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We investigate the structure of the energy spectrum of an isospin-1/2 Dirac particle in the field of the
SU(2) magnetic monopole of 't Hooft and Polyakov. We show that aside from the zero-energy mode, which
is always present, there are at most a finite number of bound states. To clarify the interaction of the
fermion with the various components of the monopole field, we consider two different extrapolations of the
background field to limiting forms. The corresponding Dirac equations turn out to be exactly soluble. In the
first limiting model, only the Higgs field is retained, and the Dirac equation is found to be equivalent to the
nonrelativistic Coulomb problem. The second model is just the point monopole, and our problem is equivalent
to a doublet of massive Dirac particles interacting with an Abelian magnetic monopole. This classical
problem admits a simple treatment in the context of non-Abelian gauge theories; we present its solution in
this formulation; we point out the hitherto unnoticed fact that the Hamiltonian is not self-adjoint on the
customary domain of nonsingular wave functions and we study its self-adjoint extensions and bound states.

I. INTRODUCTION

Dirac equations in the background field of classi-
cal solutions to non-Abelian gauge theories have
been investigated in a number of different ex-
amples.! They exhibit an interesting mathemati-
cal property with intriguing physical consequences.
Whenever the background field has “interesting
topological characteristics” a zero-energy mode
has been found to be invariably imposed on the
corresponding Dirac equation. If, moreover, this
zero-energy mode is nondegenerate, the coupling
of the background non-Abelian gauge fields to the
fermionic field leads to the assignment of a fer-
mion number of 3 to their classical solutions,
suitably interpreted in the quantum theory.

In this paper we shall be concerned with isospin-
or fermion fields in the presence of an SU(2) mag-
netic monopole. The zero-energy modes of the
associated Dirac equation have been investigated
by Jackiw and Rebbi.? The finite-mass monopole
background field of ’t Hooft® and Polyakov* leads
to a nondegenerate mode. A more in-depth anal-
ysis of this phenomenon, however, or the possi-
bility of use of these models in calculations of
other effects, necessitates an investigation of the
entire spectrum and not only of the zero-energy
solutions. We would like to know, in particular,
whether the rest of the bound-state spectrum is
discrete or whether it exhibits any pathological
features.® Questions of this sort we undertake to
answer in this work.

A suitable formalism, including a partial-wave
analysis, for our problem has been given by
Jackiw and Rebbi.? It is parametrized by two
functions A(») and &(»), giving the strength of the
gauge and the Higgs fields, respectively. These
functions can be obtained by numerical integra-

tion of ordinary differential equations deduced
from the SU(2) gauge field equations.® However,
they are not known in closed form. At least partly
for this reason, the problem with A(») and &(7)
corresponding to a finite-mass monopole cannot
be attacked directly. Our approach is rather to
deform these functions to concrete expressions,
which, it will turn out, lead to exactly soluble Di-
rac equations. These limiting cases are then of
interest in themselves, quite aside from the fact
that they give us information about how fermions
interact with the various components of the non-
Abelian monopole. The qualitative conclusions
that we draw from this information we subsequent-
ly substantiate by a direct rigorous study of the
original problem.

In the first limit, only the Higgs field part is
retained in the potential. This choice is the sim-
plest one containing all the topological structure
of the monopole solutions. In this case we find
that the problem is exactly soluble in terms of
the nonrelativistic Coulomb problem. The Ham-
iltonian does not exhibit any unusual features and
the zero-energy mode is nondegenerate as usual.
We discuss this model in Sec. IIL

The other limit we consider is actually another
monopole solution of any SU(2) gauge theory
coupled to a triplet of Higgs fields, with only one
additional 8-function source for the gauge fields.
This limiting case is also equivalent to the ordin-
ary Abelian monopole solution of the Maxwell the-
ory for a point magnetic charge, which has been
studied extensively in the literature. As a solu-
tion of a non-Abelian gauge field theory it has a
certain model-independent character, in that it
depends only on a certain combination of the
parameters characterizing the Higgs field (mass,
self-coupling). The Dirac Hamiltonian in this field
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has the singular feature that it is not essentially
self-adjoint on the customary domain of infinitely
differentiable functions of compact support. Only
one self-adjoint extension will be found to possess
a zero-energy mode, and, moreover, we get the
interesting result that the latter is doubly degen-
erate, unlike the general case. The analysis of
these phenomena is the main subject of Sec. IV.

In the last section we comment on what we learn
from these examples about the more general case
and then proceed to derive upper bounds on the
number of bound states for each partial wave.

We conclude that the total number of bound states
is finite and that therefore the bound-state spec-
trum is discrete.

