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Electric and magnetic dipole moments of the bound system
of a Dirac particle and a fixed magnetic monopole

Yoichi Kazama*
Fermi National Accelerator Laboratory, Batavia, Illinois 60510 ~

(Received 18 July 1977)

The electric and the magnetic dipole moments are calculated for the bound states of a charged Dirac
particle of spin 1/2 with an extra magnetic moment in the field of a fixed magnetic monopole. Unlike
ordinary bound systems with P and/or T invariance, this system, lacking both, is found to possess a
nonvanishing electric dipole moment. Its magnitude for the loosely bound states with the lowest possible
angular momentum increases exponentially in the principal quantum number n. The magnetic moment of the
system is found to be, in general, nonvanishing.

I. INTRODUCTION

Recently it was found"' that bound states for a
charged Dirac particle, with an extra magnetic
moment in the field of a fixed magnetic monopole,
exist. The results may be summarized as fol-
lows:

(i) For each possible value of the total angular
mo mentum j= Iql —2 Iql + ~ Iq I+ ~ . . . , th~~~
exists a nondegenerate tightly bound state with E
=0 for any nonvanishing ~. Moreover, for the
lowest angular-momentum state (j= lq I

—2), the
I('. -0 limit still yields a bound state for this en-

(ii) For the state with j= lq I
—&, there exists a.

countably infinite number of bound states if z lq I)4. The energy spectrum is symmetric about E
= 0 and not bounded either from above or from be-
low. If the above condition is not satisfied, there
are no bound states with E 4 0.

As regards the system of a charged particle and
a magnetic monopole, it has long been known that
it violates the discrete symmetries' P and T. This
is simply due to the fact that the magnetic field of
the monopole, gr/r', has the "wrong" transforma-
tion property under P and T, unless one changes
the sign of g by hand.

This exceptional feature of the system makes
one suspect that the bound states previously found
may possess electric dipole moments, which are
strictly forbidden for ordinary systems with P
and/or T invaria. nce.

In this paper, we shall confirm this intriguing
conjecture and give explicit expressions for the
electric dipole moments of the bound states. The
magnetic-dipole moments, in general nonvanish-
ing, are also computed.

II. TWO TYPES OF BOUND STATES—A SHORT REVIEW

In this section, we shall give a brief review of
the two types of bound states found in Ref. 1 and

where a is given by

— i/2
qcos&= l —

(
. i)22+2

(4)

v/2 (n (w/2,

and P&" and P,'." are composed of the monopole
harmonics' Y, , (q = 0 gives the ordinary spheri-

set the notations.
The Hamiltonian of the system is

H= n ~ (p —eA)+PM —vqPo r(2mr') ',
with the usual definitions of &, P and cr matrices.
To avoid the singularity in the potential A, the
wave function P should be considered as a sec-
tion. ' The system possesses the conserved total
angular momentum J given by

J= r x (p —eA) —qf+ 2 e,
where r is the unit vector pointing to the electron
from the monopole at the origin. The magnitude

j of this angular momentum takes the values j
=

I q I
—'

I q I
+ 2

I q I
+ ' There»e' two

two-component angular eigenfunctions $,'.
"and

$,'." if j)j „= lql —z, and only one, q, if j=j „.
For later purposes, we exhibit their specific
forms. $~"' and $,'.

"are obtained from the "famil-
iar" two-component eigenfunctions p,'."and ft)&"
(see below) by a rotation in the space of the two-
component spinors as follows:
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cal harmonies)

— j+m
2jC\ ~ q g 1/2 m+1/2

~ (1)

g-m
2j q~g 1/2ent+1/2

m+1 '/'

2j+2
~

~

q, j + 1/2, 1' 1/2

2j'2 Pj+m+1
qe f + 1 /2g f5+ 1 /2

is defined by

(2)
~f5 0 q 1 /2 ~ ffl

Iql+-,' m 1/2

2 I q I+ 1
Yq, I q1, m-1/2

Iq I +2+m
2 I I + 1 q, iql, fft+1/

The following property' of q will prove useful
later:

(or)n=( (n

Using these angular eigenfunctions, we can con-
struct two types of eigenfunctions of O', J'„and
H:

type A: i- lql+-',

h, (r) g'.&+ h, (r)g."
1

I&ql

type B: i= lql --',
Kq

i.qi "'"-
-i G(r)q

The radial equation for type A is

-e„+xy ' zq(2Mr') ' M +E

M+ E xq(2Mr') '

xq(2Mr') M —E ay+Ay ' (10)

