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Electromagnetic backgrounds in neutrino-produced trimuon events
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We discuss the electromagnetic production of p, +p, pairs in neutrino-induced reactions. The cross section
for v„+ N ~p, + p, + p,

+ + X is calculated, using a quark-parton model for the photon-hadron interaction,
and is -0.3)& 10 ' of the normal inclusive cross section for v + N~p, + X, The precise value depends
upon the neutrino spectrum and experimental cuts. We present several distributions which exhibit
characteristic features expected from this electromagnetic process. Correspo'nding reactions involving e +e

pairs are also studied because such events should be seen rather easily in bubble-chamber experiments. We
also give some results for antineutrino-induced interactions leading to p, +p, +p, events.

I. INTRODUCTION

Recently trimuon events have been discovered by
the Caltech-Fermilab' (CF), Fermilab-Harvard-
Pennsylvania-Rutgers-Wisconsin' (FHPRW), and
CERN-Dortmund-Heidelberg-Saclay' (CDHS)
groups in neutrino and antineutrino experiments at
Fermilab and CER¹ The source of these events
is still unclear, but the high rate reported initially
by the FHPHW group' led to considerable specula-
tion that such events were due to the production
and decay of new heavy leptons or heavy quarks
either produced singly or in association. 4 Detailed
phenornenological studies have been made to dis-
tinguish between these mechanisms. An alterna-
tive model, namely diffractive dissociation, ' has
also been proposed as an explanation of these
events.

In this paper we consider a different mechanism
which can generate trimuon events in neutrino and
antineutrino beams, namely the radiative pro-
cesses creating muon Dalitz pairs, viz. ,

v, (v„)+N- p, (p, ') + "y"yx

p +p

where "'y "is a virtual photon. The electromagnetic
production of real.vector mesons is discussed in
a paper by Godbole. ' The procesS we investigate,
depicted in Fig. 1, is a hard-photon reaction sim-
ilar to single-photon bremsstrahlung graphs in e'8
collisions. The key signature for such a process
is a severe peaking of one dimuon invariant-mass
distribution for small masses which reflects the
infrared-divergent nature of quantum-electrody-,
namic processes.

Clearly a model must be used to calculate the
graphs in Fig. 1. In the v interaction a negatively
charged muon is produced in association with a
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FIG. 1. Feynman diagrams for the reaction v„(T„)
+N —p (JL(+)+ p++ p +X.

positively charged W boson. The positive charge
is then communicated to the hadron shower through
the production of quarks which become real had-
rons. Whether the quarks radiate the photon or
the hadrons radiate the photon is unclear. The
most obvious model is one where the quarks radi-
ate the photon so that the basic set of Feynman
diagrams is those shown in Fig. 2. However, it
would be very interesting to check that this is in-
deed the case by studying the analogous reaction
with a muon beam, i.e., the production of muon
tridents. The classic experiment in this field by
Russell et nl. ' measured tridents for the first
time and conclusively showed that muons obey
Fermi-Dirac statistics. A low-energy muon beam
was used, so the assumptions behind the quark-
parton model were not tested. In the recent exper-
iment by Chang et al.' at Fermilab, 11 trimuon
events were reported with a rate larger than ex-
pected from normal QED-type processes. The ex-
cess can be explained by the associated production
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FIG. 2. Feynman diagrams for the reaction v„+ d
d~p +p + p +p, .

of charmed particles' which subsequently undergo
semileptonic decay modes. In a SLAC experiment,
Fancher et al. 'o have measured the e'e asymmetry
in deep-inelastic bremsstrahlung and found it to
be consistent with the quark-parton model, al-
though they were unable to distinguish between
fractionally charged and integrally charged quarks.
The fina. 1 photon in this experiment was on the
mass shell as contrasted to our case where the
photon has a timelike mass. Finally, we should
mention that earlier experiments on the photopro-
duction of muon pairs" and inelastic brompton
scattering" do not test our assumptions because
they used real photon beams so the underlying
physics is different. Each of these experiments
reported an excess of events when their rates
were compared to quark-parton-model calcula-
tions. None of the experiments listed above are
conclu'sive in proving that quark-parton-model
ideas can be applied to the muon trident situation
in the kinematic region we require. However,
even without this check, it is reasonable to assume
that the radiation of low-mass muon pairs can be
reliably calculated using such an approach.

