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In the context of the linear chiral SU(4) X SU(4) model, we study a Lagrangian of 16 pseudoscalar and 16
scalar fields interacting by means of the most general nonderivative chiral-SU(4) X SU(4)-invariant interaction
and any particular symmetry-breaking term. The three-point and four-point coupling constants in the model
can simply be related to masses in the system. As an application, partial decay rates of %" (0~ meson
analog of ) such as 0" — K + K 4+ m, W’ —n+ 7+, etc., are computed with a choice of the symmetry-
breaking term of (4,4*) + (4*,4) type. Numerical analyses of the pseudoscalar-meson mass spectrum and the

partial decay rates of n"’ are carried out.

1. INTRODUCTION

The charm model' has been the simplest model
to explain the narrow resonances®®. In particular,
after the experimental discovery of charmed me-
sons was announced,* the model stood on a much
firmer ground. Taking this picture seriously, we
must investigate a whole particle spectrum based
on its underlying group SU(4). In fact there have
been many investigations in this direction®™®.

As an extension of the linear chiral SU(3) X SU(3)
model'®!? investigated some time ago, in this pa-
per we are going to investigate the chiral SU(4)

X SU(4) symmetry applied to the pseudoscalar and
scalar meson system. Our linear chiral SU(3)

X SU(3) model is a Lagrangian formulation of the
Glashow-Weinberg approach'® and has some ad-
vantage over the Gell-Mann-QOakes—Renner mod-
el in the sense that it allows the possibility of
having a nondegenerate vacuum based on the spon-
taneous breakdown of symmetry and, in another,
that the mixing problem has been handled proper-
ly. The model was particularly suited to select a
possible symmetry-breaking term. The symme-
try-breaking term of (3, 3*) + (3%, 3) type'* could
yield a mass formula'!* !5 which is well satisfied
experimentally. In the tree approximation, results
obtained from the Lagrangian are known to be con-
sistent with the standard current-algebraic ones in
the soft-pion limit'®'*!_ (Here, of course, we do
not have to take the unphysical and often ambiguous
soft-pion limit.) Recently the model has been ex-
tended to SU(4) X SU(4) by Schechter and Singer!’
and the mass formula has been derived. The pre-
sent work is a further study of the SU(4) X SU(4)
version of the model. Although the formalism of
Refs. 11, 12, and 17 is quite general from the
group-theoretical point of view, it has been criti-
cized as “nonrenormalizable,” since the chiral-in-
variant part of the interaction contains polynomials
higher than fourth order, explicitly. This fact has
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led people to construct a model of less general na-
ture.'® In order to improve the situation, we con-
struct a formalism without referring to the group
invariants at all. Although the discussion of the
renormalization’® is beyond the scope of the pre-
sent paper, our effective Lagrangian, (2.6), re-
stricted up to fourth-order polynomials, satisfies
the power-counting rule for renor‘malizability and
is expected to be renormalizable.

We shall investigate the linear chiral SU(4)

X SU(4) model with the most general nonderivative
chiral-SU(4) X SU(4)-invariant interaction and some
particular symmetry-breaking interaction. As a
result of the invariance alone, the chiral-invariant
part of the interaction must satisfy two basic equa-
tions. Because of the existence of the additional
symmetry-breaking interaction, the ground state
of the system can be determined by the extremum
condition. Together with the extremum condition,
differentiated expressions of the basic equations
are powerful enough to supply us with information
not only on masses but also on coupling constants
involved in the system.'?

With a simple choice of (4,4%) + (4%, 4) type of
symmetry breaking we derive mass formulas
agreeing with those of Ref. 17. In order to investi-
gate the model further, we next derive various re-
lations among three-point and four-point coupling
constants in the system. Then as an application of
the formalism we shall here mainly concentrate
on the decay processes®® such as

n"-K'+K +7°,
n"-n+rt+m, ete.
Since these are strong decay modes, they are ex-
pected to dominate over weak or electromagnetic
decay modes.
The mystery of the ¥ and §’ has been why its had-

ronic width is so narrow. Under the circumstances
it is a pertinent question to ask if a similar situa-
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tion holds for n”, which is an expected 0° meson
counterpart of . An order-of-magnitude estimate
has been given by the charmonium model.?' Ac-
cording to this model the hadronic width should be
an order of 100 times larger than that of ¥, be-
cause the n” decay is the two-gluon emission pro-
cess, contrary to the corresponding three for the
¥ decay. (Of course the coupling constant is sup-
posed to be small in this energy range.) As was
mentioned earlier, our Lagrangian contains de-
tailed information not only on masses but also on
interactions; we can quantitatively discuss the
above decay widths without much ambiguity, in
spite of the lack of experimental information. Be-
cause of the fact that n” is predominantly in the
charm-anticharm pair state, the above hadronic
width of #” is narrow, but not so much as ¥ or ¢,
agreeing with the qualitative feature of the charm-
onium picture.

Finally, we would like to mention that the present
model yields a sum rule for the leptonic decay con-
stants:

(see Sec. V for details). This sum rule will easily
be testable by future experiments.

