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The quantum-mechanical implications of the inverse-scattering-transform method and its relationship to the
structure of Bethe’s ansatz are discussed in the context of the nonlinear Schrodinger equation (many-body
problem) associated with the classical (quantum) field theory £ = (i/2)d*3,0 — [3,0f — c|df’. We
review the transformation of the classical problem to action and angle variables and the derivation of an
infinite number of polynomial conservation laws. The values of the conserved constants are given by the
moments of the classical action variable. It is suggested that there exists a corresponding set of conserved
polynomial operators in the quantum field theory and that they reflect the conservation of velocity content
which characterizes the solution of the many-body scattering problem (Bethe’s ansatz). This implies that the
quantized action variable is just the occupation-number density operator in the asymptotic momentum-
(velocity-) parameter space of Bethe’s ansatz, and that Bethe’s wave functions are eigenstates of all
conserved operators with eigenvalues given by the moments of the N-particle distribution in asymptotic
momentum space. These statements are verified for the first four operators, including one which has not
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previously been studied.

I. INTRODUCTION

The study of exactly solvable models has long
been a valuable aid to mathematical and physical
intuition about nonlinear systems. In this paper
we discuss a connection between two powerful
techniques which have been central to the develop-
ments in different areas of exact (1+1)-dimension-
al physics. The method known as Bethe’s ansatz!
has among its applications a variety of one-
dimensional spin chains,?*® certain two-dimension-
al lattice models,*** and a many-body problem with
particles in one space dimension interacting via
a § function two-body potential.®-*° It also pro-
vided the initial impetus in the study of the Thir-
ring model.'! The inverse-scattering-trans-
form method of Gardner, Green, Kruskal, and
Miura'? was discovered as a means of solving the
Korteweg-DeVries equation. It was subsequently
shown that a generalized inverse scattering trans-
form'®+** provided an exact treatment of a number
of nonlinear partial differential equations with one
space and one time coordinate [(1 +1)-dimensional
classical field theories]. This method has been
particularly valuable in exposing the profound
role and remarkable properties of solitons in
these theories.'® Experience with both of these
methods suggests that they, and the phenomena
which they expose, are intimately related in a way
which may be surmised intuitively but remains
mathematically obscure.

A natural laboratory is available for studying
this question: The Galilean-invariant theory of
a complex scalar field ¢ with quartic self-inter-
action, described by the Lagrangian

L=3ip*d,0- 8,0 [2-c o |*. (1.1)
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As a classical field theory, the equation of motion
obtained from (1.1) is the “nonlinear Schrodinger
equation”

9,0 = -3,°¢p +2¢|p[* . (1.2)

This equation may be exactly treated via the in-
verse problem of Zakharov and Shabat.!* On the
other hand, we may consider the same Lagrangian
for a quantum field @,

£ =3i0%8,® - (8,8%)(8,8) - cd*d*dS | (1.3)
which has canonical commutation relations
[@(x, ), 2*(y, )] =6(x - y). (1.4)

It is easy to show!® that (1.3) is the field-theoretic
formulation of a many-body problem with the last
term corresponding to a §-function two-body po-
tential.'” In this form the quantized theory can be
treated exactly by Bethe’s ansatz.

The intuitive connection between the motion of
particles embodied in Bethe’s ansatz and the be-
havior of fields which emerges from the inverse
method can be illustrated by considering the case
¢ < 0 (attractive coupling) and comparing the soli-
tons of (1.1) with the many-particle bound states
of (1.3). Using Bethe’s ansatz it can be shown®
that a collision of two bound states never results
in a redistribution or breakup of the particles,
e.g., if a three particle bound state with velocity
v, collides with a five-particle bound state with
velocity v,, they always emerge as a three par-
ticle bound state with velocity v, and a five-par-
ticle bound state with velocity v,, having suffered
only a phase shift ortimedelay. This can clearly
be identified with the remarkable properties of
colliding solitons in the classical field theory.?!
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More generally, the form of Bethe’s ansatz can
be understood by simply imagining a system of
colliding billiard balls moving in one spatial di-
mension.’” Common experience tells us that
such a system exhibits a profound simplicity: The
distribution of velocities is preserved in time.
This conservation of velocity content is also a
property of the quantum-mechanical many-body
system (1.3) and is the essence of Bethe’s ansatz.
We will find that this is closely related to the
infinite number of conservation laws which are ob-
tained in the classical field theory as a by-product
of the inverse method.??