Thus we base the analysis in this paper on a
quark-parton radiation model. Although qualitative
estimates for the rate for such reactions can be
written down rather easily, quantitative calcula-
tions are necessary to obtain a detailed under-
standing of the process. From an experimental
point of view this reaction is u'ninteresting and

constitutes a background which must be removed
from the data sample before other more exotic
mechanisms can be investigated. The radiation
from the charged muon involves no new physics,
so, from a theoretical point of view, the reaction
may be of interest if we can learn something about
photon quark couplings. Note that the soft-photon
radiative corrections to neutrino interactions have
been calculated by Kiskis."

In Sec. II we first made a rather simple estimate
of the trimuon event rate by considering the total
cross section for the reaction v +d- p, + p, + p, '+u
on pointlike up and down quarks with mass equal
to that of the proton. This cross section is inter-
esting because it can be. compared with the cor-
responding cross section for v, +d- p. +u to esti-
mate the trimuon production rate. At this stage
it is also interesting to give results for the anti-
neutrino-induced reaction P„+u--p, +p, + p, +d
and compare it to the usual reaction P, +u- p. '+d.
Both the radiative and nonradiative antineutrino
cross sections are a factor of 3 smaller than their
corresponding neutrino counterparts. By switching
the p,

' and p. masses to those of an electron, we
can also give results for the total cross sections
for producing an electron-positron pair in neutrino
and antineutrino interactions. All these cross
sections are upper bounds for the reactions be-
cause the inclusion of the quark-parton distribution
function E,{x) reduces the cross sections. Our ap-
pl oxlmatlon of

B=-o{v„+N-p, + p, +V, '+X)/o{v +N- p, +X)

by

8'=o'{v, +d- p, + p. +p, '+u)/v{v„+d- p, +u)

is by no means a rigorous calculation of the true
event rate, but serves to give an idea of its mag-
nitude.

In the second part of Sec. II we therefore proceed
to examine a more realistic model, which includes
quark-parton distribution functions, to calculate
the event rate 8 for 'an isoscalar target. The
quadrupole-triplet spectrum is included and ap-
propriate experimental cuts are made on the ener-
gies and angles of the detected muons. We also
add a cut that E„=—E„., must be larger than 100 GeV
and find that A =0.28 && 10 4. Note that there is no
missing energy in this electrodynamic process in
contrast to the other models proposed to explain
the trimuon events4 which involv'e the production
and decay of new particles and therefore have
missing neutrinos. As a further refinement, we
also consider the effect of the Pauli exclusion
principle by adding the set of graphs with the two
negative muons interchanged. We close this sec-
tion with some comments on the event rates for
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the radiative processes involving both p, 'p, and
e'e pairs, assuming that they are produced in
the quadrupole-triplet neutrino spectrum.

In Sec. III we present several distributions which
are characteristic of the electrodynamic produc-
tion of muon and electron pairs. Our objective is
to find the best cuts to isolate this background, so
that it can be studied in more detail, or subtracted
to see if other trimuon production mechanisms are
present. We note in particular the severe peaking
of the dilepton invariant-mass distribution involv-
ing the slow p, and the p, '. Future experiments
with larger data samples will see this process
rather easily. We also examine the probability
that the two extremely energetic events reported
by the FHPHW group can be accounted for by elec-
tromagnetic processes.

For completeness we comment on results for the
antineutrino production of p. 'p. 'p, events. We also
discuss the production of e'e pairs. The rate for
the latter reaction is reasonably large, but there
will be a severe background due to 7t Dalitz decays
so only events with e'e invariant masses larger
than the pion mass can be used as a signal. Final-
ly, in Sec. IV we give our conclusions.

muon E, &4 Geg and 8 ~400 mr. We will use the
same cuts. Clearly if our crude calculation for A
yields answers which are far too small, then there
is no need to worry about electromagnetic back-

. grounds at the present time. However, if our an-
swer turns out to be close to the experimental
number, then a more refined calculation is neces-
sary. We find the latter situation to be indeed the
case apd therefore present a more elaborate cal-
culation in the second part of this section.