In Sec. II a brief discussion of our formalism
is given. In Sec. III mass formulas are de-
rived and the mixing angles for pseudoscalar me-
sons are determined. In Sec. IV formulas for

and expand the Lagrangian density as

£=-3Tr(d,69,6) -

a, bycyd

D] -

osrgtig ) S0~
ay bycydy e, f EN) 34703(]5 arere 4'

1
3!

L z <_m_.,; SN
4! 3S5,852857,9S crere

with V=V, +Vgy. The sets of coefficients (3°V/
aptagl),, for example, represent the matrix of
pseudoscalar-meson squared masses. The set of
coefficients (9°V/8St9pla¢% ), represents the cou-
pling constants of §-$-¢ vertices. Similarly,
(8*V/apapapag), represent the effective four-point
coupling constants. In this paper we are not in-
terested in the remaining terms. The last (dotted)
term in (2.6) represents possible contributions
coming from the interactions higher than fourth
order. As mentioned in the Introduction, however,

- - 2
1 Tr(8,50,8) _% > <<——35—L,

3¢ 99

three-point and four-point coupling constants are
derived and then partial decay rates such as n”
~K+K+m, are computed. In Sec. V numerical re-
sults are discussed.

II. FORMALISM

The system in which we are interested consists
of 16 pseudoscalar mesons ¢% (a,b=1-4) and 16
scalar fields S? (a,b=1-4). The Lagrangian densi-
ty for this system is then

£=-3 Tr(d,09,0) -3 Tr(3,59,S) - V, - Vgyp.

(2.1)

Here V, is the most general (nonderivative) chiral-
SU(4) X SU(4)-invariant interaction and Vg is the
symmetry-breaking term to be specified later.

The ground state of the system will be deter-
mined from

<%sg>o+ <a;,35>0=°’ 2.2)
() + () =0, (2.3)

where the notation ¢ ), means that the enclosed ex-
pression is evaluated at the ground state. Next we
introduce the physical fields (denoted by a tilde)

(£=¢‘<¢’>07 (24)
S=5-(S),, (2.5)

1) 9264+ (5552 55)
R

T (as e ase>0s 55 -1 = <W>¢ 255

(2.6)

—

when we wish the model to be renormalizable, we
should disregard these (dotted) contributions en-
tirely. (The main advantage of this approach over
the so-called renormalizable model®® is that we do
not allow any approximation in the stage of de-
termining the ground state of the system.)

Since our treatment is similar to the SU(3) o
model,'? the discussion will be brief. Assuming
parity invariance of the model, one finds

(D)= <—%> <a;’ ;‘3> 2.7
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Thus ¢ =¢ and (2.4) is identically satisfied. For
the scalar mesons we may choose

(StY,=06ta, (no sum), (2.8)

where 8% is the Kronecker 6, and o, are the four
real constants characterizing the ground state of
the model.

We now consider infinitesimal chiral SU(4)
X SU(4) transformations. Under a vector trans-
formation, the change in the fields is given by

6¢ =[EV’ ¢] s (2.9a)
8S=[E,,S], (2.9b)

where E, is an arbitrary 4 X 4 infinitesimal matrix
satisfying®®

EY=-E,. (2.10)

Then, since V, is invariant under the vector trans-
formation,

3V,
8¢

This immediately leads to
[0,8V,/80]+[S,8V,/85]=0.

Similarly, the change in the fields under an axial-
vector transformation is given by

6¢ = —i [EA’ S]+ 3
08 =i[E,, ¢]+ ’

where E , again satisfies (2.10). Since we are in-
terested in SU(4) X SU(4) transformations, we must
in addition have a unimodular property so that

Tr(E)=0. (2.13)

5V0=Tr< 5¢ + ——gas) =0.

(2.11)

(2.12a)
(2.12b)

(2.13) does not have any effect on a vector trans-
formation. In order to take into account (2.13), we
use the Lagrange-multiplier method for an axial-
vector transformation.

The invariance of V, under the axial-vector
transformation yields

0=56V,=Tr{E([0V,/3S, ¢], -[8V,/3¢,S], -V }.

Thus we must have

[aV,/8S, ¢], -[0V,/80,5], =21, (2.14a)

J

relation:

9%V, 1gp 3%V, <aVSB
(““*“")<a¢:a<?»ﬁ>o"25 Lo <a¢ T IRELACL

where 1 is a 4 X 4 unit matrix and the Lagrange
multiplier A is determined to be

A=3Tr([8V,/8S, $]. - [8V,/89,5],)

-47r (00 - 5g5).
Equations (2.11), (2.14a), and (2.14b) are our basic
equations. Differentiating with respect to fields
and evaluating the resultant expression at the
ground state, we can derive various relations be-
tween particle masses and the three- and four-
point interaction vertices. In this paper the sym-
metry-breaking term is chosen to be

Ves=-2(A,S}+A,52+A,S5+A,S), (2.15)

(2.14b)

which transforms according to the (4,4%) +(4*,4)
representation of SU(4) X SU(4).

