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We describe, within the framework of the Heisenberg form of quantum mechanics, a general method for
obtaining a quantization condition for bound states at the WKB level of accuracy. The method, applicable to
both quantum mechanics and quantum field theory, proceeds as follows: (i) Relevant matrix elements of the
equations of motions are studied in the large-quantum-number limit including first quantum corrections. (ii)
These equations then are derived from several variational principles which generalize the classical versions of
Hamilton’s principle or the principle of least action, respectively. (iii) The quantization condition emerges in
differential form from consideration of the change in either of the stationary functionals upon unit change of
the quantum number of the bound state. (iv) The quantum condition in integral form thus involves an
integration constant describing quantum fluctuations which is determined for every example considered by a
suitable “connection formula”. (v) The energy is computed in several ways, but most powerfully by
employing the consequences of the quantization condition in the calculation of the expectation value of the
Hamiltonian. The program outlined above is illustrated by application to one-dimensional quantum
mechanics, to the nonlinear Schrodinger equation, and to the sine-Gordon model (in one space and one time

dimension).

I. INTRODUCTION

Now that the initial flood of papers on quantiza-
tion of solitons has passed, it is appropriate to
consider what has been accomplished from a pure-
ly technical point of view': In effect, a diversity
of methods has been developed to carry out the
equivalent of WKB approximations in field theory.
To the first work involving semiclassical approxi-
mation within the path-integral formulation® have
been added the methods of collective coordinates
within the path-integral formulation,®** collective
coordinates and canonical quantization,®” and con-
ventional canonical quantization using Heisenberg’s
form of quantum mechanics.*® These methods
were initially applied to the quantization of topo-
logical solitons (kinks or particles) and nontop-
ological solitons (bound states) including the first
quantum correction.’® The actual evaluation of a
second quantum correction has been carried
through in one instance.!! Only within the method
of collective coordinates in the path-integral for -
mulation has the problem of scattering of solitons
been carried to the first quantum correction.'*"'®

In the course of attempting to understand how the
quantum corrections to scattering could be done
within the Heisenberg picture, we were led to re-
view and rethink the bound -state applications,®®
resulting in the present report, which includes
our previous considerations but also extends
them. In particular, in the previous work, we
emphasized calculation of the energy (one way or
another). Though such calculation is still the final
goal in the present work, the most important new
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contribution of this paper is the development of

a systematic method (in fact two such methods)
for derivation of a phase-integral quantization
condition. The basis for this advance was the re-
cognition of semiclassical variational principles
which represent an extension into the quantum do-
main of two variational principles of classical
mechanics. The first of these is Hamilton’s prin-
ciple:

t
2 .
5 | “atlpg -H(p,q)]=0,
t
where the path is varied so as to keep the time of
transit constant. The second is the principle of
least action:

ty N
A dtpq=0,
t
where the path is varied so as to keep the energy
constant.

The elements of our derivation can be stated
quite generally. We consider a system with a se-
quence of bound states labeled by an integer n.

As the examples make clear, this system may be
a particle system with one or many degrees of
freedom, or a field theory. Let q be a fundamen-
tal operator of the system, such as a field opera-
tor or position operator: (i) We study matrix ele-
ments (z|q|n’) of the Heisenberg equation of mo-
tion for q. We show that for large »n these can be
interpreted as the Fourier components of a clas-
sical quantity q(¢) satisfying the classical equa-
tions of motion. A systematic expansion in orders
of n~! allows the first quantum correction to be
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included with relative ease. In principle still
higher -order terms could be reached. (ii) It is not
difficult to formulate a variational principle from
which the equations of motion are the appropriate
Euler-Lagrange equations. At the classical level,
it is equivalent to Hamilton’s principle. It always
has the form

5,(C, —E,)=0, (1.1)

where E, is the energy of the state » and C, may
be viewed as a constraint on the variation of the
energy. The variation is with respect to the ma-
trix elements of g and the constraint expresses
the fact that not all of these matrix elements are
independent, but rather, the commutation rela-
tions limit the number of independent ones.
Another variational formulation, equivalent to the
principle of least action, is obtained by defining
the “action” I, by the equation

1,-T,(C, -E,), (1.2)

where T, is the classical period associated with
the state n [see Eq. (1.5) below]. The alternate
variational principle

A(,+E,T,)=0 (1.3)

replaces the fixed end -point variation associated
with (1.1) by a variation of the final time, i.e.,

of T,, with fixed energy E,—precisely the varia-
tion associated with the principle of least action.
(iii) A variational principle is utilized to derive

a phase-integral quantization condition. Both (1.1)
and (1.3) can be utilized. For introductory pur-
poses, it is simpler to illustrate the use of (1.3).
In consequences of the variational property, i.e.,
the equations of motion, we have

d ol dE
hadil _n n
an I,+E,T,)= o + n T,, (1.4)

where the partial derivative means keep g and

T, fixed, and it is verified that the derivative with
respect to n belongs to the class of variations al-
lowed by (1.3). In all the examples studied (8I,/
9n)=0, though not always obviously so. Further-
more, the correspondence principle assures us
that

Lt =, = . (1.5)

Thus (1.4) can be integrated and yields
1,+E,T,=T,C,=2mn+constant. (1.6)

(iv) Determination of the constant of integration is
a problem special to each model. Thus in our
consideration of one-dimensional quantum mech-
anics, we give a new derivation of the connection
formula with the famous outcome, constant = 3.

For a nonrelativistic many-body model, we leanon
the observation that the left-hand side of (1.6) is
proportional to the number of particles, # in this
case. Thus constant=0. For the sine-Gordon and
other relativistic field-theoretical models, the
concepts of renormalization theory play an essen-
tial role in the consideration. Customarily C,

is defined so that constant=0. (v) For the field
theories (1.6) determines w, so that another in-
tegration is required. Alternatively we can cal-
culate E, directly and find that this calculation

is simplified by utilization of the phase-integral
condition.

In the sections which follow, this procedure is
applied in whole or in part four separate times:
in Sec. II to one-dimensional quantum mechanics,
in Sec. III to the nonlinear Schrddinger equation
as an example of a nonrelativistic field theory,
in Sec. IV to the sine-Gordon model in the ex-
treme weak-coupling limit which entails only the
lowest Fourier components of the classical solu-
tion, and in Sec. V to the same model using the
complete classical solution. Many of the actual
details of the calculations are relegated to Appen-
dixes A-D, associated in order with Secs. II-V.

It is almost apparent, and even true, that the
methods of this paper can be extended to contin-
uum states. For instance, once a variational
principle is at hand, the variation of the station-
ary functional with respect to a suitable param-
eter such as a relative velocity yields an essential
scattering relation. These developments will be
presented in a subsequent work.

II. ONE-DIMENSIONAL QUANTUM MECHANICS

In this section we preface the applications to
field theory by a description of how our methods
work in quantum mechanics.'®

We study the motion of a particle in one dimen-
sion described by the Hamiltonian and commuta-
tion relation (F=m =1)

H=3p*+V(x), (2.1)

[x,p]=1. (2.2)

It is convenient to eliminate the operator p from
the problem by utilizing the equation

p=x=~i[x,H]. (2.3)

Thus the equation of motion and commutation rela-
tion can be taken in the form

[[x’H]yH]:% ’ (2.4)

[[x,H],x]=1, (2-5)

and the energy can be calculated as the expecta-
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tion value of

H=3{x,H|[H, x]+V(x) (2.8)
in the bound eigenstate |n),
(n|H|n"y =E )5, - (2.7

The first step in the method is to study the ma-
trix elements of the equation of motion for large
n. From (2.4) we consider

dx

[E(n;tv)_E(n)]z(nlxlniv)=<n nx v>. (2.8)

Here large » means that in any product evaluated
by completeness,

(n|AB|n"y =2 (n|A|n+v)n+v|B|n’)
o

+(n|Aln —v)n -v|B|n"),
(2.9)

upward and downward going transitions, as in-

dicated, enter symmetrically in the sum. It is then

observed that if both of Eqs. (2.8) are expanded
by referring all matrix elements to a common
reference matrix element, according to the for-
mula

(|x|ntv)=(n —3v|x|n+3v)
+308,(n —3v|x|n+3w)+o00, (2.10)
and introducing the definition @=n+3)
x, (@) =x_,@)=n - tv|x|n+ vy, (2.11)

there results a single average equation

[vo@))x, () = (%f”) , (2.12)
where
(@)= ddi (n) (2.13)

To understand the meaning of the right-hand side
of (2.12), we associate x,(%) with the Fourier com-
ponents of a classical dynamical quantity x(¢,7),

x(t, )= 2 x, () explivw®@)t] . (2.14)
Y=o
The quantity (dV/dx), is then the vth Fourier com-
ponent of [dV(x(¢,7))/dx], and the equation itself
is then simply Newton’s law in Fourier component
form.

