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The generalized ladder series of Feynman diagrams for scattering of two particles by scalar-meson
exchange is expanded, using functional methods, to obtain the relativistic eikonal approximation and the
next two terms of an expansion about the eikonal limit. The established similarity between nonrelativistic
and relativistic eikonal approximations is shown to persist, in part, to the higher-order terms in the
relativistic eikonal expansion. The leading-order correction to the eikonal limit differs only kinematically
from its nonrelativistic counterpart. In second order, there is again much similarity with nonrelativistic
results; however, a part of the second-order eikonal correction explicitly depends on the relative time
coordinate of the scattering particles. An approximate relativistic Schrddinger equation is found to reproduce
the leading corrections to the eikonal limit by means of a simple kinematic -generalization of the
nonrelativistic potential theory results; however, the relativistic time effect cannot be readily incorporated

into a three-dimensional wave equation.

I. INTRODUCTION

A relativistic eikonal expansion method for high-
energy two-particle scattering in quantum field
theory was first outlined some years ago by Abar-
banel and Itzykson.!  This paper develops a similar
expansion in detail and studies the persistent
analogy with nonrelativistic potential theory which
emerges in the eikonal limit.

Following the basic work of Cheng and Wu? and
others® on the high-energy behavior of infinite sets
of Feynman diagrams in quantum electrodynamics,
Abarbanel and Itzykson showed that similar re-
sults could be derived by a straightforward applica-
tion of functional-derivative techniques® together
with the eikonal approximation. The basic result
was that the relativistic eikonal approximation for
the scattering amplitude reproduced in a trans-
parent fashion the elaborate sum of QED leading
terms from perturbation theory. Considerable in-
terest in the relativistic eikonal approximation
followed.

Whether or not the eikonal approximation was
reliable for scalar field theory was not as clear,
however. When individual Feynman diagrams were
analyzed, it was found that delicate cancellations
were responsible for the dominance of the eikonal
contributions as s—«. In addition, it was ob-
served® that noneikonal leading terms must arise
by eighth order for the scattering of two scalar
particles via scalar-meson exchange (calar-
scalar theory). Hence it was doubtful® that the
eikonal approximation continued to reproduce the -
high-energy behavior of perturbation theory beyond
sixth order.

A recent analysis by Banerjee and Mallik’ has
reexamined the validity of the eikonal approxima-
tion in scalar field theory. The conclusion was

that in scalar-scalar theory, in which the ex-
changed mesons are not identical to the scattering
particles, the eikonal approximation fails to repro-
duce a part of the eighth-order amplitude which
asymptotically behaves as (Ins)/s®, where s is the
square of the center-of-mass energy. The eikonal
estimate for 2nth order of perturbation theory be-
haves asymptotically as s'™, i.e., 1/s® for eighth
order. However, in ¢* theory, there is additional
cancellation which eliminates the (Ins)/s® term.

"Hence for ¢° theory the question of validity of the:

eikonal approximation remains open while for the
scalar-scalar theory the eikonal approximation
does not incorporate the noneikonal routing of mo-
menta which give rise to the asymptotically domi-
nant (Ins)/s® term in eighth order. ,

It should be emphasized, however, that the eik-
onal approximation stiil remains extremely useful.
The approximation does reproduce the leading
terms for QED and, in the scalar-scalar theory,
the error made is generally very small at high
energy and could, in principle; be corrected.

. However, the primary interest in high-energy

scattering lies in the fermion-fermion case. Be-
cause there is a rather close connection between
the scalar-scalar theory and the scalar limit of
fermion-fermion scattering by vector-meson ex-
change, this paper considers in some detail a
relativistic eikonal expansion for the scalar-scalar
theory along lines proposed by Abarbanel and
Itzykson.! The scalar-scalar theory is chosen for .
simplicity, keeping in mind that the theory con-
tains most of the analytical complications which
are present in the fermion-fermion case. A sub-
sequent paper will deal with the differences be-
tween the scalar and fermion cases.

The paper is organized as follows: Section II
discusses the generalized ladder diagrams which
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FIG. 1. The generalized ladder set of Feynman dia-
grams is depicted through sixth order. In the 2nth
order of perturbation theory, n! distinct graphs account
for all possible crossings of the meson lines (wiggly)
exchanged between the two baryon lines (straight). The
functional derivative formalism discussed in the text
generates the full set of graphs.

are taken as a model for relativistic two-particle
scattering. Section III reviews the functional-
derivative approach to the relativistic eikonal ap-
proximation and establishes our notation in some.
detail. Section IV, in conjunction with the ap-
pendixes, details the relativistic eikonal expansion
development of first- and second-order correc-
tions to the eikonal limit and Sec. V presents a
summary of our results in light of previous studies
of the eikonal expansion. A relativistic wave
equation suitable for two-particle scattering at
high energy is suggested. Conclusions are pre-
sented in Sec. VI

II. RELATIVISTIC TWO-PARTICLE SCATTERING

Consider the scattering of two massive, scalar
baryons which interact via exchange of scalar

mesons in the generalized ladder series of Feyn-
man diagrams (Fig. 1). Following Abarbanel and
Itzykson, we use an economical formalism which
generates this set of diagrams by functional differ-
entiation of external potential amplitudes as fol-
lows:

—i(2m)" 4T (s, £ )59 (k] +hf— Ry = k,)
=X (kI TCAY) [Ry) Ry | (AN k) 4= a0 - (1)

Here k,, k, are four-momenta of the baryons be-
fore scattering and &y, k; are those subsequent to
scattering, s=(k, +k,) and ¢ =(k, - k]).

The scattering of baryon 1 in a scalar external
potential A (x) is described by the matrix element
of the operator

T(A))=A,+A G, (ADA,, (2)
where G(A,) is a Klein-Gordon propagator
G,"HA)=pP-m?2-A (x)+ie. 3)

The external potential amplitude for baryon 2 in
(1) is similarly defined.

