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The renormalization-group method is applied to the calculation of total semileptonic decay of a heavy

lepton and total hadronic decay of an intermediate weak boson. The prediction of the leptonic branching
ratio of a heavy lepton is compared with the anomalous p, e events observed at SPEAR.

I. INTRODUCTION

Application of renormalization-group considera-
tions to the hadronic electromagnetic current has
led to the prediction that the ratio'

o(e'e - hadrons)
o(e'e - p, 'p, )

should be independent of s at sufficiently high cen-
ter-of-mass energy ~s=E . Its value is calcu-
lable by perturbation in an asymptotically free
gauge theory. ' In the colored SU(3) quark-gluon
model [now known as QCD (quantum chromody-
namics)], the first two terms are'

R,+,-(s) = 3 g e 1+ n(- lsl) (2)

where e,. is the quark charge of flavor i, and n(s)
is the running coupling constant of the underlying

gauge theory, '

of Shankar's result (4) to the higher moments.
They are also calculable in @CD. These moment
integrals for the analog of R,+, in weak interac-
tion appear directly in the rate of semileptonic de-
cay of a heavy lepton. For definiteness, we will
assume that the charged hadronic weak current in
@CD is purely V-A and it has the form

d&" = g c &0y" (1-y )0, (5)
(i~)

where ij, refer to quark flavors. In the SU(4)
quark model, ' J~" is

J'~~ =uy" (1 —y,)(dcos8+ s sin8)

+ cy"(1 —y,)(s cos8 —d sin8), (s)

where u, d, s, and c are the so-called up, down,

strange, and charm quarks, and 8 is the Cabibbo
angle. If the heavy lepton behaves like a heavy
electron, the renormalization group predicts the
following branching ratio:

n(s) = 12m

(33 —2N)ln(- s/p ') (3)
o(L- v, + hadrons)

R~= o(L- v~+ e+ v)

where N is the number of flavors which should be
considered at energy s.

In a recent paper Shankar' has shown that, in
addition to R,+, (s), the renormalization-group
method also allows one to calculate the integral

N

0,+, (M')= dsR, +, (s)
0

(4)

for sufficiently large values of M'.
Clearly these ideas are equally applicable to the

hadronic weak current. In this paper, we consider
only the charged current. In addition to the ob-
vious application to the total hadronic decay rate
of a charged weak intermediate vector boson (W'
or W ), we present in this paper an interesting
prediction for yet another physical process: the
total rate of the sernileptonic decay of a heavy lep-
ton. The latter requires a simple generalization

n(-M, '}-
(ii)

where I, v~ denote the heavy lepton and its neu-
trino, respectively; n(-M~') is the value of the

ruing coupling constant at —s =M~', the square
of the heavy-lepton mass. If M~ is below the charm
threshold, only u, d, s quarks contribute and

g(c, ,)' = cos'8+ sin'8 = 1 .
3j

Both weak processes mentioned above have been
discussed by other authors from the viewpoint of
the parton model. Li and Paschos' have studied
the decay of W', and Tsai' has considered in
great detail the decays of a heavy lepton. One pur-
pose of this paper is to confirm these parton-mod-
el results in @CD and also to give the first correc-
tion in such a theory. The decay of a heavy lepton
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provides a natural example of the idea' that the
renormalization group can be useful in a process
which involves low energy domain if one averages
over a sufficiently large energy interval. Finally,
we have compared the prediction of the semilep-
tonic decay of a heavy lepton with the data of p, e
events observed in SPEAR, under the assumption
that they are the decay products of a heavy lepton.