The derivation of (2.12) is given in Appendix A.
The special significance of the symmetrical choice
(2.11) is that only for this choice are the correc-
tions to (2.12) of relative order n™2.

The second step in the derivation of WKB is the
construction of a variational principle for the

equation of motion (2.12). The correct expression
L(n) can be written as

L@®@)=C@) -E®m), (2.15)
where
E@)={n|H|n)

=3 [vw@Pr, @)x, @) + Ve, 7),, (2.16)
>0
C@)=(n|%*|n)
=23 [vo@Px.,@x, @) . 2.17)
>0

In the present case and in many other cases, L (%)
has direct significance as the expectation value
of the Lagrangian in the state |n), accurate to the
first quantum correction, the same accuracy as
claimed for (2.12). In (2.15) L (%) has been written
as a sum of two parts because of convenience for
application. This separation also alludes to the
quantum origin of the variational principle for the
energy subject to the constraint [x, p]=:.""

The equation of motion (2.12) follows from the
condition

6, mL(@)=0. (2.18)

Note that w(z) is held fixed in this variation. This
can be understood as an expression of the Rayleigh-
Ritz principle, since w() is defined in (2.13) as
an energy difference.

The third step in the derivation of WKB is to
vary L(#) with respect to n. The dependence on
n is both implicit (via x) and explicit (via w). Be-
cause of (2.18), L (%) is stationary under varia-
tions in x. Hence

dL(m) _ 3L(m)

an o’ (2.19a)
i.e.,
dcC (@) __9C@) BdEm)
In —w@) = " on (2.19b)

If w@)#0, an elementary calculation now yields
d

1:dn

2 ok, @), @), (2.20)
v>0

or

S@)=27 Y, viwnx, @)x, @)

Vaaxo

=2n(n+c), (2.21)

where ¢ is a constant.
It is trivial to recognize S(#) as the usual phase
integral, utilizing the definition of the period,

w@)T (7) =27, (2.22)
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for then
S@=T@) Y, [ve@Px., @), @) (2.23)
T(7)
- f atGe(t, n))? (2.24)
:fpkdt:fpdx. (2.25)

The fourth and last step in deriving the WKB
approximation requires evaluation of the constant
¢, the famous one-half. The detailed argument
for this case differs markedly from those approp-
riate to the field-theoretical models. Here we
start by comparing the WKB case with the Bohr-
Sommerfeld quantization. The latter is defined
so that S(r), the phase integral in (2.23), has pre-
cisely the value 27z with no additive constant.
This implies, as we verify below, a different as-
sociation of matrix elements with the Fourier
components of a classical dynamical variable from
that taken in (2.11). In the Bohr-Sommerfeld ap-
proximation the correct association is defined by
the identification

x,00) = x,(wn)) =(n - 1|x|n).

[It is implicit in the construction of the physical
Hilbert space that the matrix element occurring in
(2.26) vanishes for n=0.] Assuming that the ab-
solute minimum of the potential energy is at the
origin of coordinates, the vanishing of the fun-
damental amplitude (2.26) for n=0 implies through
the equation of motion that x(¢)=0. This is be-
cause the equations of motion (2.12) are homo-
geneous in the Fourier components x,(z) so that it
is correct to think of the “harmonics” as driven
by the fundamental. The particle is thus at rest

at the origin, so that Sg,,.(0)=Eg,,.(0)=0 as re-
quired.

To complete this part of the derivation we need
only note that the WKB identification (2.11) follows
from the Bohr identification (2.26) by the replace-
ment #~n+3. Thus we have reached the known
result.

We remark that in order to complete the deriva-
tion we have had to make a statement concerning
the theory for n=0, where the approximation itself
is not valid. This is our version of the connection
formulas. Some analogous consideration will be
reqiured in all other examples to be treated.

We round out the considerations of this section
by showing how the WKB quantization can be ob-
tained from a time-dependent variational prin-
ciple. In this form, the considerations are more
closely akin to those of the path-integral method.
We define the action I(z),

(2.26)

T(n) .
I(n) = f a3 () —HG@), 2]

T(n)

- [ a0 v, (2.27)
0

where x(¢) is, ultimately, to be identified with
(2.14). We consider a variation of I(z) which is that
appropriate to the principle of least action for a
conservative system,'® i.e., fixed energy but vary-
ing final time:

6x(0)=0,
5x(T ()= —x(T(n))oT .

(2.28)

Standard textbook manipulations for this variation,
which we term A, yield what is in effect the prin-
ciple of least action: The statement

AlI(m) + En)T(n)]=0 (2.29)

implies and is implied by the classical equations
of motion. If we identify x(t) with x(¢,7) of (2.11)
and (2.14), we are however, doing quantum theory
to the first two orders in n.

In consequence of (2.29), however, we have

dE (@)
dn

=w@)T @) =27, (2.30)

;L [1®)+ E@)T@)] = T (%)
n

because the significance of the symbol A is that in
carrying out the derivative, we may keep both
x(t, %) and T (@) fixed. Integrating (2.30), we have

S@) =1@)+E@T@)=27(n+3). (2.31)

The argument given previously leading to the known
constant of integration has of course been pre-
supposed in writing (2.31).

It can and should be checked that the derivative
with respect to n is an allowed variation in the
sense of (2.28). Since in this standard example
(2.31) directly yields E(n), it is not necessary
to discuss a separate calculation for this quantity,
as is either necessary or convenient in all the re-
maining examples of this paper. Nevertheless, it
is possible to build the entire discussion about the
energy, as shown in Ref. 16.

III. THE NONLINEAR SCHRODINGER EQUATION

As a second application of the general approach
of this work, we choose the simplest of many -
body problems in the guise of the nonlinear Schr6-
dinger equation (NLSE). In this problem, the
“connection formula” aspects are the simplest
encountered because of the existence of a conser -
vation law. On the other hand, the stationary func-
tional no longer has exactly the structure of a
classical Lagrangian when first quantum correla-



17 EQUATIONS OF MOTION, VARIATIONAL PRINCIPLES, AND... 1013

tions are included. Though it would take us too
far afield to present a detailed analysis of this
circumstance, it can be traced to the fact that we
have a complex field which is purely a lowering
operator in the particle number.

Since the techniques of calculation have been
illustrated in I and II, many of the details have
been relegated to Appendixes.

A. WKB quantization from time-independent variational principle

From the Hamiltonian (¢=0)

Ry e )

-zK f dx T ()P (X ( N (x) (3.1)
and the commutation relation
), ') ]=06(x-y), (3.2)

we obtain the field equation (#7=m =1 henceforth)
i9,9(x) = [$(x), H]
142

=-g gEt) -K P (x)(x) (3.3)
(E,- E,,-l)an(x)+—12-(n”j>§7:¢n(x) vi D IEmEE

)

From (3.3) we then deduce an equation for the
matrix element

b =g [ A" =109 (), (3.4)
where
(o= (Bt &) In( o). .5)

Utilizing translational and Galilean invariance,
the latter in the form

= 1) [40) (D)= o - 1(pr 25 1 ?) 19(0)=(0)),
(3.6)

(3.4) can be written

®,,(x)=e ¢, (x), v=(p/n) (3.7

0= S dp'e = 1(p) [4(0)|n(@).  (3.8)

In Appendix B, we indicate that up to the one-
loop approximation ¢ ,(x) satisfies the equation

2

da(x)

+2A’f %lnk(x)‘zcbn(x)+Kf;—l§ KON (X) dX(x) =0 . (3.9)

Here y,(x) and 71,(x) are the amplitudes which des-
cribe small quantum fluctuations about the clas-
sical soliton solution (see I and Appendix B). They
satisfy the equations
1 d?
3k x(x) = ~ P Xx(X)
~K[2|¢,(x) |*x4(#) + 0,2()nf()],  (3.10)

1 a°
2w, - 2k* I} (%) = - 5 T ¥ (x)

—K{2 | (%) [P0 (x) + [0 ¥(x) F x (2},

(3.11)
which were derived from (3.3) in I. Here again
dE
w,= dnﬂgEn_En_l, (3.12)

For large n, (3.9) reduces in leading order to
the nonlinear Schrodinger equation in the form

:%;w;‘”(x)m | 652 (0) [*¢,° (%) =0,
(3.13)

1
wf.°)¢f.°)(x)+§

f

for which the quantum solution is

1 K2
O)y)=co o 0 =1
d)n (x)—z cos y R anX (314)
w®=1K %2, (3.15)

The quantization “rule” which leads to (3.15) will
be reviewed below.