As a preparation for the discussion we sum-
marize, in Sec. II, the monopole solutions rele-
vant to our calculations and we clarify their rela-
tion to our model potentials for the Dirac equa-
tion. We review briefly the Jackiw-Rebbi formal-
ism, which will be used extensively throughout
the rest of this paper, and we discuss the zero-
energy solution found by these authors.

II. REVIEW OF MONOPOLE SOLUTIONS AND FORMALISM

The class of models we shall be concerned with
is described by a Lagrangian £=£ ;+ £, con-
sisting of a bosonic term and a fermionic term.
The former term describes a spontaneously bro-
ken SU(2) gauge-invariant system of a triplet (iso-
vector) of scalar fields coupled minimally to a
triplet of vector gauge fields, in Minkowski space
of three space and one time dimensions®*:

Lp=—5F¥F,,, +3(D,8),(D"8),

1
- Ug?|e]?, (2.1)
g
where
Fiv=09"A} - 3"Al + g€, AFAY (2.2)
(D*®),=0"d, +g€, Ap d, . (2.3)

U(|®|? is required to have a minimum at a non-
zero value of its argument, say F2. For the fer-
mionic part we pick a model already considered
by Jackiw and Rebbi? as one of their examples:

a doublet (isospinor) of Dirac fields gauge invari-
antly coupled to A2 and &,:

£,=iy*(D ), - Cgb, 7% b8, , (2.4)
where
(D*Y) = 8", —igTs, ALY, (2.5)

and 'r“=éo“, where o° are the Pauli matrices. G
is a dimensionless constant. The 7° obviously
play the role of the generators of global gauge

transformations on the Fermi fields.

The fact that the Fermi fields appear only quad-
ratically in the Lagrangian implies that their ef-
fects in classical solutions come into play in an
order in g higher than the lowest. Our approach
will be, therefore, to first find solutions of the
problem £=4£, and then consider the equations
governing the fermions in the background field of
these solutions, ignoring the feedback. It will then
turn out that the static (zero-energy) solution to
the Dirac equation is such that it gives no contri-
bution as a source of the gauge and Higgs fields,
and therefore it forms, together with the back-
ground fields, an exact solution of the coupled sys-
tem £=£,+ L. This, however, does not occur
in the case of nonzero-energy solutions to the Di-
rac equations.

We now outline the well-known results on classi-
cal solutions of the systems (1), and in the light
of these solutions we describe the models that we
study in detail in the following sections. ’t Hooft®
and Polyakov* have deduced the existence of solu-
tions with magnetic charge by making the spher-
ically symmetric ansatz

A=0, (2.6)
. ca A7)
Al=eip T8
~ ®(7»)
<I>a=1fa—g . (2.7)

In terms of the two functions A(») and &(») the
Lagrangian (1) becomes

© dA* 2 dA 3 2g
- 2y | Z2) _2 88 2 pz_ 28 g
£B—4"JO 'rd'r[ (dr) A A A

1/de\* 1 2¢g
L 244 Pt el —— 2____ 2
—zg4 _2<d'r> F¥- A

—-g2A%%% - é%U(gztcblz)} (2.8)

which leads to the equations of motion

2 d 2dA> 2dA 2 d 6 6g .
Fdr(r dr ) v dr +rzdr(rA)_72A— 'rA

—2g%A3 _¢<27"+ 2g2A> =0, (2.9)

14 2d«I>> 2 4g
rzdr<r dr _rzé_rAq)

-2g%A% - 2U'(g?|®|)%=0, (2.10)
and boundary conditions

<72&+27A> =0, (2.11)
dr

r=0
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<7242_> =0. (2.12)
dr r=0

Single-valuedness of &, and A at the origin furth-
er requires that #(0)=A(0)=0. The system (9)
and (10) has a unique smooth solution satisfying
these conditions. At infinity this solution has the
behavior

A(r)= —117 ; (2.13)

&(r)=F. (2.14)

In Sec. IV we study the Dirac equation with the ex-
act forms (13) and (14) used for A(») and ®(7).
Note that (13) and (14) satisfy Egs. (9) and (10) ex-
actly. However, they violate the boundary con-
ditions (11) and (12). In fact, they correspond to
a 0-function source for the gauge fields at the ori-
gin.

Next we note that (13) and (14) become exact in
a certain limit for the parameters defining the po-
tential U(|®|?). This limit is given by F~, It
is deduced quite easily from (9), which tells us
that (13) becomes approximately correct at a dis-
tance F /2 from the origin. Thus, the Dirac
equation we will be considering in Sec. IV can be
viewed as a certain kind of limit of equations with
meaningful potentials as F -~ while p=GF/2 is
kept constant.