IS I

II. SPECTRAL FUNCTIONS AND THEIR MOMENTS OF
WEAK CURRENT

Define the spectral functions of the weak current

C"'(S) = J d'*s "*(Pld„'(*)(.'(O)IO)

(g„-.q' q, q-.)p (q')+q„q, p.(q') . (9)

These spectral functions p, and p2 are absorptive
parts of an analytic two-point function II „(q). In
the deep Euclidean region 1I„„(q)can be computed
by the renormalization-group technique. To obtain
predictions for p, and p„ it is usually assumed
that II „(q) so computed can be analytically con-
tinued to the physical (timelike) region of large
q &0. In QCD this means that q' is large enough
so that the running coupling constant n is small,
and q' should not be near a quark-gluon threshold
or a threshold of physical hadrons.

In QCD the calculation for p, and p2 is almost
identical to that for R,+, of Eq. (2). The first
two terms in the renormalization-group improved
perturbation series are (q'=s)

FIG. 1. The integral of II along the closed contour
C&+C2 is zero.

tion over most of C, except for a small range near
the real axis. As in the derivation of R,+, (s}, we
will assume that II(s) does not have strong singu-
larities in this region for the values of s under
consideration. Let us choose s = -M', M' being
the radius of C,. We can ignore the variation of
n(s) on C, and set it equal to n(-M'). The small
imaginary part it acquires away from the negative
real axis is of the next order. Thus, the right-
hand side of Eq. (12) can be related to the absorp-
tive parts of II ' and II ' . We now have the pre-
diction

M

() 's(M')=f ds "p„(s)
0

p. (s) -=p, (s) = 3Q (c,,)' —1+ n(- lsl)

=p'"(s)+n(- lsl)p'"(s), (10)

ds s"p(')(s)+n(-M') ds s"p '(s) .

(14)

(ss')

where n(- ~s)) is given by Eq. (3}, and m is the
quark mass.

To obtain moment sum rules of p~, we follow
closely the arguments of Shankar. ' Consider the
closed contour of Fig. 1; we have

s"II(s)ds = — s"II(s}ds,
C1 C

2

where II(s) is the analytic function with the ab-
sorptive part p~(s). The first two terms for II(s)
in QCD are

(12)

rl(s) = 11&'&(s)+ n(s)ll&') (s) . (13)

The left-hand side of Eq. (12}can be expressed in
terms of the absorptive part of II. For the right-
hand side we can approximate the integrand by the
theoretical formula (13). If s is large enough for
n(s) to be small, this should be a good approxima-

This is the generalization to Shankar's result
where only the case n=0 has been considered. As
emphasized by Shankar, the validity of the result
(14) depends on the upper limit M' being large
enough so that n(-M') is small.

We would like to comment on this result. First
of all, it is not possible to invert Eq. (14) to re-
cover the integrand for any s&M2. Suppose the
important mass scale for p is m'«M'. The re-
normalization-group arguments assure that de-
pendence on the ratio m'/M' can be neglected. But
if we try to invert the sum rules, we will generate
ratios such as m'/M' M'/s =m'/s which is no long-
er small for s &M'. Secondly, it has been argued'
that direct application of quark-gluon perturbation
theory in the physical region cannot be justified
even at high energy where the running coupling
constant is weak. In particular, in every order
perturbation theory predicts production of quarks
and gluons whereas only color-singlet bound states
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of gluons and quarks should be created. A pre-
scription' has been suggested to "smear" the re-
sults, and only "prediction on the average" is to
be confronted with experiment. While the neces-
sity for smearing is obvious, a unique procedure
has yet to be found. Our result, Eq. (14), which
is equivalent to smearing over a large circle in
the complex s plane, is a possible alternative.
From this standpoint, the moment sum rules
should be more reliable than the prediction for
the integrand p~(s) at large s. Indeed, according
to Shankar, ' Eq. (4) agrees with the limited avail-
able data down to s=0.8 GeV' for the choice p,

=0.7 GeV.