A. Simple model

We assume that the dominant quantum-electro-
dynamical process giving rise to muon Dalitz
pairs is radiation from the muon and quark lines.
Thus we calculate the cross section for

v, (l,)+d(p, )- p (l,)+ p (l,)+ p'(l, )+u(p, ),

where u and d refer to the usual up and down
quarks. If we adopt the same simple picture for
the basic reaction v~ +d- p. +u, then we can use
ratios of cross sections for

o(v„+d-p, +N, + p'yu)/o, (v, yd- p, +u)

II. CALCULATIONS to estimate the real event rate, i.e.,

We now proceed to investigate the diagrams
depicted i.n Fig. 1, using the quark-parton model.
We refrain from calling this process trident pro-
duction because the term usually refers to a
Bethe-Heitler-type reaction where the neutrino
(muon) dissociates into other leptons in the Cou-
lomb field of a nucleus. " Muon-Dalitz-pair pro-
duction is a better name for reaction (1) because
the virtual photon is in the timelike region. Our
basic assumption is that the proton (isoscalar tar-
get) is made up of quarks and the photon interacts
with them in a pointlike fashion. In this simple
model one only needs to calculate the cross section
for the graphs shown in Fig. 2. Then, by dividing
by the cross section for the nonradiative process,
also calculated for free quarks, the event rate for
trimuons can be estimated. If we subsequently in-
corporate the neutrino flux and the experimental
cuts, we can give an answer for the trimuon event
rate. The FHPHW group quotes an uncorrected
rate for

A=a(v„+N- p, + p, + p'+X)/o(v„+K- p, +X)

=5 x10-4

for E„&100 GeV, . using the quadrupole-triplet neu-
trino spectrum, and imposing cuts such that for each

&(v~+&- p, + p + p, '+X)/o(v +K- p, -+X),

where N represents an isoscalar target. The
cross section for v +d- p, +u rises linearly with
the beam energy, whereas we expect the cross
section for the radiative process v„+d —p, + p, + p,

'
+u to have additional logarithms in the beam ener-
gy. We can estimate the dependence on E„by fit-
ting the results from our computer programs so
we have not derived an asymptotic expansion of the
cross section for large beam energy.

Therefore, in this simple model, we ignore the
Pauli exclusion principle and leave out the cor-
responding set of graphs with p (l,) and p, (l,) in-
terchanged. Also, we do not initially take the
structure functions of the nucleon or isoscalar
target into account. These effects will clearly
have some influence on our results, because the
exclusion principle tends to depopulate the region
of phase space where the two negative muons have
identical energies and angles, and the structure
functions induce a weighting in the x variable. We
include these additional effects in the second part
of this section. In a first approximation inclusion
of structure functions tends to affect both the
numerator and denominator of B' in the same way.

Using the above notation, the matrix element
for the diagrams in Fig. 2 is given by



K I. K C 'r R 0 M A G 5 K T I C 8 A C K C R 0 U 5 D S I 5 N K U T R I Ã 0 - P R 0 B.U C K B.. .

--'- (f,)r„(1+r,) (f,)u(p, )2&'. &, r, (l-r ) (p )22' p, +u2 "

2pg~ —kr~--'u(f, )r, (i+r,)u(f, )u(p, )r, (1 -r, ) 2&'. -@,u(p, )

where k is the four-IQGmentum of tI1e virtual photon. We used the program scHOONscHH' to complete
the square of the matrix element. We did not make any attempt to rearrange terms because we have com-
puter programs which can easily handle cancellations between the graphs and at the same time the poten-
tially infrared-divergent dependence on the mass of the virtual photon. The expression for the cross sec-
tion is

1 d'f, d'f, t d'f, d'p»

where the factor of 2 arises from the spin average and M is the mass of the d quark. We now introduce
the timelike variable k = (f,+f,) by addition of a 5 function in the usual way, thereby splitting the integra-
tions into two blocks. The first block contains the usual two-to-three-body kinematics while the second
block contains the decay of the virtual photon. Hence we get

Evaluating the l, and 14 integrations in the rest frame of k we get the final expression