The model that we study in Sec. III has no in-
terpretation as a limit of realistic models. It cor-
responds to a particular case of the ansatz (6)—(7):
that with A(») =0 and &(r) =constant. The asymp-
totic behavior of the & field, however, gives all
the topological information® contained in the fields,
and the latter seems to be the cause of the inter-
esting phenomena associated with the Dirac equa-
tion. Clearly, this model is the simplest extra-
polation of the asymptotic behavior of ¢, to all
space. The abnormally rotated vacuum, which
was used by ’t Hooft® and Polyakov only as a
boundary condition at infinity, is now introduced
at all points of space, and one may expect high
symmetry in phenomena associated with such a
configuration, We will in fact see that in the case
of the Dirac equation we do obtain nontrivial sym-
metry, as much as is associated with the Coulomb
problem.

As a preparation for the analysis of Secs. III
and IV we now outline the formalism of Jackiw and
Rebbi? for dealing with the problem (4). The Dirac
equation deduced from (4) after substitution of (6)
and (7) for the potential is

[~ia-¥6,,+5 A0 (@ xP),+ 1ol 7,810, =EV,.
(2.15)

The indices n,m correspond to isospin and take
the values 1,2. 0% are the Pauli matrices. The
Y matrices are given by v;=Ba; where

ai=<0 °f>, 5=—i<0 I>.
o 0 -1 0

Finally u=G®&/2 and will be a constant in Secs.
III and IV.

The Hamiltonian in (15) commutes with the sum
of ordinary angular momentum (orbital and spin)
and isospin. To take advantage of this conserva-
tion law one proceeds with the following transfor-
mation. Separate i into upper and lower compo-
nents, as is usually done with the Dirac equation:

)

Each of the ¢* has four components, y3,, where
i,m=1,2, corresponding to spin and isospin, re-
spectively. Now we can define two scalar and two
vector fields, uniquely related to y* by the linear
relation

Vim=(8%0, +8* 1) 00" . (2.16)

The possibility of expressing the problem in terms
of scalar and vector functions is a manifestation
of the fact that the true spin of our Dirac particle
is not 3 but rather 0 or 1: The generator of rota-
tions, whlch commutes_ thh the Hamiltonian (15),
is not L+ § but rather L+ S+ T the sum of orbital
and spin angular momenta and isospin; S+T then
plays the role of the true spin.” Substitutions of
(16) in (15) now leads to the following system of
equations:

(Dt —AP) gt +iD7 X gt={Eg*
(D*+AP)g*={Eg¥

(2.17a)
(2.17b)

where D* =V u7. We will be using both this form
of our Dirac equation and a partial-wave analysis
of it. The latter is performed by expanding g* and
g* into scalar and vector spherical harmonics:

g(¥)= ZzG{ Y, (2.182)

D=3 [P;, (NPT, 4 B, (1) 2497,
v 3 3 j 3

. 1-
+iCly (1 T 1Y, |, (2.18b)
where j=[J(J+1)]/?, L= -iTx V, the ordinary
orbital angular momentum operator, and Y,, (Q)
are the ordinary spherical harmonics. Substitution
of (18) in (17) gives the following system of equa-
tions:
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(D*-o)Gj.-f—;Cf,:EP}, all J (2.192)
(0 +0)P% - By =BGy, ang (2.19b)
By -Lpy=ECy, J21 (2.19¢)
ey -L6y= BBy, J21 (2.194)

where D*=d/dr+1/v+u, and o=1/7+A(¥).

Finally we remark that the the transformations
(16) and (18) on the field variables are unitary.
The inner product of two spinors ¥’ and $‘® in the
different representations is given by

(lp(l), d)(z))

= [ @rT e
=9 J Er Y ((gMH*(g@™) + E)* - E)

-2 L Pdr 3 [(PEHP )+ (GEIGEN)
oy

+(CEMHCE + (BE*BE].

Yet another representation to be used in Secs. IV
and V is an algebraic combination of the harmonic
components, defined by

H*JJ3+=P§J3+35JS, HfIJS-:Pfsz—BfIJ:g ( )
2.20

Fff.l3+= Gj’.ls + Cfr.is; Ffr.ia-= Gf/./s - cfr.rs'
The inner product in this representation is given by

(ZIJ(]'), Z,b(Z))

S RE M LS ANUEARCER A
T d3
#(TERIHTER) + (DYRIHTE )],

This representation diagonalizes the model of Sec.
IV. It is also the correct one for deriving upper
bounds on the number of bound states of each par-
tial wave—a task which is undertaken in Sec. V.