We show next that (3.9) may, to the required
approximation, be derived from a simple vari-
ational principle. This is achieved with greatest
convenience if we write

ban(579) = 00l = 1y 0000)
+ [% ¢>,,(x)] (x/n)

= 4,(0) = = 4,2 (3.16)

The approximation (3.16) is valid to leading order
for the correction term since it utilizes an identity
satisfied by the function (3.14). With the vari-
ational goal in mind, we rewrite (3.9) as
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dz

2 1 , dk
(E,- En-1)¢n(x)+§'(n'—l__ﬁ T Onl0)= —';' %’z%(") -K (1 - ;) |9a(x) [*@alx) + 2Kf 77 [ [*9,(2)

K [ g’% AW D () . (3.17)

Equation (3.17) can be then derived from a variational principle using the functional

Ln[(bm ¢:]Ecn—En’
where E, is the energy

E,= (n(0) |H |n(0))

=fdx{-;-

d—ljc(b"(x)lz—%K <1‘%>[|¢n(x)|2F}+%f% fdx

(3.18)

2

d
E;nk(x)

~2 [ [axln |, - 3K e [ xamlozF exi (o F,  (3.19)

which can be derived by the methods of Appendix
B and the approximation (3.16), and C, is the
“constraint”

Cn: (En-En—l)fdx‘q)n(x) lz

2

d
i (%)

1
—'Z(n—_lrf dx (3.20)
(Its physical meaning is that it is the tree ap-
proximation to the matrix element ((0) |[¢*(0)[4(0),
H]|n(0)).) In requiring

5¢*L"=50L"=0, (321)

we keep n (and therefore E,, etc.) as well as the
small vibration amplitudes x, and 7, fixed. As
shown in Appendix B, an extended variational
principle, from which Eqgs. (3.10) and (3.11) can
also be derived, can be constructed, but it will
not be needed for our purposes.

Equation (3.21) is then utilized to derive a WKB
quantization rule by means of the condition

dL, _@L, [6Ln d¢(x) 8L, 08¢*(x)
an  on ! 5ln) on TooH(x) om ]

aL
= (3.22)

which follows from (3.21). Let us apply this first
in lowest order:

L= wf,‘”fdx |olx) |2 - EL, (3.23)
where
1 (0)
Ey—Ep =w,~ “f;" +eer 2= = (3.24)

-
and
2
£ [ax[E] Lo [ - txil o], @.29)
We thus have
dcll"('m =d§;o) o
n
- g w0 [ axl 6P @] -0, 320
but
(0) 0)
al;; =%”— faxlo@@|:. (3.27)

From (3.22), (3.26), and (3.27) we thus conclude
d
= [axlow =1, (3.28)

or with a definite assumption (to be discussed)
about the constant of integration, we have the
Bohr-Sommerfeld condition

fdx|¢,(.°)(X)|2=n. (3.29)

It is not surprising that this quantization con-
dition, which was used to obtain (3.15), coincides
in lowest order with the number quantization con-
dition

n=u(0)|4'(0)4(0) |n(0)) . (3.30)

We return to this point after extending the present
considerations to the next order.'?

To obtain an improved quantization condition,
we utilize the full functional L,, Egs. (3.18), (3.19)
and (3.20). From (3.22), we find immediately



..dcﬂ ac'l

oFE
= Zn
@n dn an

+
o¥,0 Onm

(3.31)

o*,0
From (3.20), we find

dc aC
7 iy ""fdx|¢,.(x)|2

1 do
'ETLdn Jaxlon)]?

2n - fd ‘dd),.(x)

= w"%f | pal) |2dx,

since the last two terms cancel when evaluated
with the help of (3.14). The last term of Eq. (3.31)
is evaluated in Appendix B2 and equals

(3.32)

,,dn 5t fdx|nk(x)] -w,,-——(s) 0. (3.33)

Thus in place of (3.29), we obtain upon integration

fdx|¢,,(x)|2=n+c .

We can, of course, obtain the value of ¢ by re-
course to the particle number conservation equa-
tion (3.30). It is instructive for future purposes
to present this argument in a disguised form.
Thus the integral in (3.34) is recognized as con-
taining the classical approximation to the expecta-
tion value

N,=@(0)|#*(0)%(0) |n(0))=n+b,

i.e., the large-»n approximation to N, must go like
n. In the role of a connection formula, we invoke
the condition N,=0 to discard the constant b. This
is a much simpler consideration than in the pre-
ceding section where obtaining the zero-point value
of the phase integral required a stratagem with a
more subtle origin.

Equation (3.35) now yields the condition

(3.34)

(3.35)

farl] ) lz+f;—i [ny(x) [2)=n, (3.36)
or using the value given in (3.33), we find
fdx|¢,.(x)l2=n—%. (3.37)

The utilization of (3.37) as a quantization con-
dition requires that we solve Eq. (3.9) to first
order. This has not been done previously. It
is carried out in Appendix B3 where we then ob-
tain from (3.37) the known result

wn)=w@@)[1+0@"2)]. (3.38)
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In our previous work, we avoided the calculation
of ¢,(x) to first order by utilizing the consequences
of (3.36) to simplify the direct computation of the
energy. We next give a brief review of this pro-
cedure.

B. WKB quantization from energy self-consistency

The method consists of solving the equation of
motion (3.9) for ¢,(x, E, ,.,) where E, _ =E -E__
If we substitute into (3.19) and evaluate the mte-
gral over x, we obtain a difference equation

E,=F(E,~E,.)=F,(dE,/dn) . (3.39)

In lowest approximation this has been shown by
example in I an I to be equivalent to Bohr-Som-
merfeld quantization in the form

dE
f (dE /dn) f w(E)

Consistent treatment of the difference equation

in the large-» approximation will then yield a con-

sistent set of higher-order corrections.
Tounderstand why, tofirst-order terms, we need

only ¢:° and y,,7,, letus write (3.19) as

E,=E.[,]+E;",

(3.40)

(3.41)

where E{®’ is the functional of (3.25) and E{!’ is

explicitly a first-order correction containing only

L, Xy N We now write

Gul®) =3+ B3t (3.42)
With the help of (3.13), the lowest-order equation,
we find to first order

E©¢,]= EQ[¢]

+ w,‘,°’fdx(¢,‘,°’*¢f,”+ ¢';1)* (o))
(3:43)
However, from the differvence between (3.36) and

(3.29), we learn that
fdx(¢(o)*¢(1)+ ¢’(.1)*¢(o) fdxf |77k(x) |2 ,
(3.44)

and therefore ¢ {’, which was needed in the pre-
ceding subsection, can be eliminated from the
present calculation, as was shown in I. The re-
mainder of the calculation is as given in I.

C. WKB quantization from time-dependent variational principle

As was the case for one-dimensional quantum
mechanics, the final method is closest in spirit
to the path-integral approach. In Eq. (3.9) or in
the more convenient approximate version (3.17),
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the choice of time ¢=0 was made. Instead we con-
sider an arbitrary time and define

¢,,<x,t)=§1; f dp’e”*"*(n - 1(p") | ¥(0, 1) |n(0))

=2i1r J’ dp'e*'* exp[-iE, ,.,t +ip"*t/2(n - 1)]

x{n -1(p")|%(0, 0) |n(0)). (3.45)

One sees thus that

1, »
[E"_E"_l+m 5, ]¢"(x,t)_za,¢"(x,t). (3.46)

We can therefore write in place of (3.17)

iat¢n(x9 t) = "%axz(pn(x’ t)

1 .
—K<1—;‘) |¢,,(x,t)l ¢n(x7t)
v2k [ By, 0Py,

VK J’ %’; Xal%, D%, Do X, 1), (3.47)

where X,(x, t), n(x, ), which are also modified in
an obvious way, have the phases necessary to
maintain time translation invariance.

Equation (3.47) can be derived from the stationary
property of the action

L= [ "t [ ax o3, 03 000,

T
_f "AE 6%, D), X, D), .. ]. (3.48)

Here E, is the functional given in Eq. (3.19) and
T,—to be determined—is defined by the periodicity

condition
w,T,= =21 (0,<0). (3.49)

We consider the variation utilized in the principle
of least action for a conservative system, i.e.,
fixed energy but varying final time:

S (£2,8)=0,

d¢p{x,0)=0,

S, Tp) = = 3,(x,8) | .1 BT,
- —d(x, T)AT,

(3.50)

Standard textbook manipulations for this varia-
tion yield

a,+E,T,)=0, (3.51)

in consequence of (3.47), and conversely the re-
quirement (3.51) implies (3.47).
Utilizing (3.51), it is straightforward to derive

(3.37) again. We have [cf. (3.48)]
)

d
%(In'*'EnTn):g'i ¢*,o,T(I"+EnTn)
9 OFE
=$I”_2"= -7, o -2m=-27,

(3.52)

since we have previously calculated (8E,/dn) and
shown it to vanish. Incorporating the established
value of the integration constant, we have

1,+E,T,=~2m(n-3), (3.53)

which is easily unraveled to (3.37).