Finally the functional-derivative operator? which
generates the generalized ladder diagrams for
meson exchange (see Fig. 1) is

% =exp [fd‘;y fd"y' T;ED(y—y,)—ﬁAi(y')]
(4)

The notation of (1) means that after the functional
derivatives are carried out, the fictitious external
potentials A, and A, are set to zero.
The causal propagator of the exchanged meson
is given by
' ) = __d_i ire(y=y') (12
DG -y)= [ e ba2, 5)
where, for the exchange of a scalar meson of mass
Ky
A(12)=— 8182
b )—12—p2+z‘e ’ (6)
It is clear that'exchanges of nonelementary objects
can be modeled by the phenomenological choice of
D(1?). ' o
The model of scattering represented by Eqs.
(1)-(8) is incomplete as renormalization, vertex
corrections, meson-meson interactions, and pro-
duction channels are omitted. Nevertheless, the
model is appropriate for scalar, relativistic, two-
particle scattering in the same sense that the
Schrddinger potential theory is appropriate for
nonrelativistic two-particle scattering. We refer
to the scattering particles as baryons to empha-
size that all diagrams in the model have two con-



tinuous particle lines (solid lines in Fig. 1) be-
tween which mesons are exchanged in all possible
orderings of emission and absorption. The role of
the relative time coordinate of the baryons is com-
pletely specified by the relativistic dynamics.

Our present interest in this model centers on
determining its structure for high-energy small-
angle scattering. To this end, the amplitude
7(s, t), for fixed ¢, is expanded about the eikonal
limit through second order in the following rela-
tivistic eikonal expansion:

T(s, )= Tels, )+ TL(s, )+ T%(s, t) +°- . (7

The series (7) is unambiguously defined by choosing
T;(s, t) tobea specific eikonalapproximationto the
generalized ladder diagrams and thenperturbatively
developing the corrections to this approximation.

The correction terms T%, 7%, etc., vanish in-
creasingly rapidly as s -,

In general, the series (7) is more interesting in
the case of fermion-fermion scattering via vector-
meson exchange. Using the Block-Nordsieck ap-
proximation, ¥ = (k¥+k!")/2m,, the scalar limit of
fermion-fermion scattering is easily related to the
simple scalar scattering model described above.
For either scalar baryons or fermions, we obtain
a relativistic eikonal expansion (7) which has many
similarities to a nonrelativistic eikonal expansion
developed some years ago.®"1°

III. RELATIVISTIC EIKONAL APPROXIMATION

The relativistic eikonal approximation is briefly
reviewed to establish our notation for the subse-
quent development of explicit corrections to the
eikonal limit.

To obtain the eikonal approximation for fixed
momentum transfer g, the momentum operators
of the scattering particles are expanded about the
following on-mass-shell eikonal momenta:

K, =((k? +m 22, D, k),

K, =((F +m2)172, D, -k),
where k = |k, | is the c.m. momentum. The z di-
rection along which «, and k, have components &

and —k, respectively, is parallel to the average
momentum of particle 1 (the projectile):

k, +k’

SRR ©

Thus the momenta «, and k, are orthogonal to the
momentum transfer

g=(k,-k))=(0,§,0), (10)

(8)

~ where § is a two-dimensional vector in the (x, y)
plane. The only departure here from the approach
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of Ref. 1 lies in our use of eikonal momenta (8)

in place of the average of initial and final mo-
menta (&, +k!)/2 and (k,+%})/2. This difference
shows up in the z components +k in (8) in contrast with
1k cos(30) of the Abarbanel and Itzykson approach.
The eikonal momenta (8) are preferred because
they automatically yield a Fourier-Bessel repre-
sentation in the relativistic eikonal expansion.

The eikonal approximation to the series of ladder
diagrams is very simply obtained by making a
standard eikonal approximation to the external
potential amplitudes in (1). The propagator G(A,)
is replaced by an eikonal propagator g,(A,) which
is linear in the momentum operator p* as follows:

&M (A) =2k, [p =5y +R)] - A (¥) +ie ,  (11)
851 (A) =265+ [0 =5k + )] = Ap(x) +ie.  (12)

The simplicity of the eikonal propagators is evi-
dent in the following relations:

(Ry[1+A g (A )] |2y
—e *i"F oxp ( ~if ”dTAl(x-ler)) , (132)

(x|lg(ADA, +1]|R)

o ,
—e~*1°% exp <_,f dTAl(x - 2KlT)> - (13b)
The effect of the external potential is simply to
phase-shift the initial or final plane wave, and
similar results hold for particle 2.

It follows that the eikonal approximation to the

. relativistic external potential amplitude [Eq. (2)

with g,(A,) in place of G,(4,)] is
RUTHA Ry
=(21T)-4fd4xe-i(kl-kl').,
X exp (—ifo.”d-rAl(x- 2K11)>A‘1(x)
=(21r)‘4f dix e~ ky=k]) -x |

xl d =iLiq A,(x)

—_— 4
i da® (14)

a=0

where we have written the line integral symboli-
cally as ) :

LA (@)= [ drA,(x-26e,7). (15)

The parameter « is introduced as a lower limit
on the integral in the phase factor so that the fac-
tor A,(x) can be replaced by the operator (1/%)

X d/da followed by the limit a=0.
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Substituting the eikonal external-potential re-
sults into (1) and using the fact that the functional-
derivative operator is a shifting operation leads
directly to

—i (2m)7% Ty(s, )89 (k] +E}

- —(2m)"® fd“x fd‘*x’ ol 1=R]) x ey mhf) #]

"kl"kz)

oD (x =] :

exp[-L,, L . )
a=a’=0 (16

d d

da do’
In this expression the line integration symbols
mean

Lij,aD(y)E[ dr [ dr' Dy 2, +2k,7).  (17)
' [24 o

Six of the eight integrations in (16) can be per-
formed. Writing y=x~«x" and integrating over
x +x', one first extracts the energy-momentum-
conserving & function. By further writing

Y =b =2Kk,0+2Kk,0’, , (18a)
where
b=(0,b,0), (18b)

‘and b is a two-dimensional impact vector, the
equality reduces to

i fd‘*y emiay Ed_ 4

xexp( f de dT'D(b—2KIT+2KZT')> .
‘ (19)

Finally two more integrations over o and ¢’ (in
place of y,, ¥,) are carried out to obtain the rela-
tivistic eikonal approximation

fOs, £)=(81Vs ) Ty(s, 1)
=2_i; fdzb gierd (eixo('ﬁ.s) -1) , (20)

where the eikonal phase shift is

Xo(D, 8)= - ’léy_’sﬁz_ f dzUp, z) , (21a)
with
Up, z)= =t dy,D(y,, b, z) . (21b)
’ dmm, f_” 0 0 0,