M —E vq(2Mr') ' -9„—Xy
lzq I

4

where

~ —
[(~ ')2 q2]i/2

The boundary condition for bound states is that
h,.(r) (i = 1, 2, 3,4) vanish at hothr=0 and r=~. In

general this is a complicated eigenvalue problem
and the full spectrum has not been obtained. How-
ever, for E= 0, Eq. (10)decouples into two identical
sets of two-component equations, which can be
solved exactly to give a bound state with wave func-
tions (up to an overall constant),

For type-B states the radial equation is

dE ~ i~q I

d. = l, l(E M)-2M, . G

(E -M) —,E.
I~I

Upon substituting

IKq I ~ I Kq I B IKq I

2M P —
2 2 M

(13) simplifies to

(12)

h, = —h~ = —
)

— exp — &„,,g,(Mr).q r '/' Ixql
2

K„(x) here is the familiar modified Bessel function
of order v. This bound state is nondegenerate. The
rc 0 limit does not give a bound state since then
the singularity at the origin of the K function makes
the solution unnormalizable.

dE 1A+B ——
2 G,

dp p

dG
A —B ——

2 E.1
dp p

This set of equations, although not soluble in closed
form in general, was analyzed in Ref. 1 and count-
ably infinite bound states were found as mentioned
in the Introduction. Again E=0 [i.e. , 8=0 in (15)]
is a special case for which bound-state radial
functions may be explicitly exhibited. They are,
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up to an overall constant,

1 I ~q(I' = —G= —exp — -Mr
2M' (16) cosa = (4w/3)'~'Y„, . (22)

an ordinary spherical harmonics, which in our no-
tation is

III. ELECTRIC DIPOLE MOMENT OF THE BOUND STATES

Thus with (21) and (22) the reduced angular integral
becomes

Having summarized the necessary ingredients,
we shall now compute the electric dipole moment
of the bound states discussed above.

The electric dipole moment operator for the sys-
tem is given, as usual, by

d= er. (17)

By angular momentum conservation, the only non-
vanishing component of d for a state with definite
angular momentum is the z component

&d,&z
—— d'rP& ezra& d'rg& gz

~e

(18)

A. Type-B bound states

Substituting (9) into (18) we get (omitting the sub
script j)

«,).= e f ee e„„,e eee

We shall first compute this for the simpler of the
two types of states, i.e. , for the type-B bound
states, somewhat in detail since the calculation for
the type-A states as well as the evaluation of the
magnetic dipole moment in the following section re-
quires only more involved algebra of the same kind.

q&~q& cos~ dA

qs Iql ~ lql-1 010 qy lq I ~ I ql 1

+ 2 lq I Yq, / a/, / a& Y010Yq /e/ ~ /ql ) did'

The integral of the triple product of monopole har-
monics can be computed using the following prop-
erties' of monopole harmonics:

Y,*,
~

——(-1)" Y, g (24)

Y l & Y e le tfte Y ez 1 ~ z egdQ

(2l + 1)(2l'+ 1)(2l "+1)
4m

E' l" ll' l"
x ( ])l e1'»I» (25)mm'm" q q'q"

where the quantity expressed by the large paren
theses is the Wigner 3j symbol. Thus (23) becomes

Iql Iq(1
q"q, cos8 dQ = (-1)'~ "e'

q -qo

r(F'+ G')dr (E'+ G')dr
0 0

(19)

(q( Iq( 1
(q(-1 1 —(q(O

The azimuthal-quantum-number dependence may
be extracted from the Wigner-Eckart theorem, i.e. ,

&jm I
cos8

I jm& =
&j~ I

cose ljj &C( jm
I
lojm)/C( jj I lojj)

Finally the explicit evaluation of the 3j symbols
yields

= —. &ij I
cos8 ljj &, (20)

1

q Iq I —2cos~ dQ
( ( ( (

1 ~ (27)

Ilql 1/2

1 1/2

2(q(+] qglqlflql 1

(
2(q(

2 (q ( + 1 q, lql, lqlY
(21)

while cos~ is conveniently expressed in terms of

where C( jm I j,m, j,m, ) is the Clebsch-Gordan coef-
ficients and we have used

c( jm I 10jm) = —m [j(j+ 1)] '~'.