Q Q~ g ( dS~Qt~d824t2 4m~ '~2 dQ ].
54m'(s v'-) le(s -iaaf'), [ ~(f„&„p„p,)]'~' u2 4~ I '—,fx.'/

where s„s„t„and t2 are the usual multiperiph-
eral variables for two-to-three-body reactions,
~ is the muon mass, & is the Gram determinant,
and 5it' is defined by the relation ~5R~'=2e G~'
&& ~5k'~'/O'. The integrations were handled numer-
ically using mappings to smooth out the distribu-
tions. We give the total cross section in Fig. 3
for the case where the quark mass is taken to be
the nucleon mass. Clearly the value for this cross
section is reasonably large. A rough numerical
fit to this curve for E„»25 GeV gives the cross
section (Z„ is in GeV units)

o(v„+d- p, + p, + p. '+X)

=1 0&&E ln —"&&10 cm~ (5)P ]4

demonstrating the additional logarithmic depen-
dence on the beam energy.

The corresponding reaction P~+n —p. '+ p, + p. '+d
can also be calculated using either convenient sub-
stitutions or by squaring the new matrix element.
We expect this cross section to be reduced by ap-
proximately a factor of 3, analogous to the case of
v(v~+u- p, '+d) versus v(v, +d- V, +u). The result
is also shown -in Fig. 3 and answers our expecta-
tions. Finally we evaluate the cross sections for
the reactions v„+d-'p. +e'+e +u and ~„+~-p,

'
+e'+e +d and add them to Fig. 3 also. The latter

cross sections are larger than we originally ex-
pected. In fact, it wouM be interesting to derive
an asymptotic expansion for the cross section to
find its explicit dependence on th'e particle masses.
Clearly these cross sections can aD be fitted by
expressions of the type shown in Eq. (5). Our com-
puter results for the seven-dimensional integral
are not accurate enough to distinguish between a
formula containing two powers of a logarithm and
a formula containing one power. Typically the
accuracy on the muon cross sections is of the or-
der of 5% and on the electron cross sections of the
order of 15%. The errors can easily be made '

smaller, but there is no need for such accuracy
at the present time. In evaluating these results
we only used 15OOO points in the integration re-
gion.

We are now ready to give some approximate an-
swers for the p, p. p.

' event rate in a neutrino
beam. The regular formula for the charged-cur-
rent reaction on poi.ntlike quarks i,s

6~2&ME
o(v +d- V, +u)=P lr

= 3.1 && (E„in GeV) && 10 '
cm2 ',

so the ratio of the cross sections, which cancels
the linear dependence upon the quark mass, yields
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10
58 o'(v +d- p. + p, + p, '+u)

o(v, j-d- p, +u)

= 0.4 x 10-'.
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FIG. 3. Total cross sections for the reactions v~

+6 p, +p +p +u, p~+d p +8++8 + Q, v, +u - p++p +

+p +~, and v&+ u —p ++8'+e +d.

A' = 0.3 x ln —x 10 4 .
14

For 100-QeV neutrinos we therefore find

8' =0.6 x 10-4. (6)

This number is uncomfortably close to the experi-
mental value reported by the FHPBW group. If
we also compare this rate with the value reported
by the CDHS group namely, 6 =0.8 x10 ', if E,.

& 100 GeV and 0.4 x 10 ' for all E„, then it is clear
that the electromagnetic background process can-
not be ignored. Hence we have to make a more
refined calculation. To get a feeling for the in-
clusion of additional effects we take our previous
result, add the quadrupole-triplet spectrum, make
cuts on the muon energies and angles, and finally
add the restriction that E„&100 GeV. %'ith these
additions, the normalized flux-averaged expres-
sion becomes 1.3 x 10 ' cm over the full range
of &„and 2.0 x 10 'o for E„&100 GeV. The reason
our answer increases is due to the smaller flux of
neutrinos above 100 GeV. If we repeat the same
analysis for the regular cross section, then the
flux-averaged expression in Eq. (6), i.e, , 2.26
x 10 ' for all E„, is changed into 5.07 x 10 "for
E„&100GeV, again the increase reflecting the
smaller flux of neutrinos above 100 GeV. Taking
the ratio of the numbers we therefore find

There is therefore a small reduction due primarily
to the fact that the energy and angle cuts on the
muons decrease the numerator more than the de-
nominator.

