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Note on the Abelian Higgs-Kibble model on a lattice: Absence of spontaneous magnetization

Gian Fabrizio De Angelis, Diego de Falco, and Francesco Guerra
Institute of Physics, University of Salerno, Salerno, Italy'

(Received 8 June 1977)

We study the magnetization (expectation value of the scalar field in the presence of a symmetry-breaking

term) for the Abelian Higgs-Kibble model quantized on a Euclidean space-time lattice according to Wilson s

procedure and show that it vanishes when the external field goes to zero. More explicitly, we show that the

gauge invariance of the infinite-volume system is recovered when the symmetry-breaking term is removed.

I. INTRODUCTION

In a series of recent papers"'' we discussed
the existence of the infinite-volume limit for a
class of Abelian lattice gauge models ranging
from a gauge-invariant version of the XY model"
to scalar electrodynamics and the Abelian Higgs-
Kibble model' "quantized on a Euclidean space-
time lattice according to Wilson's" procedure
requiring no gauge-fixing terms.

In this paper we take the first steps towards the
study of the possibility of critical behavior in such
models. We examine the possibility that an ex-
ternal field, coupled in the most natural way to
the system, may drive it into an ordered state:
We not only rule out this possibility in the sense
that we prove that there is no residual magnetiza, -
tion after the external field has been sent to zero,
but also give strong mathematical support to the
intuitive idea that the local character of the gauge
symmetry provides an effective decoupling be-
tween the degrees of freedom localized in different
space-time regions, which makes the onset of col. —.

lective phenomena extremely difficult.
this same line of reasoning led in Ref. 11 to the

conclusion that, for the gauge-invariant XY model,
it is impossible to enforce a situation in which any
local quantity having a vanishing mean value on
its orbit under the action of the gauge group has
a nontrivial expectation value. We give a new

version of this argument for the same model in
Sec. II, where we sharpen its consequences into
the statement that the removal of the term ex-
plicitly breaking the symmetry from the infinite-
volume state leads to a gauge-invariant state.

'Ihe model in Sec. II, while incorporating the
main effects due to gauge symmetry, is in one
respect unsatisfactory: It corresponds to a situa-
tion in which the modulus of the charged scalar
field is not only bounded but also constant; it is
completely insensitive to the sign of the coefficient
of the mass term in the action which is respon-
sible for the breakipg of gauge symmetry in the
classical Higgs-Kibble model. While the restric-

tion to a constant modulus for the scalar field can
be removed by essentially the same argument as
in Sec. II, the study of the unbounded field case,
which is necessary to recover the full Higgs-
Kibble model, requires particular care and new

arguments, to which Sec. III is devoted.
For the sake of brevity we will refer to Refs.

1-4 for the proof of the existence of the rele-
vant limits (in the cutoff volume and in the exter-
nal field). We only recall that, as the full appara-
tus of the Griffiths-Kelly-Sherman (GKS) inequali-
ties is available for the models considered here,
the existence proofs follow from monotonic ity
arguments supplemented, in the unbounded field
case, by suitable upper bounds.

II. THE GAUGE-INVARIANT IY MODEL

On the lattice Z we consider the system de-
scribed, in the cutoff volume A; by the action

U = —P, P cos[8(n) —8(n') —A(n, n' )]

-P~ P cos[BA(P)],
Pc A

where P, and P~ are non-negative constants,
~ extendstothe links [ordered pairs (n, n')

of nearest-neighbor sites] in A, and Qp„-~ ex-
tends to the plaquettes (elementary squa. res on

the lattice) in A,

-x & 8(n) &m, —it &A(n, n') &v.

BA(P), if the plaquette P has the consecutive ver-
tices n„n„~„n4, stands for

A(n„n, )+A(n„n, ) +A(n„n~) +A(n~, n, ) .
'Ihe expectation of any function f of the con-

figuration [8,A} of the system in the cutoff volume
'A is defined by

(f)p = ZA

doer[exp(-Uw)]f,

where

() Il dA(, ')
dvz= Jg 2lT (n I) ~ p 21T

1624



NOTE ON THE ABELIAN HIGC 8-KIBBLE MODEL ON A. . . I62S

ZA= Jt de~exp(- V~).