For j= m = lq I
—~z, the two-component eigenfunction

takes the form

Combining (19), (20) and (27), we obtain

lq ( Iq(+-,'
(y2+ G2) d&

(28)

Before we discuss the radial integrals appearing
in (28), it is worth pointing out that the kinematical
factor obtained above may be understood by the fol»»

lowing simple argument.
Since the only available vector characterizing

the system is the total angular momentum J, the
dipole moment d must be parallel to J with a con-
stant of proportionality y; y may not depend on m.
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d'=d yJ=yer J, (29a)

To obtain y, we form cP in two different ways: q m e I ((:q I

(Fa( " Iq I Iq I + ' M 2
2

(37)

d'-y J .

From this we obtain

(29b)

eJd= —r J.J2 (30)

r J=r( q+-,'o -~) (31)

and g is an eigenstate of 0 r with the eigenvalue

q/iq i. Thus for such states the kinematical fac-
tor for d, takes the form

em 1 q
j( j+1) q 2 Iql

which, with j= iqi ——,, is precisely

q m

lql Iql+-,'

Let us now discuss the radial integrals for the
E= 0 and E4 0 bound states separately.

Type-B, E= 0 state. For this case the radial
functions are explicitly given by (16). The two in-
tegrals to be computed are

(F ~ G')dr= ' e p — —
) dr,I ~q I

2mr

(32)

These operator manipulations are valid if we deal
with their simultaneous eigenstates, for which they
are c numbers. The type-8 states are just such
states since, from (2),

0&E &E & ~ &E « M1 2 fl ' (38)

It was found in Ref. 1 tha. t for large n, with i/cqi

fixed,

In words, as ()(qi approaches zero, the rel-
ative contribution from around the origin increases
owing to the increase of the factor
exp[-

i zq j(2Mr) '] and the dipole moment decreases
in magnitude to a nonvanishing value of
-(q qi)m(iqi+2) 'e/(2M). On the other hand, as
id(q becomes large, the major contributioncomes
from further and further away from the origin and the
moment increases in magnitude indefinitely like
[~qi"'

Type-B, E40 states. For these states, unfor-
tunately, it is difficult to obtain the radial func-
tions even in an approximate manner. In Ref. 1
only the energy levels were obtained for several
asymptotic cases.

It turns out, however, that the dominant term
can be computed in the limit of very loosely bound
states with fixed iraqi without recourse to the full
wave functions. This is the most interesting limit
as one expects a large moment for such large (in
size) bound states.

Since the energy levels are symmetric about E
= 0, we shall concentrate on the positive-energy
bound states labeled by a positive integer n such
that

J 0
(F'+ G')r dr =

0

I zq I

exp -mr rdr.
2mr (4 I a'q I —I)')" (39)

They are easily evaluated and give the ratio

(33) where the constant in front is of order unity.
Our aim is to compute

Ig I
1/2

(I((,= K—,(2(2(eql)' ')IZ(2(2(eql)'~').

(34)

Thus for this state the complete expression for the
electric dipole moment becomes

e

x«, (2(2 f~qi)"')/K, (2(2[~qi)"'). (36)

(r)= (F' G')rdr j (F G')dr' ~
0 0

(40)

9)=
2M (P&, (41)

where

in the limit n -~, i.e. , E„M. For this purpose,
it is convenient to employ the substitution defined
in (14). Then we have

From the asymptotic form of the K functions,
large- and small-

i zq i
limits are easily obtained:

OO a (2O

(&'+ G') pdp J (I" G')+dp
0 0

(42)

i~q( 0 IqI IqI+-,' 2M

1x1+4 gq ln + ~ ~ ~

I wq I

(36)

is dimensionless. In terms of the dimensionless
positive parameters A and B in (14), the large-n
limit corresponds to the limit B A.

Let u—= F+ G and v=—F —G. Then Eq. (15) be-
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comes

du 1—= A —~u —Bv,
dp p (43)

+ G )dp —(y' + G )(R)e6
R

= (E'+ G')(R)/e .

e "dp

dv 1—= — A —,v+Bu.
dp p

Now fix a number R»A ' ' and consider the re-
gion where p~ R. For such a region, 1/p' may
be neglected compared with A and we readily find

2 —1/2)
F —1-+ —+ — 1 i exp[-(A' —B')'i'p],

2 B B
(44a)

Thus R(F'+ G')(R) ( eR. Therefore we obtain

(E'+ G')dp+ 0(2&R) .

