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Parton transverse momenta and quantum-chromodynamic effects in large-pz. hadron production
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Inclusive pion production at large transverse momenta in pp collisions is studied in the framework of parton-
parton scattering with partons carrying transverse momentum and with quark and gluon distributions
determined from exact requirements of quantum chromodynamics. CERN ISR data are fairly well accounted
for, but Fermilab data somewhat exceed the predictions. Gluon effects are considered in detail.

I. INTRODUCTION

For several years it has been proposed that the
dominant mechanism for hadron production at
large transverse momenta (Pz) is quark-quark
scattering via single-gluon exchange. "

More recently it was suggested'. that the well
known ctiffieulty of this mecha, nism to reproduce
the experimental P~ dependence could be removed
by taking into a.ccount viola, tions of Bjorken scaling.
Such violations have been observed in deep-in-
elastic scattering data, ' and constitute one of the
outstanding predictions of asymptotically free
field theories, in particular of quantum chromo-
dynamics (QCD)."

This possibility ha, s been investigated in detail
in a specific model' that accounts for a, number of
QCD requirements and leads to moments of the
structure functions vW, (x, Q') asymptotically be-
having like inverse powers of logQ' (logarithmic
scale violation). The essentials of the data, on
single-hadron (v*, v', K') production and on two-
hadron correlations can be understood in that rnod-
el '

However, a, number of difficulties of, and ob-
jections to, the approa, ch of Ref. 3, 8, and related
work' should be emphasized:

(i) The quark-gluon coupling required to fit the
data exceeds by factors of 2-3 the usually accepted
values (resulting from applications of QCD).

(ii) The scale violation is stronger than that pre-
dicted by QCD (Refs. 8, 11, and 12).

(iii) More generally, the quark distributions
were not deduced as solutions of QCD asymptotic
conditions.

Very recently, quark (and gluon) distributions
sa.tisfying, to a good approximation, a,ll QCD re-
quirements have been deduced and applied with
success to electroproduetion and neutrino pro-
duction data. " " Clearly, it is of much interest
to make use of these distributions in a confronta-
tion with large-P~ experiments of the ba.sic quark-
qua. rk scattering mechanism. "

On the other hand, there is now much experi-

mental evidence indicating that the momentum Tc~

of hadron constituents (partons) transverse to the
hadron's momentum also ha, s important effects.
Such evidence results from massive-lepton-pair
production showing a, wide transverse-momentum
distribution. "" Also, it results from the lack of
coplanarity observed in large-p~ events. "" All
these experiments suggest an average pa, rton's
transverse momentum significantly larger than
the traditionally accepted (vr) = 0.3 GeV.

The purpose of the present work is to study the
basic hadron process Pp- v'+X Iand pP- 2(m'1+@ ) .

+X] in the framework of parton-parton scattering
with partons carrying transverse momentum Tc~

and parton distributions determined from strict
QCD requirements. ""

Certain analyses of PP- m" +X with parton dis-
tributions determined from QCD have appeared
very recently. "'" The general conclusion of
them is that at very large Pr (~5 GeV) CERN ISR
data, can be well accounted for', but at intermediate
values (2~ jr & 5 GeV) the QCD predictions fall
below the data. However, in the analyses of Befs.
23 and 24 the partons' g~ effects have not been in-
cluded, and it is precisely in the intermediate-p~
region that ~~ effects are appreciable.

On the other hand, an important conclusion of
Hefs. 23—25 is that at P~ = 2 —4 GeV production of
hadrons via quark-gluon (qg) or gluon-gluon (gg)
subprocesses is very significant. In QCD deter-
minations of quark distributions" "gluon effects
are inseparable and cannot be neglected. In the
present work the effect of gluon subproeesses in
addition to quark-quark (qq) scattering is also
considered and studied in detail.