Note that the event rate for the production of
p, 'p, 'p, events in an a,ntineutrino beam has almost
the same value as given by Eq. (6) 'because the
factor of one third is common to both the radiative
and nonradiative reactions. The other numbers,
i.e., in Eq. (9), only hold after flux-averaging so
they are not exactly applicable to antineutrino
beams. However, using the fact that the antineu-
trino spectra. generally peak at the same energy
as the neutrino spectra and the cross sections
have the same dependence on bea, m energy, we
can use the above results to a good approximation
for antineutrinos. In any comparison of neutrino
a,nd antineutrino r ates then the different spectra
will have to be taken into account. Also, for the
same reason the numbers we give for electron
rates are not immediately useful for bubble-cham-
ber physicists. In that case, different spectra and
cuts are used which have to be incorporated into
our programs. The qualitative features we de-
scribe here using the quadrupole-triplet spectrum
continue to hold in other situations, although quan-
titative results may change,

The radiative cross sections as calculated above
depend linearly upon the mass of the quark as do
the cross sections for the nonradiative processes.
By taking the ratio we have canceled this common
factor so that our answers now depend logarithmi-
cally on the quark ma, ss. The principal justifica-
tion for presenting the result in Eq. (5) is that it
represents an upper bound for the radiative cross
section from valence quarks. Including distribu-
tion functions for the quarks means adding an ad-
ditional probability distribution E,(x) which is
smaller than unity and therefore reduces the cross
section. Also note that we have calculated the ra-
diation from valence quarks only. Radiation from
sea quarks (and maybe gluons) will tend to in-
crease the value of the basic cross section, but
within the framework of our model these are as- '

sumed to be small effects. We now proceed to
discuss a more reasonable model for the reaction.

B. Realistic model

We now refine our simple model by the addition
of quark-parton distribution functions and the ef-
fects due to the Pauli exclusion principle. The
former effect is the more important of the two.
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However, it is unjustified to drop the latter, which
tends to depress the distribution in the invariant
mass of the pair and consequently lowers the value
of the radiative cross section.

The inclusion of distribution functions for the
quarks can be handled in a straightforward fashion.
Instead of keeping the final-quark mass on-shell,
this variable should now be integrated over the
allowed range for the inclusive production. Usual-
ly one transforms the integration over the vari-'
ables q' and %" to an integration over the variables
x and y and multip)ies by the appropriate distribu-
tion function. , for the quarks. The easiest way for
us to implement the effect of the distribution func-
tion is by analogy with the corresponding case for
the regular inclusive cross section. In that case
we scale the variable s-xs and average over the
sum of the distribution functions for up and down

quarks. Hence, . for anisoscalar target

Q2
o'(v„+N- p, +X) = M~E„—i F2(x)dx, (10)

F,(x) =x[u(x)+d(x)]„„+x[u{x)+d(x)].„,
with"

x[u {x)+d(x)]„„=1.74@x (1 -x)'(1+ 2.3x)

+ 1..11&x(1-x)",
x[u(x)+d(x)]...=0.2(1 x)',

and M„ the mass of the nucleon. " Calculating the
integral over x arid addi:ng the flux average yields
answers for Eq. (10) of 0.52 &&10 "for all E„and
1.15 &10 3 for E„&100QeV.

For the radiative reaction we should actually
transform the square of our matrix element into
the infinite-momentum frame where the mass of
the quark is negligible. From a practical point of
view, almost all. of the dependence on the quark
mass can be eliminated by transforming the square
of the matrix element to a fast-moving frame,
which, for simplicity, we chose as the neutrino
nucleon center-of-mass frame. In this frame the
target quark has an energy of (s+M')/2v s = 10 GeV
for E„=100 GeV so the effect of retaining a small
quark mass is negligible. We then scale the quark
center-of-mass three-momentum and weight the
square of the matrix element by the distribution
function F,(x). No attempt is made to include the
transverse momentum of the quark. Since, for
any configuration, the cross section only depends
on s'= (f, +P,)2 we can evaluate it in any frame,
and therefore choose the laboratory frame. The
result of these manipulations is that the scale of
the cross section. is now set by the nucleon mass,
just as in Eq. (10), and therefore our answers