The field-'theoretical interest of this model will
later result from its close connection with the
full model in See. III. As a statistical-mechanical-
model, it can be described as a planar classical,
Heisenberg model whose global rotational sym-
metry has been promoted to a local one by the
introduction of the gauge field A.

We wish to study the effect of the introduction
of an external field h coupled to the spins

(f(n) =( cos 8(n), sin8(n))

through a, term

-h ~ o (n)
n( h

to be added to Uh. We denote the volume cutoff
expectations in the presence of the external field
h by

(f)" =Ze '(h) I dee~exP -peed h ir(n) f,
n A

with

Z ~(h) = de A exp —U~+ Q h ~ a (n) .
n&A

First of all we estimate the effect of a gauge
transformation on the infinite-volume state

()"= lim ()A.

If f is a function of the field configuration in a.

fixed bounded region Mc: Z', which means a peri-
odic" function of the variables 8 and A in M, and

y is a real function on the lattice giving the gauge
transformation

8(n) - 8„(n) = 8(n)+X(n),

A(n, n') -A„(n, n') =A(n, n')+ y(n) —y(n'),

we set

f„(8,A) =f(8 „,A „),
Notice that

fx=fx,

q(n), n(=M

0, nqM.

If in the integral defining (f„)„,ARM, we per-
form the changes of variables

8'(n) = 8(n) —q (n),

A. '(n, n') =A(n, n') —X„(n)+ y„(n'),

as Uh is invariant under this change of variables,
having the form of a gauge transformation, and the
symmetry-breaking term reads, in the new' vari-
ables,

-h. Q v'(n) —h. Q 5o'(n),
noh

where

6o'(n) =(cos[8'(n)+ X~ (n)], sin[8'(n)+hfdf (n)])

—( cos 8'(n), sin 8'(n) ),
exploiting the periodicity in 8 and A, we conclude
that

(f„)e (f ex p h '=P e te(n)
nE. N

From this inequality we obtain the bound

1 &f,&A
- (f)~l ~ [exp( I hlk) —1](If l&p,

where use has been made of the obvious inequality
'

]exp(ax) —I( ~exp(laxl) —1

and

k = sup g ) f) (f (n) ) .
9 nFN

As this bound goes through to the thermodynamic
limit, and as [exp(~ h~k) —I] goes to zero as h goes
to zero, we can conclude that, in the sta.te

()' = jim Iim ()))~ h~Z~

&f)(&' = (f&'

for any local function of the configurations: the
state is, therefore, gauge invariant. In particu-
lar, "from gauge invarianee, it follows that-

((f)' =0.

III. THE FULL MODEL

In this section we consider models corresponding
to a Euclidean action of the form

I

fj,=g Z(p(n))

—P, g p(n)p(n') cos[8(n) —8(n') -A(n, n'))
n,n'c h

—(8~ g cos[sA(P)J. (1)
PC A

I

Refer to Refs. 3, 4, 10 for more details and motiva-
tj.ons; we only recall here that this action stems fro'm
Wilson's procedure for promoting to a local sym-
metry the global SO(2) symmetry of a theory
describing a two-component Euclidean field,

y(n) =(p(n) cos8(n), p(n) sin8(n)),

on a, lattice self-interacting through. a polynominal
self-interaction P.
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%he proofs of the existence of the infinite-volume
limit in Refs. 3, 4 refer to any fourth-degree even
polynomial bounded below. In particular, if the
coefficient of the second-degree term is negative,
we are dealing with a lattice version of the Higgs-
Kibble model.

We use the same notations as in Sec. II to in-
dicate expectations for this model, with the only
obvious difference that here dah stands for

II'""}II.(.) (.) II
noh ~ noh (npn') &A

where d p is the Lebesgue measure on [0, +~}.
Notice that the model in Sec. II corresponds to

considering only those configurations in which the
moduli p(n) are "frozen" to the value p(n) = I, so
that, while taking into account most of the effects
due to the phases, it neglects those 'effects which
are due to the additional couplings p(n)p(n') -and

to the unbounded character of the "spins" (t) (n).
The main tool for obtaining an estimate, for the

full model, of the effect of a gauge transformation
on the state ()" is the chessboard estimate of
Refs. 3, 4, 14, 15. This estimate describes the ef-
fect on the free-energy density (the "pressure"
in field-theoretical language" ) of the system due

to a perturbation term

-g,k(n)p(n), k(n) ~ 0
ne A

in the Gibbs exponent.
This estimate simply expresses the fact that the

free-energy density in an external field k(n}
varying with the site n is smaller than the aver-
age over n of the free-energy densities cor-
responding to the situations in which the field k
is everywhere fixed at the value it has at point n.