G
Zz = ~ vr, y„(1 —y, )Lay" (20)

Ng
ds(Mi' —s)'

x
L p, (s)(M~'+ 2s) +p, (s)M~'],

(21)

where G is the Fermi coupling constant. The total
decay rate for (19) can be expressed in terms of
the spectral functions p, and p, discussed in Sec.
II (Ref. 7):

G2I'(L- v~+8) = 32,

III. DECAYS OF HEAVY LEPTON AND V BOSON

We will now apply the results just obtained to the
two physical processes mentioned in the Introduc-
tion. Consider the decay of the W'boson first.
The W boson will be assumed to couple to the had-
rons and the leptons via the conventional V-A weak
current. Equation (10) then predicts the following
ratio for the hadronic decay rate of W to that of
leptonic decay"

where M~ is the mass of the heavy lepton. The
corresponding leptonic decay rate is'

G'MI'(L- v~+ I+ v, ) =
(3)(26) 3 (22)

where l is an electron or a muon, and m, is set to
zero.

If M~' is sufficiently large, then the moment sum
rules (14) predict the ratio"

I'(W —hadrons)
r(W--eV, )

R, =3P(., ) 1. '- " '

(23)

(c,,)' = 2 (16)

and

12
2N)ln(iaaf '/

This is the analog of R, +, (s) given by Eq. (2). In
the SU(4) quark model, the weak current of Eq. (5)
gives

In QCD the correction to this result is of order
m, '/M~' or n (-M~')' (m, is the quark mass).

The existence of a heavy lepton is suggested by
the anomalous pe events observed in e'e annihila-
tion at SPEAR." These pe particles are inter-
preted as products of leptonic decays of a heavy
lepton of mass in the range 1.6-2.0 GeV. With the
assumption of equal decay rates to the e and p,

modes, V-A coupling, and M~=1.8 GeV, the
data" yield the leptonic branching ratios

12
(17) I'(L- v~+e+ v, ) I'(L- v~+ p. + v„)

r(L'-.ll)
' = r(L'-.ll)

"='"-:: .

For M~= ~0 GeV and p. -1 GeV, the correction
term is about 6%. If one neglects the correction
term, we find the ratio

R~ P(c )

R,+, 2 )
S

(18)

L, —v~+ hadrons . (19)

The heavy lepton, L, will be assumed to have its
own massless neutrino, v~, and its own lepton
number. It has all the same characteristics as an
electron and muon except for its heavier mass.
Its interaction with the hadron is described by the
effecti ve Lagrangian

which is 1.8 in the SU(4) quark model.
We now turn to the semileptonic decay of a heavy

lepton,

where P is the lowest strange charmed meson.
Naive-quark counting places the mass of F at

M~-2.05-2.10 GeV, (25)

which is outside the experimental mass range for
the heavy lepton. Thus, we may assume that the
charm quark does not contribute to the result (23)

(24)

Suppose we accept the heavy-lepton interpretation
of these pe events. The theoretical value for the
leptonic branching ratios depends crucially on
whether the mass M~ is above or below the charm
threshold. According to Eq. (5) for J„", the
Cabibbo-favored charm decay mode is
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for R~." With M~ = 1.8 GeV, and p, = 0.7 GeV as
adopted in Shankar's analysis, ' we find

and

R, = 3.70

I'(L- v + e+ v,) I'(L- v, + p+ v„)
I'(L —all) r(L- all)

=0.17 .1
2+R

(26)

(27)

This ratio would be 0.2 if one neglects the loga-
rithmic correction of asymptotic freedom. The
numerical value of (27) could be further reduced
for theoretical reasons. Around s =9 GeV' the val-
ue of R,+, predicted by (2) with p. =0.7 GeV is
lower by about 10%%uo as compared with the data. A

similar error may occur in the calculation of R~.

Equations (24) and (27) agree within the errors.
Because of the large experimental uncertainty in
(24) it is difficult to make a more quantitative com-
parison between theory and experiment. Never-
theless, we cannot help noticing that the experi-
mental branching ratio is of the order expected of
a heavy lepton and it is even likely to be less than

20%%uo as predicted by QCD. The theoretical result
(27) appears to support the interpretation of a
heavy lepton being the main source of the observed
p.e events. "
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