III. MASS FORMULAS

The scalar-meson mass (squared) matrix which
is to be compared with experiment is

% _< 8%V, <32VSB
<asgas;>o‘ asgas;z>0+ asgas;>o' (3.1)
Because of the basic equation (2.11) and the ex-
tremum condition (2.3), (8%V,/8538S%), must satis-

fy
3%V, \ _ <6VSB b <aVSB
(ot - a”)<83§33?>o_6{’ 853 >0 -0 as¢ >o'
(3.2)

Therefore, scalar-meson (squared) masses are
given by

< 22y < Ve
95757/, \853052/,

1 f a"/‘SB> b<8VSB>
+aa_ab<5a<asg o_ﬁe 38§ /o/"
(3.3)

Similarly, the pseudoscalar-meson mass (squared)
matrix is

(somee),~(raos), o) @9

where (8°V,/0¢39¢%), must satisfy the following

baVSB <8VSB>
>°'66<as; 10 (5 (3.5)

With a choice of Eq. (2.15), the scalar and pseudoscalar mass matrix is given by

(.- ) (55m953), = 204024, = A)

(3.6)
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and
(aa+ab)<5(—t€8}2> 251'2(1 <3¢ea¢ > 26{162(AG+AI;)—626{’A3' (3.7)
Nondiagonal components of Eq. (3.7) yield the following pseudoscalar-meson masses:
(K¢)2=2(A3+A1)’ (K0)2=2(A3+A2)’
o+, a,+a,
2(A,+A) 2(A,+A)
"2 o a4t B 0)2 4 1 .8
(D) a,+a, (D% a+a, (3.8)
(F+)2___2(A4+A3) , (ﬂ+)2:2(A2+A1) .
Q,+ 0, a,+a,

Diagonal components of Eq. (3.7) are more involved. All together we have 16 relations:

6A; fori=j=1,...,4
4o, M;; - Sl: a M =
Cc=

24, fori+j; i=1,...,4; j=1,...,4,
where (3.9)
M;;=(8*V/0piai),.

Or, equivalently, we can write the mass matrix in the form

—-
A « a o
2a1+———gﬂl My, '&iMLZ 'a_lez 7
A, «a o o
My, za‘z'*'a_lsz a—lMU a_lMlz
M= 2 3 4 (3.10)
a, a A, aa o, a
—2M,, et Y., gl Biad bt —172
a, a, e 2a3+ a? My, a, o, 12
e o o g 4, 20,
L Q4M12 a4M12 a, a4M12 2—2+ o M,
Scalar-meson masses can be similarly discussed. For instance,
(K+)2=2(A3“A1), (Ko)zr__z(As'Az), (D;)2=2(A4"A2)’ (Dg)2=2(A4‘A1)’
o, -, a,-a, a,-a, o, -,
(3.11)
(F;)2=2(A4—A3) €2=2(A2—A1)'

’
a,-a, a,-a,

where Dg, Fg, and € are the scalar-meson analogs of D, F, and 7, respectively.
Since we are interested in the limit of isospin invariance only, in this paper, we have A=A, and @, =a,.
Then setting @, =a,=a, a,=aW, and a,=aW’ we can express pseudoscalar-meson masses as

=2(A,+A)/a(W+1), (3.12a)
=24 /a, (3.12b)
=2(A,+ A)/a(W' +W), (3.12¢)

D*=2(A,+A)/a(W’ +1), (3.12d)
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and
—
A M M
23t My W W |
A M M
M, 2';1_1+M12 —W% lez
My, = . (3.13)
% A_lg 2_A_3+% M12
w w aWw 2 ww’
My, A_/I;_z My, 9 4 A, +Mz
L W w’ ww’ aw’ w2

Physical masses are found as a solution of the secular equation det|M,,—15,|=0 (a=1-4). Since 1,2=24,/a
does not mix with the rest, we only have to solve a cubic equation to get 7%, n’%, and n"%

M, +m2 =2 ﬁ% 21‘;14}?
% 25%“%-’\ vyulfz' =0. (3.14)
Or, explicitly,
n”?+n'2+n"2 =12 +2¢_14W+2 A, S+M, <2+—1—2+%>, (3.152)
”n't+nz n”2+n2n"2=1r2<2%+2aﬁ;,>+2§%2£{},

M[4A g A 124, 124, 2<i_1_>]
Mo | A A oW W aw W aw T \WE W

24,24 1 24, 1 2A 2A,\/2A
2 12 2 3 4 3 4
rennan S St v (7 S+ ) 2 () (o)) (3.15¢)

We choose pseudoscalar-meson masses 7%, 1'%, K2, and 7% as inputs. Then, after eliminating A,/a and M,
in (3.15), we can express 1”% in terms of W and W’ only. Of course, A,/a is not a new parameter, but is
related to W by

A/a=3[(1+W)K?-7?]. (3.16)

Explicitly, n”? satisfies the following quadratic equation:

2 2A 1 2
S S N P S SETR O

2.4
+Arr4[2—A31 <4A ! i)sz] RLa =0, (3.17)

(3.15Db)

aw 7 \aw T W? WEW2 "~
where the dimensionless parameters, A and 2, are defined by and are dependent upon W only as
1 4A. W 2A 2]
A = 2 02 2 _(n2.m2 3 2 4 3 3.18
(w) 2(2A3/a—1r2W)2[nn (@W2+1)— (PP +7 )< - +11>+1r +2(a> , (3.18)
we o (44 ) | (ZAS)Z -T2 <2A ) ] |
- _m2n - . 3.19
emw) 21r2(2A3/a—112W)2{ K ( a Wan?)+ (' + 0| 2 al*” a ) w" f (3.19)
I
Essentially the same mass formula was obtained dent of n”2. This corresponds to the case of chiral
earlier' in a slightly different way. SU(3) X SU(3). In fact the mass formula

We first observe that in the limit W’ =~ (3.17)
yields a trivial solution A(W)=0, which is indepen- A(W)=0 (3.20)
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was derived earlier in Refs. 11, 12, and 15.