Explicitly, if we set"

nA(k h) =IAI 'ln doAexp -V„+h p y(n)
noh

+kg p(n),
nch

it states that

xp Q k(n)p(n)
nc A

-exp g [e (k(e), h)-ee(p, h)[I. (3)
ncA

If now f 0 is a fun—ction of the field configuration
in a bounded region M, we ca,n estimate, using the
Griffiths-Kelly-Sherman inequalities, that- for
A~M

(f)J —z„'(h) fde„f exp —U„+h g ( )pexep[dee(eM)[ze~e '(h)
n ESt

-U&EM+ h' & +~~ P n P n
nt=A(M n, n'

(4)

where n(&M) is the number of plaquettes on the
outer boundary of M, and Z „„,extends to the
nearest-neighbor sites n(=- AhM and n'(= M. The
last term in the previous inequality is exactly of
the form

h

xp )t}, Q k(n)p(n)
nq-AX M AiM

which can be estimated by the chessboard inequal-
ity.

For each configuration p'(n'), n'(= &M of the p's
on ~M, it can be bounded above by the QKS in-
equalities, by

h

exp g, Q k,.(n)p(n)
n~-

which by the chessboard inequality can be bounded
above by

exp P [n~(k,.(n), h) —n A(0, h)]
nEh'[[, M

where in the exponent only those n (=A/M which
have at least one nearest neighbor in M appear.
We will call BM' the set of such n's.

It helps at this point to have a bound on n(), (k, h)
for a constant field k ~ 0 and for h small enough,
say I" I

—~.
Such a bound can be obtained by direct inspec-

tion of the integral appearing in the definition of
nA and reads as follow's:

exp[n~(k, h)] ~A exp(Bk' ');

A and B are positive constants independent of A

and of h for Ih I—
Combining these results with the observation that

n~(0, h) ~0

Zdd(h) ~ Z„(0) (by GKe& inequalities),

we conclude that
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(f)"—i: &f exp a+ pl'g)+B Q i. , (m)'i'
n~M: ncaa'

(6)

where C is a non-negative constant independent of
A and h.

If now f is any bounded continuous function of the
configuration in M, we get from the previous in-
equality

I &f,),"-&f)"
I

exp h &p n -1

C If I exp h Q &y(n)
ggllf

xexp a Qp(ii)+B Q h,'""~' (7)
@EM ncaa& u

As the right-hand side is independent of A, this
inequality goes through to the infinite-volume
limit, and as

exp h ~y —1

is pointwise convergent to zero as h-0, we can
conclude using Lebesgue's dominanted convergence
theorem that

lim &f„)"= lim &f)",
h O

namely, that the state

is gauge invariant in the sense that

&f„)'= (f)' (8)

for any localized f and for any gauge transforma-,
tion. X.

From this result in particular, it can be im-
mediately seen that the state ( )' does not depend
on the direction along which h goes to zero.

Owing to the gauge invariance of the state & ) ',
its generating functional

W„' (m, Z) = (exp i .g ml'g, n. '}A(m, n')
-n& n'

++J(m) 'ri(n) I),
which, by the same techniques as in Ref. 4 can
be shown to be an entire analytic function of
(J(n)), is an even function of J, so that, in parti-
cular, its derivative with respect to J(e) at the
point J=O vanishes, leading to the announced re-
sult that

& j(n))'= lim &P(n))» =O.
h~ 5

A brief comment is in order concerning the
physical meaning of the previous result. We are
not claiming that the Higgs model cannot, for suit-
able values of the parameters, exhibit a pherio-
menon of dynamical mass generation for the gauge
field. We only point out that, in the framework
of Wilson's quantization, in which gauge invari-
ance is strictly preserved at each stage of the
argument, such a phenomenon proves to be much
more subtle than expected and, though very
plausible, " is not, in such a framework, related
to the spontaneous breaking of the gauge invari-
ance of the quariti red theory.
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