Before going on, it would be well to summarize
the results of this section. We have found that a
WKB quantization condition could be derived from
either a time-independent or a time-dependent
variational principle.

The achievement of a satisfactory WKB condition
requires the association of a variationally deter-
mined relation with the expectation value of a sim-
ple operator in a semiclassical state. This con-
dition was then used to obtain the bound-state spec-
trum. Independently the same spectrum can be
obtained (but was not) with the same input from the
energy self-consistency condition. By combining
the WKB condition with energy self-consistency,
the simplest possible derivation results.

IV. SINE-GORDON MODEL: WEAK-COUPLING LIMIT

A. WKB quantization from time-independent variational principle
We next study the Hamiltonian
H(t)= [ dx[ie,p0x, 0024 30,00, D)
+3m>2P? — Ep?] (4.1)
and commutation relations

[plx,t),9,0(y,1)]=id(x — ). (4.2)

If |n(p)) is the bound state (“breather”) with mo-
mentum p, we utilize the amplitude

d ’
D)= | L (p) | p(x, 0) [n(0)). (4.3)
In Appendix C 1, it is shown that for |n —n’| <n
or n’, the amplitude (4.3) satisfies in the tree ap-

proximation, except for corrections of relative or-
der n™2%, the equation

BB+ s -] )

=N Y Gr @) P () P (%), (4.4)

ntrprre
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where E, is the energy of the state |n(0)). InII, siderations of II occurs if we notice that the theory
we have, furthermore, shown that in the weak- takes its most convenient form in terms of the am-
coupling limit, it suffices for a calculation which plitude
contains the first quantum corrections to consider _
+ 12 X)=0,. . = 4.5
only the amplitudes ¢,,,,, and the “small vibra- O ssfzn=1/88)= Ot oy 1/2(6) = 04l), (4.5
tion” amplitudes (see II and Appendix C 2) which is an analytic continuation in #. Up to the
Xx(x), nu(x) quite analogous to those considered for one-loop approximation, it is “shown” in Appendix
the NLSE. C1 that ¢ ,(x) is given as the solution of the equa-
A further simplification compared to the con- tion
J
dk

(0240, ~mg?+ Bp, 016,60 = x| 5 [21%,00) |7+ 2 mf) |24 0,06 )+ XE@TED ], (4.6)

where once again
dE
W, = dn"’ (4.7)

and omitted terms are at least of order n™ compared to the one-loop terms. To leading order X,(x) and
Ny(x) satisfy the equations

E = (=9,2+ m?)X, — 210 H(2X, + 1)), (4.8)

(= E2+20,2)0F = (=8, + mA)NF — 21 (X, + 203), (4.9)
where E2=k%+m?.

The next step is to display a variational principle from which (4.6), (4.8), and (4.9) may be deduced. In

the present instance, the stationary functional is the obvious choice, namely the expectation value of the
Lagrangian L, computed to the one-loop approximation. We have?

8L,=56(C,-E,)=0, (4.10)

where (L is size of system, not to be confused with the Lagrangian)

c,= <n(0) n(0)> / L-¢,

zzw,fU @) 2x) + 3 jdx]n,(x)P] 5 jde:[]xk(x)lz- |74(x) 2] - €. (4.11)
kR ]

[ axto,px, 002

and
E,=(n(0)|H|n(0))/L

= f dx{(w,,2 +m?) ¢ 2x) + [d_%¢"(x)] ’ _%M;b,,“(x)} -€,

1| d 2 1 1 1|d 2
+}; j dx [%E,flxklhémzlx,,lhg ‘ Z Xr +(2w,’ —EkZ)Z'nklz‘*zmzlnkIz"’E il
— 00, 20)(2] X |2+ 2| |2+ Xy + x,’:n:)] - om? f dx ¢ (x)- (4.12)
r
€, is a vacuum subtraction constant and we have of all, ¢,(x), Eq. (4.24) below is finite and inte-
explicitly indicated the mass renormalization. grable. Second, derivation of the explicit one-loop
Understanding and correct utilization of the vari- corrections depending on X, and 7} shows that we
ational principle (4.10) must be preceded by some should evaluate the x integral first, followed by the
comments on the finiteness of the various ingred- summation over % (for finite L and finite cutoff).
ients. The first observation is that the expression In Appendix C4, we show that from (4.8) and (4.9),
for L, (from which any vacuum subtraction con- when sufficient care is exercised, we can derive

stants are totally absent) is perfectly finite: First the identity
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0=3> [ @[ Bl - Im]+ 20,7
k
2

2 d
il D - | gl - | 2

+ 57\¢’n2(x)(2lxk|2+2|nk|2+xknk+xt’:n:)}

+ om? f dx ¢ 2(x). (4.13)
Since this expression contains all the possibly di-
vergent pieces of L,, we thus are assured that L,
is finite.

The derivation of (4.13) given in Appendix C 4
starts from a convergent double integral and

J

<n,k‘*’!H|n,k‘*’>—<n|H|n>EEk=f dx[Ekz(‘xklz_ |71 + 20,2 || 2+ m*( x| 2+ 7,2 +

—%7‘¢n2(x)(zlxk!2+2lnk|2+xknk +X:Tl‘£)~l .

Equation (4.14) may be viewed as providing the
correct normalization of the scattering solution
for finite L. If indeed (4.14) is substituted into
(4.12) the latter becomes

E,=E®(¢,]+3 tE, - €, - 6m2] dx ¢ (x)
k

€«

EE::O)[qbn]"‘ Z éEk ’

k

(4.15)

where E{”[¢,] consists of the finite terms depen-
dent only on the classical amplitude ¢,—the “clas-
sical” energy of the field ¢,. Furthermore, the
renormalized zero-point sum, first evaluated by
Dashen, Hasslacher, and Neveu (DHN), has been
shown to be finite.

By averaging (4.13) and the sum over % of (4.14)
we derive

Z éEk — Om? Jr dx ¢ 2(x)

R

=3 [axlBAHl? - 1,9+ 20,7n,0),  (@.16)
k
which converts C, into the finite expression
C,= 2w"2f dx b 2x)+ Y LE, . (4.17)
k

It is also useful to notice that the combination of
(4.15) and (4.17) gives a useful expression for L,
namely

L,=20? f dx ¢ 2(x) = E[6,]. (4.18)

“spreads out” the terms into divergent pieces.
When we decompose L, into the difference shown
in (4.10)-(4.12), which is a convenience for the
purpose at hand, we lose control of this spreading
out ; it is by no means obvious a priori that the
use of a single subtraction constant €, is sufficient
to render E, and C, finite, nor is it obvious from
a superficial examination of these expressions. An
inability to show that they are finite would, how-
ever, lead to a collapse of the entire approach.
The proof that E, as defined in (4.12) is finite fol-
lows from an energy self-consistency requirement
studied in Appendix C4. There we describe the
derivation of the relation (for which it suffices to
ignore the motion of the heavy particle)

2
+

2

i d
dx X ax e

(4.14)

—

We are finally prepared to apply the variational
principle in the form of the condition
dL, oL,

(4.19)

dn an

The left-hand side is evaluated with the help of
(4.17),

D9XeMyo o o

aL, ¢, 2417y 0. (4.20)
n dn n

dn dn
The right-hand side is evaluated from (4.18) as

oL, _ dw 2
2= 20,2 J'dx¢,, (x).

(4.21)

Combining (4.20) and (4.21), we find upon rear-
rangement the condition

d [ . 1« ' 3
= — — 'E
1= 20, [ 2 + o Xk: 3E, }, (4.22)
which integrates to [cf. (4.17)]

(4.23)

Here the constant of integration has properly been
set equal to zero because C, has been defined to
vanish for n=0.

To utilize (4.11) or (4.17), we need the solution
for ¢ ,(x) derived in Appendix C 3, namely

C,=wn.

_2m sina 1 m 1 sina
$ulx)= (X%~ coshz T (\)% 5 cosh’z ’ (4.24)

where we have set

w,=mcosa, z=(m sina)x, (4.25)
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A =n(1 =7/8rm?). (4.26)

With the help of (4.24), C, is evaluated in the weak-
coupling limit, @ <1, in Appendix C5. We obtain
the condition

16m?