Section II presents the essential formalism of
the inclusive cross section for A+ B- C+X
(A, B, C hadrons) when the partons' transverse
momenta are included. Section III contains the
parton distributions in the presence of QCD effects
and disucsses the determination of the parton's
fragmentation functions. Section IV presents eal-
culationa, l details and our general conclusions on
the v~ effects. Section V presents our conclusions
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on the predicted magnitude, P~ and s dependence
and on the effect of changing the shape of the gluon
distribution. Finally, Appendix A contains de-
tails on the kinematics of A+ J3- C+X with K~ ef-
fects and Appendix B contains details on the parton
distributions and fragmentation functions. .

II. PARTON K& EFFECTS IN THE INCLUSIVE

CROSS SECTION

The form of the invariant inclusive cross section
for A. +B- C+X with partons' transverse mo-
menta has already been considered. " In our ap-
proach, however, we should properly incorporate
the dependence of the parton distributions and
fragmentation functions on the momentum of the
probe.

The differential probability dE that a hadron A
of momentum p~ is seen by a probe of four-mo-

mentum Q to contain a parton a will be written

dP =f./„(x,Kr, Q')dxd'«r, (2.1)

dP = Ge /, («, Kr, Q ') — d' «r, (2.2)

where zp, is the longitudinal and K~ is the trans-
verse momentum of the hadron C relative to p, .

It is assumed that 4+ 8- C+X takes place via
the subprocess a+ 5- c+d, of which the differen-
tial cross section is dv/dt. Then the inclusive
cross section for A+B- C+Xwith C produced at
angle 8 and transverse momentum p~ is

where xP~ is the longitudinal and K,, is the trans-
verse momentum of. the parton relative to P„.The
differential probability that a pa, rton c of momen-
tum p, is seen by a probe of four-momentum Q to
produce a hadron C is written

R &, ((, ~ s)=g fd ...j a", d'gdxfdx , f („(,x„K„()')f( (X„K~, Q')
a,b,c

1 dox —= (s, t, u) —,G«, (x, Kr„t(t').
7T 'dt (2.3)

s+ t+sc =rn '+en '+.m '+rye ' (2.4)

The invariants s, t, and u are expressed in terms
of x;, Kr; (i =a, b), and z in Appendix A, For the
quark-quark scattering subprocess, Q'= t or -u-
(see end of Appendix B). The contraints deter-
mining the region of integration in (2.3) are

Gc/ (z Kr Q ) =Gc/ (~ Q )D(Kr) ~ (2 3)

The differential cross section for the subpro-
. eess e+ b- a+ 4 is of the form

quark or a gluon. We also use this ansatz for the
fragmentation functions, as well:

together with Z(ab) .0' &Ot

s (2.9)

0 &x,. &1, 0&a &1. (2. 5)

F,/„(x,K, Q') =E,/„(x,Q')D(K ),
subject to

1

(2.6)

The probability function f,/„(x,Kr, Q ') is known
to be of the form (I/x)E, /„(x,«r, Q ') where
E /«(0, Kr Q') may be nonzero. However, for
sufficiently large

~ Kr ~, x may vanish (Appendix A)
causing the integrand in (2.3) to diverge. The
customary modification is" '"

m 2 -X/2

f, ( (r, ir„)=(()'+ "
, E,(„(x,i() '), i

s

where ply =Kg +pig
The K~ dependence of the probability function

E,~~ is generally unknown. As usual, we proceed
ith the factorized ansatz, "

12r
26 In(q2iA2) (2.10)

in our calculations A =0.3 GeV.
In the presence of parton K~ the variables s, t,

and u may become very small and cause (2.9) to
diverge (Appendixes A and B). To avoid this we
make the usual replacements" "

s- s+M', t- t -M', u- u -M',
with the typical hadronic mass scale M=1 GeV.