are essentially independent of the mass of the
quark. The neutrino scattering is actually from
an isoscalar target, so we have to include both
the. contributions from the d quark in the proton
and the d quark in the neutron. However, the con-
tribution from the d quark in the neutron is essen-
tially the same as that of the u quark in the proton
so we are justified in adding the two contributions
(analogous to the nonradiative process). We. there-
fore take the same distribution. functions as given
in Eq. (11) for the radiative process. The inclu-
sion of a small amount of sea quarks does not
produce large changes in our results. If we now
evaluate the cross section and fold it with the
quadrupole-triplet neutrino spectrum, then we find
o'(v +&- p. + p, + p. '+X) = 0.15 x 10 4' for E„adn
=1.33 &&10 for E„&100GeV with all the other
cuts. Division by the regular cross sections given
above then yields A=0.29 X 10 ~ for all E„and
8=0.28 &10 for E„&100GeV and all muon cuts.
The reduction in R due to the inclusion of the
quark-parton distribution function changes some
of the final distributions, but not so severely as
one might expect. We have studied the dependence
of these numbers on the quark mass aver the range
5 to 300 MeV and found it to be very small.

A corresponding reduction holds for ant-neutrinos
producing p. 'p, "p, events and for neutrino/antineu-
trino production of p, e'e and p, 'e'e events, re-
spectively. Modulo our comments regarding the
spectra one can estimate these event rates from
the numbers given above.

The Pauli exclusion principle should also be in-
cluded in this calculation for completeness. This
effect reduces the cross section for the production
of muon tridents and was studied by Russell et al. '
in an experiment at BNL. When the invariant-
mass distribution of the two like-sign muons was
measured, it was found to be in good agreement
with theoretical expectations. Note that the magni-
tude of the effect was approximately 30Vo at a beam
energy'of 10.5 QeV, using an iron target. We ex-
pect to see similar changes in our cross-section
values because all the muon energy distributions
peak at low energies. The Pauli exclusion princi-
ple has not been included in other studies of tri-
muon production ' because the muons generally
arose from the decays of different particles but,
in principle, it should have been included. In our
case, the probability of producing two p. particles
with the same energy and angle is not negligible,
and the additional work to include the Pauli-prin-
ciple effect is rather small, sa there is no need
to neglect it. To our knowledge, this is the first
time this effect has been included in a reaction
where both the weak and el.ectromagnetie interac-
tions play an important role.
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III. DISTRIBUTIONS

p. (2q&

p.-(2~)

FIG. 4. Feynman diagrams for the reaction v + d
~p +p +p +Q.

P

%'e therefore add to our matrix element three
additional di agrams with the two negative muons
interchanged. The total set is depicted in Fig. 4.

e square the complete set of diagrams, using
the program SCHOONSCHlP and use this new trace
in the computer program. The sign of the inter-
ference terms between the two sets -is negative,

and we divide the final answer by an additional fac-
tor of 2, to properly incorporate the Fermi-Dirae
statistics for muons. As far as th ts e even rate is
concerned, we now find a small reduction in our
answer of the order of 10%.

The numerical integration of the square of the
whole matrix element is nontrivial because the
propagators peak in different regions of phase
space. It is difficult to get extremely accurate re-
sults without either lengthy computer runs th
u amplitude or a careful examination of the sym-

metry properties to reduce the number of terms.
Th e matrix element for the set of graph F'
peaks dramatically in the variable 1a = (f, + l,)
which can easily be handled by a logarithmic map-
pang. The three additional diagrams in Fig. 4 have
the same peaking in the variable 0"= (f +l )'the . =,+ 4 and
yie e same value for the cross section. Hence
i is.difficult to follow both peaks. We avoid this
problem by keeping the square of th f' st set and
adding all the interference terms between the two
sets with appropriate factors of 2. These terms
can then be integrated by standard numerical'
methods. As we shall see in the next section the

are sign~xicant-spectra for the two negative muons ar ' 'x

ly different which explai. ns why the Pauli principle
reduces the cross section by only 10&o.