Treating W as a free parameter, the sum rule
(3.20) can be well satisfied with a choice of W
=1.73. According to the formula

W=2F,/F, -1, (3.21)

W=1.73 corresponds to F/F,=1.37, which is ra-

ther close to an experimental value F,/F,=1.28.%
In this paper we are interested in a situation

where 1”2 depends explicitly upon W and W'.

Therefore, excluding the above singular case

we assume A#0 hereafter. For a given W and W’

YOSHIAKI UEDA

16
can determine M,, and A,/a from
Mp,=0"W?A+7%Q, (3.22)
A4_ wW'n2 '1.',,2 [ < . W2>] Q
a— 2 {? 1-A 2W +1+W —-W,—z-
A,
( 2+ 1) } (3.23)

To complete the discussion of masses, let us
briefly mention our choice of mixing angles and
their determination. The basis vectors for our
mass matrix are ¢}, ¢Z, ¢3, and ¢;. After identi-

we can determine 7”% from Eq. (3.17). Then we fication of m,2=M,, -~ M,,, we can express the char-
J
acteristic equation in the form
PMH+M12—)\‘- A_/[;g M;gﬁ
2 w w’
[91+03)
M M
W Ma-MN |83y | =0, (3.24)
¢
M, My o, i
- WI le 494~ _4
where X;=7%, 1'%, and "% and
A, M M,
My, =12 +M,, Ma:aEzaW lez’ _20!W'+—W75
Then normalized basis vectors are given by
Fl 1 2 2 2-“
¢i+¢,§> N’TE[W w (Maa-xi)(M«m_Ai)‘Mlz ]
V2 1
L 62y |= 7 MW (M = WMy = 2] ; (3.25)
1
|63 1
: L JTMlzw,[Mla'Wz(Mu“)‘i)] J
3
r
where N; are normalization constants and the ex- b =—1M 2 (ye _ 2A4>
plicit forms will be given shortly. N, 2 aw’/’
Physical fields m,, 1, n’, and n” and fields bt @ 1 24
=1-4) are related, via a 4 X 4 orthogonal matrix, c==M_ ,WW? <n2 -—3-),
as N, aw
" 1 1 ) where
T, — -— 0 0 ok
V2 V2 1 24,
N. 2__ w?e nz +M
n a a b c ¢2 "2 W 2
= 2 (3.26) )
2
' a’ a' b ¢! ¢>§ [le (2A -1 )+M12] _1”122}
” hall a” bII C” ¢: 2A . K
—
M lez 2 ( 2 _ ‘1)
Inverting (3.26) and identifying it with (3.25) we de- +(My, ¥ An aw’
termine the mixing parameter TY— (nz 2A3>2
a:il{[wz<ﬁ_nz>+Mu] 12 aw /"’
N, 2 aw Similarly, a set of mixing parameters a’, b’, and

24,
[W'2<—— n )+M12] —Mmz},

¢’ (or a”, b”, and c¢”) can be obtained from a set
of parameters a, b, and ¢ by changing 7 into #’
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(or n into n”). An exactly analogous situation holds IV. S¢¢ COUPLING AND ¢* COUPLING
for the scalar-meson system. Scalar mesons €,

. We are going to calculate decay processes such
o, 0’, and ¢” are mixed through

as n” =K +K +7. In order to do this we need in-
formation on S¢¢ coupling constants. Because of

~ 1 1 ) ) our choice of symmetry breaking (2.15), the cou-
€ — -— 0 ©0 S} pling constants
V2o V2
-~ a3V
o a, a, b, c S2 <_—_>
=T b" o 52 . 85;90489¢ /0
[og Ay Qg1 r Cor
e e Ten e 3 introduced in (2.6) are exactly equal to
4
g’ \..a"” [/ b " Co"_J _84_, 3V
<as“a¢ a¢>,>
Contrary to the pseudoscalar mesons, however, Differentiating (2.14a) once with respect to the
the mixing angles for scalar mesons remain un- pseudoscalar meson and once with respect to the
determined. scalar meson and evaluating at the ground state,

we get the basic formula for (8°V/8S0¢a¢),:

i), ), s, a4 o
= Y -0 (s 1
(“a+°‘b)<a¢ Bp2o > b \astas ), * % \estass ), ~ O \eoiav ), ~ O \somaor/, ~ % \65ta07 ), .1

where A was already introduced in (2.14b). Or, more explicitly, (8%1r/8S558¢%), could be written as

< 821 >_1 < 32V0> <a2VO 12a< 3%V, >
8S500% /o 2\\8S585%/, \ogp3ade/, ) 24 °\8S§edadi/,”

From (2.11) we can similarly derive

33V X ay 9%y 9%y
Ve =6b< 0 ~ 5" [ _5f 0 §° [4] . 4.2
O )<a¢za¢?88“> ogmaz), - o (rgmsz), - o (agmasz ), "<a¢;’a¢:>o ®.2)

