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It is shown that in relativistic quantum mechanics there is no criterion for the strict localization of a state
in a bounded space-time region compatible with causality, translation covariance, and the spectral condition

(or positivity of energy together with Lorentz covariance).

I. INTRODUCTION

It is well known that relativity poses some prob-
lems concerning the definition of a position oper-
ator and the notion of localized states in quantum
mechanics. The work of Newton and Wigner! shows
that for free one-particle systems, a notion of
localization is uniquely determined by some natural
requirements. A rigorous discussion of these as-
pects has been made by Wightman.?

In the context of quantum field theory the prob-
lem of the characterization of localized states has
been studied,® ¢ mostly in connection with the con-
sequences of the theorem of Reeh and Schlieder.”"®

The present work is motivated by a recent paper
by Hegerfeldt'® in which a notion of strict locali-
zation of particles in relativistic quantum mechan-
ics is shown to be incompatible with a causality
requirement. The aim of our discussion is to pro-
vide a twofold generalization of the statement in
Ref. 10 and to stress the fundamental role of the
spectral assumption. Namely, we show that in
any relativistic quantum theory with positive en-
ergy, any (space-time) translationally covariant
notion of localization is incompatible with a natur-
al causality requirement. In particular, there is
no assumption about the particle structure of the
theory.

We also show that Hegerfeldt’s notion of local-
ization and his causality requirement are covered
by our discussion.

The conclusion of our discussion is that either
one is forced to consider essentially localized
states in a relativistic quantum theory (as defined,
for example, by Haag and Swieca® or to admit non-
causal behavior, or to allow the energy operator
to be unbounded both from above and from be-
low_x,u,lz

II. THE RESULTS

Our discussion will take place within the follow-
ing framework.

We suppose we are given a Hilbert space of
states, 3¢, together with a strongly continuous
unitary representation U(x), x = (x° X)eR*, of the
group of space-time translations. The joint spec-
trum of the generators P =(P°, B), U(x) =¢'?"*
(P-x=P%°~P.%), is assumed to be contained in
the closed forward light cone V,={pcR* p?=p-p
=0, p°>0}. (This property follows if we assume
positivity of the energy and relativistic covari-
ance.)

The main ingredient of our discussion is the
following result.

Lemma. Let e, and let E be a nonempty open
set in R% If

@, Uy =0, vxecE,

then y =0.
Pyroof. Because of the assumption on the joint
spectrum of P, it follows that the function

G(x) =(¥, Ux) y)

is the boundary value of a function F(z), z =x +iy
analytic for y e V,, i.e.,
G(x) = lim F(x +iy)
yEV,

(sce for instance Ref. 8). By the edge-of-the-wedge
theorem?® it follows that F(z) =0, vzec?, Imzec V,,
and so G(x) =0, vx eR™

In particular, for x =0

G(0)=(3,U(0) ) = (¥, 4) =0

i.e., ¥ =0. Q.E.D.

If © cR* we shall denote its causal complement
by 0/, i.e., 0’ ={yecR*: (y-x)2<0, vxcO}. K
x € R*, we denote the x translation of © by 0 +x
={y+x, yeo}.

A notion of (strict) localization of a system is a
criterion allowing one to tell whether a given state
is or is not localized in a given space-time region
0. K L is a notion of localization, let L(O) be the
set of states in JC localized in O.

The notion L is said to be translationally covari-
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ant if No.a=U@No U a) (1b)
(D yeLO=U@)y<L(0 +a), vaecRr? OCR*. and consider the following notion of localization
The notion L is said to be causal if be L(O) =, Nod) =,) (1c)

() ©,C05=(1¥.) =0, V§,€L(O,), ¥,€L(O,). together with the causality requirement
Property II is a causality requirement: If a ¢€L(02)=(¢,N01¢) =0 if 0,c0]. (1d)

state is in ©,, then it cannot be in ©,c0{. That
is, the transition probability between states in
L(9,) and L(®,) should be zero if 0,c0}.
We are now in a position to state our results.
Theorem 1. Let L be a translationally covariant
and causal notion of localization. I © cR* is
bounded, then

»eL(©)=y=0.

Proof. LetpeL(0). ¥ x=(x°X) with |x°| <7
and | ¥| >47, where » is the radius of the base of
the smallest diamond containing ©, then (0 +x) C 0O/,
and so by property I U(x)p € L(0’) and by property
I (), U(x)y) =0. Since this is true for x lying in an
open set in R*, wehave, bythelemma, $=0. Q.E.D.

In the course of the proof we did not make full
use of the covariance and of the causality assump-
tions but only of the following very weak causality
requirement which is a consequence of properties
I and II:

(IO) ¥ y €L(0), then there exists a>0 such that
(U(x),p) =0 whenever -x%>a (@ may depend on
and 0).

Condition III could be called a kind of macroscopic
causality condition and it is obviously implied by
properties I and II.

So we have proved the following:

Theorem 2. Let L satisfy condition III. K OCR*
is bounded, then

Y L(©)=y=0.

1. DISCUSSION

Let us show that some notions of localization
with certain causality requirements are covered
by our discussion.

Example 1. Let{Ng,0 C R*} be a family of self-
adjoint operators in x satisfying

O0<Ngy<l, VO CR* (1a)

Then L satisfies conditions I and II. In fact

(U(a) ZP,NQ.MU(a) ) =@,Ng ¢') ’

and so condition I is fulfilled.
¥ y,€L(0,), p,€L(0,), with 9,C 0}, we have
from (1c) and (1d)

(¢19N01¢1)=(¢1:¢1) and (‘pzsNol‘Pz):o
Thus

((1=Ng )24y, (1=N g )*29;)=0=N oy, =9,
and

(Nolllzd"z,Nolllz‘Pz)=0=’N014’2=0-

From this it follows that (y,,y,) =0 because 3, and
¥, are eigenvectors of the self-adjoint operator N 0,
corresponding to different eigenvalues. Condition
1I is therefore satisfied.

Example 2. H, in example 1, we substitute the
conditions (1b) and (1d) by the requirement that if
€ L(0), then there exists an a>0 such that for
-x%>a

(U)y,No Ulx) ) =0.
Then we obtain, as before,
W, UX)9)=0 if -x*>a,

that is, condition III is fulfilled.
This example corresponds to the notion of local-
ization and the causality requirement of Ref. 10,
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