U(b,z) is completely analogous to a nonrelativistic
potential, which, in this case, is defined by the in-
tegral over relative time of the causal propagator
D. For the scalar-meson exchange of Eq. (6), one
easily verifies the Yukawa potential form U(»)
=~f2 e~ " (4nr), v = (b* +zz)1/2, provided we define
f?=g,9,/4mm, The phase shift y,(b, s) is identi-
cal in form to its nonrelativistic counterpart, and

\

since m,m,/N's ~m, is the reduced mass, Eq. (21a)
represents only a kinematic generalization of the
nonrelativistic elkonal approximation which in-
volves m, /k. '

Invoking the Block-Nordsieck approximation, we
can immediately determine the spin-nonflip ampli-
tude appropriate to the scalar limit of fermion~
fermion scattering via vector-meson exchange.
The changes in (21a) and (21b) for the fermion-
fermion case are

X, 8)=- S [ az v, o, (o
where ‘
U@, z)=-i fm dy,D(yo, b, 2) , (21d)

and D' is now the appropriate vector-meson propa-
gator. Specifically in massive QED, the potential
is U(r)=(ee’/47) e~*" /v , where e and e’ are the
charges of the fermions. Notice that the kinematic
factor «, * k,/(kVs ) in (21¢) is precisely E; /k;,
i.e., the inverse of the laboratory velocity. Thus
the scalar limit of fermion-fermion scattering
corresponds to a much larger phase shift at high
energy as is evident from comparison of the en-
ergy dependence of (21a) and (21c). ‘

In the corrections to the eikonal limit which we
consider, the simple replacement m,m,—~ Kk, - K,,
which transforms (21a) to (21c¢), only partially ac-
counts for the corrections to the scalar limit of
fermion-fermion ‘scattering.

IV. RELATIVISTIC EIKONAL EXPANSION

In the functional formalism, the corrections to
the eikonal limit are calculated by improving upon
the approximations used to represent the external
potential amplitudes. Consider particle 1, for ex-
ample. The neglected part of the two-particle
propagator in the external potential A, is ex-
pressed as

gl-l(Al)_Gl—l(Al):Nl ’ (22)

where

Ny==(p=Fk!)+(p~k,)=A2k[p, -k cos(56)]
' - (23)

represents the defect of the eikonal propagator
and where ‘
A=1-cos(36). (24)

For small-angle scattering, A~6%/8 is quite
small. . The organization of Eq. (23) is motivated
by a prior study of the nonrelativistic eikonal ex-
pansion® where A-dependent terms canceled out.
Expanding T,(A ) about the eikonal limit leads
to a perturbation series in the neglected part as’



16 RELATIVISTIC EIKONAL EXPANSION , 3569
follows: The procedure is essentially the same as that of
T(A)=(A,+A,g,A ) +A,gN,g,A, the nonrelativistic expansion. Using Egs. (13),
A bg Ng Ng A +eee and deferring treatment of the A terms of (23), the
1B17S 151 first order in N, correction to the external-po-
=THA ) +TLH(A)+T2(A) ++-- . (25) tential matrix element is developed as follows:

J

/

exp(-zf dt A (x - 2K1t)>(p k), - k) exp(—zf dt A (x- 2xt))‘ >

Commuting (p - k;), leftward and (p - &,)* rightward gives

o L o]
xp(—zf dt A (x - 2K1t)‘> o [ dt,A,-2e0)00 [ dt,A
-0 0 -0

kil ky=- (¥

kil ThA) R = (B
(26)

where p* =¢8" is used. The second order in the N, terms of (25) is developed in Appendix C. We have the
following:

R ITAA, e = <k{lzﬁf_:dfexp(—z‘ f_:thl(x-znltﬁ
x{—[a”LwdtlAl(x—letl)] [a;f_: dtzAl(x—zfcltz)] |
o x[or [Canae-2ta-m] (5 ) anaee2e0,-m))

a" dt A (x— 2K1t1)] {ava“ J‘”dtzAl(x— 2k, (t, = T))] '[aﬂ j::dtaAl(x - 2k, (t; - Tv»]

1

Z%SUJ‘ ar A= 2u8) | | o, ot [ aa, -2, -] [a‘, fomdtaA;(x-le(ta—r»]
+z[a”f dt A, (x - let)][a o [ dr,a, (- 2,0 - [ 2 f_idtsAl(x—ZKl(g—r))]
z[a f dt,A (x =2k, )][aya"fo at A, -2x,15) | [ 2 f_idt3A1(x—2K1(t3—T))]
o Lo [ [ i3] o [t
Lomor [ atae-20)] [ 9,0, [ a2 | } | ) . (27)

When (25) and a similar expansion for particle 2 are used in Eq. (1), the leading-order correction tothe
eikonal limit is seen to be
~ Gy Th (S 00 (] kg =y k) =SR] [ TH(A,) |By) (k31 TH(A,) ) R TRA) ) R THA) -] L= =0 -
(28)

The functional differentiation proceeds by standard rules as before. When the results (14) and (26) are
substituted into (28), we find

L= 4 -ia'v([li <_ eud fmd' -
TL=—i fd ye 1 5 o SXP l T . T Dy ~2k,T+2k,7")
0 0 - 0
xf de dT'3“D(y—2K1T+2KzT')f d-rf dT'@uD(y—2KIT+2K2T')]
o -0 o o

2

+ (K, — =Ky, oz«-oz')§ (29)

a=o'=0
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after the energy-momentum 6 function has been eliminated as before. The eikonal correction involves two
parts, of which only the first is explicitly shown, the second being obtained from it by the indicated substi-
tutions. It is convenient to convert the integration over y,, y, to integration over the variables 0,0’ in (19),

with the result

Th=-iteVs [d% 'qbf dof do{[——

i do

p(-—i f dffwdT'D(b—2K17'+2K27")>
o - 00

xf deo dr'o* Db = 2K, 7 +2k,7")
[o] -0

xf d'rf dT'BuD(b—2K1T+2KzT')1
o c’

+ (K — =Ky, o-—o’)} . (30)

Finally, the integrations over o, ¢’ are performed to obtain the leading-order correctlon to the eikonal

approximation in the simplified form

-

Th==idk (s [d% P00 0iy0,5)

(31)

where x,(, s) is as previously defined by (21) and the essence of the leading-order correction is

. o © o0 © o!
xl(b,s)=[m do’ [f”d*r _[G' dr'* D (b - 2k, T +2K27')] [.[,,dT J;” dT'auD(b—2K1T+2K2T')]

+f do[f dar’ f.odTa"D(b—ZK‘T+2K2T')] [J ar’ fo d'ra”D(b—le‘r+2K2'r')] . (32)
- - - oo —w

In terms of the scalar-exchange potential, U(F),
defined by Eq. (21b), we show in Appendix A that
the four-gradients in (32) simplify to three-grad-
ients and at the same time relativistic effects in
(32) largely cancel out. The result is that y,(, s)
reduces to

x,0,5) Jﬂfs;ﬁh [: dzVy, (b, 2)- Fx_(, 2)/2k

(33)

where
X+(B;z)=—%‘[Ls@_z f_: leU(B,Zl) s (34a)
x-(B, 2) == 232 f: dz, U, z,) . (34b)

Apart from kinematical factors, the phase cor-
rection x, is identical to its nonrelativistic counter:
part 7,(b) of Ref. 8. To leading order, our result
is that the relative time plays no role and hence the
only relativistic effects are kinematical.

