complicate the Hamiltonian considerably
tonoparticular advantage, letus short-circuit the
problem by considering henceforth the simpler case
of two spatial dimensions. Then the Hamiltonian
of Eq. (3.27) contracts to

%2 7Ta(n)ﬂu(n)_‘_

n#0

1 a(n)paln)
+z § :Faz F3"'+
n .

1
57Ta(o)ﬂa(o)

% Z O.a(m)Tmm’oa(m')

m, m’

Zc(yyt)=

+“z/)"(i5-'5+ m)(pn_‘_nga(nMa(n)’
.
(3.33)

where the vestigial subscripts on A4,, 7,, and J,
have been dropped.

In the next section, we shall demonstrate that
the Hamiltonian of Eq. (3.33) correctly repro-
duces the equations of motion given by Eqgs. (2.2)
and (2.3). Since there is still an infinity contained
in the (7*®))? term, there will be a corresponding
infinity in the equations of motion which is entirely
associated with the definition of A;,, We shall then
show that the final freedom to make gauge trans-
formations depending on time allows us simul.-
taneously redefine A, and to modify the Hamilton-
ian so that the infinity completely disappears.

IV. EQUATIONS OF MOTION

The purpose of this section is to verify that the
correct equations of motion follow from the Ham-
iltonian Eq. (3.33). These equations (not all of
which are actually equations of motion) fall natur-
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ally into three classes:

(i) equations of motion for the canonical vari-
ables,

(ii) constraint equations for A,

(iii) equations of motion for the dependent vari-
ables.

We shall tackle each of these in turn.
Of course the basic commutator that is sup-
posed to generate all of these equations is

[0%m(9), A% ™ (y7)]= =8%46™"V (v - ¥')

+igfHen(y - y')[ Cpm A% ()
mr

* Z_f—zf"”%“’“A?‘""(y')s(y =)D Coom A% (),
0 . ml

where e(y-v’) =%

[6(y -y") - 6(y’ —y)] as in Eq. (3.3).

OF NON-ABELIAN GAUGE... 2629

(A% (y, ), 7™y, 1)]=1876""6(y = V7).
From Eq. (4.1) it follows directly that

(4.1)

. X e
[19°)(y), A% ™ (y7)]= me 5°45(y — y*)
. 0

£ padepctmd(yr)e(y ~y)
K0

(4.2)
and

A
_Lm Z CnomlAC(ml)(y)]
o 7 :

(4.3)

The commutators of Eqgs. (4.2) and (4.3) can now be used to evaluate [JC(y),A"‘""(y')] where JC is given

by Eq. (3.33).

[ Ad(m)(y )] d(m)( ')+’i ;\ﬁ T‘.d(O)(yl)_'_
. 0

+iz Tm"’vzod(n' )(y ) _1gfadc Z T"" Cnmm {ca(nl )(y Ac(m
Y

nnml

Integration on y then gives the commutator of H with A:

%fd@(j::l dy _j;fdy){na(O)(y)’Ac(m)(y,)}

')}

BT DT T 10T (37), A5O3}

0 n,n’ ,ml

2 v’
ig
- I fabc]cbzie Z T""'c"oml(f dy -
0 nyn', my -

[ as) e, atmiyatmy)) .9)

What we want is something that looks a good deal simpler:

[H,A%(y")]= —iA%(y") = —i[1%(y*) + V, A%(y’) -

s te{A%(y"),AY(v)]}].

(4.5)

Equation (4.4) will be the same as Eq. (4.5) (when projected onto f,(z)], if we identify the quantity A, as

1 v’ ®
Ag(m)(y1)=_ 5 Xﬂ(f dy..f dy>7r¢(0>(y)_z T,n

e m]cadc Z Trm'cnl)ml(f dy - f dy>{0a(",) AC(ML y)}

nyn'ym,

or, restoring the z’ variable via A%=2, A%™f (z7),

v «©
ay - f dy) m(y)

v

ye o
I £ pete " Tnn'cn0m1<f dy—f dy>{<r“‘""(y),A°‘"'1’(y)}-
- "

) 1
AL 2 == T Tt Y e =
) 0

myn

nyn’ymy

A couple of réemarks are in order: One sees in
Eqs. (4.4), (4.5), and (4.6) the appearance of anti-
commutators where classically one would have the
product of dynamical variables. This is of course
a'consequence of the Hermiticity of the Hamilton-
ian, which guarantees that, e.g., A will be a Her-
mitian operator. In general, however, we shall not

,Od("')(y')

(4.7)

r

worry about the order of the operator factors in
the equations of motion; we shall be satisfied if,
ignoring order, they agree with the classical equa-
tions (2.2) and (2.3). The particular operator or-
dering that emerges from our formalism then de-
fines a particular quantum realization of the clas-
sical system governed by the Lagrange density of
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Eq. (2.1).