The exact form of Z(ab) depends on whether ab- cd represents quark-quark (qq), quark-gluon
(qg), or gluon-gluon (gg) scattering and is given
in Appendix B. In (2.9) n = o.(Q') is the QCD run-
ning coupling constant with the typical value (four
flavors)

d'K, a(K, ) =1. (2.7) III. QCD EFFECTS IN DISTRIBUTION
AND FRAGMENTATION FUNCTIONS

In the absence of any information, we use the same
ansatz irrespective of whether a represents a

We are interested in hadron production in pro-
ton-proton collisions (4 = E= proton). With
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v„(x,Q'), v~(x, Q'), and t(x, Q') the distribution
of the u valence, d. valence, and sea qua, rks inside
the proton A. , the probability functions E,~„have
the form

E,/„(x,Q ') = 2v„(x,Q ') + t(x, Q '),
Z„„(x,q')= v, (x, q')+t(x, q'),

and fol 0 =Qqd) s~ s:
Il /„(x,Q )=t(x, Q )

[SU(3)-symmetric sea]. When a is a gluon g,

(3.1)

(3.2)

(3.3)

(3.4)

ln(Q2/A2)

ln(Q '/A')' ' (3.5)

with A =0.3 GeV and Q,
' = 1.8 GeV'."

The question of Q' dependence of the fragmenta-
tion functions Gc~, is rather controversial. The
reciprocity relation" requires that at lea, st for

& Gc/& behaves as I',/„for x-1; there are
other field-theoretic models and a.rguments sug-
gesting scale violation for Gc~, similar to that of
.F,~~.

" On the other hand, recent data, on electro-
production of pions" a,re compatible with scaling
fragmentation functions. Therefore we present
complete calculations both with sealing and non-
scaling Gc],.

To determine the nonscaling form of the quark
fragmentation functions we are guided by the QCD
solutions of Gross' and Politzer, which have also
been used in other simila, r calculations. "' Note
that these solutions are valid for z not very small;
nevertheless, most of the contribution to (2.3)
comes from integrating near z -1. Thus we take"

The distributions v„,v„, t, and g as functions of
x and Q' are determined from Ref. 15 which makes
a detailed account of the QCD requirements and
fits old and recent data on nucleon structure func-
tions'""; they are presented in detail in Appendix
B. Their Q' dependence is specified by the usual
QCD variable

The values of the constants mc/, (0) are deter-
mined from an analysis of hadron electroproduc-
tion data and are given in Appendix B. The func-
tions Gc~, are subject to the momentum conserva-
tion sum rule

Gc/, (z, s)dz = 1 (3.8)

for every species c. For x=O this is satisfied if

(q) =~c/ (1 q) c/ (3.10)

This function is also subject to a sum rule such as
(3.8) leading to

g gc/, (1+me/, )
' = 1. (3.11)

The constantsmc&. andgc~ are also determined in
Appendix B.

IV. CALCULATIONS AND CONCLUSIONS ON wz EFFECTS

We present detailed calculations with a parton
transverse-momentum distribution of the ex-
ponential form

b'
D(Xr) =

2
exp( —b~r) . .

We have taken throughout the average value

(4.1)

gc/, [1+me/, (0)] ' = 1. (3.9)
C

The values of gc~, are also determined from
electroproduction data but are subject to (3.9) as
well; they are given in Appendix B.

We note that for the nonscaling form (3.6) and
with gc/, = constants the sum rule (3.8) cannot be
satisfied for all s. In this ca,se we are contented

. to satisfy (3.8) exactly for s =0 and notice that,
owing to the weak dependence of s on Q' [Eq.
(3.5)], the violation is s10% for all Q

' of interest.
When e=gluon there is practically no information

on the fragmentation function Gc~, . For simplicity
we proceed with a scaling form:

(3.6)
(az) = —= 0.5 GeV .2

7 (4.2)

The variable s is given by (3.5) with the same
values of the parameters A and Qo' determining
the magnitude of the scale violation, g«, are eon-
sta, nts and

This is a conservative value (e.g. , 0.7 GeV is
certainly acceptable), but it is not our purpose to
exaggerate the z~ effects. We have also carried
calculations with the Gaussian form

mc/, (s) =mc/c(0) + ~ Gs ~ (3.7) D(T&r) = —e p(-x5'x '), r
7r

(4.3)

where the standard QCD model of four flavors and
three colors gives G = —„;moreover, A =0.69G."