For subsequent use, the first-order A correction
is next given. Using the functional techniques al-
ready outlined, we find (Appendix B)

Ti=idkVs [a% e'T BB [1 —ix,(B, 5)). (35)

As in (33), the only hint of this being a relativistic

calculation lies in the kinematics.

The second-order correction is considerably
more involved. In the functional formalism, this
correction is generated by

(2 o q“z) 6%k, +ky — k] ~k})

=sc[<k{|T%’(A,)Ikl>(kélT‘E)(Az)le
(R TQ (A [k (kL TR(A,) | k)
+( Ry TR(A) Ry (R T(AL) e )] | 4= ay=0 -

(36)

After operating with X and setting A, =A,=0, the
following result is obtained (see Appendix C for
details):

s, )==iakVs" [d% o' Beixo®

2 4k2
with x, as defined by (33) and with

x[(—z—l)— +—W2— +i72], (37a)

Wz(b; s)=f°° dZVmeX-(b, Z) de'V, VmX+(bs zl) ’
(37b)

and
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_ 2 I | ad © Fi
b, s)=- <Z£’Lﬂz_ W)f dz —%ﬂlv,vm up,z) [f dz'v, x_(b,z')+f dz'v, X+(b,z’)]
- z -

S

2
Xf dz”vmx+(byz”)

2m_ﬂzel>,l_ Car [ i
+< s Ve /_‘” dt -mdz %udy T D(t,b, z)

oo zl 22
x[af‘f dz'x_(b,z’)+a”f dz’x+(b,z')] [3”/ dz’x+(b,z’)] .
2z, ’ w©

where ! and m are summed 1 -3 and
z,=(z=-v,1)(1 —vlz)"/zn

2,=(z2 +0,0)(1 = 0,212 (37d)
Equations (37) are very similar to the nonrela-
tivistic results [Eqs. (2.44) to (2.51) of Ref. 8].
The nonrelativistic limit (v,, v, ~ 0) of Eq. (37c)
corresponds to T, (b) - U,(b)/(4%k?) of Ref. 8 while
Eq. (37b) is exactly the same W,(b) which is given
by Eq. (2.51) of Ref. 8.

A partial cancellation of the A correction Eq. (35)
with part of the second-order correction has been
demonstrated for the nonrelativistic case. Like-
wise, in the present relativistic case, a partial
cancellation of A to order 1/k? can be shown.
Following Ref. 8, the sum of the second-order
eikonal correction (37) and first-order A correc-
tion (35) can be written

70, 7P = _j4p/s fdzb it [L’— lg,’s)]z

= w,(b, ) +ix,0,s)
- (A +V2/8R2)(1 - ix, (b, s))} eiXo®.9)

(38)

where the Laplacian operator acts on everything
to its right, and where

bylv? .
w,(b, s) =—%;X4L (39a)
and
; 12
Xz(b; S)=)_(.2+ 8;2(2 ’ (39Db)

with primes denoting differentiation with respect
to b. The partial cancellation now can be seen by
expanding A

A=[1-(1-q¥4k2)2] = q2/8k> +O(1/k").

Thus to order k™2, the combination (V2 +q2)/8k?
appears in the integrand of the two~dimensional

-0 -

(37c)

r
Fourier integral of (38). This part vanishes
identically as its Fourier transform is zero. Equa-
tions (38) and (39) correspond to Eqgs. (2.55)

to (2.57) of Ref. 8 and nonrelativistically our

w,(b, s) and x,(b, s) become identical to w,(b) and
T,(b) of Ref. 8.

V. SUMMARY OF RESULTS

Our results are summarized and extended by the
following statéments. The scalar scattering am-
plitude at high energy and small ¢ takes the
Fourier-Bessel form

f(s, ) =k(2m)™! fdzb ¢ [s,0,5)-1], (41a)

where the impact-parameter S matrix is written
in exponentiated form as

Sp(b, s) =e'XOr w9 (41b)

and the high-energy expansion of the eikonal phase
shift is

X, $)=xo, 8)+x,(b, s) +x,(b,8)+--+, (41c)

Wb, s)=wyb, s)+++- . (414d)

The exponential form (41b) is valid in either the
relativistic or nonrelativistic case as discussed
in Ref. 9. '

Our results for the eikonal phases can be written
in rather simple forms based on the meson-ex-
change potential -

U(r)s-z-(4m,m2)-1[ at D, F) (42)
and the causal propagator D.- Utilizing the nonrela-
tivistic results of Ref. 8 [specifically, Eq. (2.41)
and Egs. (2.50) to (2.54)], expressions in Egs. (33),
(37b), and (37c) are reduced to the following:

Xolb, s) =—2ke f”dz U), (43a)
0
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X0, )= (%—)[ -kez'[odz( 2+1’d‘%> Uz(r)] .

(43b)

The second-order eikonal phase term consists of
two parts as follows:

X2, 8) =[(m,2 +m,2)/s] x5, O, s)

+(2m,my/$) xzp 0, S) (43c)

J

ié‘#ayD (t; b, Z)
ak's

where x,, is identical in form to the nonrelativistic
result,
2

o d d

x2a(b,8)=—ke3f0 dz(§+37’67; +57? o 2> U3(r)
=blx{(, s)1°/(248%) . (43d)

However, y,, involves the relative time ¢ and can-

not be reduced to a form involving just the poten-
tial U(r):

[a“f- dz’x_(b,z’)+a"[zldz’x+(b,z;)J
2, =

x[a“ f_:z dz'x,,(b,z’)] }

+(8k2) Yk, i,/ (m,m,)] xo (B, s x50, 5)]2

The integration limits z, and z, depend on relative
time as seen in Egs. (37d) If the limits z, and z,
are replaced by just z, then the time 1ntegrat10n in
(43e) can be performed using (42) and x,,(b, s) also
can be reduced to the form given by Eq. (43d).
However, in the general case, we have been un-
able to obtain a simplified form of x,,(b, s). The
real part of the eikonal phase is given by

w, (b, $) =bx4(b, $)V,(b, s)/(8k) , (43f)

just as in the nonrelativistic case.