The zevo-energy mode of the Divac equation. We
first exhibit the form of the unique zero-energy
eigenstate of the Dirac equation.? In terms of the
harmonic analysis it is given by

* =G* =C* = B* = >
P”3 G.,,3 C”3 B”3 0, for J>0
630(7’)=CxeXP{J’ dY'[A(Y')—%Gé(V')]}, (2.21)
o]

Goo(7) = Pgy= C4o=B5,= 0.

In terms of g*(¥) and (%),

g-(-f') = 0, EL(F) = 0,
o, | (22
g(F)=cx exp{j ar'[A(r") —=3Ga(r")] (-

Finally, in terms of the original spinors,
¢§m= 0,
+ 7 { 4 ’ ’ 1 ’ {
tm=N exp) ar'[A(r") - 3Gd(r )]‘ (2.23)
o]

X (SiSy, = SiSn),

where S* (S7) is the positive- (negative-) eigenval-
ue eigenvector of o°.

From (23) we can easily check the fact mentioned
earlier in this section, that although the Dirac
equation was solved in a background-field approach
it happens to form, together with the given mono-
pole solution of the pure bosonic part of the sys-
tem, an exact solution of the coupled boson-fer-
mion problem. In fact, the fermionic sources in
the field equations for the gauge and Higgs fields
respectively are given by

PR

and

’

-GgP, T8 e

Both vanish when the zero-energy eigenstate given
above is substituted for ¥, merely on account of
the fact that only the upper component of ¢ is non-
vanishing.

It is easy to see that nonzero-energy bound
states have both upper and lower components and
do not satisfy the coupled equations in the self-con-
sistent way the zero-energy mode does. Thus, the
latter is interpreted as forming part of the soli-
ton, and the Dirac equation (15) describes the fer-
mionic part of its collective excitations. This soli-
tonwill retain its meaning and identity as a particle
whenan external field is introduced only if the spec-
trum of excitations is discrete in its neighborhood.
Inthe last section we will show that this is indeed the
case.

III. AN INTERESTING EQUIVALENCE

In this section we analyze completely the first of
our two models, the simplest configuration of
background fields with nonvanishing Kronecker in-
dex.® In (2.6) and (2.7) we choose

A(r)=0,
&(r)=F,

where F is a constant such that U’(F?) =0. We show

(3.1)
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that the Dirac equation (2.15) is reduced completely
to solving two very familiar problems: the nonrel-
ativistic Schrodinger equations for a spinless par-
ticle in a Coulomb field, and the nonrelativistic
free Schrddinger equation. The bound states are
labeled exactly like the bound states of the Coulomb
problem; the spectrum is

1 1/2
E=¢u<1-F> , n=1,2,... (3.2)

and each eigenvalue has the familiar »n® degeneracy.
Our question about the discreteness of the bound-
state spectrum is obviously answered in the af-
firmative in this model.

Using the formalism of the preceding section, we
proceed to give the equations that lead to (3.2), as
well as useful forms for the components of the
Dirac spinor for both the bound-state and the con-
tinuous spectrum. The form (2.17) of our Dirac
equation reduces to

D*g* +iD* X Bt =1 EF", (3.3a)
D* -Z*=iEg", (3.3b)
while the system of Egs. (19) becomes
+ 1 + ] + F

D* - |G* -Z C*=EP¥, (3.4a)
r r

(D*+l)p*_lB*=_EG‘, (3.4b)
¥ r

D*Be _%P*= EC, (3.4¢)

foidon _% G*= _EB", (3.4d)

We have dropped the subscript J, since we will be
working with single partial waves. We first make
some manipulations on (3.3) 1o get our simplest
results. Dotting (3.3a) with D* and using (3.3b)
and the identity

_]3*-5*=-V21-2rﬁ+u2, (3.5)

we get

(o2 gt = (B - g, 3.6)
We recognize this as the familiar Coulomb prob-
lem. Equation (3.6) tells us that for a bound state
£"=0 (assuming that 4> 0) and gives the spectrum
(3.2). We remark that the latter includes the zero-
energy mode (n=1).

Of course, we do not know whether the entire set
of values (3.2) is included in the spectrum or
whether each eigenvalue has the familiar degener-
acy of the Coulomb problem until we have found
what equations the remaining functions g*, satisfy.