In thi. s section we present our results for some
of the distributions relevant for the experimental

after folding wjLth the quadrupal t, I t
and do not impose cuts on either th b. r e earn energy
or the muon energies and angles. In the preceding
section we discussed the consequences of including
the Fermi-Dirac statistics for the muons, and
found that this is a small effect which tends mainly
to suppress the amplitude in the region where the
muons have identical energies and angles. %e ig-
nore these complications here and follow the stan-
dard convention of binning the two negative muons
according to their energy into fast and slow on an
event-by-event basis. Hence we eall E, the energy

e energyof the fast negatively charged muon E th
of the slow negatively charged muon, and E3 the
energy of the positively charged muon.

In Fig. 5 we show the distributions in the ener-
g* f &, a d E,. The spectra are very similargies of E arid E
although, owing to the rebinning, the average en-
ergy of E, is smaller than that of E,. We also give
t e distribution in the energy of the s]'owest muon
on an event-by-event basis. This distribution ex-
tends out to approximately 40 GeV and is useful
for calculating the, probability that the very ener-
getic trimuon events seen by the FHPBW. group
can' be accounted for by this process I F' 6
we show the distributions im & and in E thIQ ~ ~q e ener-
gy transferred to the hadrons. These distributions
resemble their counterparts in the regular inclu-
S1ve pl ocess v +X+X p, +X. The average energies
are calculated to be (E,) = 55 GeV, (E,) =14 GeV,

slow&st

12 I-

n l0

6--
~ IQJ

'l0 20 30 40 50

-E in GEV

Fjo. 5. The energy spectra for E, E, and E',~, „,„
after folding with the quadrupole-triplet neutrino
spectrum.
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FIG. 6. The energy spectra for 8& and E»,,d, after
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FIG. 7. The distributions in the invariant masses of
the muons.

(E,) = 18 GeV, and (E„~)=60 GeV.
We now give the dlstrlbutlons ln the invariant

masses, M»3, M», M», a,nd M» in Fig. '7. The
trimuon invariant-mass spectrum is rather broad
reflecting the fact that the radiation comes both
from the muon and from the quarks. The distri-
butions in M» and M» are also rather broad.

owever, the M» spectrum is very sharply peaked
at small masses reflecting the infrared tail of the
photon spectrum. This last distribution is a key
characteristic of the radiative process and any cut
on M» seriously reduces the signal from this
electromagnetic reaction. We find that over 80%
of the events have an M» invariant mass less than

1 GeV/c'. The average invariant masses are
(M„,) = 3 Ge V/c', (M„)= 2 GeV/c' (M„)= 1.9
GeV/c', and (M») =0.8 GeV/c'.

As far as the other distributions are concerned,
there is nothing spectacular to report. The trans-
verse momenta perpendicular to the direction of
the neutrino beam are generally rather small the
largest being P». We find the averages to be

9

(p„,)=2.6 GeV/c, (p, 3)=0.7 GeV/c, and (p
=O.a

J.~2 ' 9 jg3
GeV/ c. The visible energy distribution shows

two distinctive peaks reflecting the presence of
neutrinos from both pion and kaon decays. Since
the threshold for the reaction is essentially zero
one expects a distribution in E„,which is similar
to the corresponding distribution in v„-+N- X.~'-+ p +
There is a slightly larger peak for high-energy
neutrinos due to the extra logarithms in the cross
section. The average visible energy is 158 GeV.

We have also studied the opening angles between
the muon transverse momenta vectors projected
onto planes perpendicular to (1) the neutrino beam
(2) the W-boson direction defined with respect to
the momentum of the fast ij, , and (2) the plane
perpendicular to the S'-boson direction defined
with respect to the sum of the momenta of the
three muons. We have previously' caQed these
planes the (x, y}, (x', y'), and (x",y") planes, re-
spectively, and will follow the same notation here.
The corresponding angles we denote by Q, Q', and

