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Canonical quantization of fields with higher-derivative couplings*
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It is shown with the use of a model of scalar fields how canonical quantization can be carried out when the
free part of the Lagrangian density involves only the first derivatives, while the coupling terms involve higher
derivatives. Cancellation of noncovariant terms in the scattering operator is found to occur for such couplings
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provided that 8(0) terms are eliminated with the use of dimensional regularization.

I. INTRODUCTION

Canonical formalism for fields involving higher
derivatives in the free part of the Lagrangian den-
sity has been extensively investigated.®! We shall
here consider a related but different problem. We
shall show with the use of a model of scalar fields
how the canonical quantization can be carried out
when the free part of the Lagrangian density in-
volves only the first derivatives, while the cou-
pling terms involve higher derivatives. It will then
be demonstrated that cancellation of noncovariant
terms in the scattering operator, which is well
known for first-derivative couplings,® also occurs
for higher-derivative couplings provided that 5(0)
terms are eliminated with the use of dimensional
regularization.®

Although our quantization procedure for higher-
derivative couplings is mathematically more com-
plicated than that for first-derivative couplings, it

cause higher-derivative couplings are encountered
in some physical problems.*

II. CANONICAL FORMALISM

Let us consider a Lagrangian density of the form
L=L(¢r’ au¢r9 auav¢r! auavah¢ri‘ . ')! (2'1)
where r=1,2,...,n.
tial derivatives as
(8,84, 9, &,) 5
a(aulauz see 3u,,,¢s) Iz

It is convenient to define par-

°‘1“16°‘2“'2 e Gamum’

(2.2)

where the summation extends over the m! permu-
tations of the indices u,, i,,..., K,. This defini-
tion of partial derivatives ensures that

aL aL

does notpresent any difficulty inprinciple. Apart 5(5.0.5.) =358 30 etc., (2.3)
from providing an interesting generalization of the wover voRTY
canonical formalism, this investigation is useful be- while the variation in L is expressible as
J
aL aL 8L
oL = — 0¢p + ———5(0 —_—0(9,9 +} 2.4)
; [a¢r ¢r a(au(pr) ( u¢y)+a(auau¢r) ( “w y¢r) (

The resulting field equations are

oL oL aL 3L

—_— 9 9,9 -8,8 9, —————— =0 2.5

36, ~ L8808, « “ra(8,0,0,) 4 r3(8,0,0,0,) ’ (2.5)
and the canonical (unsymmetrized) energy-momentum tensor is given by

aL aL 9L
S,,=Ld, - [—-———-—-B -<a———a - ————9,0 )
wy uy TZ 8(av¢r) u¢r la(axau%) u¢r a(akav(pr) A u¢r
oL oL oL
— 3 -8, ———— 93 9 —— 9,9, 0 —_
+<3)¢ap 3(3x3p5v¢,) u¢r "3(313p3u¢) [ u¢r+a(alaaay¢7) 2% “({D,.) :! (2.6)

with

8,5,,=0. (2.7)

When the free part of the Lagrangian density is
Lo=-z ) [(3,9,)°+m,¢,?] (2.8)

r
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it is possible to remove second and higher time derivatives from (2.1) by carrying out either covariant or
noncovariant field transformations, so that the transformed Lagrangian density involves only higher space
derivatives.® In the absence of higher time-derivatives in L, the energy density takes the form

H=-§,,

oL oL oL
==L+ Z 5—(8—4¢—)34¢r—(a, 3(3 ) ) a4¢'—8(3 9 ) 8‘34(1)7
y r i 4¢1— i 4¢r

oL 9 ]
+ <3iaj-——————— 34¢>' -y 3184¢r+—'——l:'—‘—' 3i3184¢r>— LI ],
8(8;8,9,0,) 8(0,9,9,0,) 9(8;9,9,6,)

or, since three-divergences can be added to H without altering the total energy,

9L oL oL
H=_-L+ -29 +30,8, —————— - |0,0,. 2.9
2,:<3(34¢r) 18(8,8,0,) 1799(0,0,0,0,) ) 4P, (2.9)
Further, by defining 7, the canonical conjugate of ¢,, as

oL oL oL
- 29, 39,9 e
3(2,0,) 13(0,0,0,) i 103(8,0,0,6) ’

the energy density can be expressed in the usual form

in, = (2.10)

H= Y imd,¢,-L. (2.11)

As a specific example, we shall take a system of three interacting scalar fields with the Lagrangian
density

L=Lo+Lin (2.12)
with

Lo=-2(8,6,)* —3m,%¢,2 = 3(8,0,)% - 2m,*¢,° =2(8,05)° —3m*¢,°, (2.13)

Lin4=89,0,0,0,0,0,0;. (2.14)
The second time derivative in the coupling term can be removed by subjecting (2.12) to the transformation

B3~ P53 -88,0,9,0,, (2.15)

and remembering that the Lagrangian density can be simplified by dropping terms of the form 3;A; or

3,A,. This procedure generates second-order coupling terms involving second time derivatives, which can
again be removed by an appropriate field transformation. Thus, it is possible to remove second and high-
er time derivatives from the coupling terms up to any desired order by successive applications of field
transformations. Accordingly, (2.12) is transformed into

L=Ly+8¢;50,0;¢0;+28¢;49,9,0; -8 448;0; _g28131¢‘! a4 - 2823(‘15{4(A1¢134¢’2+ 3,018,0,)
—Jégz(aiqh‘:q)z* %gz(A1¢>184¢2 + 64¢1A2¢2)2 _§g2m32¢442+g3(23i¢“ -0,¢,0,0,-8,0,8,0,)
X {84¢1[3‘(8“¢18i8u¢3) +9;0,0,0,9,¢3—9,4,839,¢5+ A1¢1A3¢3]