For simplicity we will restrict our discussion
to the case ¢ > 0 (repulsive coupling) and | ¢ |
- 0 as x—~ +, Thus we consider classical sys-
tems consisting of pure “radiation” (no solitons)
and quantum systems composed entirely of ele-
mentary quanta. For ¢< 0, similar considerations
can be applied to classical (quantum) systems con-
taining solitons (bound states), but we will not
do so here. The work of Zakharov and Manakov?®
has shown that the inverse method for (1.1) can
be formulated as a canonical transformation from
the field variables ¢(x) and ¢*(x) to a set of
action and angle variables P(£) and Q(¢). Here &
parametrizes the scattering data for an eigen-
value problem in which the canonical field con-
figuration ¢(x) plays the role of a scattering po-
tential. We will find that ¢ can be associated with
the asymptotic momentum parameters &, which
appear in Bethe’s ansatz. When written in terms
of action and angle variables, the classical Ham-
iltonian corresponding to (1.1) is found to be in-
dependent of the angle variable @(¢). Therefore
the conjugate momenta P(£) are conserved. The
infinite number of constants of motion for the
classical theory are just the moments of the time-
independent function P(¢) which characterizes the
system. By such considerations and by the re-
sults of a calculation described in Sec. IID, we
are led to propose that the quantum-mechanical
generalization of the Zakharov-Manakov action
variable P(¢) is the occupation number in the space
of the momentum parameters of Bethe’s ansatz.
This will be clarified and explored in Sec. III. As
we will see, the assumption that the quantized
action variables P(&) can be identified with the
distribution of particles in the momentum param-
eter space of Bethe’s ansatz implies some re-
markable properties of Bethe’s wave functions
which can be studied directly. If this interpreta-
tion of P(¢) is correct, it tells us that Bethe’s
wave functions are eigenstates not only of the
Hamiltonian, but also of the entire infinite set of
operators M, (£=0,1,2,...) obtained by writing
the conserved quantities M, of the classical theory
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in terms of the fields ¢ and ¢*, and then re-
placing these by the quantized fields ¢ and &* with
an appropriate ordering prescription. We will
study explicitly the first four classicallly con-
served quantities M,. The operators M, and M,
are particle number and momentum:

My=N= [@*® ax (1.5)

My=P=i[o}ddx. (1.6)

(Here and elsewhere a subscript x denotes dif-
ferentiation on the space coordinate.) The N-

particle Bethe wave-functions |¥ (&, ..., k)
= |¥ \(k)) are eigenstates of both, trivially,

M, [¥ y(k)) =N|¥ 4(R) , (1.7)
N

M, | 4(R) =( > k,)l\lf,,(k» ) (1.8)
i=1

The operator Mz is the Hamiltonian
M, =H=f(q>;=<1>,+ cB*D*Dd dy) (1.9)

In Sec. IC we review the seminal property of
Bethe’s wave functions:

N . N
M, [¥ (k) =H ¥, (k) =(Z kf) [Ty . (1.10)
i=1

Our derivation of (1.10) differs from the usual in
that it is carried out in momentum space. It is
inspired by the graphical approach’® to the Lag-
rangian (1.3), and is more easily generalized to
the higher moments 1\71,, 1>3. Finally, in Sec. III
D we consider the simplest operator moment which
has not been previously studied:

M3=(i)3f (@F,® - 3cdrd*dd dx). (1.11)
Using a method which resembles the derivation of
(1.10), we find that

N
iy 19 (k) = (‘Z; kﬁ) [ (k) .

The combination of the familiar properties (1.7),
(1.8), and (1.10), with the result {1.12) provides
considerable evidence for our interpretation of
the quantized action variables and for the con-
jecture that Bethe’s wave functions are eigen-
states of all the M,’s with eigenvalues(} ¥ %),

(1.12)

II. CONSTANTS OF MOTION IN THE CLASSICAL
NONLINEAR SCHRODINGER EQUATION

We will first review the relevant results from
the inverse-scattering-transform (IST) analysis of
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the classical theory (1.1). For more detailed dis-
cussion we refer to the original papers of Zakharov
and co-workers.'®'22 The IST for (1.1) is based on
the solutions of the Zakharov-Shabat eigenvalue
problem associated with the canonical field con-
figuration ¢(x,¢) (¢=time plays a passive role in
this discussion and will hereafter be suppressed):

i(% +%5>\p1=_\/? oY, (2.1a)
iGor ~ 1) ¥ =VE oy (2.1b)