Next, four-point coupling constants (8°V/9¢9¢8¢3¢), introduced in (2.6) are exactly equal to (8%V,/
9¢08¢dpag), for our choice (2.15) and are expressible in terms of Sp¢ constants as

) e o) )
—_ 0 )= —_—0 _0 &6 (———0 & ( ——2
(““*“"’<a¢ra¢za¢;a¢z>o 6‘*<a¢>;"a¢ﬁas; |+ % \sgmapsase ), * On\agmagiess), * % \aamastest),

v a’y N
h 0 n 0 o0 (— ), 4.3
ot smagtoss),* * eamatesr), % ewroamar), @3
(3°1/8¢3d580%), can be written explicitly in the form

<T¢;"z—;%a—<ﬁ>f%(<a¢ﬁf¢?as;"> <a¢'zs<;/“asf> <a¢3aZaSi>o>'%zc:°’°<wa§%>

As an application we first calculate the strongly interacting decay process
n"(p)~K'(q,) +K (q.) +7°(q,) . 0]

In the tree approximation relevant diagrams are shown in Fig. 1. Here the respective particle momentum
is designated inside the brackets. We introduce appropriate isospin-invariant S¢¢ coupling constants and
a four-point vertex by

= >\ 1 74 & -2 7 n 1 74 &
—£=gam(€-T)N +—‘/_2—:ge,(,—(K(-r-e)K+(gK,,.K(Kx)n +EgKK,K(T'1T)K+H.C.>

+ ﬁ—aqv" n"t°K'K~ (4.4)
9n"am°8 390} /, ’
then the scattering amplitude is

34V (l/fz_‘)ge _gen"r (1/‘/—2—)8'“ ,-g ” (1/\/—2—)g“mgk g
= <877”8"°8K 3K> ( €2+(Pf"(1,)2 * K2+(P—KQ.);“ T+ K2+(P‘(I-)_2"_). (4.5)
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We must now express these coupling constants in terms of masses. We already know that'?

and

K2 _q?

K2-K?

1 _< 3%V, K% — 72
ﬁg"'('_ 9¢33m°aS]

i __< a3V0 _ €2—K2
vz ERT\0g o8] )y vz al+ W)’

From (4.1) we can derive

and

_< aSVo __(a"+b”)(K2-n”2)
Bk = agb:ia’ﬂ”aS; 0" a(l +W)

33VO a” 2 ”2
gsv"v—<méz;>o-";<€ ="

The four-point vertex is

<_ 3'V, > _ < 3V, 8% agpm
an"amlapiegy/, L ‘a¢:a¢§a¢§a¢>;>oano an"

2V,

s V3 al+W) vz aW-1) 3 20

3%V,

1
Ta(l+w) [<an"an°as}>o + <an"a1r°asg

- 1 gerp”t gkn"!{ ” ”n
—ot(1+W)< + +(@” +b")

V2 V2
_ 1 <all(€2_n”2) (a”+b”)
a(l+w) JIa +\/’2‘a(1+W)
a%q) K@) K K’\/ K™
I e
&)
i/
n"(P) n-
.T[° K‘ ”o K~

xR
-
X
|

3

7~ n~

FIG. 1. Diagrams for '’ —~K* +K~ +r° decay.

(4.6)
4.7
(4.8)
(4.9)
1 BSVO ”n n 83‘/()
+ﬁ<an"a¢§as;>o +(@”+d )<an°a¢3as;>]

(22 =72 = n”2)> . (4.10)
nea,) K@) K@) K' K
('@, \/

. ”"E nln’]
7"(P) 7"
[n'] K* nW“

4K 4K
X 1 b4 '(

1 ]

\ )
7’" ,”“

FIG. 2. Diagrams for n*'—K"+K~ +7 (or n’) decay.
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Substituting everything, we get

(@a”+b") [ < 1 1 ) ]

= 22_ 2 _an2 2 _p2 2 ”2
T2 F K =m" =7 (k* = ) (k® = n"?) Kz-n”z-Kz—Z(p-q_)+x2—n”2—K2—2(p-q+)
2a"(<2 TIIIZ) < €2_K?2 )
+ V2 FoF, l‘ﬁz_nnz_nz_z(p,q') ’ (4.11)
—
where 2o =F, and a(l+W)=F, were used.?® These a
PCAC (partial conservation of axial-vector cur- Senr E(iz -7
rent) constants together with others will be dis- a’
cussed later. Bewe | = E(e2 7)1, (4.15)
Equation (4.11) is our final result. Unfortunate- a” .
ly, experimental information on scalar mesons is g enmr ‘E(i‘e n"?)
rather scarce at present. In order to avoid am-
biguities coming from scalar mesons, we first let B (K% —72)")
all the scalar mesons be infinitely heavy. For all Sunk _((HI(%
the known cases this procedure for the model a(l+
yields the current-algebraic results.'? Here we _ (@’ +b") (k% =7"?) (4.16)
do not intend to claim the correctness of pro- x| = a(l+w) '
cedure, but merel ard it reasonable as a first
try.u , but merely regard it reasonable i (@ +b") (k% = 1)
Ewnvi a(]_ + W) _

We next discuss another two strong-decay modes:

n I,
n” - +K'+K~
n’ I,
and
U] 111,
n” - +Tr T
n’ 111,

Diagrams corresponding to processes (IIa) and (IIb)
are shown in Fig. 2, while those of (ITIa) and (IIIb)
are shown in Fig. 3.