Also, in the definition of 4,, Eq. (4.7), we see
the expected infinity in the equation of motion.
It occurs in the (1/V,)7%® term, since from Eq.
(3.32), 7%® already contains a factor of 1/9,,
The resolution of this problem will be deferred
to the next section.

At this point, we are able to check the constraint
equationson A,. They are :

A,=0
which implies
v Af = F, , . (4.8)
and
A0 - .
)

which implies
v, AKO - grave f dz £,(2)A%2)AL(z) — T,

(4.9)

To check Eq. (4.8), we observe that the z depen-
dence of A, is isolated in the first term on the -
right-hand side of Eq. (4.7). Hence

VsAg=— Ecd(")Tnm dz f (Z)
myn

Now

St fule)= [ @2 [ Fueule)]

d
=fdz Ezé(z_z)

=0, (4.10)
"~ which, together with Eq. (3.17), allows us to write

J

[,”ato)(y), ﬂd(m)(y,)]: %fabdnb(m)(y/)s(y _y/)

and

[O_a(n)(y)’ nd(m)(y/)]

From these follows

[H’nd(m)(y/)]=ing(m)(y/)+ide" thzn)(y,)

Zgz: T

nyn’ymy

V,Al=3 Zfdz dzzo“’(")f

1gf“”“zcn o, T2 (989 y’)-

eCommy [ R0 (97), M (91)}

‘Z "Zzlf (22) fn(2)
=§;f dzla’“"’f"(zl) d_z |z -z,|

= Zf dz,e(z - 2,)f,(z,)o%™

= fdzle(z - 2,)0%z,)=F2,(z) (4.11)

" as required.

To check Eq. (4.9) we observe that T,=0, and
therefore from Eq. (4.6)

_qd0) 4 -gfadc Z T’m'c"om { aln’) A"'('"l)}

nyn'ymy

vag( 0)_
so that Eq. (4.9) will be satisfied provided

fadc Z T"n'cnom{o.a(n’)’Ac(m)}

mn’ym
= [ dz foe)ac(), Ak}
:fdbp chmo{AC(n),Ag(m)}- (412)
N n,m
But X,Cpmo= 0,0, and A%®'=0. Thus the X, terms

- of A, do not contribute, and we have for the right-

hand side of Eq. (4.12)
fa‘bc ';CMO{A“")’ —"Z, Tmn'gb‘"l )}
= fduc E T n'cnmo{AC(M) aln’ )}

nyn’ym
=left-hand side,

as required.

Having verified Eqs. (4.8) and (4.9), we return
to the equations of motion for 7™ (2 #0). The
analogs of Eqs. (4.3) and (4.4) are

(4.13)

f"”f”e"zcnm AASRO(y), 7 (3 ke (y - v7),

(4.14)

ig e/ (Y, ® a(0) Bm) /.,
Ere([Tav- [ as) a0, 5 ()

y*

fabcfbed 2 Tnn'cnm 0([ d)} _f' dv>{0a("')(y)) Mdml)(.y)’ﬂe(m)(y’)}}- (415)
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Here d,, is a matrix defined by

i
= fm(2) 221: Ao n(2)s A= =g (4.16)

What we expect is that
[H, .”d(m)(y/)]z —i;fd("')(y')
= _i[(vngz)(m)_ng(m)

+ égfdbc{ﬂ.b( ml),Ag( my )}Cmmlmz] N

) (4.17)
Since

VF)(m)

zd F(n)

we see that Egs. (4.15) and (4.17) will agree pro-
vided that

1. p
—3igf % mmlmz{ﬂ”( m), Ag( m)}

is the same as the last three terms on the right-
hand side of Eq. (4.15). Showing this is a straight-
forward matter of inserting the three.terms that
make up AS'™ in Eq. (4.6) and verifying that they
agree term by term with the relevant part of Eq.
(4.15). The only difference is that from Eq. (4.6)
we obtain the nested anticommutator-

o2 (y), A% (y)}, 72m (y1)},

whereas Eq. (4.15) contains

{o%7)(y), fasmo(y), 72wy,

Thus the quantum equations of motion do not pre-
serve A, intact. Instead, the various operator
factors that make up A§ arrange themselves on
either side of 7° in a particular way. Neverthe-
less, the quantum equations do have the correct
classical form when operator orderings are ig-
nored, which is all that we have a right to demand.