When the eigenvalue £ is real, we can define the
scattering data in terms of the solution ¥(x, &)
with asymptotic behavior

V(x,§) o~ e5/2(2). (2.2)

x> =m0

Alx, )=1c [ dyidyag (5 3)9(3108 (31, ¥2) 0¥ 32)

If we write
Uy (x, £)=e'*2A(x, §), (2.3)
V,(x, £)=e"** 2B(x, £), (2.4)

then the scattering data are defined by

a(§)= limAlx,§), (2.5)
b(¢)= lim Bx, £). (2.6)

By writing (2.1) as an integral equation and itera-
ting in powers of Vc, we can obtain A and B in
explicit series form. Defining, for a given £,

glx,y)=0(x —y)et* 2.7)

(where 6 =step function), we get

+‘zfdyldyzdysdng(x,y1)¢(y1)g*(y1,yz)¢*(yz)g(yz,ya)¢(ya)g*(y3,y4)¢*(y4)+'", (2.8)

B(x, §) ==i Ve [ fd%g*(x , y1)¢*(y1) +c fd%dyzdysg*(x,y1)¢*(y1)g(y1s y2)¢(y2)g*(y2’ y3)¢*(y3) +e ] . (2.9)

The scattering data can be written in a similar form by letting x —:

alg)=l+c fdyldyze“§y1¢>(y1)g*(y1,yz)qb*(yz)

*te? /dyldyzdyady4e-‘ gyl‘b(%)g*(%; ¥2)0*(32)8 (32, ¥3) 0 (¥3)* (V35 Y ) * (9g) ++ 2+,

b(£)=—i~/?[ fdyle”” 4>*(y1)+0fdyldyzdyae"‘”Icp*(yl)g(yuy2)¢(y2)g*(yz,ys)¢*(y3)+'"]-

Equations (2.10) and (2.11) map the fields ¢(x)
and ¢*(x) into a set of scattering data a () and
b(¢). An important aspect of the inverse method
is that this mapping can be inverted. The fields
¢(x) and ¢*(x) can be constructed from the solu-
tion to a Gelfand-Levitan-Marchenko integral
equation whose kernel depends only on a(£) and
b(£).'®* For our purposes, we need only note that
the scattering data describe the system at a given
time just as completely as the original fields.
(Recall that we are only discussing the case ¢>0
with |¢|~= as x=+%, For c<0 we would need
additional variables to describe the soliton sec-
tor.)

The Poisson bracket of any two functionals a
and g8 of the fields ¢ and ¢* is defined by

(2.10)

(2.11)

. da 0B 58 b
{“’B}"f""[w(x) 50* ()~ 59(x) 6¢*<x>] '

(2.12)

From this it can be shown that

{a(), b(¢")} = < (2.13)

po ) Al
This is most easily derived from Wronskian rela-
tions for the eigenfunctions of (2.1).2® It is also
instructive to check it for low orders directly
from the series expansions (2.10) and (2.11).
From (2.13) and the similar relations

{a(&),b*(&’)}=<£_—;,C_I>a(£)b*(£’), (2.14)
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* Mm=f__=-¢ ’
{a*(&),6(£0} = <§_ T iic )a*(&)b(& ),  (2.15)
* ’ - — 4 ’
{a*(&), p*("} —(E_—-——g,”e)a*(g)b*(g ), (2.16)
we find that the functions
P(&)=~ Inlale)], (2.17)
Q&)= — argn(t), (2.18)
have canonical Poisson brackets
{P(£),Q(EN} =06(¢ - ¢). (2.19)

For c¢> 0, the function a(¢) is analytic and non-
vanishing in the lower-half £ plane, and hence we
may write

ive P(¢")dt’

1na(§)=——ﬂ— £ —-t+ie

(2.20)

The constants of motion can be obtained by com-
paring (2.20) with another expression for Ina(§).
Writing

Alx, £)=eM=B) | (2.21)

we can eliminate ¥, from (2.1) and obtain an equa-
tion for ' =dx/d x,

_d. A, ; ’_ 2
o dx<¢>+>\'2+1§)\ clo|?=0. (2.22)

The solution of (2.22) can be expanded in inverse
powers of £

Nx, £)==ic 3 E717Uf (x). (2.23)
=0

The functions f, are given by f,=|¢ |2 and the
recursion formula

hamio g (Lo ee T gg (2.24)