It is easy to obtain them. Taking the cross product
of D* with (3.3b) and using successively the iden-
tities

Dt x (D7%E)];= - (D*- D7) g, +D* - (DF), (3.7

+ DF F Dt 2u ) i

D!DI‘DIDF*—,;‘( i5 =775, (3.8)

and (3.5), we obtain
zmy 2H AS = e nvw
-V i77(7~g)_(E - uAgt, (3.9)

Rather than working with (3.4), we can obtain a
useful harmonic analysis of the problem directly
from (3.6) and (3.9). Using the decomposition (2.18)
in these equations we obtain

+ +2
L2 (00) £ o2 oo e

A A '
(3.10a)
1d [ ,dP*\ #+2 % . 2u
755(72777) I Pt -G B e P
= (E? - p?)P*, (3.10b)
B\ 2 2j
LL (L) L dp
(3.10c¢)
1 .d [ ,dct\
- <727> +Z-f§ Ct=(E? - p?)Ct, (3.10d)

Equations (3.10b) and (3.10c) are mutually coupled,
but the fact that (3.10a) and (3.10b) are completely
decoupled will suffice in order to solve for all
eight fields P*, G*, C*, B* in terms of standard
functions. First, we examine the bound states, to
prove the statement about the spectrum (3.2).
Equation (3.10d) implies that C% =0 for a bound
state, while from (3.10a) we see that G;=0. The
system (3.4) is then satisfied consistently if

B}:P}: O,

1 1
P}=E<D*—;>G}, all J

-_J (G

Next we point out how, not only the bound-state
wave functions, but the entire spectral representa-
tion of the problem as well can be determined in
terms. of our ample knowledge about the Schrédin-
ger equation for a Coulomb potential and for a free
particle. Very similarly to the case of bound states,
G% and C% are determined from (3.10a) and (3.10d).
Equations (3.4a) and (3.4d) then give P* and B% in
terms of G*% and C%:
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1 1 j
Pz |(r-F)er-Leil,

1 .
Bf,:—E<D*C¥ —";:Gt,).

IV. ANOTHER LIMIT: THE ABELIAN MAGNETIC
MONOPOLE IN THE SPHERICALLY SYMMETRIC GAUGE

We now turn to our second example, the one for
which the potentials in (2.15) are given by
Alr)= —:7 ,
(4.1)
&(r)=F.

The Dirac equation for this potential, when ex-
pressed in the unitary gauge, corresponds simply
to the problem of an isospin doublet of fermions of
mass (/2 and charge e in the field of an ordinary
Abelian monopole of charge g, where eg=3.2 The
latter is a classical problem which was studied a
long time ago, independently by Banderet and Har-
ish-Chandra.® Their result is that there are no
bound states if the wave function is restricted to be
nonsingular everywhere.

We shall show, however, that for J=0 the eigen-
value problem is meaningless until we have re-
laxed the requirement that the wave function be
nonsingular at »=0. This can be done in a one-pa-
rameter family of ways. For certain ranges of the
parameters there will be a bound state. In the
language of unbounded operator theory, the Ham-
iltonian is symmetric but not self-adjoint on the
customary domain, and it has a one-parameter
family of self-adjoint extensions.

In subsection (a) below we state the solution of
the eigenvalue problem for J> 0. In (b) we analyze
the questions of self-adjointness pertaining to the
J=0 partial wave.

The separation of the problem into radial and an-
gular parts was given in Sec. II. We rewrite Eqs.
(2.19) in the form that they take in the particular
case (4.1):

D*G* _%C*=EP*, J=0 (4.2a)
D*P*_gB*=_EG*, J=0 (4.2b)
D*B* _g P*=EC*, J>1 (4.2¢)
DC* _%G*= —EB* J=>1. (4.2d)

We immediately see a symmetry of the eigenvalue
problem under the transformation S:

Gt~ P*, Bt~ _Ct,
Pt~ _G*, C*=~B*

(4.3)

This is the charge symmetry.!* It will be used in
subsection (b) below to restrict the self-adjoint ex-
tensions of the Hamiltonian.

(a) J>0 partial waves. This case is straightfor-
ward and was solved some 30 years ago.® Ques-
tions of self-adjointness do not arise. There are
no bound states, and if E is in the spectrum for
J>0, |E| m ] We give the explicit solution in
our formalism. In the representation (2.20)

+ ot

JJ3¢ JJ3+ 1)z 5 P
- =\ .. 25 p((E? = u?)t27),
JJ3+ JJ3+

(4.4)

Iy I o‘ifr.ra-
T =\ pt 7-1/2Jj¢1/2((E2— w32,
TTgm FE

The coefficients of af, B; satisfy the linear rela-
tions
—(E® = p?) 2yt £ pyi=iEyi,
(4.5)
(E® = u?) 2y2 2 uyt=iEv?,
where y=a or B.

{b) S-wave bound states. Now consider Egs. (4.2)
for J=0. They simplify to the simple-looking
problem

D:Gt= EP¥, (4.6)
D*pP*= _EG*.