2 _
Ta+3-n,

(4.27)
or
! 2
CM=TW-(M —3) = 010+(0!1/n),

(4.28)
a,=(\'n/16m?), a,=-%a,.

With the aid of (4.28) we shall rewrite (4.24) as

2m sina 1
Pol¥) = e stz 90 (2)

=\, 2) + o M2), (4.29)

where ¢!’ contains both the contribution from «,
and the second term of (4.24). The significance of
this decomposition is that if we write

C,=C+CcW), (4.30)
where

=20, [ A0, 2)=no,, (4.31)
then

C;“=0, (4.32)

the analog of (3.44), is the condition which de-
termines a,.

B. WKB quantization from energy self-consistency

Following the lesson learned from the NLSE, we
now go to the energy self-consistency condition in
order to benefit from the information (4.31) and

(4.32). Writing Eq. (4.15) in the form
E,=EQ[¢,]+EY (4.33)

the vacuum sum E(,,‘) may actually be written as

EY = -202 [ (606 + 660V dx . (4.3

The first term of (4.33) is treated with the help
of the decomposition (4.29) and the lowest-order
equation of motion for ¢(,?). We thus find in analogy
with a similar calculation in the last section,?

EQ[¢,]=EQ[¢Q(\,2)]
v202 [ (000 + 06PN dr . (4.39)
Adding (4.34) and (4.35) and recalling (4.32) yields
E,=EQ[¢P(V,2)]

_16m3 . AM'n
TN S Tem®

(4.36)

in agreement with previous results.*'*

We shall be content here with this single deriva-
tion of the spectrum. We shall not go into the
time-dependent variational principle either, but
shall give the corresponding derivation in the next
section.

V. SINE-GORDON MODEL: COMPLETE CALCULATION

We turn then to the Hamiltonian

H()= f a5, (x, )2+ 50,0 (x, H)?)]

2 n
rmg <1 —cos Vm q)) , (5.1)

with the associated field equation

(—3‘2—{- ax2)¢(x, t) —'Tng;'isin \/n—:— q)(x. t) =0.

(5.2)

The properties of the bound states under study
are completely determined up to the one-loop level
by two functions. The first is the “breather,”

4m _ ( tana cosé >
(0) _ 1
Y (x,w, 0)= Y t ~ochz , (5.3)
where
w=mecosa , z=(msina)x , (5.4)

which is a solution of (5.2) considered as a class-
ical equation, with 6=wt. As explained in II and
implied repeatedly by the previous sections of this
paper, Y9 isa generating function, through its
Fourier series in 6, of the matrix elements of the
field operator ¢(x) among the bound states |n). in
a limit in which all recoil is ignored. The same
arguments as were applicable in the preceding
section show that ignoring recoil cannot introduce
an error greater than O(»~2). We have

1 27 .
-2TL doe "y O(x, wi), 6)

= =sv|e) [n+iv) , (5.5)
where the notation implies that the relation
w=wln) (5.6)

has been obtained from a suitable quantization con-
dition, as developed, for example, in this section.
We are, in fact, interested in a function
Y(x, w, 6) which corrects Y up to the one-loop
approximation. The procedure for deriving an
equation for this function is the same as that used
at the beginning of the preceding section. The
function Y still has the significance (5.5) but now
obeys the equation
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mim < and the state |z, ¥*) is the scattering state of a
w952y —- 8,2Y+ﬁ-x—sin( Y) meson incident on the bound state |n). As shown

in II, 3} satisfies the equation
VX Vx
i 2sin—Y=0. (5.7
et 2L i OO B tiono ] - oyl o,

Here sz(x,n, ), the second of the functions re-
quired in this section, is defined in analogy with - (‘305 Y) $=0, (5.9
(5.5),
1 e which was, of course, derived from (5.2) by the
T _[ doe "%l (x,n, 0)= (n —v | p(x) |n, K) arguments given in II. In Appendix D1 we describe
the derivation of y(x,n, 6) from a suitable multi-
(5.8) soliton classical solution. We find??

J

1 coshz sinhz(e??® -1) (1+e2?®)
(2B, L)"/2 exp(-ika)(x, 7, 6) = 5(1+¢% )+ bl - Stanta costg- i)
2 id . 1
_-—;— tan a;:)os(?e (pe"e+ e ) , (5.10)
where
D =cosh?z + tan?a cos?6 , (5.11)
E -m cosa
P=~E+mcosa ’ (5.12)
and
2y .
tan6=—l-)??i—, v=Rk/msina . (5.13)
It is important to note two properties of the function yf(x,n, 6):
Lim y(x,n, 6)(2E,L)"/* exp(~ikx) =1 , (5.14)
lim | dx|y,(x,n,0) |*=(2E,)"" . (5.15)

L

The equatlons of motion (5.7) and (5.9) can be derived from a variational principle of the “time-indepen-
dent” variety,*

54(C,~E)=04,(C,~E)=0, (5.16)

where

__1 2 12 2,1 2 _mgm?® VX ]
E, = o7 L defdx [zw(aeY) +3(8,Y)% = X (cop po» Y—1>

2m d
+ Z f 9 J’dx}aE 2|, [P+ zlek[(aelPD% ‘Pk o)
e

+3w? | 3gh, P+3 | 0,4, |2+ 3m,? <cos > | |21_€0 , (5.17)
C,= 2117 £Z"d0fdxw2(aoY)2
2m d |
+Z 20 fdx E? |4 [P+ SB[ (06¥]) Yy — oo, ] + w0 | 8gih, IZ} =€ . (5.18)

Again we must establish the finiteness of L, E,, and C,. These results are proved by considering the
generalizations of Eqs. (4.13)-(4.17), which can be derlved by the arguments of Appendixes C and D, but
will be stated here without further ado. From (5.9), we derive the generalization of (4.13), namely
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2T de .
O=Z_£ o jdx{Ekzllpk [+ iwE,[(8 ¥ ~ $h0ots]
3
A
Lo = |4y 4040 = (08D ¥ 1) Ly

— (6m?) ";2 fow fdx(.:os ‘/mx Y—l). (5.19)

This is easily seen to guarantee the finiteness of L,=C,-E,.
The generalization of (4.14) is

2T de
E,= l on fdx{Ekzl Pe |Z+i“’Ek[(as¢D% - lpzeelpk]

C® Lo [+t Ly o4, P (cosDov -1) Ly (5.20

which, once again, provides the correct normalization of y, for finite normalization volume L. From
(5.20), we deduce the energy in the form

E,I:E(,?)[Y]‘FE(;) s (521)
am 4 A
Eﬁ?):f %fdx[%wz(aeY)2+%(a,Y)2— = (cos fn_ Y—l)} , (5.22)
0
n® (2" dé VA
EW=1 ZE - €, + (6m?) n fdx(cos Y—l) . (5.23)
n T2 LT R0 X J, 2w m

Using the results

2T 4 X ) 8 .
f o fdx(cos - Y-1 ——m—sma,

0o

(5.24)
A dk
2 _ L [Er
o= = gw E, ’
one verifies that the last term of (5.23) has the same value as its weak-coupling limit, thus guaranteeing
the finiteness of E” and consequently of E .
Finally, by combining (5.19) and (5.20), we have

1 2 m? 2r ’/—x -
ZzEkJr(Om) x fo defdx cosm Y-1

kR

2T d ) ‘
- zk: ,[ —éi-—-[dx[Ekz | 9 12+ iwE,[ (8681 )8, — W10 ]+ @ | 868, 7] ,  (5.25)

and this guarantees that C, has the form

2T do
Cn=‘/0‘ —2dexw2(36Y)2+E("1) (5.26)

and is finite.
The proof that

C,=nw, (5.27)

goes through precisely as in the preceding section for the time-independent variational principle.
We also give the time-dependent version of our proof. This time-dependent version involves the action
which can be written as

I,=T(C,-E), (5.28)

where T, is the period: w,T,=27. By a change of variable, 6=w,t, we have
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x

I"=£Tn dt fdx[%(a,Y)z—%(a,Y)%mOz( ";2 ) (cos-——")—:—Y—l)]

n 1 2 1 1 ﬁ
+;];T dt fdx{% ‘at‘Pk l2+1’Eh[(athI)wk_ zathk]*iEu Ilpk 2~z |ax¢k l2_3m2<cos m

We then derive the equations of motion from the

principle of least action
AU, +E,T)=0, (5.30)

where the variations vanish at spatial infinity, and
at t=0, but

(5.31)
(5.32)

8Y(x,n,T,) =~ aT"Y(x,n, T,)AT, ,

8y(x,n, Tp) = =87 Y(x,n, T,)AT,
The quantization condition follows from the equa-
tion

d -2
= L+ ET) = -+ E,T)

=w,T,=27 , (5.33)

where the partial derivative is to be computed at
fixed ¥, ¢, ¢, and T,. (This entails 8,,=0.) The

quantization condition becomes
I,+ET, =T,C, =2mn (5.34)

provided that we have been careful to define C,
so that C,=0 and C,, finite for any n.
Let us apply (5.34) in the form

2r
w,,n=—217f0 dﬁfdx[wnz(aeY)2]+E},". (5.35)

In lowest order, we have

2r
—l—f defdxmz(aeY)zznw. (5.36)
2 J,
This yields the well-known condition
2
16;” a=n. (5.37)

To carry the calculation to the one-loop level, we
require the solution of (5.7). This is obtained in
Appendix D2 and its structure discussed there.