¢ J+k=1
Integrating (2.23) and noting that lim, ., A(x, £)
=1Ina(%), we obtain expressions for the moments

of P(£) which are polynomial in ¢ and its deriva-
tives:

1
e

f g’P(g)dg=ff,(x)dxs1v1, . (2.25)
We list the first five as follows:

Mo=,fl¢>lzdx, (2.26)
M, =i f<z> ¢Fdx, (2.27)

M, =P f(cbd)ifx -c| ¢|Ydx, (2.28)

My=GP [ (008 -Scorolal),  (229)

M4=(i)“f[¢¢>:,,, - co*¢, [o|°-6cokol ol

—5c( prPo? - 6c |9, I?] [0
+2¢ o |®]dx. (2.30)

The Poisson bracket between any pair of mo-
ments vanishes

{M,,M,}=0 foralli,j, (2.31)

by virtue of the first expression in (2.25). In par-
ticular, since M, is the Hamiltonian, all of the
M,’s are constants of motion.

III. THE QUANTIZED NONLINEAR SCHRODINGER
EQUATION AS A MANY-BODY PROBLEM

A. Many-Body Wave Functions

To construct eigenstates of the quantized Ham-
iltonian, we divide it into free and interacting
parts,

1}=f dx (~®X & + cO*B*dD) = Hy+V . (3.1)

At {=0 the momentum-space creation and annihila-
tion operators a] and a, are defined inthe usual
way:

@(x)=fi;§ et g, | (3.2)

and the N-particle plane-wave eigenstates of H,
are given by

By, kay - oo k) =af al, = -al, [0). (3.3)

The states (3.3) will often be abbreviated as |k).
Next, define the Moeller wave operator as
U0, )= lim ¢'ft g=tfot (3.4)
t— =
The N-particle in scattering states are obtained
by applying this operator to the plane wave (3.3),

[ 4 (k) =U(0, =) |R) . (3.5)

We can now summarize the relevant results of
Ref. 19. By writing the perturbation series for
(3.5) and summing graphs, it can be shown that
the states obtained are just those of Bethe’s ansatz.
When computed from (3.5), the wave functions
[¥, (k) are obtained naturally in a cluster-
decomposed form of Bethe’s ansatz whose terms
can be associated with a set of dressed skeleton
graphs. A skeleton graph contains N “quasi-
particle” lines drawn vertically without intersec-
tion and with some number of “phonon” lines con-
necting pairs of quasiparticle lines. (An example
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FIG. 1. A skeleton graph for the four-particle wave
function.

of a four-particle graph is shown in Fig. 1.) In

the billiard ball analog of the many-particle sys-
tem, a quasiparticle is an entity which travels
through the system at a constant velocity except
for the small jumps (time advances or delays)
caused by collision with other particles. The value
of an undressed skeleton graph is given by the
following rules:

(a) a momentum pole (-i)(q —i€)~" for each pho-
non of momentum ¢, (3.6a)

(b) an integration [dl/2m over the momentum in
each closed loop. (3.6b)

We will choose a particular ordering for the
asymptotic momenta of the plane wave in (3.5),

ky<k,<ee-<ky, (3.7

and draw the graphs so that these momenta read
from left to right across the bottom of the graph.
The phonon lines will then all proceed from left
to right. If we define the set of integer pairs

Ey={G,7) i<js<N}, (3.8)

we can associate a distinct pair of quasiparticles
with each member of the set §,. In a skeleton
graph, a given pair is connected either by no pho-
nons or by one phonon. We can therefore designate
a skeleton by its “collision set” € which is a sub-
set of §, containing a pair for each phonon in the
graph. For example, Fig. 1 is denoted by the set
€={(1,2),(1,3), (2, 3),(2,4),(3,4)}. A skeleton
graph for the wave function (p | ¥ ,(k)) will be
written X(p; €). The dressing function of a skele-
ton graph consists of a factor

2ic

Ty= ki—k,—ic (3.9)

for each pair (i, j) €€, i.e., for each phonon in the
graph. Finally, for notational convenience we

absorb an overall 27 X (momentum-conserving
function) in our definition of X(p; €). Thus, in
comparison with the notation of Ref. 19, we make
the replacement

N N
2"5<‘Z=:1 by - 421: k‘)x(p;e)»ac(p;e). (3.10)

With these definitions and preliminaries, we can
write the many-body wave function as

< ~)

(3.11)

Here,®(&,) denotes the power set of &, i.e., the
set of all its subsets. ®(&,) contains 2% ¥-1) /2
elements each corresponding to a distinct skeleton
graph. The connection between (3.11) and the more
familiar form of Bethe’s ansatz is discussed in
Ref. 19.