Our scaling form of the fra,gmentation functions
is given by (3.7) with simply s = 0 (Q' =Q,').

where again

(az) = - — =0.5 GeV;
Ww
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as expected, the «r effects are somewhat (but not
much) smaller. Finally, we have calculated the
gluon «r effects using the same D(«r} and («r).

At sufficiently large Q' QCD implies that (ez)
increases with Q '.'7 " However, present data on
lepton-pair production" '" are consistent with
(«r) - const at large lepton-pair ma. ss. Thus in
the present work we do not investigate the effects
of Q' dependence on («z,). Also, we do not inves-
tigate the possible x dependence of («r).39 ~'

To show clearly our results on the v~ effects of
quarks and gluons we have separated in Fig. 1 the
contributions of the subprocesses qq, qg, and gg.
All results of Fig. 1 correspond to scaling frag-
mentation functions [Gc&,

——Gc~, (z) j and a gluon
distribution g(x, Q,') —(1 —x)'. Our conclusions can
be summarized as follows:

(a) At fixed s, as Pr increases the «r effects
always decrease. E.g. , at Ms=52. 7 GeV and Pz
=-2 GeV the ~~ effects increase the qq contribution
by a factor of -2, but at P~ = 8 only by -1.1. These
are typical results of other similar calcula-
tions. " "' ' The decrease of the z~ effects with

Pz is intuitively clear. '*

(b) At fixed Pr, as s decreases, the «z effects
increase. E.g. , at vs = 19.4 and pz =2 they in-
crease the qq contribution by a factor of -3. This
aspect has also' been observed. ""

vs = 52.7 Gev

(c) introducing transverse momentum to gluon
distributions has a very important effect (at inter-
mediate Pr). E.g. , at Ms=52. 7 and Pr =2 it en-
hances the qg contribution by a factor 2.6 and gg
by -. 5. Qualitatively, this is understood as fol-
lows: In general, the stronger the P~-dependence
is of a given contribution .(qq, qg, or gg) the
stronger are (percentagewise) the «r effects. The
qg, and in particular the gg, contribution has a
very strong P~ dependence; this is due to the ex-
ponent of 1 —x of g(x, Q '}, which is already large
at Q' =Q,' but increases very fast with Q' (see
Appendix 8). This results in stronger zr effects.

(d) Introducing transverse momentum Tcz, in the
fragmentation functions has a small effect, at
least in the single-particle inclusive cross sec-
tions.

For nonscaling fragmentation functions G~~,
=Go~, (z, Q') or for gluon distributions g(x, Qo')
—(1 —x)" and -(1 —x)' (see next section) these
conclusions remain qualitatively the same.

V. COMPARISON VfITH EXPERIMENT AND CONCLUSIONS

The shape of the gluon distribution at Q = Qo is
to a great extent unknown. Writing

g(x, Q,') —(1 —x)~,

thy following range of values appears to be likely
for the parameter y.

2 -2
cm GaV

3 «y ~10. (5 2)

&KT) = 0.5 GeV

—32
'IG

—36
lO

10 12

p (Gcv}

FIG. 1. Separate covtrigutions to pp 7t. o+g and pp
2 (7t'+ 77 )+X at 8= 90' of the subprooesses qq —qq,

qg'~ gg' 8Ã

This range is suggested from a model in which
gluons and qq pairs are radiated from a three
quark state ' and has also been considered in
other QCD applications. """In our calculations
we have varied y through the values y =3, 5, and
10.

The predicted inclusive cross sections for PP
—m'+X and PP- —,'(w'+w )+X are presented and
compared with data in Fig. 2 (y=5, scaling Gc~,),.f
Fig. 3 (y = 5, nonscaling quark G«, ), and Fig. 4
(@=3 and 10, scalirig Gc~,). We stress that in all
calculations the @CD coupling is fixed to (2.10) and

(«r) =0.5 GeV; thus, apart from the gluon shape
parameter y, our results are free of arbitrary
parameters.