+0,0,08,(8,0,8,8,05) +8,8,0,8,8,05—8,0,0,8,¢5+8,0,8,0,]}

+0(gY), (2.16)
where
Puv=2(0,010,0,+8,0,0,6,) (2.17)
and
A, =02-m% B8,=07-m,?, A;=87-m;. (2.18)

From (2.16), we can derive the canonical conjugates of ¢,, ¢,, and ¢, as defined by (2.10), and ex-
press the energy density (2.11) in terms of the canonical variables and their space derivatives. Then,
passing over to the interaction picture in the usual manner, we obtain for the interaction energy density

Hint=Hi(.lt)+H§2t)+H(3)+O(g4)’ (219)
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where
H;l.l\t)= _gau¢1au¢2auav¢3, (220)
Hf§3=g29¢3:¢u¢44 -2g26i¢“8u¢“4+§gz(3i¢44)2 "%gz(a‘x‘b«)z"’%gzmsz‘bqqz‘%g29494-%gzé‘ﬁq; (2.21)

H::t) = -g%(20,¢,4+ 8,044)(8,6,8,6, + a4¢2auéu + a4z¢104 + 342¢2§4)

+g3(aiaj¢ij + m32¢44)(64¢194 + a4¢2é4) + 2g33431¢14(3(¢194 + 35‘15294)

+g38‘¢448{(84¢194+ 34‘1’254)‘8334(?4434(84‘1)194'* ai¢2§4) _g394§4842¢3, (2.22)
with
bu=2(0,0,0,0, +8,6,9,,),
6,=98,0,0,8,¢5, (2.23)

9y =0,0,9,8,¢,.
III. LORENTZ INVARIANCE OF SCATTERING OPERATOR

For the evaluation of the contributions of the scattering operator with the interaction energy density

(2.19), we require the contractions

o(x) p(x’) = =iA plx —x"ym),

9,0x) px’) = —id,Axx —x'3m),

3,p(x)d,p(x") = =i9,0LAx(x —x";m) +45,,0,,0(x —x'),

8,9,0(x)"¢(x") = -i8,8,A (¥ —x';m)=16,,0,,0(x —x'),

9,0,0(x) 8,p(x’) = -i8,08,8A o(x —x’;m) +15,,5,,8,,8,6(x —x")

+8(8,8,4844+ 8,408,044+ 8,48,48,,)9,0(x —x"), (3.1)
8,9,0(x)* 8,85 (x")" = =i9,9,8,058 p(x —x";m)=i(8,,0,,8,,05,+6,;0,,0,,04,

by a
+ 6u16v46a465k+ auqéuléakéeq

#8,,8,,6,405+0,,0,,0,0,0,0,6(x —x7)

navi“ad BR Hava“aj Bk
=i(8,40,4054084 + 0,,40,4004054 + 8,,40,40 4,854 + 0,,40,,404,4054)8,0,0(x —x")
=18,,6,,6,,05,(8,2 = 8,2+ m?)d(x —x"),

[TE e

where ¢ is a scalar field of mass m, and

. - 1i 1 ikex 1
B pteiom) = lim, rooy | ket e @2
Let us consider the second-order term in the scattering operator
("i)z ’ (1) H(l) ’ 3 3)
Sz=—2T_ dx | dx'T[Hjpy(x)Hyg{(x")]. 3.

After carrying out single contractions, the contribution involving the noncovariant parts of the contractions
can be expressed, after some integrations by parts, as

St=i f dx HE)x), (3.4)

which is canceled by the contribution of H{Z} to the scattering operator.
We next consider the third-order term

73
5= G [ ae [ av [ axmimpon e 9

Carrying out double contractions, we find that the contribution involving the noncovariant parts of the con-
tractions is expressible, after some integrations by parts, as

St=ig* | ax j ax'[Fle,x") + Fle, 20 -ig? [ du[Gl) + Gla) ]+ [ a0, (3.6)
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where
F(x,x") = [au aud)uv(x) B,¢5(x)8, + auav¢44(x)au¢2(x)av
+ 23i31¢i4(x)34¢2(x)31 + 28,31¢M(x)6,¢2(x)84

(8% =) ,(x)0,0,(x) 8, — 0,(x)8,0,0,(x)8, JA plx —x"3m,)3%6,(x")

+ 94(;;)6“4)1(95)8“ 64AF(x -x'; ms)aéai‘ﬁux(x ) (3.7
and
G= 2(Bu 9,¢,, — 8%y, + m32¢44)84¢>194 +20,0,0,,9,9,0,
+ 43{8j¢j48‘.¢194 —(28i¢“+ a4¢44)84¢13k9k - 94§4aqz¢3 ’ (3.8)

while F and G can be obtained from F and G by in-
terchanging ¢,, m,, and 6, with ¢,, m,, and 6,
respectively. The first two integrals in (3.6) are
canceled by the contribution arising from single
contractions in

(=0 [ ax [ axTIHQEHEZEN],

while the third integral in (3.6) is directly can-
celed by the contribution of H{3) to the scattering
operator.

In the above treatment of the cancellation of non-
covariant terms, we have considered only the tree

diagrams. However, cancellation of noncovariant
terms for tree diagrams ensures their cancella-
tion also for closed loops except for residual 5(0)
terms, which can be eliminated with the use of di-
mensional regularization.?

We have demonstrated by explicit calculations of
the contributions of the scattering operator up to
third order that we can take the effective interac-
tion energy density for the system as

Heﬂ= _gau¢lav¢zauav¢3) (39)

and drop noncovariant terms in the contractions
of the field operators.
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