B. Constants of Motion

Now that we have an explicit form for the N-
body wave functions, we can study the operators
A;I, obtained by replacing the polynomial express-
ions of the classical theory, Egs. (2.26)-(2.29),
by their normal-ordered counterparts:

A}0=1~}=f<1>*d>dx, (3.12)
M,=P=i [(®rédx (3.13)
M, =1}=(i)2f(<1>;,q>-cq>*¢*q>q>)dx, (3.14)
1\713=(z')3f(q>:n¢-3c4>;q>*<1><1>)dx, etc. (3.15)

Because of particle-number and total-momentum
conservation, it is obvious that |¥ (k) is an
eigenstate of M, and M, with eigenvalues equal

to the zeroth and first moments of the k&, distribu-
tion:

Mg |9 (k) = wo(R) | ¥ (R)) (3.16)
My ¥ (k) = w, (k) [¥, (k) (3.17)
where
N
w, (k) = ‘Z k. (3.18)
=1

A well-known but less obvious property of Bethe’s
wave functions is that they are eigenstates of the
Hamiltonian,

My [ W, (k) =w, (k)W y(R) (3.19)

Before discussing this property further, we note
the following obvious conjecture based on (3.16),
(3.17), and (3.19):
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M, ¥ R =y (k) [ ¥ (k)

To make this conjecture completely definite, we
should specify the ordering prescription by which
M, is defined. We will verify (3.20) for =3 and
find that normal ordering is the correct prescript-

(3.20)

ion, as was the case for I<2. For [> 3 the validity

of (3.20) and the correct ordering prescription for
M , remain open questions.

If we assume (3.20) for all [, it provides a basic
link between the classical action variables P(§)
and the occupation-number density in the k space
of Bethe’s ansatz states |¥ (k). Let us define the
operator

pk)=Uala, U™, (3.21)

where U=U(0, —=) is the Moeller wave operator.
Then from (3.5), we obtain

[ [ ¢ pwas ] 1waen=w oy @) . @22

Thus (3.20) is just the statement that when the
classical IST action variable P(¢) is quantized by
replacing the polynomial (in¢) expressions for its
moments by their quantum field counterparts, one
obtains p(¢), up to a numerical factor m/c.

bV ¥ k)= 2o

(4.4) Sy

[Z

C.®(8y)

Here, X,; is a skeleton graph with the phonon

(i,7) replaced by a dashed line, as in Fig. 2. More

specifically, we can write a skeleton graph as
follows:

dl dl -1
. = hadd SRRV b /3 —
x(p; @)= [ 4D L “.IMI) e( q,m_K},
(3.24)

where L is the number of closed loops and g, is
the momentum of the phonon (I, m). Then for

each (4,7 )< €, the contracted skeleton graph &,
is defined by

dl dl —i
X (;e):f_l...._!‘_ <___>
”p 27 27 (1,m).e Qim —1€
(1,m)=(4,4)

(3.25)

Also, in (3.23) we have introduced the quantity

26(%)01“(0).%”(p;eU{(i,j)}) H T""-l'
(1,m) @

ki ka2 ks ke

FIG. 2. A contracted skeleton graph. The dashed line
represents an | & |* Feynman vertex.

C. The Hamiltonian

It is instructive to verify (3.19) in momentum
space, using the language of skeleton graphs.
We begin with the skeleton expansion (3.11) and
consider the application of the interaction Ham-
iltonian V to the wave function. This contracts to-
gether a pair of quasiparticle lines in a vertex
which will be denoted graphically by a dashed line
(see Fig. 2). Summing over pairs, we obtain an
expression of the form

(3.23)

-

r

oy, (@)= {1, if (4,j)€ € (3.26)

0, if (i,j) 7 €.

Thus an extra factor of 3 appears in the terms of
(3.23) for which the dashed-line vertex (i,5),
resulting from the interaction V, contracts two
lines which were already connected by a phonon.
This factor emerges from the loop integration
thus obtained, as discussed after Eq. (3.1) of Ref.
19.