Define H*=vG*, @*=vP*. Then (4.6) gives simply

d : ¥
(sn) m= e,

d (4.7)
hadl + _
- (d'r + u> Q* = EH¥
on the Hilbert space defined by the norm
f ary” (|H:|2+ |@* |2). (4.8)
o +

The peculiar problems alluded to before are in
relation to the choice of a suitable domain on which
the operator appearing in (4.7) acts. Call the lat-
ter operator A, acting on vectors

H*

and note first that A can be wriften as a direct sum
of two operators, acting on isomorphic invariant
subspaces,

(6 x)
A= ,
0 K,
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where both K, and K, are given by the 2 X 2 matrix
differential operator

0 Ed,; +
K= d , (4.9
- E + 0

but may differ in the domain on which they act. To
preserve the charge symmetry (4.3), we are forced
to pick identical domains for K, and K,. It suffices
then to study the operator K. A will have the same
eigenvalues as K, with twice the multiplicity. We
proceed to discuss the domain D(K) of K.

From the definition of H* and @* we see that con-
tinuity of G* and P* demands the boundary condi-
tions at the origin:

H*(0) = @*(0) = 0.

Thus, the natural domain of definition for K is the
set of vectors = (f;), where the components are
absolutely continuous square-integrable functions
with absolutely continuous first derivatives, and
satisfy 9,(0)=9,(0)=0. It is easy to see that K,
with this domain, is not self-adjoint, although a
simple integration by parts would lead one to be-
lieve that it is. The reason is that the adjoint K*,
although it is defined by the same differential op-
erator (4.9), acts on a domain D(K*) which is dif-
ferent, in fact larger, than D(K): D(K*) consists
of the same kind of vectors ¢ =( ;;) as D(K), but
with no boundary condition at the origin. To see
this recall that D(K*) is defined as the set of all
vectors ¢ such thatthere existsa vector K*¢ with
(¢, Kp)=(K*¢,9) for all € D(K), and the state-
ments above satisfy this definition since, by sim-
ple integration by parts,

(¢, Ki) = (K*¢, 1) = ¢ ,(0)1,(0) — $,(0),(0) .

This is 0, without any conditions on ¢,(0), ¢,(0),
because the conditions on ¥,(0) and ¥,(0) are very
strong. Thus, it is clear that in order to make K
self-adjoint we should extend its domain, by re-
laxing the latter conditions on ¢ so that (4.10) im-
poses the same conditions on ¢. These modifica-
tions are already dictated to us by (4.10). Fixing
¢, we find that, of necessity, for all ¥ € D(K*),

$,(0) +ay,(0)=0, (4.11)

where a is a constant. Picking ¢ =3 we find that
a is allowed to be real or . Equation (4.10) then
implies the same conditions on arbitrary ¢.

Thus, the operator K,, defined as the differen-
tial operator (4.9) acting on the domain specified
by (4.11), is self-adjoint. The necessity of picking
a domain on which the Hamiltonian is self-adjoint
has long been understood in quantum mechanics,
and so we concentrate on the class of domains

(4.10)

given by (4.11). We are then faced withthedilemma
of picking the most physical one out of an infinite
range of possibilities. An analysis of the associat-
ed spectra, which we shall give momentarily, will
point to the answer to this question.

All of the operators K, exhibit a continuous spec-
trum for |E| > |u I . It is also trivial to compute
the bound-state energies. We state the results:

If u>0, there exists a nondegenerate bound state
for lai <1 with energy
2a

E =- Pt (4.12)
In particular, for a=0, and only for that value of
a, we get a nondegenerate zero-energy mode for
the corresponding self-adjoint extension of (4.9).
If u<0, we get results equivalent to (4.12); we
have in this case |a|>1, but (4.12) is invariant
under p— -, a— -1/a.

Thus, there appears to be a most natural choice
of domain out of (4.11). It is that which gives
zero as the unique bound-state energy. For a
monopole (u>0) the appropriate extension is K,
corresponding to the boundary condition #,(0)=0.
For the antimonopole, we are forced to pick out
K.; the boundary condition is $,(0)=0 in this case.
We note in passing that these boundary conditions
imply that () =0 and ¥,(») =0 everywhere re-
spectively. But there is an important remark to
be made. Although we picked out these particular
self-adjoint extensions just in order to preserve
the existence of a zero-energy mode shared by the
family of Dirac equations of which (4.2) is a limit-
ing case, there appears a discontinuous behavior
in passing to the limit: The zero-energy mode ac-
quires a degeneracy. This is due to the fact that
the eigenvalues of (4.6) have twice the degeneracy
of the eigenvalues of K.!?