We still have to look at the equations of motion
for the dependent variables 7*°’ and F2%,. In prin-
ciple this is straightforward: We simply differ-

. entiate Egs. (3.2) and (3.22) with respect to time,

and substitute therein the expressions for A and 7
that have been derived in Egs. (4.4) and (4.15).

In practice, this gets a little messy. For com-
pleteness, we shall show in Appendix A that 7%’

- and Fy, obey the correct equations of motion. We

also should check the equation for ; but ¢ has
been left relatively unscathed by the additional
gauge fixing and we therefore deem it appropri-
ate to leave verification of the equation of motion
of the quark field as an exercise for the interested
reader.

Finally, we observe that the conceptual device
we have employed throughout this section, namely
the replacement of the variable z by a discrete
index » with the help of the basis functions {f,(z)},
can now be dispensed with, in the sense that we
can reformulate the theory in terms of the original
A%z) and 7*(z), which will, however, obey uncon-
ventional commutation relations. .If we assemble
the information contained in Eqgs. (4.1), (4. 2) and
(4.13), we can, first of all derive

[ﬂa(o)(y), b(o) ,)]_~ __( y y ) abe

X [f‘°’(v) - 1%0(y")]
igz abcnyec 4 18
| + Wf_ Q°, (’ .18)
where
Q= f ay dz[J § - of “**{n®, A%}] (4.19)

is the total charge. Restoring the z variable by
summing on # as in Eq. (3.15), we obtain the fol-
lowing set of commutation relations:

[(m(y,2), 1°(y’ Z')]=~g; e(y =y )f ¥ [1°(y, 2)fo(2") = 7°(y, z')fo(z)]+ f“”Q%(Z)fo(z) (4.20)

[A%(v,2),m(y",27)]=96%%8(y — y/)[8(z — 27) = (1/Ao)fo(2") ]+ )\—Of““fo(Z')A“(y,Z)f(;v—y'), | (4.21)

[A%(y,2),A%y’,2")]= ‘ ‘(4_22)
and

[m(y,2),¥a:i(v",2")]=g f"(z) (D) 1o’ ,2e(y -y, (4.23)

" where a is the Lorentz index and 7 is the color index of the quark field. In terms of these variables, the

Hamiltonian takes the form

H=fdv d{%ﬂ“(%Z)ﬂ“(%Z){é%A"(y.,Z) ;z— A%y, 2)+ ¥ (y,2)Ga-V+m)Y(y,z)+gd “(y,Z)A“(y,Z)}

-~ %f dy dz,dz,0%(y,2,) |2, - 2,| 0%(v,2,),

(4.24)
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where

o%(y,2)=0%y,2) - %fo(Z)fde'E“(y,Z') (4.25)

and

7(v,2)=gJ 5+ ——w 3gf **{AC, mP}. (4.26)

Note that it follows from Egs. (4.20)-(4.23) that

f dz'o%(y,z’)

is a ¢ number.

V. THE FINAL INFINITY

Because of the 37%”7%® term, the Hamiltonian
contains the piece

a1 g anHa ‘

H= Iz > LQQ°, (5.1)
where @, is given by Eq. (4.19), which is infinite
as the cutoff L tends to infinity. Likewise, the
quantity A% which appears in the equations of mo-
tion contains the term —(1/2,)(1/9,)7%®, which
has the infinite piece

Al = LY. 5.2)

[ 2)&02

Suppose we simply subtract the infinity from H:

H'=H+ AH, ’ (5.3)
1
SH=- 7§ —-—§LQ“Q“ (5.4)

It will be shown in Appendix B that the commuta-
tion rules

[Q%,A%(y,2)|=if ®A%(y, 2), (5.52)
[, 7%(y,2)]=if "*1°(y, 2) (5.5b)

are valid. (The reason these are nontrivial is be-
cause of the unusual commutation rules satisfied
by A and 7.) Given Eq. (5.4), we see that the
changes in the equations of motion are

. 1
ait= - 2 &, f Lf“’"{Qa,w} (5.6a)
and
a1 8% b
Adt= 7 W Lfe®{Q,, A%. (5.6b)

Comparison with Eqs. (4.17) and (4.5) tells us that
these changes can both be produced by adding to
A? the quantity

g
22

adt= 5 g (5.7)

But from Eq. (5.2), this is precisely what is need-

ed to render A? finite as L — . In other words,

the simple expedient of subtracting the infinity
from H leaves the equations of motion satisfied,
but with a new A? that differs from the old one by
the amount needed to make it finite. Thus the new
Hamiltonian, Eq. (5.3), generates the correct equa-
tions of motion and is finite besides.