Next we observe that in the sum over collision
sets @ in (3.23) there are 2¥(¥-1)/2 torms which
fall into 2M¥-1) /21-1 pajrs, In each pair of terms,
one collision set contains (z, j) and the other does
not, and they are otherwise identical. Thus each
pair gives a sum of the form

k,=Fk;
1"'%7;;:( %%c >7u-

The sum over such pairs can therefore be con-
veniently written as a sum over only those collision
sets which contain (i,j), giving

(3.27)
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(p |V ¥ yR)= 2 [Z (=i)(k; = k)X, (p; @) II T,,,]. (3.28)
(i,)€ §y|C P(Sy) (1,m)-C
(i,jx¢e

To obtain the result in (3.19), we consider the difference between the total energy w,(k) and the free
Hamiltonian 4, acting on the wave function
N

(b lwy(R) = Ho) [ (&Y = D (k=X p [ 4(R) (3.29)

i=1

Inserting the skeleton expansion (3.11) and factorizing the energy difference in (3.29), we obtain

N

(b [[wy(R)=H,] [ y(R) = 8 . ;L; ) (b, +p, k= px(pse) 11 7. (3.30)
=1 I

b (1,m):-e

The first symbol on the right-hand side of (3.30) represents a symmetrization over the momentum vari-
ables p;. In a skeleton graph, the momentum difference (p, - k,) is just the net momentum transferred to
line j by all the phonons which attach to it. Using (3.24) and (3.25), this gives

dl dl -1
B, —p)x(p;e)= [ Ea ... %L > D) ] (___)
(k; = p;)%(p; ©) f 2 27 [{1| (5,nee} KL {il (i,9)ee} s (rr:n[.-nI)w Omn — i€

=(—i)[{ E x;,(pse) - E aci,-(p;e)]. (3.31)

1| (4.0)ee} {t]| (i.p)ee}

Inserting this in (3.30) and collecting terms, we obtain

P CcO(Sy) (1) e (1,m) e

(b | [wy (k) = H, | Uy (k) 58 Z {2 (=), +p,) = (B, +p ) 1% (£;@) I1 T,..}. (3.32)

The part of (3.32) involving (p, - p,) vanishes because %, (p; @) is symmetric under p, ~p;. Finally, we
interchange the order of summation and obtain

(0| [walb)=Ho) ¥ y(k) = 22 {,Z (=), - k)%, (pye) T1 T,m}. (3.33)
(1.9)e 8, (CE0(8y) (1m)=e
(¢,9)ee

This is identical to (3.28), proving (3.19).

D. The Operator ﬂ3

Using similar techniques we can now study the operator 1\713 which we divide into free and interacting
parts,

My=M§0 +a1§2 (3.34)
where

M) =— [ o5, dax, (3.35)
and

M =3ic [8rereedy. (3.36)

First let us consider the difference w,(k)-M (¥ acting on [¥ (B,
N

(P [ws®) =P Ty (B) = 3 (k2= p2 X bW 4l (3.37)

Proceeding by the same steps which led to (3.32) and using
(B =p)=(ky=p)RE+E,p; +p3), (3.38)
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we obtain

(0 lwy(k) =MD ][ (k) =8 {
?eeocspl (inee

Symmetrization in p allows us to make the replacement

THACKER 17

> (=d(kE+Rp+07)

~(ky2 +kyps+ b)) xu(P;e)(lH Tm} . (3.39)

m)ee

(B2 +k py+D2) - (k2 +k;py+p7) =3 (ky =k N2k, + k) + (py+,)] . (3.40)

Working somewhat backwards in comparison with the previous section, we write

2ic
i = @+z 7). (3.41)
iJ (k’—k! ) 2 i
Equation (3.39) thus becomes
b gl = M0 T[40 = 2o { 20 cl2ky k) + (b)) ER
eeo(8,) (1) 8,
x &, (p; @U{(, 7)) ( q chm} . (3.42)
1.,m)<

The action of the operator M {2’ on the wave function is similar to that of the interaction Hamiltonian
V, with an extra factor of 3(p, +p,)/2 for the dashed-line vertex. This gives a result similar to (3.23):

(PIMPe Y= 2 [eZ

G.g)e8, leeo(s,)

Combining this with (3.41) we obtain

(b llwy®) =D, ] ¥ (&) = 2

3c(p+p )1 @, (peU{i, )} T ’"'J' (3.43)