This intuitive, although no less rigorous, treat-
ment of the self-adjoint extensions of K can be
understood in the more abstract context of the the-
ory of deficiency subspaces.’® The fact that D(K)
is so small makes D(K*) so large that the entire
complex plane is included in the spectrum of K*.
The dimensions of the deficiency subspaces
Ker(K* +i) measure how large D(K*) is or, al-
ternatively, how small D(K) is. (KerA denotes the
kernel of the operator A, the set of vectors ¥ such
that A¢=0.) In our case, Ker(K*+i) is generated
by a single vector:

d)*=< 1 )e- 2Iu-|r‘
+i(1+V2)

The self-adjoint extensions of K are well known
to be in one-to-one correspondence with the iso-
metries of Ker(K* —i) onto Ker(K*+i). In our
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case such an isometry is given by

u,: Ye'*yP,, acRk.

The corresponding self-adjoint extension K, of K
is described as follows:

D(K,) ={y+BW.+u,y.) v e DK), Bec},
K +BY. +u )= K +iBh. —iBugd. .

It can be checked that K, as defined here is equiv-
alent to our previous definition of K, where a and
a are related by

1
a=-— cotza.

1
va2-1
Thus, the theory of deficiency subspaces explains
why we found a one-parameter family of self-ad-
joint extensions.

We give the resulting spectral analysis of the
problem (4.6) under the condition of self-adjoint-
ness of the Hamiltonian as analyzed above. As
with the J> 0 partial waves, we express the re-
sult in the representation (2.20). For the S waves,
IMgo,, = Meo-, T'o. = Te-. There is a one-parameter
family of possibilities corresponding to the »=0
boundary conditions

[rT*(#) ] o + a[rTI7(7) ],.0=0,
where a is an arbitrary real number or ©. The
bound-state energy is given by (4.12) and the cor-

responding two-dimensional eigenspace is

1 . 2.p2y1/2
F*(r):a*;e“‘ E?2) r

1 - (u2-E2)L/2
II*(’V)=OI*;—E—[#—(#2—E2)1/2]6 “ r.
There is a continuous spectrum for IE| = Iul
The corresponding wave functions are

1 2.,2,1/2 i (B2.u291/2
I"*('r):;(a*e“E -u2)t/ T4 B e P 2y

I4(7) = lriE_ { [k+i(E? - “2)1/2] a*ei(Ez-uz)l/zr

+[ 1 —i(E? - ,_;2)1/2]3* e-i(sz-“z)l/zr}’
where a,, B, satisfy

aut Bt o b +i(B - p?) ],
+[w —i(E? = p?)'2]8,}=0.

Lastly, we remark that had we not required that
the self-adjoint extensions preserve the charge
symmetry we would have obtained a larger family
of them, parametrized by SU(2) rather than U(1).
For if A represents the operator in (4.7) with the
boundary condition of vanishing wave function at
the origin, it can easily be seen that Ker(A* +i)
are two-dimensional; then according to the theory
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of deficiency subspaces summarized above the
self-adjoint extensions are in one-to-one corre-
spondence with SU(2), the set of isometries of
Ker(A* —i) onto Ker(A* +1).

V. THE FINITE-MASS MONOPOLE BACKGROUND FIELD

We already remarked that it is impossible to
solve the general Dirac equation (2.15) exactly,
but we can study the qualitative features of the
spectrum. This is our task in this section. The
models that we studied in the preceding sections
provide us with sufficient information to be able
to make a reasonable guess even before going into
the precise arguments to be given below. We have
seen that the divergence of the spherically sym-
metric Higgs field gave rise to an infinite number
of bound states, and the introduction of the A(r)
= - 1/7 potential wiped them all out completely,
leaving only the zero-energy eigenvalue. When
now the Higgs field is modified near the origin to
smoothly approach the value 0 at =0, we expect
that the spectrum will remain qualitatively the
same, and only the position of the eigenvalues
will be altered slightly. In fact, in terms of the
correspondence proved in Sec. III, such a modifi-
cation of the Higgs field would be equivalent to re-
placing the point center of the Coulomb field by a
finite charge distribution. As to the effect of the
A(7) field, we expect that, if A(#)= - 1/7 only out-
side a finite radius, while it goes to zero smoothly
at the origin, all but a finite number of the bound
states created by the Higgs field will be wiped out.
We can support this assertion by proving that it
holds in the case of the S waves. For J=0, Egs.
(2.19) can be reduced to a single Schrddinger equa-
tion for G*:

2

[~ 57+ 0+ 07 =200 |6 = (B* - w3069 (5.1)

o vanishes exponentially outside a finite radius a.
Using the well-known upper bound on the number

of bound states of the /th partial wave of a Schro-
dinger equation in a potential V,'*

1

n, < ——r ydr | V(r) (5.2)
Pral+1 Jye | |

we easily see that the number of bound states of
(5.1) is finite, and bounded above by a number of
the order of pa.