In the (x,y) plane it is interesting to see the
distribution in the Q» opening angle, because this
distribution tells us the relative magnitudes of the
radiation from the muon versus the radiatiori from
the quarks. If there were no radiation at all, then
the direction of the muon transverse momentum in
the ~e &x, y& plane is equal and opposite to the trans-
verse momentum of the hadron shower. When the
muon radiates then, on the average, the Dalitz
pair tends to follow the direction of the muon.
Similarly, when the radiation is from the hadrons
(or,quarks) then the Daiitz pair tends to follow the
direction of the hadrons. Thus by examining Q„3
and Q» which are shown in Fig. 7, we see a for-
ward peak from the radiation off the muon and a
backward peak from the radiation off the hadrons.
The 6» distribution which is also seen in Fig. 7
does not show this feature. The average angles
are (Q»)=71', (Q»)=65', s,nd ($33)=57'. When
we project into the (x', y') plane, all the distribu-
tions begin to peak in the forward direction only.
We give the distribution for Q,'3 and p,'3 in Fig. 8.
Q3'3 peaks in much the same fashion but is not
shown in Fig. 8. The averages now change to
(g»)=50', (P»)=42', and (P»)=46 . The peaking
increases even more in the (x",y") plane. We

again sllow Q~q and $73 in Fig. 8 but have neglected
Our values for the averages now change to
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particular dimuon pairs.

(@,",)=SS', (y,",)=2S", and (y,",)=So'.
For completeness we give the averages of the

opening angles between the pairs pf muons. We
find (8„)=0.1S rad, (e„)=0.10 rad, and (e„)
=0.10 rad. There are essentially no events with

opening a,ngles larger tha, n 0.4 rad.
From the above results it is obvious that the

electromagnetic process is important for low-in-
variant-mass dimuon pairs. There is also no en-
ergy lost into missing neutrinos, so it is important
to ask whether the extremely energetic events seen
by the FHPBW collaboration can possibly be ex-
plained by this mechanism. We have investigated
this question in several mays, all of which lead to
very low probabilities. We find in particular that
a scatter plot of Eh,~ versus the sum of the muon
energies has very few events in the region around
event numbers 1'19 and 281. Another correlation
of the same type which is also helpful in distin-
guishing between different classes of models is to
plot E, —&~~ versus E,+E,. We show the density
of points in this latter plane in Fig. 9. The prob-
ability of events 119 and 281 being explained by
Dalitz-pair production is approximately 0.lfo. An

examination of all the invariant masses of the
pairs also shows that there is only a very low
probability of accounting for these events.

IV. CONCLUSIONS

In this paper we have examined the production of
p, 'p, and e+e Dalitz pairs in neutrino and antineu-
trino interactions. The rates for these'processes
are sufficiently large that their experimental de-
tection should be relatively easy. In-particular,
for the reaction v~+N- p. + p, + p, '+X, we find

FIG. 9. Scatter plot of E& -Eh, d versus E2+ E). The
crosses represent the events 119 and 281 of the FHPHW
group. The units are in GeV and the number of events
is normalized to approximately 1000.

the event rate to be -0.3 ~10 of the normal in-
clusive reaction v~+N- p, +X. This rate is large
enough that some of the trimuon events already
seen by the FHPBW a,nd CDHS'groups could be
accounted for by this process. However, the ex-
tremely energetic events observed by the FHPHW
group are unlikely to be candidates for the radia-
tive reaction.

In Sec. III we have discussed several distribu-
tions which are eharaeteristic of these processes.
Essentially the radiation is a. perturbation on the
usual neutrino and antineutrino inclusive reaction,
so the. distributions for the fast p, and the hadrons
are not changed significantly. The quantum-elec-
trodynamical character of the radiation manifests
itself in the extreme peaking of the invariant mass
of the slow p, and the p, '. The other invariant
mass distributions are not peaked in any dra, matic
fashion, in particular the M/23 distribution is
rather broad. In the reactions where e'e 'pairs
are emitted, there is no ambiguity about the origin
of the negatively charged particles, and the e'e
invariant mass peaks even more sharply at small
masses. Our examination of the inclusion of
Fermi-Dirac statistics for muons shows that the
Pauli exclusion principle does not product signifi-
cant changes in our results.

We have limited our discussion here to multi-
muon production in a wide band beam. Obviously
the estimates of the event rates will change slight-
ly if narrom band beams are employed. In general,
our results will decrease in that situation because
the extra logarithmic factors in the beam energy
are less important.
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To conclude we would like to reiterate that the
experimental study of these reactions w'iB provide
us with useful information and allow a, test of the
quark-parton model.
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