Passing to the limit g-0 (i.e. , B-A), we find

limk= lim (E'+ G')dp.
B~ A B~A ~R

(51)

G- —)1 ——— (
—

)
—1 exp[-(A' —B')'i'p].

(44b)

This means that in this limit, the contribution is
entirely due to the long tail. But in such a case
we may explicitly compute ( p), i.e. ,

Thus for large p the wave function describes sim
ply an exponential tail, which becomes longer and
longer as B approaches A. Moreover, notice that,
in this limit, G is negligible compared with I'.

We shall now normalize the radial functions such
that

1
e "dp= —+R.

R

An alternative form is, by multiplying by e,

limb= lim (F'+ G')dp= 1.
B~A B+A R

(52)

(53)

&0

and consider

(F'+ G')dp= 1, (45) Combining (39), (41), (47), and (51), we finally ob-
tain the leading term for (r) in the limit n —~ to
be

k —= c p(F'+ G')dp,
0

(46)
1 2m'

2jlf (4 lxq I —1)'i' (54)

where

q —2(A2 B2)ii2

k may be split into two terms:

p(F'+ G')dp+ e I p(F'+ G')dp.
0

(47)

(48)

where the constant is of order 1. It is interesting
to compare this expression of the mean radius
with that for a hydrogen atom. For the latter,
neglecting relativistic corrections, (r) is given by

(r) = 2[3n' —l(l+1)] .

Thus there exists a sharp contrast between these
two types of binding.

B. Type-A bound states

ge-6P/ 2

f,g = const.

Then k can be written as

(49)

The second term is, by virtue of (45), at most of
order eR. For the first term we may use (44) in
the form

F=fe"

The evaluation proceeds in a similar manner.
Upon substituting the form (8) into (18) with the
definitions of $,'."and $&" given by (3), (4), and

(5), one obtains, after some algebra, the follow-
ing expression for the electric-dipole moment:

mq 1
'(j +1) 2 lq I

with

k = — p( f '+@ ') —e "dp+ O(ER),
dp

which upon integration by parts becomes

(E'+ G')dp+ R(F'+ G') (R) + O(eR) . (50)

drx h, + h, + h, + h ),

1 oo

P = — dr r(h,*h, + hfh, + h,*h, + h,*h,),
0

where

(55)

To estimate (F'+ G')(R), note that, from (45) and

(49),
N= dr(h, + h, + h, + h, ).

0
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For the only known type-A bound state, with E
=0, the radial integrais take the form [see Eq.
(12)]

1
p +1+1/2 My

I ~q l

0 Mr

+ [Kj j(,(Mr)]'j,

(56a)

P= — d~y exp Kj„i2(Mx)Kj j(~(Mr),
2 jxq I

0 I
Mx

with

dr exp —
M {[K„ji,V&) ] 'lvql

0 My'

+ [K, j(,(Mr)]'j. (56c)

When X [defined in {ll)] takes an integer vaiue,
for example for (X,j, q) =(2, 2, 3/2), (4, 8, 15/2},
etc. , these integrals can be explicitly evaluated in
closed forms. One obtains

Notice that the moment vanishes as
l zq l

-0 in
contrast with the type-B bound state with F-= 0 as
described before. This is due to the divergent
character of the K function at the origin. As

l zq
l

becomes smail, the factor exp[-l jjq l(2Mr) '] in
the wave function which suppresses the divergence
becomes weaker and the probability density be-
comes highly concentrated around the origin.
Hence the vanishing of the moment in this limit.

On the other hand, for large lxql the same factor
wipes out the order dependent part of K„(x}, ieav-
ing only the exponential tail, common to all or-
ders, as the sole contributor to the moment.

IV. MAGNETK DIPOLE MOMENT OF THE BOUND STATES

The magnetic-moment operator of the system is
given by

P = Po+Pgy

n= ——g[f,(l)+f„,(l)]Z' 'K, ,(Z), (5Va)
Ke"=2M~'

N. 2

P=D —Q [fj(!)+fj-j(i}]Z' 'Kj-j(Z}
E=o

+ 2[(2X —1)!!]'Z' '"K,„,(Z) ~,I

D =—Q [f„(l) +fj j(l ) ]Z 'K, (Z),

One can easily verify that p Oand p, , are both axial-
vector operators even under the presence of the
monopole. Thus again p., is the only nonvanishing
component.

The evaluations of p, o, and p, „are similar to
those of the electric-dipole moment. We shall
quote only the results and discuss their salient
features.