Here we list the results for three-point and four-
point vertices. Relevant S¢¢ coupling constants
defined by

Y g i D)+ gy "

j=0,0’ 0"

_£=
+ &ixr J(BK) + & jpp 1M’

+ 2 [( guxl?xl +Hec)+g..E- ﬁ)l]

I=nyn'yn"
(4.12)
are related to masses as

83Vg
i =\57a 72 1>
9jo¢390,/,

(4.13)

= (.7 - 7?) (j=0’,(7',0'”),

a;
a

< 33V, >
3Ja¢33¢30

(a;+b,) , . 2
a(1+d’)( =K%

8ikk=

(j=o0,0’,0"), (4.14)

—

Coupling constants g;,.. (j=0, ¢/,

related to masses.

ted to three-point

vertices by

and 0”) are not

Four-point vertices are rela-

na,) a'Q,) A@) a a
YIC) \/
' 77
¢,0'0" :l/
1
7'tp) n"
nln’] w~ n[n‘]\/ﬂ*
N L AT
i &
| |
| 1
n" n"

FIG. 3. Diagrams for n’’—x"+7"+n (or n’) decay.



850 YOSHIAKI UEDA 16

3ty 1 ( " pe )

<an”8na¢?a¢§>o'a(1+w) (@+D) Gy +(@” +0") gnxc + j=0§':,g" Zimm(@; +b;) ), (4.17)
X074 1 ”

<_-—_6n”6na¢§8¢;>0_a (age,,.,,+a 'S eny + j=u§ . a; g,,,,.,,) . (4.18)

(8%V/an"8n’'8¢30¢L) can be obtained from (4.17) by changing 7 into 7’ everywhere including mixing angles
(a+b). Similarly, (8*V/01"8n'8¢20¢1) can be obtained from (4.18) by substituting n for 7’ everywhere. Fi-
nally, decay amplitudes are

1
n"*-K*-2(p-q.)

)=(a+b)(all+bll)

T(T]”(P) -—n(qn) +K*(q+)+K-(q_) FK2 [2’(2 - 1’2_ 77”2 - (K2 —712)('(2—77”2) <K2_

1
+v<2—n”2—K2—2(1>-q.)>]

(a; +b,) g ( j2-K? >
§ : 1-- 4.19)
+j=o,u‘,u" FK ]2_77”2"772—2(1)"11,) (

and

4aa”
F.?

[262 -nt-n"?

” 1 1
- (-1 )e* =1 2)(62—n”"’-nz-2(1>-q_)+€2—n"2-1r2-2(p'q+)>:{

T(n"(p)~nlg,) +7*(@,) +77(q.)) =

2 j2-m? )
= g |1 == . 4.20
+F, j=a,Za:',o" a;8 in n( ]2-77”2—772—2(1"%,) ( )
The decay amplitude for (IIb) [or (IlIb)] can be obtained from (4.19) [or (4.20)] by merely substituting 7 for
7’ including mixing angles. Again we assume infinitely heavy scalar mesons. Coupling constants such as
o are not related to masses and are expected to be independent of mass. Then in the rest frame of 7"
we have

T"=n+K +K)=[(a+b)@” +b")/F 2 1n"? +n* = 2K % - 21"q,0) (4.21)
T(" =7 +K'+K) =[(@ +b)@" +b") /F*)(n"? + 1 - 2K * - 20", ) , (4.22)
T(m" ~n+m*+77) = (4aa” /F,?) (0" +1° - 27° - 2"q,0) , (4.23)
T(n" =7’ +7*+77°) =(4a’a” /F D) ("% + 7' = 212 — 20)"q,0) . (4.24)

Since the energy spectrum of the third particle [i.e., 7 for the process (IIa)] is directly proportional to

[T |2, our model will be easily testable by comparing it with the experimental energy spectrum determined
from the Dalitz plot. At present we shall be satisfied with estimating the partial decay width of ”. Nu-
merical results will be given in the next section after the discussion on masses.

.
V. NUMERICAL ANALYSIS
v w=2<%>_1, (5.1)
For the purpose of discussing masses, there are T
i ters in th odel:
six parameters in the mode W’:Z(F—D>—1. (5.2)
F,
M, A A A, A
—al—z, ?1 <=Tf> , j, E“, W, and W’. Although experimentally F/F, is known to be
around 1.28, we shall not use this information
With the choice of inputs of masses?® here, since there is an ambiguity associated with

it. At present FD/F, is not known. We shall have

2 K2 2 and 2
T AL s a further discussion on PCAC constants later.

there remain two parameters free, which we have Concerning the pseudoscalar-meson spectrum,
chosen to be W and W’. Of course W and W’ will contrary to the vector meson, the experimental
not be completely free, once PCAC constants are situation is a little more ambiguous. On the possi-

experimentally determined, ble assignment of 1, we have chosen 7’ = X (958)
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rather than n” = E(1420), since the latter assign-
ment could not cope with the broad experimental
width within the present scheme. (See our second
paper in Ref. 8.) Experimentally n” is yet to be ob-
served, although there is a candidate at mass
2.75-2.8 GeV.* A D -like particle is observed at
mass 1.865 GeV,?” but its spin-parity property has
yet to be confirmed.