We see that inclusion of moderate w~ effects
accounts fairly well for the magnitude and the p~
dependence of the ISR data, down to Pz ——2. The
basic model (including QCD effects) accounts well
for the recent very large Pr (a7-GeV) data. " This
is certainly true for scaling G~~, . As one expects,
inclusion of scale violation in the quark fragmenta-

on functions Gc/, somewhat increases the P~ de-
pendence and lowers the predictions (Fig. 3).

The Pr dependence of the Fermilab data (v s
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FIG. 2. Inclusive cross sections forpp F0+X andpp-~(x'+~ )+X at 0=90". Data: && Hef. 46, U 51, a 52, Q 53,
Q 54 g 55. Calculations for scaling fragmentation functions QL g~ and gluon shape parameter X= 5 (Sec. &).
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G
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LLJ
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~ 52 7{n++rr )/2—

1O"—

10
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FIG. 3., As in Fig. 2 for. nonscaling quark Q&~„and y=5.
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10

cv 30
E

CL

'~%10
D
Ltj

pp~w+X
Gc/ Gc/ (

p' =3 &KT&=0.5 GeV
vs (Gev)

52 7 n-o

p 527 ~o

10

12 14

p (Gev)
T

FIG. 4. As in Fig. 2 for scaling G&/~, y= 3 and y= 10 (without vz effects).

16

=19.4) is also predicted reasonably well (in par-
ticular, Fig. 2); however, the predicted cross
sections lie somewhat below experiment. The
model is in difficulty to account for the correct en-
ergy dependence at fixed p» this has also been
observed in other applications of the scale vio-
lating approach. "~'"

A very important role in the energy dependence is
played by the exact shape of the gluon distribution at
Q = Q, [the exponent y in (5.1)]. Increasing y strength-
ens thex~ dependence and thus suppresses thegg and

qg distributions particularly at Fermilab energies
(larger xr).

To show the effect we present in Fig. 4 calcula-
tions for @=3 and 10. For @=3 with the inclusion
of parton v~ the predictions a,re in good agreement
with ISR data, and in somewhat better agreement
(than for @=5, Fig. 3) with Fermilab data, in
particular at p~=2.

Finally, within the framework of CgD we have
considered the following possibility: An important
(and yet unresolved) question is the choice of the
best scaling variable [Bjorken x, x' (Ref. 47), or
$ (Ref. 48)] that properly accounts for mass ef-
fects [corrections of 0(1/Q')]. It is possible that
such effects are still important .at Ws= 19.4 but
they practically disappear at v s = 52.7 GeV. To
investigate this we have replaced in the gluon dis-
tribution the variable x by

2x
1+ (1+4x M /Q') (5.3)

and have calculated, according to Appendix B and
Ref. 15, the necessary changes in the sea distribu-
tion. We find that at v s = 19.4 this replacement
somewhat improves the agreement and at Ms=52. 7,
it leaves our results unaffected. However, for
I=nucleon ma, ss" the change is very small; for
larger M it becomes more significant.
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APPEND/X A

In this appendix we present the essentials of the
kinematics and of our calculation of the integrals
in ado/d'P, Eq. (2.3).

The kinematics of the subprocess ~+5- c+d
with the quarks a, b having transverse momenta
~~„~»has already been considered. We follow
essentially the notation of Ref. 27, take m, =mb =m,
m, =rn„=O, and set
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2 — 2 2= K~ ~ +m

b
= Kr ' Krb/mr mrb 1 &lc =Kr &'Prc/mr;Pre ~

and restricts K, to

Pc cos(n, +0) ~K, -P„COS(n,-&) . (A3)

x,vs
ssnhy, =' 2m"'

XbV S
slnhgb =—

2~ ztb
s~nhy, =—— .~BC

PTC

In terms of the angles n„n„
b K Kb Cos(n nb)/m r m

1"
P =—(PC.-Kr ).