Type-B states:

and f„(l} is a number defined by

l'i ) I'h+ hi ( X h+ l if,(l) -=l!2-'

.-. &h&l! ) & l )
In the asymptotic region of small and large l xq l,
& and P behave like

1 lxql
(X 2),

lftql 0 2M ~ —1

4M in(1/ I tcq I )
(X= 2),

1 I xq I

2M X-3/2

!Q
i~eI- M 2

independent of X. (60)
j
{

lvql f '

(Ij„) =
I
I, I~ (I"—6'}dh (E'+ G')dr .le m 2M iq)+1 0

Type-A states:

(!jo,)g =2! I, 1, ] rdr(hj*h, —h2~h3) lj!, (64)

(}j,) „=2M .(. 1)
d&[( +&}{lh,l —lh, l )jj jm

siq[ f drlj,"j, j,"j,&

(65)

where Aj is defined in (55).
(1) First, notice that for E = 0 bound states (both

type A and type 8), the magnetic dipole moment
vanishes identically since the integrands all vanish
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By direct calculation, the magnetic-moment op-
erator is found to change sign under this opera-
tion, i.e. ,

CpC =-p,

Now observe that if tt) is a state with E= 0, Cg is
also an eigenstate with E= 0 since

HCy= C'ay=0.

Nondegeneracy of the E= 0 bound state for each j
then dictates that Cg and P differ at most by a con-
stant phase factor f. Thus

(t('
i 9 i P) = (Cg i

C VCi CP,)

= -55'(0 IVI 0)

=0.
(2) Next, the vanishing of p,, for the type-B

states (62) may be understood as follows. Since
there exists only one two-component angular ei-
gensection q for j= iqi —2, the two cross terms
produced by the matrix n in p, have the identical
angular structure, i.e. , q'(r" && o)q . Recall that

is an eigenfunction of a'r" with the eigenvalue
q/iqi. It is easily checked that o'r anticommutes
with r x o. Therefore p, must vanish for the type-
B bound states.

(3) Can we estimate p„ for weakly bound type-
B states? As was discussed in Sec. III, in the
limit of large n the contribution to the normaliza-
tion integral is dominated entirely by the exponen-
tial tail of the wave functions, for which lim„„G'/E'
=0. Therefore the ratio of the integrals in (63) ap-
proaches 1 in this limit and one obtains the follow-
ing result: In the limit of very loosely bound
states with j= iqi —2, the magnetic moment of the
system approaches a value proportional to the ex-
tra magnetic moment of the charged particle

m ~e
2M.+2

(66)

[see (12) and (16)]. This is due to the property
of these states under the "charge-conjugation" op-
erah, on defined by

C=y,Z,
where E is the complex conjugation operator. This
unitary operation is not a symmetry of the Hamil-
tonian. Indeed one finds

CHCT= -H.

V. SUMMARY

The violation of both parity and time-reversal
invariance for the system of a charged Dirac par-
ticle, with an extra magnetic moment tee/2M,
bound in the field of a fixed magnetic monopole al-
lows it to have a nonvanishing electric dipole mo-
ment.

For the bound states with E = 0, the moment was
evaluated using the explicit wave functions avail-
able for these states. It was found that for all
these states the moment increases like

i ~q i'i'
as iraqi tends to infinity, while in the small iKqi
limit the moment vanishes. An exception occurs
for the state with the lowest angular momentum,
for which the w-0 limit still yields a bound state.
For this state the moment approaches a finite val-
ue as iraqi tends to zero.

For the infinite number of bound states with j
=j,.„E=E„40, for which the wave functions are
not known, the leading term for the electric-di-
pole moment was obtained in the weak-binding
(i.e. , the largS-n) limit by relating it to the cor-
responding asymptotic energy spectrum of the
system. The moment is found to increase in its
magnitude exponentially in the principal quantum
number n.

The magnetic dipole moment was evaluated for
these bound states in a similar manner. Owing to
the special property under the charge-conjugation
operation, the magnetic moment vanishes identi-
cally for the states with E=0. For the case of
loosely bound states with j=j „mentioned above,
the magnetic moment approaches a finite limiting
value proportional to the extra magnetic moment
of the charged particle as n- ~.

The results summarized above would undoubtedly
be subject to quantum-electrodynamical correc-
tions. Lacking a consistent theory of QED with
monopoles, however, the assessment of the nature
and the degree of modification is difficult at the
moment.
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