In order to augment the scarce information on the
pseudoscalar-meson spectrum we might rely on the
quark model. According to the quark model, the
quark-mass ratio,

_mc‘mu

R= ,
mg—m,

(5.3)
was determined from the analysis of the vector-
meson mass spectrum. Numerically, we had?®

R =20.59. (5.4)

If the identical interaction is responsible for the
pseudoscalar-meson system, our symmetry-
breaking interaction (2.15) should satisfy the fol-
lowing relation:

A4—Al_

m R. (5.5)

Since the present experimental situation is far
from well established, we make three alternative
assumptions in order to fix parameters W and W’:
(i) n” mass=2.8 GeV and validity of (5.5), (ii) D,
mass =1.865 GeV and validity of (5.5), (iii) D, mass
=1.865 GeV and n” mass =2.8 GeV. When the uni-
versality relation (5.5) is assumed, one more ex-
pression for A,/a, besides (3.23), becomes avail-
able:

4 =R<A—a§—-A‘—x—‘>+%, (5.6)

where A,/a=3[(1+W)K?-n%] and A,/a=37% must
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be substituted. Equating (3.23) to (5.6) we can re-
late W to W’. It just happens that A, /a in (3.23) is
not sensitive to the choice of W’ within the range of
W of interest to us, and the identity should hold
when W is close to W=1.727 for any choice of W’.

In order to clarify this situation, listing of the
approximate expressions might be helpful. Ac-
cording to the charm scheme, 1” as well as
charmed mesons are expected to be much heavier
than the rest of the pseudoscalar-meson 16-plet.
After a little inspection of (3.17), (3.12d), and
(3.23), it will be observed that large n” and D mas-
ses are possible only for an extremely small A,
(3.18). In other words, the reason why n” or
charmed mesons get heavy is due to an approxi-
mate validity of the SU(3) X SU(3) mass formula.

Some of the approximate expressions valid for
small A are

7 Q 1[ 24, ( 1 2)]
= ww iz Mawet Bt @

+0(A)

Q

~— 5.1

AW .12
%z({%«ﬁiu)mn, (5.7b)
24, Wt Q Q
EF_T_W+O(A) oA (5.7c)

The leading term in A,/a is seen not to depend
upon W’. On the other hand, 7n” is quite sensitive
to the choice of W’'. From the positivity of scalar-
meson masses we should have a condition

wW=w=1. (5.8)

(a) In order to get an idea about W’ let us first
assume W'=W, which corresponds to the assump-
tion (i) as we shall see. Numerical results are

TABLE 1. Numerical results for pseudoscalar- and scalar-meson masses with three differ-
ent choices of W and W’, corresponding to (5.9), (5.11), and (5.12) in the text.

W=Ww=1.7273

W=1.72696, W' =2.79348

W=1.7204, W =1

n'’ =2.793 GeV

n'’ =2.185 GeV

7' =2.714 GeV

D=2.205 GeV D=1.865 GeV D=1.866 GeV
F=2.006 GeV F=1.75 GeV F=1.672 GeV
Dg=4.259 GeV Dg=2.709 GeV Dg=
Fg=w F=3.427 GeV Fg=(arbitrary, see text)
A A A
;;‘:,_18.045 ;-:_7—18.043 —%M =17.998
A=2.77953x 107 A=3.1469x 107 A=1.03125x107
2=19.25 Q=19.246 Q=19.1751
M, =19.605 My, =19.492 M,=20.41
Ay A Ay

=362. =361.88 =190.77
g 362.7 ;—:2 g
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listed in Table I. With a choice

W' =W=1.7273 (5.9)
we get

n"=2.793 GeV
and

D=2.21 GeV, F=2.01GeV.

These values agree with other theoretical predic-
tions.”® The above n” mass is also close to the
experimental candidate for n” at 2.8 GeV.? If the
experimentally observed resonance with mass?’
1.865 GeV should be identified with a D° meson,
then this choice of parameters should be discarded.
At present the spin-parity property of this particle
is unknown.

(b) Alternatively, corresponding to assumption
(ii) we can identify the meson with mass 1.865 GeV
to be 2 D° meson. Then in addition to the two ex-
pressions for A,/a, (3.23) and (5.6), we now have

one more expression for A, /a,
AJa=3[(1+W)D?-7?]. (5.10)

Three expressions for A,/«a determine W and W’
as

W=1.7270 and W’ =2.7935. (5.11)

This choice yields a rather low value for 7n”,
n"=2.19 GeV.

Here the F-meson mass is predicted to be
F=1.755 GeV.

(c) Corresponding to the assumption (iii), we next
consider the problem whether the D° mass with
1.865 GeV is compatible with the 7” mass with 2.8
GeV. This turned out to be impossible as long as

W’=W.?3° However, if we are allowed to consid-
er W' =W, such a possibility can be realized. A
choice, for instance,

W’=1and W=1.7204 (5.12)

yields

1" =2.714 GeV, D=1.866 GeV, and F =1.672 GeV.