As stated in Sec. II, the region of integration in
(2.3) is defined from

gA

8+t+N =2' (A4)

together with the conditions 0 ~ x, , z - 1. The
boundary of this region corresponds to.z =1, when
(A4) reduces to

(A1)

In the c.m. of the colliding hardons A. , B the in-
variant variables of the subprocess are

S = 2mr mrb [COSh(y —yb) —6 b]+ 2m

t" —2m„p--„[cosh(y,—y, ) —e„]+m', (A

D = 2mr-bpr [COS11(yb —yb) —ebb]+m

Let P~ be the momentum of the observed hadron
C and K~, be its component perpendicular to p, ;
then

1
jPc cosa,. sin8

~TC Tf

—K sllln cos(n —P .)] .

The integrals over K~,, become simply

and the integral over K~, becomes

d K
2 2

I' sin0
(P 2

K 2)1/2
dK

sinP,

(A10)

together with the restriction (AB).
The numerical evaluation of the multifold inte-

gral in (2.3) has been carried out with Monte
Carlo techniques. %e have found that a, useful
procedure is to change the variables

1
K ~ =K ln—

Ae ~'1+gj'e '+C =0

with

A =e ~b X e 'b, B=2k,, —X (e~b ~b+e'~ ~b),

0=8 b —X28 C&

1 9 2Pl g g m Ig b

(A5)

K ~ dK ~ K dg'
~

1

In terms of the new va. ria,ble q,. the exponential dis-
tribution function (4.1) becomes

b2
D(K.) =—qb'.

2m

and

m'
A,, =A,,&„+A.„&„—& „+--

MT amrb
By choosing K so that bK is slightly greater than
1 we can obtain a relatively smooth integrand. For
a Gaussian distribution function a, similar proced-
ure can be used with the change

I

To carry the integrations J O'Kr in (2.3) we take
in the c.m. of the colliding hadrons A, B

1/2
K,-=K in-

&~i
(A11 ')

P~= 0, 0, —,P~= 0, 0, ——

Pc =Pc(0, sin&, cos0),

Krl = Kl(slung, Cosn;, 0),

Kr, = «,(sinn, sinP„sinn, COSP„cosn,) .

The requirement that K~, be normal to the momen-
tum p, of the quark c fixes

cosP = —' —cosa cos6 sinu sin&
C p C C

C

Finally, for large values of K, , as discussed in
Sec. .II, x, and/or x, may become very small
causing f,&„of Eq. (2.1) to become very large.
To place more emphasis on the corresponding
kinematical region (imports, nce sampling) we make
the change

with some constant h. )1.

APPENDIX 8

Here we present for quarks and gluons the de-
tailed forms of the distributions and the pararne-
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3 x"&(I -x)"2
lgf + )I2

x"3(1—x)"»"'"~(n. , I.n.)

(B1)

(B2)

ters of the fragmentation functions. %e also
specify the form of the subprocess cross section
dv/dt.

Throughout the work we use the distributions of
Ref. 15. The valence u and d quark inside the
proton

(Fig. 4) can be easily deduced from the formalism
of Ref. 15. Clearly, increasing y produces qg and
particularly gg distributions decreasing faster
with xr (Sec. V).

The parameters m«, .(0) and gc&, of the quark
fragmentation functions are specified as follows:
At first, in the sum rule (3.8) we introduce only
the contribution of pions and kaons, 1.caving out
baryons. ' %hen e is a valence quark of ~' or E'
(e.g., I of. w') we take

m, ,t, (0) =, nz„»t,(0) =1;

q, =q, (s)=q, (O)+y, Gr (t=1, . . . , 4),

where G=,4, and

(B3)

this is in accord with hadron leptoproduction
analyses "as well as with counting rules. "
When c' is a nonvalence quark of ))' or K' (e.g. ,
u of ))-) we take~ "

t(/ Q2) 2 (y q- )(] /) o.l Tg) (Y2+2TS)17
2 3 9,

3

g(~ Q') =—'(G - G )(I -~)"2 "' 'G

3

(B4)

where ~, =~,(s) and G, =G, (s), j =2, 3. In Eq. (5.1)
we set

)I,(0) =0.70, )I,(0) =2.60,

)4(0) = 0.85, )I»(0) = 3.35,

y, = 1.1, ~, =5.0, y, =-1.5, y, =5.1.
I

The sea and the gluon distribution are of the form

m P/ -ntK+/ —1.5.
The sa.me leptoproduction analyses require

~a+/u 2~a /ut

and fi.ts to pp-E'+X require'