One can understand the connection between this
result and the time-dependent gauge transforma-
tions in the following way. First let us introduce
a matrix description of the dynamical variables

N :
vE A% (5.8)
Z :
where v¢ stands for either A? or 7% A purely
time-dependent gauge transformation is given by
=U)U™ (), (5.9)

where U(¢) is an appropriate unitary matrix.
Then

b1 =UDU "+ [UU™, 0"]. (5.10)

Now the original Hamiltonian commutes with U,
and so '

i[H,v"]= UpU™. (5.11)

It is therefore necessary to add a term to H in
order to generate the second term on the right-
hand side of Eq. (5.10). The transformation prop-
erty of 4, is o

AL=UAU™ - -; out, (5.12)

so we can eliminate the infinity in A,, Eq. (5.2),
by choosing U= e~ 40! and hence

S .on zg2L<Q"x >
UUt = —igho= (5 ) (5.13)
So we must find AH such that
Sor 2
i[AH, v ]= %I; UM, v2A U™, (5.14)
0
But
(@M%, 0™ "]=5([Q%, 0T, 2"}
- {'U_ y Qd} )\by >\d])
and

(%, v A%, AP = if Pepe{at, A%} = 0
by the antisymmetry of f. Therefore the right-
hand side of Eq. (5.14) is

B L (et o
Tox,

gL ) )
= Wfdch(hc{Ub, Qd})U 1.



Since [QQ%,v°]=if%*{Q?,v%} and [Q?Q?, U]=0, we
see that the appropriate choice for H is

-

g°L 4.4
AH= ~ .1
H XOZQQ’ ) (5.15)

which agrees with Eq. (5.4), and therefore allows
us to understand the ad hoc modification of Eq.
(5.3) as a particular choice of the last gauge free-
dom at our disposal. '

VI. CONCLUSIONS

It has been the aim of this paper to understand
the canonical quantization of non-Abelian gauge
theories in the axial gauge. The twin problems,
first noted by Schwinger,® of infinities in the Ham-
iltonian and additional gauge freedom, have been
played off against each other to produce the final
result of a Hamiltonian free from explicit infrared
singularities, which generates the correct equa-
tions of motion.

Some things of a formal nature remain to be
.done. In the first place, at the end of Sec. III we
switched abruptly from the full (3 + 1)-dimensional
problem to the simpler (2+1)-dimensional one.

It is hoped, however, that our arguments that-
none of the essential points have been lost in so
doing have been convincing. If not, the reader

is invited to go back to the end of Sec. III and work
out an expanded version of the calculations of
Secs. IV and V.

In the second place, when one chooses a gauge
that sacrifices the manifest expression of certain
symmetries, one must check the commutation
rules of the relevant generators to be sure that
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the symmetries are there, albeit in disguised form.
In our case, we have left the Poincaré group in an
apparent shambles. Not only have we lost mani-
fest Lorentz invariance, but the axial-gauge con-.
dition Eq. (3.1) violates rotational symmetry and

_the function f,(z) that we were forced to introduce -

destroys translational symmetry as well. Thus
many commutators need to be checked, and, since
the generators are bilinear in the fields, the com-
mutators will tend to be more complicated than the
ones éncountered in Sec. IV. It is possible that
one may have to add certain extra terms to the
generators similar to the “f,;” term that Schwin-
ger® found in the radiation gauge in order to exhibit
these symmetries, but one may hope that no seri-
ous violence has been done to the underlying Poin-
caré invariance of the theory.