In particular, it is seen that the renormalization
A —2\’, which played as essential role in the pre-
ceeding section is associated only with the first
Fourier coefficient of the full solution.

We next apply (5.35). Comparison with (4.27)
assures us that the result must be of the form

16m?

——a+i+f(a)=n,

7 (5.38)

where f(a) is O(a?) for small « and is discussed
in Appendix D3. The structure of this result al-

v) 1w F} . (5.29)

—

lows us to carry through the remainder of the ar-
gument very much in parallel with the discussion
which follows (4.28). Thus we find again that

a=o,+(a,/n), (5.39)

where o, and a, are both of order unity and only
a, differs from the weak-coupling value.

We must finally compute the energy utilizing the
results of the quantization procedure. Substituting
the solution of Appendix D2 in Eqgs. (5.21)-(5.23),
we have

E(o)[y(o) +Y(l)] gE'(lo)[Y(o)]
2r
+2w2f ﬁfdx(aaw"))(aay‘”)
o 27

. 16m3 2m .
= sina - — sina
A 4

+3m +mO(a?). (5.40)

On the other hand, as already calculated in Ap-
pendix C5,

EY =m0(a?). (5.41)

Since the sum of the O(a@?) terms in (5.40) and
(5.41) precisely defines the f(a) in (5.38) and writ-
ing a in the form (5.39) one sees that the sum of
(5.40) and (5.41) becomes

16m? NMn

E = ~ sin 1677

(5.42)

as previously derived.

We have thus shown by application to a variety
of examples the availability, at least up to the one-
loop level, of a consistent WKB quantization
scheme within the framework of conventional can-
onical quantization in the Heisenberg picture.

We see no difficulty of principle in extending
these calculations to higher order. We shall also
show in subsequent work how similar techniques
can be applied to scattering problems.
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APPENDIX A

We show that if A(x) is any polynomial in x, then
(rlAXN n+v) +(nl AX)| n=-v)=2AK),[1+0(n™?)], (A1)

where A(x), is the vth Fourier component of A (x), defined as follows: First let A(x) be x**!, o an in-
teger. Then

@, = 2L (n=tuldnabu)(n=t, —v )l A+, - 1)
ViUt * s Vg

X (=3 =v)l Ml m+5(Vs =1,)) A m =3 =v |l n+i(v —vy))

= Z Xy Xvg-v  Xvgmvy * " Xy —y (A2)

BRI
The polynomial (A (x)), is the sum of terms of form (A2).
Pyroof. Let A(x)=xB(x). Then

(nlAln+u)+(n|A\n—u)=Z (nlxln-vl)(n—lq\B\nH/)+Z(nl xin+v)(n+v,|Bln=-v). (A3)

Next we expand

(nlx|ntv,) =x"1t§ux8,,x,,1, (n®v,|B\ntv)=(n| Bl nx(v +U))F1,8,B, ., - (A4)

After substituting (A4) into (A3) the first point to notice is that the sum of terms which are linear in 3,
and therefore nominally O(n™') cancels. All arguments, of course, presuppose that a sum over any index
v; converges within a range of values |v;| «<n.

We thus find, using Xy, =X_yps

(nlAln+v) +(n| Aln=-v) =Z %y, [{nlBl n+v+v) +(nlBln=-(v+v,))]

=,§2x-ulx-uz[(71|c\n+v+V1+V2)+(nlCln—(v+v1+u2)>].

Here we have written B =xC and noticed that in the sumover v, each term presents the same problem as
the original one analyzed from (A3) forward. We have only to continue the argument until C has been
fully analyzed to reach the conclusion (Al).

APPENDIX B: NONLINEAR SCHRODINGER EQUATION
1 Equation of motion to one loop

We derive Eq. (3.9). Consider

”2

J % (=119, 00,1 11O = [ G Ba= B = g5 [~ (n=16")1900) In( )

_ 1 g?
_[(En"En—l)+ =D W}%(x). (B1)

The second term of (B1) combines with the usual “kinetic energy” to yield the reduced mass factor n/
(n—1) apparent in (3.9). Next consider the interaction term in the tree approximation,

S L B o (= 1(p) 14O m = 2(p")) (= 205" $(0) 11 = 1(p™)) (2 = 1(6™) | 4(O)| n(0)) -
(B2)

This is easily evaluated using Galilean invariance in the form (3.6) and the inverse of (3.8) to yield the
third term of (3.9).

To obtain the one-loop contribution we shall consider a typical contribution in some detail. In this typ-
ical contribution as well as in the remaining ones we encounter the amplitudes
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N f ”( 2)( k+p’ E "f%) kot (0)>

w [ L omirn( (n=2)(=k +p"), k1 $(O)| (0D, (B3)

Xne (% f e " (n(p)| P(0) | n(—k), k) . -

In (B3), the second writing neglects terms of relative order n~'. We then consider a contribution to the
interaction

L—l-}idp' d_” pm e=ib'x ' + _ ,,<n 3> P”>
b 00 0 s (11O -9k (225 )] e 2

><< [k+p"(n ‘;)] B+ =

If we utilize Galilean invariance in a typical form

ARRVE S
o) D] s - ol -io).

and keep everywhere only the leading terms in n — 1, we recognize that we may apply the faltung theorem
for Fourier transforms and obtain for (B5)

(B5)=K f‘;—i [ M) |20 ,(x) - (B6)

S 14(0) - 1(p"'><n 1(p™) 4(0)| 2(0)). (BS5)

This is one of three terms contributing to the one-loop approximation. The others are obtained similarly.
Equations (3.10) and (3.11) satisfied in leading order by these amplitudes have been obtained in I as Eq.
(4.12) and the solutions given in Eq. (4.18).

We remark that in carrying through the above considerations, it was not necessary to use time t=0. A
common arbitrary “spectator” time could have been utilized in all derivations.

2. An extended variational principle

Here we show that the variational principle (3.21) can be modified so as to provide a stationary property
with respect to variations of x,, X5, 1,, ) as well as with respect to variations of ¢ and ¢*. Toward this
end, we first rewrite E, with the help of special examples of the completeness relation, also utilized in I,

J.g—i—lnk(x)‘z: 'ka)|2 0)+-—-|¢(0)(x)|2’ -
dk dk | d 2 4
S5 | - [ 5 Exk(") lim 2o =)
2
+(6/n) ¢(0)(x —(2/71): l- (o)(x 6L x)] 58)

With the help of (B2), Eq. (3.19) can be rewritten

£} [ as k(1-2) [ ad|o,F

S Ll ol | onio 1o S s

+
[ [ a0+ [ ,0] o8 [ 6,00

d
a%(x)

2

——T,(x)

d d
5 Xalx) Zeon )

—“2‘;(—_[ \‘b:uo)(x)lzl‘pn(x)‘z—%ng—ide[¢,,(x)2 Xamr(x)+c.c.]. (B9)
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To have a variational principle for the new amplitudes, the constraint C, must be augmented to a new quan-

tity D,

D,=(E,-E,

fdxlqb ()|? - 2(n 0 fdx

+w"fdxf§—§|nk(x)l2

With the aid of (3.9), (3.10), and (3.11), we find
60*(Dn "En)= 6'1*(Dn _En): 6x:(Dn "En)ZO'

d
0

2

+fdx f%%kz[!xk(x)lz - |n,(0]%. (B10)

(B11)

The extended variational principle is particularly convenient for the evaluation of (8E/&n)l°' o* required
in (3.31). If we calculate this derivative from (B9) we must differentiate explicitly L (but not ¢,), n
Xz, and 7,. The terms not involving y, and 7, (and their conjugates) turn out to cancel to the order re-

quired:

9E,

=0.
om ly 0¥

yXo XYy n*

(B12)

The terms involving ¥,, 7, are readily evaluated using the equations of motion for these quantities, or what

is equivalent, (B11). We thus find
oF

d dk
“o, g [ @ [ grinels,

since the norm

,/dx[ [xe@) |2 = [mu(x)[2] =1 (B14)

is independent of ». A direct evaluation yields

orf

o [m®)[=3, (B15)

and therefore

8E
on

=0, (B16)
®,0*

which simplifies the considerations of Sec. III.