~ft'/u 2~x'/u 4~a /u '

Also, we take as usual

G,.„(,Q') =-'[G„„(., Q')+ G,.(,Q')l.

Then the sum rule (3.8) is satisfied by

(alo)

(811)

G, (o)/G, (o) =y+2. (B6)

VVe carry out calculations for @=3, 5, and 10
(Sec. V). Varying y has little effect on the parame-
ters of t(x, Q')."'"' The calculations of Figs. 1-3
correspond to y =5 which leads to the following
solution":

7g 4Ag+ 4B) p jf' 2p 3

g,,/„=0.75 (a14)

in fair agreement with Befs. 49 and 24.
Concerning the gluon fragmentation function

(3.10) we also assume that the sum rule (3.11) is
saturated by C =))', w', and &' (no baryons). For
all these mesons we take

(B15)

and

A, = 0.11exp(-0.427s),

A, = -4.068 68 x 10 ' exp(-0. 667s),

B,= 0.429+ 0.169 exp(-0. 747s)

—0.488 exp(-0.427s),

B~ = 2.814 53 x 10 ' exp(-1.386s)

+ 0.170235 68 exp(-0. 609s)

—0.157 exp(—0.667s),

(a7)
@ft+/g +a /g +no/g t ~K+/g ~K' /g &

(B17)~&+/g ~K+/ g &

as suggested by the first of Eq. (B12). Then the
sum rule (3.11) implies

this (or a similar) value is also used in other cal-
culations"3 "and corresponds to applying usual-
counting ru/esso with I«, in the form met, =2n, —1
and n =1. Now we take

G2 =0.571 —0.169 exp(-0. 747s), g„/ =0.5. (B18)

G, = 4.433 221 x 10 ' exp(-0. 609s)

+1.306779 x10 'exp(-1.386s) .
(B8) To specify da/dt for the subprocess a+I)-c+d

we give the form of the function Z(ab) of Eq. (2.9)
for the cases of interest in our calcul3tion2 '24:

The solution. corresponding to y=10 is presented
in detail in Ref. 15 and that corresponding to y=3

A2 IL2 1
g»4~' g(g) g2) 9 ($ +)» ) x~

g
2 (B19)
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1 4qg-qg: z(qg) =(s'+u~) —
„ 9 su

9 $u us stgg-gg: &(gg)=z 3-=. --—, -=2 ~

$' t2 u

(B20)

In addition, there are also contributions from the
subprocesses qq-gg and gg- qq; they are, how-
ever, very small" and have been neglected
throughout this work.

A problem we have faced concerns the choice of
the variable Q' in the functions E,&„(x,Q'),
G«, (a, Q') and in the QCD coupling Eq. (2.10).
For qq —qq Q is the four-momentum of the ex-
changed gluon and there is no problem. 'Q'= —t
or Q'= -u, and since we are interested in hadron

production at 0 = 90',

@2=-t =-u.
For qg-qg and gg-gg the choice of the proper
variable is complicated by questions of gauge in-
variance. '~ 2~ In the presented calculations (Figs.
1-4) we have always chosen Q to be the four-mo-
mentum of the constituent exchanged in ab- cd ir-
respective of whether the exchange takes place in
the t, u, or s channel. We carried also calcula-
tions taking always @2=-t (for hadron production
at 8=90'); the results were not significantly
altered. Other similar calculations"'2 have also
shown. that a variety of choices of Q' does not
significantly change the results.
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