There is also the phenomenological question of
whether the additional gauge fixing results in mod-
ifications in the predictions of the theory. It is
unlikely that anyone would want to use our Ham-
iltonian to develop a conventional perturbation
expansion, but it is possible that the infrared pro-
perties of our Hamiltonian may be able to be under-
stood, and may provide some insight into the long-
distance behaivor of quantum chromodynamics.
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APPENDIX A

In this appendix we wish to verify the equations of motion for 7%°’ and Fy,:

,;Ta(o)z_gJa(O)_ZdomFg;m)f%gfabccom'lmz{ﬂb(ml)’Ag(mz)} ) (A1)
m
and
»
Fyo=8J3+8F 30 XA+ V, Fyy — gFg, XA, (A2)
Turning first to the verification of Eq. (A1), we have from Eq. (3.22)
v, 7al0) = l gfabcz (”c(n)+ v, Actn) _ fcdec A;(ml)Ad(mz))”Mn)
2 )\0 ~ 2470 g nm) my 0
+ Zm (-k,,ﬁ‘"’vz+gf“"°AC("’)(—gJ bln) _ Z dpm Fg;"‘)+gfbdeﬂd( "‘l)Ag( mz)c"m1m2>
n m .
-y x,,!/g‘"’}. (A3)
n

Now the (-1,6%%7,) term is

0

1 .
T v, (-gkoJa(O)'*'gZ ?ana(")— KOZ domFgé""*' o2 adeﬂd(ml)Ag(mz )COm1m2 _ fadend(m)‘Ag(m?>’
n m
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which is equal to

expected terms+ (g/1,)V, Z N %M _ (g/\)f eV, (rEmIAs ™),
n

where “expected terms” means V,[right-hand side of Eq. (Al)]. We observe that
(@) "(g/)‘o) fade,vz(ﬂd(m)Az(m)) + (g/ho) fabc(vaf)(n))Wb(") = "(g/ho)f'ade(vz'”d(m))Ag(m) ’

(b) fabc Z 7Tc(n),n,b(n) =0,
. n

(C) (gZ/Ao)fabccnmrmz(fbdeAc(n)ﬂd(ml)A%(mz) —deeAe(ml)Ag(mz)ﬂ‘b("))

= (gz/ko)c,,ml,,,zAc‘")Trd(”'l)Af,('"z) (fabcfbde‘_*_fadbfbce)
= (gz/)\o)c,,mlmzAc(m"Td(ml)A%(mz)fdefaeb ,

@ (g/M)F™ Y Ad,, FE = ~(g/n) ™ D A (@), A% =0

n,m

by the symmetry of d® and the antisymmetry of f.
Putting all of these back into Eq. (A3), we obtain

7,1°@ = expected terms+ F*[J ] = (g/A) [* ¥ AL (Vo1 + 8C o, f CP AT 7m0 | (A4)
where
F[T]= (g/2)V5d “Ohy = (g°/2) F* 7 A T — (g/0g) TGN, ) (A5)

But

d dcb b Y
Vo 4 G0 e O ATD MY = GO _ g 7 )

nmym

[cf. Eq. (3.18)], and, using A,¢°™ =0, we have
fadeA%(n)O_d(n) = _fade Tnn' O,e(n') O_d(n) ,

which vanishes because T,, is symmetric. There-
fore,

v,7°@ = expected terms+ (g%/1y) f* ¥ AL g 40

+F[J]. (A6)-
Now we must use current conservation in the form
0, JH =g f* AT =0. (A7)

We integrate on z, and use the boundary condition
Eq. (1.1b) to obtain

r
J((l’(n) An - A’n VzJa(n) .
—gfabc (At(:)(n)J g(n) _AG(H)J b(n)) . (A8)

Putting this back into Eq. (A6) produces the de-
sired result. Next we turn to an examination of
Eq. (A2). We start with

&azgjoa+vzﬁa _gfabc(Acﬂb_l_Ac T}b)
=gJ %%+ V3V, FS, 'gfabcAc ng)
+8f*% (0" ~gJ )AL -8 (V" —gf* A°T"), (A9)

where we have used the known values of +.and A.
Using current conservation, Eq. (A7), we find

0 =8 Vids+Vy(Vy Fap— g Fyp XA)

+g V4 (Fy0 XAy, (A10)

which, since ¢ =V,F,,, is the same as Eq. (A2).