The above expressions are valid for scalar scat-
tering. The scalar limit of fermion-fermion scat-
tering although similar, is not identical to the
scalar case. Nevertheless, the major difference
between the two cases can be accounted for by the
substitution m, m, -k, + k, as mentioned before.
Hence the expansion parameter € in Eqs. (43) has
two values of interest. For the scalar case,

€ =m,m,/(k?s'%?) , (44a)
.while for the fermion-fermion case,
€=k, K,/(K?s12) | (44b)

either of which reduces to the correct nonrela-
tivistic limit,

€=M /R, (44c)

where m, =m, m,/(m, +m,) is the reduced mass. At
high energy, the eikonal phase corrections X;(,s)
and x,(b, s) become small due to the expansion
parameter € and also due to the parameters
m,/s'2 and m,/s'? evident in Eqgs. (43).

If one particle is much more massive than the
other (e.g., m,>m,), then the contribution of X 20
in Eq. (43c) becomes negligible since m, /s'/2~0
and m,/s2~ 1, In the static limit the eikonal ex-

(43e)

r

pansion results are identical in form to the nonrela-
tivistic eikonal expansion results based on Schrodin-
ger potential theory, the only relativistic effectbeing
the kinematic parameter ¢ of Eq. (44b).

For completeness, analytic expressions® for the
eikonal phase shifts, except x,,, are given based
on the simplest choice for D(¢, ) which corre-
sponds to the Yukawa potential

U(r)=—£—; e H/y . (45a)

A dimensionless expansion parameter is defined
by

€, 52— (45b)
and then one has
Xo(b’ S):_ZkelKo(.U'b) ’ (450)

X105 5) =[(m, +m,)/s2][~2ke *K (2u0)], (45d)
Xeoa (05 8) = =3ke[Ko(3ub) - (3ub) 'K (3ub)

+(ub /9K *(ub)], (45¢)
wylb, $)==3(u€, PubK, (ub)Ky(ub) , ~ (45f)

where K,(x) are modified Bessel functions. Noz-
elementary exchanges can be modeled by other
choices of the D function for which the vesults )
(41)=(43) provide a succinct summary of the high-
enevgy expansion to the covvesponding sum of
Senevalized ladder graphs.

An effective Schrodinger theory which produces
the same eikonal phase expansion as the general-
ized ladder set of Feynman diagrams is readily
deduced.

The relativistic Schrédinger equation is
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[ V2 +k?

v |um=o, (462)

where 'k is the c.m. momentum
k=P m,/s"?, ‘ (46b)
and the energy parameter E is so determined that
E/R? =k, k,/(K2s1?) .

This condition equates the € parameter of Ref. 8,
using E ir} place of the two-particle reduced mass,
to the € parameter of Eq. (44b). The E parameter
so deduced is expressed in terms of the laboratory
energy, E;, of particle 1 as follows:

E=E;m,/s" . (46c)

In the nonrelativistic limit, E becomes the re-
duced mass m, and Eqgs. (45) become the usual
Schrédinger theory. '

The potential V() in (46a) is related to the
meson-exchange potential U(r) defined by (42) as
follows: '

V(’V)E U(7)+(a '—1)6 <1+‘;‘1’i> Uz(r)+-.. R

dr
(46d)
where )
a=(m, +m2)/s1/'2 . ‘ | (46e)
In th(; relativistic limit or the limit a~1, V(r)
=U(r). ’

Terms of order €(a— 1) have been dropped in
(45d), hence at high energy the potential V(r) used
in (46a) reproduces the relativistic eikonal ex-
pansion results only through the leading correction
X1(b,s). Among the higher-order terms omitted in
(464) is the nonstatic, relative-time effect im-
bedded in x,,(b, s) which would suggest the -rather
complicated nature to be expected of the missing
(but small) terms of (46d). o )

Notice that the dominant part of the potential in
the relativistic Schrédinger theory defined by Egs.
(45) is spherically symmetric and has a definite
relation via Egs. (45d) and (42) with the underlying
field theory. Formal treatments!!: 2 of two-par-
ticle relativistic potential scattering show that an
arbitrary nonlocal potential U(¥, D), where D is the
c.m. momentum, is in general necessary. How-
ever, it has never been clear how the arbitrary
potentials of Refs. 11, 12 were connected to the
fundamental meson propagators. Our result sug-
gests that a quite simple relativistic wave equa-
tion and potential combination duplicate the leading
terms of a high-energy expansion of the full set
of generalized ladder diagrams. The momentum
dependence of the U(T, p) appropriate to the rela-
tivistic wave equation (45) is apparently of order

€® and hence is expected to be small at high energy.
The relativistic kinematics imbedded in Eq. (45)
has been used in formulating the eikonal correc-
tions to high-energy multiple diffraction theory.!?

- VI. CONCLUSIONS
The point of view upon which this work rests is

‘that a well-defined high-energy, small-¢, ex-

pansion of the relativistic scattering amplitude is -
generated by the relativistic eikonal expansion of
the generalized ladder set of Feynman diagrams.
This expansion has been-carefully defined and
evaluated in some detail to second order in cor-
rections to the eikonal approximation in this paper.

Our results are suggested as a benchmark
against which approximate descriptions of relativ-
istic scattering should be tested. For example,
one may examine the validity of various approxi-
mations to the exact kernel of either the Bethe-
Salpeter or the Blankenbecler-Sugar equations by
determining whether they produce the same high-
energy expansion as the full set of generalized
ladder diagrams. The validity of various rela-
tivistic wave equations and kinematics may be
similarly tested.

Our results show that high-energy scatteririg has
a strong resemblance to potential scattering; how-
ever, the second-order corrections to the eikonal
limit at relativistic speeds show that the relative
time plays a role.