Unfortunately, this choice of parameters makes
one of the scalar-meson masses in the system, 53,
imaginary. In order to avoid such an awkard situa-
tion, we must modify our symmetry-breaking in-
teraction (2.15).3! The addition of the symmetry
breaking of a quadratic form
SV =) C,.,S2SE (C,y a constant) (5.13)
a, b

might solve the problem.

If we want to keep the pseudomeson sector un-
disturbed, however, the simplest modification
might be to add a term to (2.15),

6VSB=CSiS3 (C a constant). (5.14)

[According to (3.3) and (3.4), only the 53 mass will
be increased by an amount of C.] With this under-
standing we accept a choice (5.12). Partial decay
rates for three different choices of parameters,
(5.9), (5.11), and (5.12), are tabulated in Table II.
According to our results, n” comes out pre-
dominantly in a pure charm-anticharm pair state.
This situation holds true for all three choices of
W’, since mixing angles happen to be insensitive to
W’ within our range of interest. This is the reason
why the n” particle decaying into ordinary hadronic
channels has narrow (partial) widths in general.
As far as the actual estimate is concerned, though,
two different choices of parameters (a) and (b),

TABLE II. Numerical results for mixing angles of the 7, n’, and 7'’ and partial decay widths
of the n’’. Here I'(a, b,c) represents the width for the decay 7'’ —a+b+c.

W=Ww'=1.7273

W=1.72696, W’ =2.79348

W=1.7204, W' =1

a 0.399 71
b —~0.82485

c —8.8887x 107
a’ —0.58253

o’ —0.565 06

¢’ 4.49x10%?
a”’ 2.974x 1072
b’ 1.8058x 1072
¢’ 0.998 952
T(’K*K") 0.232 MeV
T (K*K") 0.143 MeV
T(y'r*nr) 2.9 MeV
TCnr*r”) 4.61 MeV
rr’g*g") 0.692 MeV

0.39975 0.4004
—0.824 82 —0.824 06
-9.1656x 1073 —1.7042x 1072
—0.582 37 —0.58001
—0.565 04 —0.56543
4.9282x 102 8.6418x 102
3.2405x 1072 5.7169x 1072
2.0312x 107 3.4955x 1072
0.998 74 0.996 11
0.0061 MeV 0.626 MeV
0.019 MeV 0.426 MeV
0.346 MeV 8.33 MeV
1.03 MeV 14.2 MeV
0.198 MeV 2.17 MeV
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TABLE II. Numerical results for PCAC constants.

Available
W=1.726 96 Ww=1.7204 experimental
W=w =1.7273 W’ =2.79348 W =1.0 data
Fy/F, 1.36 1.36 1.36 1.28
Fy/F, 1.36 1.9 1.0
Fp/F, 1.72 2.26 1.36

yield moderately different values for the decay
width. The main reason for this is that the decay
width is sensitive to the n” mass.

Among various decay modes, the largest con-
tribution comes from the decay n” =n+7*+7" in-
dependent of the choice of parameters. This is
simply due to the largest available phase space.
The decay mode n” -~ 7°+K '+ K " has also a large
phase space available but, owing to the existence
of the destructive interference, the matrix element
turns out small and the net result is smaller than
the naive expectation. Qur calculation of decay
rates became current-algebra-like after the sca-
lar-meson masses were taken to be infinitely hea-
vy. Comparison with future experiments will tell
us if further refinement of the calculation or the
model itself is needed.

So far we have not discussed PCAC constants. In
order to distinguish different sets of parameters
we can also rely on PCAC constants.

The leptonic decays of pseudoscalar mesons such
as

"0
-l*+v
KQ
(l=pore)
D?
A Y
F‘

provide us with information on PCAC constants de-
fined by

V2q,(0|A,2|m*(q)) =F,iq, ,

V2¢,(0| A3 K*(@)) =Fxig, ,

V24,(0|A,2| D'(@)=Fpig, (5.15)
and

V24,(0| A, 3| F(@)=Fig, .

They are related to our parameters W and W’
aslz, 17

F,=2a, Fp=a(l+W),
Fp=a(l1+W'), Fp=a(W+W’).

(5.16)

Or, equivalently, writing these in the form

;—KJEW, (5.17a)
L 4
’
.FF—D=1+2W , (5.17b)
?:W’;W , (5.17c)

we shall see that the experimental deviation from
1 indicates immediately the existence of a non-
SU(3)- or non-SU(4)-symmetric vacuum. [They
are all equal to 1 in the SU(4) limit.]

Independent of any choice of W and W’, we can
derive the sum rule mentioned in the Introduction,

(5.18)

Experimentally the right-hand side is 0.28. The
left-hand side is unknown at present. Since this
sum rule is an immediate consequence of our po-
tential with nonderivative type (2.1), it is expected
to hold rather generally. Its experimental con-
firmation is highly desirable. Numerical values of
PCAC constants corresponding to our previous
choices of parameters are given in Table III.
According to our prediction, leptonic decay
modes of charmed mesons will not differ much
from those of ordinary noncharmed mesons. This
should be contrasted with the prediction of large
enhancement of charmed-meson modes in the re-
normalizable model.?* Since PCAC constants are
rather sensitive to our choice of W and W', future
experimental measurements of the leptonic decay
modes such as D* -~ u*+v will soon settle the issue.
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