APPENDIX B

We wish to verify that
[Q%, A%y’ 2")]=1f “°A%y’,2") (B1)
and
[Q%,m*(v",2 ) ]=if“me(y’,2"). (B2)
We have
[Q°, 40", 2"]= =7 [ ay dz{A®(y ,2), (v, 2), 4", 2}, (B3)

which, from Eq. (4.21), is



17 CANONICAL QUANTIZATION OF NON-ABELIAN GAUGE... 2635

[Q°, A%(y", Y] =bir e [dy dz{Ac(y,2),54(y =3 )B(z 27) = (LAN o2+ (/AP (2)A% ", 2Nely” =)} . /

(B9)
The two f,(z) terms vanish by Eq. (3.11), so we have directly
[Q%,A%y’,z")]=if A%y’ 2"),
as required.
Next, using Eq. (4.23), we find that
pu=| [ ayde sy ), mttyr,e0)]
=SB patep o) [ ayraz” ety -y 2007, 27). (B5)
0 =0
Then
[Q“,Tf“(v',Z')]=B“"—%f“”"'fdydZ{[ﬂ"(y,z),ﬂ"(y’,Z')],A°(y,Z)}
~t7o [ ayaz{lacty, 2), 70,2, 70,2} |  (86)

We note that in the [7,7] commutator, those terms containing f,(z) will vanish by Eq. (3.11). We are left

with
[Q°, w7, 2"))= B - if iy, 2")

In fhe last term

where

+%fadbfbecfdydz €(y'—y){A"(y,z),ﬂe(y,z)}fo(z’)+(i/)\o)fo(,g')f“bdf dz ﬂb(y’,z), (Br{)

n#0

fdz Ty’ z)= Z hnﬂ’b(")(y "= Z )\nﬂ»b(n)(yr)_‘_f dy" €(y’ —y")pb(y") - Z X"ﬂb(")(y') ,
n n#o

PoM=te [ depreefnyn, 2), A", ) -g [dza07,2).

Therefore,

[Q¢,m(v’,2")]=if **n°(y’,2")+ B% + ;%f‘””’f”‘fdy dz €y’ —yNA°(y,2),m%(y,2)} fo(z")
0

+§—§;f“""f'°"°fd&dz €(y’—y){ﬂ“(y,Z),A°(y,Z)}fo(Z')—%fO(Z')f“”“f dydz e(y’ -y)Jo(y,z)

= ifadb‘ﬂb(y r’zr) s

as required.

APPENDIX C

In his discussion of color confinement, Mandel-
stam® points out that in the axial gauge, the ex-
pectation value of E.? in the bare vacuum contains
an infrared infinity. The question arises as to
whether the infrared infinities that we have re-
moved from H coincide with this infinity or not.
It suffices to examine the issue in the Abelian
theory, for which the relevant term in the energy
density is ’

r

. .
3C'=f dz,dz,€(z ~z,)e(z ~2,)d(2,)J4(z,), (C1)
-L

where J, is the usual fermion charge density 3.
In the bare vacuum [which is translation invariant
as far as the fermion fields are concerned, des-
pite the introduction of f,(z) in the gauge-field part
of the Hamiltonian] the expectation value of I,
has the form

<J0(21)J0(22»=F(Z1_22) ’ (Cz)
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where, for simplicity, let us take

F(£)=6(&, - £)6(&,+ ) (£,>0). (C3)

This form of F is finite at £=0 and provides an
.absolute infrared cutoff. To the extent that the
real F deviates from this ideal form, the conclu-
sions to be reached below can only get worse.

The modification brought about by the additional
gauge fixing described in Sec, III is for the pur-
poses of ¥’ toreplace J, in Eq. (C1) by

F(2)=J () ;%fo(z) f LL dz" g 2"). (C4)

Let us now calculate

= < f LL dzsc'(z)> (C5)

for the normal axial gauge, and again for the mo-
dified axial gauge, Eq. (C4), which we shall de-
note by A,. In both cases we can use the identity
of Eq. (3.7),

L
f dz €(z —z,))€(z —2,)=3L -3 |2z, -2,| , (CB6)
-l .

to write A=B+C (and likewise A,=B,+C,),
where B or B, comes from the first term on the
right-hand side of (C6) and C or C, comes from
the second term. By translation invariance, one
expects that A or A, will contain a divergence
proportional to L. This will still give a finite en-

ergy per unit volume. However, explicit calcula-
tion shows that as L -,

B~2¢,L2,
while C grows only as L. Thus

A-2¢ L%
which is the divergence in the energy density noted
by Mandelstam.

In the modified case, as discussed in Sec. III,
we have

B,=0.
However, one also finds that
Cy— 28,2,

This extra divergence comes entlrely from the
cross terms

. ,
f dz’dzldzzf—o}fﬁ)—lzl—zalF(zz—z’).
=L 0
Thus

AM" 2&0112 ’

so the divergence which was present in A is still
there in A, although its location has been shifted.!®
Note added in proof. After the completion of this
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