3. Solution to the equation of motion

We shall solve Eq. (3.17) to first order. If we
define

weff=(En‘E _1)(7[— 1)/" (817)

and choose ¢,(x) to be real, the equation to be
solved can be written to sufficient accuracy as

wuia)+ 2 L 6,06) 4 Ko, 20)
- GK/m[6© )

'Kf 57?[2 [7(0) |2 + xR ()]0 (x) . (B18)

To evaluate the inhomogeneous term, we have

_ . d dk e, d
| e [ [ ool |2+ [ G tw o [ ad @]~ [ne]?]

(B13)
dk . V2 12 1
_[ ’z?zlnk(x” 'T(Iweu‘) Coshiz
dk
=2 f—zTr—xk(x) (%), (B19)
2= (2| wege|)2x . (B20)
With the substitutions
1/2
6 (x)= (—'°-’LK§')—-;3(x), (B21)
B(x) =B (x) +[B* (x)V2/n] , (B22)
B (z)=V2/coshz, (B23)
we find that 8(z) satisfies the equation
d? 4 3
R, = (1) (-
e+ dz? 8 cosh2 B cosh®z ~ cosh’z ’
(B24)
and has the solution
1
Wy L
B (z)= 3 coshiz’ (B25)
or
D p(2) = (2 |Wegq | /K)'72(cOsh 2)™
+ (| Weqr | /2Kn?)M2(cosh 2)™2 (B26)

Inserting (B25) into the quantization condition

fdxl¢"(x)|2=n—%, (B27)
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evaluating the elementary integrals, and expanding
to first order, we find

2 (0 el Fen =1, (520

which yields (3.39) when we expand (B17).

{[En - E:r' (p)]z + axz - mz} (ibrm’ (x)

APPENDIX C: WEAK-COUPLING VERSION
OF SINE-GORDON EQUATION

1. Accuracy of the tree approximation

From the equation of motion
~{[¢,H],H] -8, +m*$ - 2*=0, (cy

utilizing the definition (4.3), we obtain the equation

=t n [ ot (p) [ (0) ) (27 61) | 900) [ 6w (0) | $(O) (). (C2)

Since

A p? 1
En'( p)=(E": +§2)1/2=¢n'm + 25'"1 =n'm [1+O< n——,—;)},

p==id,~m,

we may to first-order terms replace E,, (13) by
E,.. The proof that we may, to the same order

of accuracy, replace the right-hand side of (C2)
by the right-hand side of (4.4) also involves little
more than the recognition of (C4), after suitable
introduction everywhere of the inverse of (4.3).
Arguments of this type are given in the Appendixes
of 1I.

To reach Eq. (4.6), our real starting point, we
must (i) consider only the equations for ¢,.,,, and
expand these about ¢, defined in (4.5). By con-
sidering the average of the two equations for n’
=nt1, we learn that the “tree” contribution in
(4.6) is accurate to O(2™2). The remaining O (™)
terms are obtained from the one-loop contribu-
tions, which were calculated in II.

2 Absorption amplitudes

The loop contributions are expressed in terms
of the quantities

X",k(x)§<n|¢(x)ln’k>’ (C5)

4% )= | d(x) |n - 2,k), (ce)
which as shown in II, satisfy the equations

4 2
2, —_ 2
VXo= =8 X~ CoshEz Xv T Goshiz B2 ()
(=2-v9)my=-0.2n3 cosh?z s cosh’z X»?
(c8)

where

v=(k/m sina), z = m(sina)x . (C9)

Equations (C7) and (C8) are the dimensionless
form of (3.10) and (3.11) and have as solutions

(c3)
(C4)
r
(2E,L)2x, = -—e—‘v—z——<v2- 1+2ivtanh z
k v v 1224w
1
* coshzz>’ (c10)
iv
(QE, LY oy= L (c11)
k ¥© »2_1-2iv cosh*z

The normalization reads

Lim [ ai [y - e [1=@ES. (12

3 Solution to the equation of motion

We present here the solution of Eq. (4.6). If
m? is the renormalized mass, m2=m,?+dm?,
the right-hand side of this equation is $A¢d, where
g is the integral

dk
9=f2_ﬂ(%JXk'2+2|nk|2+ank+Xt77Z)+6m2
=;2 [—ltanza—<l—gg)tana
cosh®z m m
1 _o 3]
+(2 ﬂ)tana

.3____1__[1 2 (l a 2 ]
*3 Gosh®a "tana+ 3 ﬂ)tanoz(l tan?a) | .

(C13)

Keeping only the leading terms in the weak-cou-
pling limit in which we set tana & = sina, we
have

gl sinfa_ sina .3 siny
"7 cosh®z  cosh®z 4 cosh’z

(C14)

The first term of (C14) may be incorporated into
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the zero-order equation if one makes the coupling-
constant replacement

A=A"=x[1-(/8mm?)]1 . (C15)
The substitution

zj)—‘[_(;n,—)sllfg—aﬁ(z) z =m(sina)x , (C16)

allows (4.6) to be written in the dimensionless
version

a g2 B
<d_27_1+ﬁ>ﬁ—_4msma cosh’z
3x B

*16nPsina coshz

4 B +§ B
n cosh®z  n cosh?z

~

(C17)

where the lowest-order quantization condition
(4.21) has been utilized. The expansion

2
=g 2,0 0) _ 8
8=+ g0, F° = coshz (C18)
leads to the equation
2
<i2__1+ 62 )B(l)_ 43 __.3_5__,
daz cosh’z cosh’z cosh’z

(C19)

which is solved by

J

) __ - 0
# 2 cosh3 ’ (C20)

The total result is then given in Eq. (4.24).

4 Canceling divergences

We describe the derivation of Eqs. (4.13) and
(4.14). Equation (4.13) is derived from (4.8) and
and (4.9). Because X, is not square integrable,
we modify the usual procedure which would be to
multiply (4.8) by x*, (4.9) by 7,, integrate and
add. Instead we multiply (4.8) by the complex con-
jugate of

£, =xs— €™ (2E, L)™'2 (c21)

but otherwise proceed as usual. With this change,
all integrals are absolutely convergent and we

can interchange orders of integration if we choose.
Elimination of & by means of (C21) accounts for
the last term of (4.13).

The derivation of Eq. (4.14) is somewhat length-
ier. It consists of a careful evaluation of the dif-
ference of expectation values which defines E,
with the consequent recognition that mosticontri-
butions cancel in the difference. To illustrate the
argument consider the difference—in the “fixed
source” limit—

Cn, KV o022, BT ) (| 92 () [ m) (c22)

We have (using discrete momenta as well)

<n,kl[¢<x>12|n,k>z1<n,kl¢(x)in,k>|2+£ [n, Bl ¢ (x) [ n, By k7| 2 4] {n, k| $(x) ) |2

+|(n,k|¢(x)[n, k, &)|* + corresponding terms in which » changes by 2

Hnlo @I +2, 126 (), )] 2

+2|{n|¢(x)|n, k)| 2 +terms in which = changes by 2, (C23)

keeping disconnected pieces as the major contri-
bution. The first two terms cancel upon subtrac-
tion in (C22). Thus altogether
(C22)=2|(n|¢ |n, B)| 2+2|{n|p|n-2,k)|2
=2[xe®+2[m[?. (C24)

This argument accounts specifically for the term
of (4.14) proportional to m2. Corresponding argu-
ments yield the remaining terms.

5. The quantization condition

We evaluate C,, given by Eq. (4.17). First of
all, using Eq. (4.24), we find to the required ac-

curacy
2 16m 2)
2w, fdvq&,,(x) W, ( ~ +§ . (C25)

The remaining term in C, is the zero-point sum,
which as been evaluated by DHN and in II,

“Z LE u:_2m sing 2m COSa(” +
2Lp p p 2 a m

m 2m sin’a
= — gindqg +— =——

2 p 6 (C26)

The value given by DHN and adopted in II does not
contain the last term (+m) because in previous
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calculations €,, the vacuum subtraction, has been
augmented by that amount. The arguments used in
Sec. IV to obtain the energy show that this change
has no effect on the final result. Here we see that
the zero-point sum does not contribute in the weak-
coupling limit.