APPENDIX A: FIRST-ORDER EIKONAL CORRECTION

To reduce Eq. (32) to obtain Eqgs. (33) and (34),
consider the four-vector

[“=/ dT”f dTo"D(b = 2k,T +2K,T")

—@isy |y, [CavernG),  an
e y
where y = =v,(y, +20Vs ), and using
Y =(2k,07" = 2K,,T, b, =2k(7 +7")) (A2)
and o
v, =k/kp Uz_zk/"zo- (A3)

Perform a Fourier-transform of D(y), shift y, to
absorb v,y,, perform the y, integral to obtain a 6
function, and finally perform the ¢, integral with
the & function and find

‘1“= (4rVs )Y (2m)2

x f dy, fdsq(iq“ Je=Ha-Y
-2v,V50

X D(-(l - Uzz)qsz "—6112) ’ (A4)
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where
q“ = (—v2q3, -q) .
Scaling ¢, and y, by (1 -v,2)/2 and 1/(1 - v,2)'/2, respectively, and using Eq. (21b), we find

. mm b -0, 9 1
"=; _l——z_k\/? ; dy, <(1 —1122)172_ 5y, s Vs, 1-v 2)172 )U(B Vs) s (A5)
r

where z =-2v,0Vs /(1-v,2)"/2, Then use (34) to Surprisingly, upon contracting, the Lorentz fac-

find tors disappear, leaving
. -0, ) 1 Bre =Gy «

i G an % g )60 e 4
o - A6) The only remaining vestige of relativity lies in
=i 8hx-(b,2), ( the kinematic factors, m,m,/k/s, used in the def-

which defines the differential operator A% (A% is inition of x,. Performing the parallel operations

given by replacing v, by —v,). Similarly, on the remaining term gives the same result ex-
. ° cept with v, ~-v, in the A, operators. Finally,
I =f dr’ f dto,D(b - 2K,T +2K,7") convert the o, o’ integrations in (32) to a common
= il : z integration with multiplying factor
=1 <"‘———_02§'17§‘ ‘?" 3 [(1 - ,012)1/2/2)1 +(1 - 022)1/2/7)2]/(2\/;_)
(1 =022 bz }
R -1 5 ) . =(m, +m,)/(2kVs ) (A10)
=V -0 0z xs (B, 2). (A8) to obtain the result, Eq. (33).

APPENDIX B: FIRST—ORDER A CORRECTION TO THE EIKONAL

Begin by forming the X correction in the compact functional formalism:
i @M TV 6k, +ky = by = kD) = KICRL T [Ry) g | TP V) + (1 e )]y o - (B1)
The A correction to the single-particle external potential amplitude is found using Eq. (13):

(B! lT(x)(Al) |&,) = —(2m)~* fd4x1 e'”‘f”‘l[exp <-—i f:d‘rA (%, - 2K1'r)> - 1}

X A2k p, k(cosze)] [exp( f dtA(x, - 2k 7)) - 1:\ JRIILTS (B2)

with the c.m. frame used. Since (p,—%cos30) annihilates the plane wave, commute it past the bracket to
give .

(RUTD(A,) k) = 2nk(2m) [ dix,emsei =+ f dr 5o Ayl = 20,7)

X [exp <—z‘ /_‘:’odTA(x1 - 2K17> - exp <~i f_:dTA(x1 —2KIT)>] .

(B3)

Using Eq. (4) operating with X yields, after the overall momentum-conserving 5 function is extracted,

T({)\=2)\k/‘d"ye”" d fo dr f”d‘r’ -—ii—D(y—zx T+2K,7")
ida J_o o 8y, ! 2

X [ exp( - f d‘rj dt’ D(y — 2K1T+2K27")>
o «

- exp <— [j ar fa”d(r'D(y - 2K1T+2K2T)) ] +(1-2). (B4)



16 RELATIVISTIC EIKONAL EXPANSION 3575

Letting y =b - 2,0 +2k,0" SO /0y, =—k™1(8/80 +8/80") permits the y, and y, integrations to be performed:

IO = i \2kVs debe*E'Ef do [ avD(B- 2,0 +2c,t")

. . .
X [}z‘xo(”)— exp< - f dt f arDb - 2kt +2K2t’)> } +(1+-2). (B5)

Using d/do to pull down the ¢’ integral in the second term g{ves, upon integration,
TP = =20V f @ e"a'Ex[-ixo(b)eiwb)+eixo<b> -1]+(1-2). (B6)

Because A~ 0 as q—0, the unit term in the bracket does not contribute giving Eq. (35) when added to the
1+ 2 term.

+ APPENDIX C: SECOND-ORDER EIKONAL CORRECTION
The second-order correction is written in the compact functional formalism as
—i(2mM) TR 0%k, +k, = k] = k) =K[(R|TD(A)) k) (kS| TS(A,) |k,
+(1=2) +Ck{ [ T{(A )R [ TV(A) ) M4 = a0 : (c1)
"corresponding, respectively, to the three terms ‘
‘1'(2) =q-(2) +‘I‘(2) +T(2) . : . . © - (C2)

The evaluation of 7 will be presented in three steps. The first step is to evaluate T(?(A) and then
7@ (7% follows by the replacement v, — —u,). Secondly 7'? is computed, and finally the conglomerate
of terms is reduced to Eq. (49). For efficiency the following shorthand will be used:

Lm(t)ffmdt, L+(r)zf+°° dr, L_(t')sfo ai, Lm(t)ffmdt,
_a(t)—f at, L.()= fdt A(x, 0= Al(x 2, 1), Az(x,t’)EAz(x—éxzt’z, (c3)

D(x, ¢t t") = D(x =2kt +2kK,") .
A. Evaluation of ‘1’(2)

To evaluate this term, the second-order correctlon to the external potential amphtude is needed. Using
Eqgs. (13) and (23) one finds

(R{IT)(A) [ky) =k | AgNgNgA |R,)
:_z'(27r)"‘fm de d“xe‘ikl""exp[—iL;(t)A(x, H]
X(p=k]) - (p=F,)exp|-iL, (DA(x, t - T)]

T X (p=k) - (p-E,) exp[—iL_(DA(x, - T)]etr1F (c4)
Define ¢ = k, - k! and commute the L_(f) phase to the left:

(k{IT(z)(A)lkl')=i(2n)“’Jm de d*x €' * exp| ~iL(DA(x, )]

x[p+q-dL_(DA(x, )] - [p-L_(DA(x, 1)
X [p+q=0L_(HA(x, t= 1] dL_(DA(x, t—17). (C5)
Assuming A(x) vanishes on a surface x -, the following combination vanishes:
0 =f dix ef""‘ exp[—iL (DA(x, D[P’ +4" _'a”L‘,,( HA(x, 1) F(x) .