(1,mee

{(_%Z& 2el b, +k) = (o, + 2] O e pp TT f,m}.
i,j)€dy

ce®( GN) ,m)E
(3.44)
The desired result follows from a property of skeleton graphs which is proven in the Appendix,
3 [y +R) = (0 +0) 1G5 %, (p; UL, )}) =0. (3.45)

(i.!)t'd'”

From this it follows that
(b | [wslk) =M 4] | ¥ y(&)) =0. (3.46)

We have thus shown that the first four conserved
quantities M;, I < 3, of the classical theory have
normal-ordered operator analogs M ; in the quan-
tum theory which are also conserved. Moreover,
all four of these operators are diagonalized by
Bethe’s ansatz, i.e,, they are diagonal in the
basis of in scattering states |¥ ,(k)), with eigen-
values equal to the first four moments of the &,
distribution. A study of the higher-moment
operators M ,;, I> 3 is possible using graphical
techniques similar to those employed here. It
seems apparent that a better understanding of the
quantum-mechanical significance of the recursion
formula (2.24) would be desirable. It might be
hoped that an investigation along these lines would

—

lead to a clear physical interpretation of the in-
verse-scattering transform in the context of quan-
tum field theory.
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APPENDIX

To prove Eq. (3.44) we first recall the decom-
position of a skeleton graph X(p; @) into “ordered
plane waves” [c.f. , Eq. (4.15) of Ref. 19],
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written as a sum of contracted plane waves, which

®(p; P)=N18(2m)8(Z 4 (p) - = y(R))
, are defined by

N=-1

-1
X ,Hiz,(p)-z,wk)—ze]’ @1)

where
1
()= 2 by (A2)
i=1
1
z,(PR)= D ks, (A3)
i=1

and (P,,B,,...,Py) is some permutation of
(1,2,...,N). A skeleton graph x(p; €) can be
written as a sum of ordered plane waves & (p; P),
where P ranges over a subset (@) of the permu-
tation group Sy. This subset is defined by

7(i,§) = {PESPY), > (P} (A4)
and
ae)= N wG,j). (A5)
(i,.)ee

The decomposition of a skeleton graph is

R(pie)= 2. @(piP). (a6)
Pem(@)
The physical significance of this transcription is
discussed in Sec. IV of Ref. 19. Here we use it
to derive a similar relation for the contracted
skeletons X,; defined in (3.25). The latter can be

®,,(p; P)=N! § (2m)a(Zy(p) - Z 4(k))

x2f BLPL o(p; +pi-p,-p,)

XH[z B3 z (Pk) - i€ ]

(A7)

where p; =p, for 1 #14,7. The integrand in (A7) is
understood to be symmetrized in p; and p; (this
removes the usual spurious divergence coming
from a loop integral with a single phonon'®). By
contracting both sides of (A6), we find that

B ©n  (p3eUfl, NP =3 22 4,5 P).
PEN(®)

(A8)
The result (3.44) follows from the fact that

S [y +k) - (py+ p)]@,y(p; P)=0, (A9)

(1,9)€ 6y

for any permutation P. We will demonstrate (A9)
for P =] =identity. Other permutations are treated
in an identical way with trivial notational changes.
By contour integration of (A7), we find that & ,(p; 1)
=0 unless j=¢+1, in which case

o N e @ (e 1) _ s S
ran(B31) = (03 1) =N S (27)5( 2 4(p) = Z (k) [z,(p)—z,(k)—ie ] .
Next we write
(kg+k(+1_l’4"P{u):[Z{-l(P)“zl-x(k)] - [Eiu(p)_zi-bl(k)] (A11)
(Where ZOE 0)’ giving
(s +Rivs = by = Prs ) (03 1) =N18 602 y(p) = 2 4(6)) ()
N=-1

{H orsm—rl-

(1#i,4+1)
fori#+ lor N-1, and

-i
[W ]} Aa12)

(124-1,1)

N=1 s
(ks + k= £y = )2, (5 1) =N1$ (215 () = Z () (2) H [m] ’ (A13)
N=-3 .
_ _ . —_NT _ . -1
e+ b= Paea = P a3 1) =-N18 20106 40) - 20600 TT 55750 ] (a14)

[Note: for N=3 the products in (A13) and (A14) are replaced by unity.] From (A12)-(A14) it follows

that
N=-1

Z (kl +ki+1 -

i=1

—Pnl)‘i"(l’;I)"'O,

giving (A9) for the case P=1.

(A15)
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