We now show how bounds of this sort can also be
derived for the higher partial waves of our Dirac
equation. Squaring the operator on the left-hand
side of (2.19) and transforming to the representa-
tion (2.20) we get the following system of equa-
tions:
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CONSTANTINE J. CALLIAS

16
[ @ jj-1-8)+1 1, o i
Tt i 0
1 d?> j(j+1l+s)+1
;Eftz —-d7'-2-+——72————+7)§ 0 0
a2 j(j-1+s)
0 0 —W+'Z—]—y§-——+wt gtz
d?  j(j+1-=5)
_ 0 0 £ e
"'HfrJ3+ ”Hfl.r3+
+ +
x | Move | o@zopy | e | (5.9)
er,J3+ (2T
7Ly .- rI‘*Hs_

where s(#)=7(1/7+A(¥)) and the remaining functions v%(r), wi(#), f%,(7),g%,(») are given by expressions con-

taining A(7) and &(»). The functions s(#),

(1) s(0)=1.

(2) s(7) ~ 0 exponentially as »—~. The exponential decay sets in outside the radius of the monopole,

roughly at »=F"'/2,

*,(7) share the properties given below for s(7):

The remaining functions, v%(#),w%(r),g*,(») satisfy (2), while at the origin they are less singular than 1/7.
In the operator in (5.3) we separate a positive term [an operator A is positive if (¢,A¥)> 0 for all ¢ in

the Hilbert space]

Laodlrsml S 0 0
I s
L Rl o 0
0 0 lgt(n| gt
0 0 giz(y) ‘giz(r) I

which we drop because it only decreases the number of bound states. We then use the fact that 0<s(»)<1,
to find that the operator in (5.3) is greater than the following diagonal matrix operator (an operator A is

greater than an operator B if A-B is positive):

r_;—:zﬂ'(j‘z)*f(z‘ﬁ)wf 0 0 0 |
0 —;—:5+j(j+1) —722(ﬁ+1) + Vi 0 0
0 0 _% ]'(];;1) ws 0
0 0 0 —6—?72,‘;+Z—2 ¥

The potentials Vi(»), W%(») tend to zero exponen-
tially outside the radius of the monopole, while at
the origin they behave at worst like 1/7. We are
thus comparing our problem to a system of de-

coupled Schrodinger-type equations, to which we
can apply the bounds (5.3) (which hold regardless
of whether [ is an integer or not). The minimax
principle then implies that the number of bound
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states of (5.3) has an upper bound of the form
1 ® £ +
5(]—)2; fo rar(| Vi) + | W) ], (5.4)
%y

where a(j)>0 and a(j)=j as j=<°.

From this bound we learn two things, which con-
stitute a proof of the results anticipated in the be-
ginning of this section.

(1) For large enough J, the bound (5.4) becomes
less than 1, and thereforg the corresponding par-
tial waves possess no bound states. Thus the Di-
rac equation (2.15) for the true monopole poten-
tials has only a finite number of bound states and,
in particular, the zero-energy mode is discrete.

(2) An examination of the potentials V%, W3 has
shown that the integral in (5.4) tends to zero as
F-~x je,, as the radius of the monopole ap-
proaches zero. Thus, if the radius is sufficiently
small, the only bound state is the one at zero en-
ergy. Just as in the examples of Secs. Il and IV,
we of course have a continuous spectrum for |E|
> |u].

In conclusion, in this paper we have done two
things. First we have shown that fermions in the
field of the magnetic monopole of 't Hooft and
Polyakov can only be found in a finite number of
bound states. Our experience with topological sol-
itons allows us to distinguish two kinds of binding:
Topological binding, which gives rise to the zero-
energy modes, and nontopological binding, which

has been shown to arise from the interaction of
the fermion with the Higgs field. The effect of the
gauge field is to eliminate this kind of binding.

The second contribution is the exactly soluble
models that we discussed. Quite apart from their
relevance to the physical problem, these models
are sufficiently simple and already well under-
stood to provide a laboratory for investigating the
behavior of fermions in the presence of topological
magnetic monopoles. It is clear that we cannot
carry out calculations in a closed form for the
exact monopole solutions, and, on the other hand,
the models of Secs. III and IV are already ex-
pressed in terms of exhaustively known problems.

Lastly, we remark that the limiting cases we
are able to deal with in this particular case of an
isospin -3 fermion in the field of an SU(2) mono-
pole can also be studied in all variations of the
group structure of the background field or of the
isospin of the fermions. The essence of the re-
sults will be similar. In particular, we would in
this way encounter fermion-monopole systems
with eg=in, n integral.
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