Therefore, we have
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(k! IT<2)(A)lk1)=i(27r)‘4fm ded4xei“"‘exp[—iLm(t)A(x, 0]

X (0"L (DA(x, Db, = 8, L_(DA(x, D][8" L, (DA(x, t - DI[B,L_(DA(x, t = 7)]
+{o"L (DA(x, Dby - 0, L (DA(x, b)], p*

- P L (DA(x, t= T _ 8, L_(DA(x, = T7)). (C6)
Evaluation of the commutator terms gives Eq. (27). Next form the amplitude ‘1’(‘,2):
=i(2m) TP (0, 8)0% (k] +k] — ky = k;) =3 R T D (A,) )R] TP (AR | 4 = 4, - , (cn

Let X first operate on T(?(4,) shifting its argument by

./;iqle(yl - xz +2K2t)6/6A1(y1)

But as T'”(4,) is in exponential form [analogous to Eq. (14)] the result is itself a shifting operator acting
on the more difficult T(i)(Al) term. Perform these shifting operations, transform to center-of-mass and
relative coordinates, integrate over c.m. coordinates and use y =0 - 2k,0 +2k,0’ to find

7)(b, s)——l4k\/—f d*be' T Ff de do o
X A=[L (DL ,o(£")8"D(B, ', DL (DL _,(t")0, D(b, t', )]

X[L DL, (18" D(b, t' = T, Lo( DL _o(2)8,D(b, '~ 0, t)]

+[L o DL o(£)0°D(b, t', O L)L 1o(2")8,0"D(D, ¢ = 7, O][Lo(£)L_(£)3,D(D, t’ - 0, 1)]
+[L.,°(t)LH,(t 3"D(b, t', t ][ (O L_,(t")0,D(b, t' -, t)][ (B L, o(¢)0"D(b, t' - T, t)]
—[La()L (8" D(b, ¥, D[ Lo DL L(1)3,8"D(b, t', D[ Lo(DL_o(t")3,D(B, t' = T, 1)
+[Lol L (1)0"D(b, ', D[ Lo L (18,8 D(b, t', DL 1)L o(£')8,D(b, t' = T, 1)]
+[Lalt)L,o(#)3"D(b, t', DL ) L_(1")8,3"D(b, ¢, D)L m(_t)L_;(t')aﬁD(b, v =1,0)

~[Lo(B)L, 5(t")0"0"D(D, t', DN L A1) L_5(1)8,0,D(b, t, B)]} . (C8)

Using methods analogous to those used in Appendix A, transform (C8) to

7@(b, s) = =i 4kVS j d2b &' et X0V (m 2 /5)(2k) 2
w© N N z o -
- a0, 2) - T0,2) [ da T (0,2) - (6, 2)
« - - o - -
+z'f szx_(b,z)-V[f dZIVx_(b,zl)-Vx+(b,zl)}
0 z
vi [T, %00, 9] [ dmx(,2)
0 z
_Zj dz VIX—(b’ Z)VIVmXO(b)[ dzlvmx+(b1 Zl)
+ [ a0, [ .dzlv,vmx+(b,zl>}, (co)

where Z and m sum 1to 3. T follows from (C9) by the replacement 7, for m,.

B. Computation of T¢2)
As usual begin by forming T (i) in the functional formalism
—i(2m) TG (b, $)0% R, +k, - ] = k) =] | TP(A,) I )BT D (A,) ) |4 = a6 - (C10)

Using Eq. (26) perform the X operation in the straightforward way setting A, =A, =0 at the end, integrate
over c.m. coordinates, and set the relative coordinate y =6 — 2,0 +2k,0” in the by now familiar way to ob-
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tain
=r<3>(b,s)=-i4w§f @%b ¢ 38 expl~L(AL ) D(0, 1, tf)]fm dofw do’
XA =[L (DL 5 (199,00, b, N[L (D Loy (£)8" Db, 1, )]
X [Lo() L8 D(b, t, )L +o( L o183, D(b, 1, t')]
+H[ LAY Lo (£)8"D(b, b, V[ L o( DL, 5(£)3,8°D(b, t, )] (L 5(H)L(t")3, D(b, ¢, t7)]
HLa( DL o (102" D(b, £, [ Loo() Lo (£)8,0*D(b, by [ L, o( DLA(£)2, Db, 1, 1)
LD L (13" D(b, 1, ') Ly () L1 o (18,0 D(D, t, t')|[L_o(£)L(2)8,D(b, ¢, 1')]
+[La(OLy 5(£)8°D(b, L, [ L 1ol OL-o(1)2, 8"D(b, t, t)][L_o(DLL(1)2,D(0, 1, 1')]
- [L—o(t)L+c’(t’)au8vD(b; t, t’)][ +o(t)L—0 (tl)auayD(b’ ts tl)]
- [L,,’E,(t)Lm:(t’)Bua,,D(b, t, t’)][L_a(t)L_U,(t’)B“BVD(b, ¢, tH1}. (C11)
Further reduction of & is left to the next section}.'
C. Reduction of 72 +7°{2) + 7'(2)

Begin by considering the terms in 7%, & and T of fourth degree in the causal propagator, D(x).
The first term in Eq. (C11) is such a term and is reduced by the methods of Appendix A to

—z4k\/_ f @b e3¢ X0 (11,m,/5) (2k)" [ f dz Vx_(b,2)* VX, 0, z)] (c12)
This is combined with the fourth-degree terms in 72 and 7, (C9) by using the equality
2 .
f dz Vx (,z). Vx+ 0,z f dz Vx (0,z,) Vx (b z, f: f dz Vx (b z)* Vx o, z)] . (c13)
Using Eq. (33), the degree-four terms combine to give the first term in Eq. (37). S
In considering the terms of degree three in D(x) first examine the degree-three terms of Eq. (C9). Be-
gin by writing x,() as x,(b,2)+x_(b,z), then Fourier-transform and do all line integrals, adding or sub-

tracting a small imaginary part where necessary to ensure convergence. Let Ya(b) denote the essence of
these third-degree terms defined by -

[Degree three terms of 7®] =—i4k\/s—f b et ®y (p),
then
3., m

7 0)=itns/ )00 [ LTI G AN@ A s /105

T(q"®)T(q"*)U(q"?) expl—i @ +q”+d") -b) @) 6(ql+q” +q”"