APPENDIX D: SINE-GORDON EQUATION

1 Absorption amplitudes

We will now calculate the function zp,zT (x, n, 6),
whose Fourier componenet are the matrix ele-
ments for absorption of one meson of momentum
k by a bound state |#) according to (5.8). Because
this function satisfies the linearized sine-Gordon
equation (5.9) it may be obtained from linearizing
a particular four-soliton solution consisting of one
doublet with period (27/m)(1 +€2)'/2 and momentum
k which is used as a probe. This calculation is
fully explained in Appendix C of DHN but will be
repeated here in order to correct a misprint in the
solution.

The unlinearized solution to the sine-Gordon eq-
uation is

Jdmo [_G_]
&= x tan 7 (D1)
where
4
4(e 4
F(x,t)= ﬁ exp<z Biju,-p,+z p,xj> ,
py =01 i<j it1
(D2)
40) 4 4
Glx, t)= Z exP(ZBijMiMj+z u,-x,.>
u;=(0, 1 i<j =
(D3)

The summations here are over all combinations of
%, =0,1, p,=0,1, u,=0,1, u,=0,1 subject to the
constraint that their sum be even (e) or odd (o).
Space and time enter through

X =kx +Byt +y; (D4)
where

ki=(1-v2)712, (D5)

Bi=vy(1-02)71%, (D6)

and the velocities are defined by

- 1 .
(2E, L)2y] (x, n, g)e™*5* 3D \: coshz(e™® +e2'%¢%)

. D )
—tan®a cosfe'® (pe '9+——> ] e!tx=EO
o

which may be rewritten as (5.10).
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i -
vi—gi

Ug=€—y
(D7)
3=m)+-l ’ qum)—-Z .
n+iv n-iv

The constants y; are related to the periods by
eli=¢gl2=¢, (D8)
els=gla=7q, (D9)

The functions B;; are given by

(ks —k; P — (B; =B, )

(ks +k; Y = (B; +B;)

To evaluate F and G to first order in 5 requires
keeping only terms linear in e*s or e¢*4, We may
then set =0 in v, and v,. Consequently x;=x, in
this limit, Evaluating the B;, with n=0 gives

exp(By; )= (D10)

F +0F =1+cos’ae’1**

i 2¢!
+;éex 17%5 4

+2pe e2%"s

(D11)
G+3G=€"1+e"2+2e"3

+92 cotzaeztéexl+xz+x3 .

Substituting for the x; gives

F =2¢° coshz

: : ‘G 2
OF =2ntanae® ® (pe"6 +§—> elkr=Et) |
(D12)
G =2tanxe®cosé ,

6G = 217(1 +eziéezz)ei(kx—Et) ,

where 6 =mi cosa, z=mx sina, p and b are given
by (5.12) and (5.13). These results are in agree-
ment with Appendix C of DHN except for a few fac-
tors of 2 and a crucial minus sign in §F.

The linearized form of (D1) is then

4m - 4m Fb8G - GOF
= AR Rl ) D13
¢ +6¢ === tan (G/F)+vr>\ ot - (D13)
The first correction is thus the solution
+ —i FOG - GOF
¥y (x,m, 0)e™ Bt Frige - (D14)
The properly normalized solution is
(D15)
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2 Exact solution to the one-loop cquation

We now proceed to solve (5.7), the sine-Gordon equation with one-loop corrections. The equation may be

written
mZm . (VX — (X
(8,2 -af)Y:%— sin (7Y> —smVX Xk: | ¥, |% sin <—m— Y) R (D16)
with m? replaced by »2 in the last term. The first step is to calculate the source term. The square of
(5.10) is
2 $ 2 4 4
L |, |? =L { 1+ ( —m—sll—g-zil—r-l—h——z— -1 > sin®5 +tﬁﬂ:—0§—g—[(/& +coso) +B2tan?6)
2E, D y
2 2 3 2 2
- i_t_:m_la)zc_o_s_ﬂ (A +cosbd)cosd — dcosh S‘“hgﬁa“ acos’6 (B sind) tane} , (D17)
where (8,2 -9 2)Y(1) =m2cos <\/__ Y(o)> y®
A=3(p+1/p),
. (D18) e [ (=2/71)g%+a
B=3(p-1/p). —zmix | )
All dependence on k is contained in A, B, and 6. +(2/”)gf_jbg2 J
Carrying out the momentum integration gives D?
© dk o [T dk_ —@2/m)g® +a X sin <£ Y<°’> D24)
Lf_,, o Ve 'f_., anE D m ' (D24)
, If one notes that
J2/mg’ +bg? (D19) )
’ S 2 4
D coskv—rz—Y("b:l—%r—+—%2 )
where (D25)
= [A— 2 2
g=tano cosé , (D20) sin (L;ﬁ— Y(")) = (%} —% >4gcoshz ’

D =cosh®z +g% .

Thus all time dependence occurs through g. The
constants a and b are explicitly

1., 1 «) sina
a=—tan‘a - | 5 -— ,
m

2 w ) cosia
(D21)
1 1 « 1
T (1 -tar‘e) +( 2 7 > sina cosia

The logarithmically divergent part of (D19) pre-
cisely renormalizes the bare massin (D16) togive

X (7 dk

2= — . 22
me=m? = . F (D22)
The next step is to set ¥ =Y©@ +Y® where
y© =47 on- <——g——> (D23)
VA coshz

is the solution to (D16) in the absence of the source
(but with the renormalized mass). The equation
for Y@ is then

then it is not surprising that ¥® should be ex-
pressible as a linear combination of D~ and D 2
with time-dependent coefficients. Indeed, the ex-
act solution is

Y O(x, 1) = = (1/4ﬂ)(‘[§/m)gcoshz

+(‘//\_/47")[(2/1")g3 +bg]| coshz
D? .

(D26)

Such a simple solution to (D24) is possible only
because of the special form of the source term.
In particular, the relation

sirfa +b =2/

between the constants ¢ and b is essential.

3 Quantization condition

In order to examine the sum of Y and Y it is

helpful to expand both in a power series in g. We
find
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4m A B,
(0) () _Z27° it EI.
Yoy X g (coshz T cosh’z )

A B )
“los( Az . Bs ), ...,
38 (cosh5z Teoshiz )T
(D27)
where
A
4,=1 16mm? ’
Ir (28 +1 )2
As=1=Tggme - Aw =1 =Tqgr,e
A (D28)
Bi=Tem &
6 (B+1)(2k +1)A
BS:mnTb""’Bz"”:__ﬁmz—._b'

Note that the expansion of Y@ alone corresponds to
A;=1, B;=0. Because b=~(2sina)™!in (D21), it
follows that

(R +1)(2k +1)

Bop 1= % [1 +O(Sinza)]- (D29)

Note that the renormalization A~ X’ (of the energy)

occurs only for the first Fourier coefficient:

1, 1
\/7\ 1—()\:)172 .

With the aid of (D27) and (D28) we are finally in
a position to compute the “classical” term of the
quantization condition (5.35) to the one-1loop level.
We have

Wf dxf —(BQY)"’
(a Y(O))(B Y(l))_

16m a+2cotaf dc/
(D30)

For the integral, we obtain by an expansion in tana
® 2TdO . (0, vin_1 1, .,
] dzfo 2"86} 0% —stam-ﬂtana

+5 tanda ++- -,

and thus
2
(D30)~——— a+3+3a%+0(a?). (D31)

This is to be compared with Eq. (C25), from which
it differs first in the term 2a2
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%1'ne connection between number (or charge) conserva-
tion and Bohr-Sommerfeld quantization was noted
previously by I. Ventura and G. C. Marques, Phys.
Lett. 64B, 43 (1976), and C. Montonen, Nucl. Phys.
Bl112, 349 (1976). The present section extends the
remarks of these papers by noting below that, in ef-
fect, this relationship must be utilized (at least in
disguised form) to fully establish a quantization condi-
tion which includes quantum corrections. In effect
this relationship is needed to establish the appropriate
connection formula.

As we show below L, is well defined, but C, and E,
require a vacuum subtraction, necessarily the same
for each. Even with the subtraction, the finiteness of
C, and E, is not superficially evident, but requires
careful consideration of the passage to the L — « limit.
The essential steps are given in the ensuing discussion.

A The first term of (4.35) is not strictly correct since
we still have A, not \’, in the quartic interaction
term. The difference does not, however, contri-
bute in the weak-coupling limit, since it is of order
(A/m?%sin’a compared to the main term in the result.

The argument leading to this result in II is inadequate
and should be replaced by the discussion given here.