% [ 1 1
(gh+i€)q? —i€)(ql +ie)* (q;-ie)(q —i€)(g” +ie)

- 1 1
T (gl -i€)q” +z€)(q"’+z€)(q, +q+i€) ~ (qL—-i€)(gl —zi)(q’”ﬂi)(q,+q;"+i€)} )
(C14)

Use the 6 function to evaluate the ¢ integral. Next let ¢, - -g/ and q% ~ —q/” on the third fraction, then re-
arrange the fractions to obtain : : C

Ya (b) - i(m22/s)(2k)-2(2.")-8 f d3q'd 2q"d 3qm (al . all)(all 'a”’)(mlmz/k@)"”

T P 2N[T (A "2\ T {12 1 1 1 )
R N e R e A (c15)
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Now retransform the fractions back into line integrals, and reinvert the Fourier transforms to find

Y,(0)= (m2/s) (@) f " A2y /RS, VU (b, 2)

0 . 2 z .
x[f dz V,x.(b, z)+f 4z V,x. (0, z)} f dz2'V,x. ("), (c16)
z o0 -0
where 7 and m are summed 1~3. The corresponding term for the degree-three terms of 7’;2’ is given by

. replacing m, by m,.
Next consider Y ,(b) defined by SN

[Degree-three terms of 7']= —i4k\/§f d2b eB gitoMy (p).
After Fourier-transforming and evaluating all line integrals, find

Y, (0)= W8kl 37220y [ a%q’ [ atqr [ arqm et

2

S 1 _7}12 ” 2 a2 | Dl 72\D 1 ) ” w2 _ m "IIIJ
XD[—W% +0,07) i 'qJ D(g"*)D [—mqo = 0igg) - Al al|

1

V) - g2, 1-00, , Uy 2 ==
x( . alar+ 2 g2 T
2

v, +v, ° v, +0, v, +v
-0, 1-vw, , v Dy
x n2 _ 1Y2 » "y 1 n2 _In o gm
<111+Uzq0 vito, 409z 0.+, q; -4 *d

1 1 1 1
X — .
[(q6'+v2q$'+i€)2 T @ vt —ii)z][(qé’ —0qr +i€l | (qh —vq” —ii)z]

(C17)
Next define
r— =Y, ” ny X -1 ”n | n i
p'= (‘U1+112 (a8 +v.q3), 4, 0,40, (a4 +’1]2q,> ’ ' (C18a)
and
_'U -
P g o) B, S s o) (c10)
1
J
and use p, - p2 symmetry to obtain-
Y (b) = 2[ 16k, oo eV S (0, + v,)|2(27)"° f a’p’ f d'q" f d*p™ expl—i @+ +p) )
X(pl .qll)(qll ‘p”')D~(p’z)ﬁ(q"z)ﬁ(p"’z)
1 1 ] 1 N
X i
[ i+ iel L =i preaer - (C19)

Now backtrack; insert p, and p” integrals along with the Fourier integral representations (in v, and y,)
of the appropriate & functions according to (C18), then reintroduce the line integrals-for the transformed
fractions. Next scale p) and p? by (1 -v,%)""/? and (1 —v,%)"'/?, respectively, and finally let

t=(y,-9,)/(0,+v;) and z= Wy, +v,9,)/ W, +v,) : (C20)
to obtain '
. L « - « » - 21 -
Yc(b)=i(2m1m2/s)(2k)'2|: f at f dz(4kV5)1i9,8,D(t, b, 2) f dz’ Aty (b, 2')+ f dz’Aj‘x,(b,z')]
*J w0 -0 : z; -0 -
z - X ’
xf zdz'A;x+(b,z'), (C21)

where z,=9,(1 =22, z,=y,(1 -v,>)"*/2, and where A, and A, are defined by Eq. (A6). When combined



16 . RELATIVISTIC EIKONAL EXPANSION 3579

with Y, and Y,, (C16), and when the A* operators inside the z’ integrals are converted to 8" operators out-

side the integrals, one obtains the degree-three term, iX,, Eq. (37d).
The second-degree terms of 7.2’ and 72’ are already in the proper form so only the degree-two terms

of T¢ need be considered. Examine H,(b) defined by

[Degree-two terms of 72]=4kVs f d%b e8P o, (p) .

As usual begin by Fourier-transforming, next perform the 1ine integrals giving two d functions and a
fourth-degree fraction

H,(b)= (2m)® f d’q f d*q’ et @B ¢, ?D(g*) D(g'?)(21)°5(2K, (g + ¢'))5(2k (g + ")

1 1
X
[(2K1q +1€)(2k,q — i€)(2k,q" —i€)(2K,q" +i€) * (2K,q —i€)(2K,q —i€)(2k,q" +i€)(2K,q" + z‘e)] ’
(C2_2)

Use the 6 functions to evaluate the g; and g; integrals, then rewrite the fractions to obtain
H,(b) = —(4kVS) ™ (4K oky0) 2 (2T)° f d?q, f d%q] emi@riD-d f dq, f dq(-q2 +q,2 -4, * Q) D(g)Dlg,* -q,” - 4. *d)

1 9 9 1 2 1 1
s — — — — . (c23)
(q,—1i€) 00, B0y V4V, \Qo—V1q,+1€ (o +Vsq,+1€  go+Vsq, = 1€

Reverse the order in which the parametric differentiation and momentum integration are performed and use
the relation : .
1
X +1€ .
applied to the fractions within the bracket. The principal-value part vanishes if a Yukéw‘a or superposition
of Yukawas is taken for the form of D(q®), and so the 6-function part only is considered:

P
=—F]
imd(x)

H,(b) =i(2k, *k,/s)(2k) 2 (4RVS)2(2m) f d%q, f d%qlemi Grip-h
X[ an D= -, D(~ )0 -+ TP -i)°.  (C24)
Introduce an 7’ integration using a & function to maintain the equality and find

H,(0)= {2k, *oy/S) QY2 @0/ S)2 @) [ dz [ d%q, [ a'qp et

x [ an [ an e D0t~ D= - - - & TP i) —ie) (c25)
The fractions may now be returned to line integral form and the Fourier transforms inverted to find

00 z
H,(b)= (2k, *ky/s)(2R) j 42,9, 2) f a2’ V,9,x.(, 2') (C26)
using (35) and (21b), and where [ and m are summed 1-3. Combining the degree-two terms of T and
T with (C26) gives (37b) when the (2k)™ factor is extracted.
This completes the derivation of (37). :
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