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We use Feynman perturbation techniques to analyze a classical process: the conversion of gravitational
waves into electromagnetic waves (and vice versa) under the “catalytic” action of a static electromagnetic
background field. Closed-form differential cross sections are presented for conversion in the Coulomb field of
a point charge, electric and magnetic dipole fields, and uniform electrostatic and magnetostatic fields. Using
the model calculation of conversion in a Coulomb field, we discuss the problems we must face when
calculating non-gauge-invariant quantities, as is frequently done in literature. The cross sections are
extremely small, but may lead to observable effects if allowed to act on astrophysical distance and time
scales. The calculations also provide additional insight into the physics of electromagnetic detectors of

gravitational waves.

I. INTRODUCTION

The principle of equivalence in general relativity
theory dictates that gravity couple to the energy-
momentum tensor of all fields. Past research in
general relativity theory has emphasized the coup-
ling of gravity to heavy objects (stars, galaxies,
the universe, Weber bars, and the like), since the
cumulative effect of a large mass tends to offset
the extreme smallness of the gravitational coup-
ling constant. Less effort has been spent on in-
vestigating the interaction of gravitons with other
elementary particles, such as the photon.! In
certain extreme astrophysical situations (pulsars,
quasars, collapsing stars, active galactic nuclei,
and early universe), however, intense gravitational
and/or electromagnetic fields exist, and we may
not discard a priovi the interaction between grav-
itons and photons.

In particular, recent work indicates that in any
spacetime permeated by an electromagnetic back-
ground, a nontrivial coupling exists between elec-
tromagnetic and gravitational perturbations.
Whereas the total energy in these perturbations is
conserved, photon and graviton numbers individual-
ly are not. This implies the existence of conver-
sion cross sections, expressing the fact that a
static electromagnetic field may serve as a cata-
lyst for converting electromagnetic waves into
gravitational waves and vice versa.

It was hoped that the electromagnetic-gravita-
tional resonance near a Reissner-Nordstrom
(charged, nonrotating) black hole would have ob-
servationally detectable consequences. Insight
into the details of electromagnetic-gravitational
resonance has been provided by Gerlach,? who
originally found the coupled electromagnetic-grav-
itational perturbation equations in the WKB limit.
The Newman-Penrose formalism was used by
Chitre et al .3 to separate the wave equations for

mixed gravitational and electromagnetic pertur-
bations. However, numerical studies*® have shown
that the electrogravitational interconversion can
become efficient only when the charge-to-mass
ratio @/M of the black hole is near unity (in geo-
metrized units, i.e., G=c=1). Black holes with
such an extreme Q/M ratio are unlikely to exist.
Nevertheless, the problem of coupled electromag-
netic and gravitational perturbations in the vici-
nity of a Reissner-Nordstrdm black hole remains
interesting in principle, and Matzner® has recently
calculated the conversion cross sections in the
long-wavelength limit for quadrupole waves.

We shall not address ourselves to the exact
strong-field problem, which requires the use of
the full mathematical apparatus of general rela-
tivity theory. Rather, we study the simplified case
of Minkowski spacetime permeated by various
static electromagnetic backgrounds. This simp-
lification makes the problem mathematically tract-
able, without excluding the essential physical fea-
tures. Although the conversion efficiencies are
extremely small, they may lead to observable ef-
fects if allowed to act on sufficiently long distance
and time scales.

Conversion scattering may also play a role in the
laboratory generation’ and detection®'® of high-
frequency gravitational waves (“Hertz-type” ex-
periment). In the laboratory we may compensate
for the smallness of the effects by exploiting the
resonance and coherence of the electromagnetic
wave and the gravitational wave. It appears that
the most promising approach would be to use an
electromagnetic resonator to generate coherently
a gravitational wave with a precise frequency and
phase. This gravitational wave would subsequent-
ly be detected by a second electromagnetic reson-
ator with a set of natural frequencies which are
matched to the gravitational wave. Resonant re-
ception occurs when the frequency of the gravi-
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tational wave is equal to the difference of two el-
ectromagnetic natural frequencies.

It has also been suggested that electromagnetic
resonators be used to detect high-frequency gravi-
tational noise, which has been predicted by Grish-
chuk.!® The lack of coherence, however, will
make the latter experiment even more difficult than
a pure laboratory Hertz-type experiment.

Electrogravitational conversion was known to
Whittaker!* as early as 1947. Gertsenshtein,'?
however, was the first to actually calculate a con-
version efficiency. In 1961 he used Einstein’s
linearized theory to consider the resonance of an
electromagnetic wave and a gravitational wave in
a strong uniform magnetostatic field. Weber and
Hinds'? investigated similar conversion processes
by employing the Hamiltonian formulation of gen-
eral relativity theory. The problem of the elec-
tromagnetic response of a capacitor to an inci-
dent gravitational wave has been investigated by
Lupanov.'* We take special note of a series of
papers by an Italian research group,'®-'° in which
various conversion mechanisms are studied. Both
a Lagrangian-based quantum theory of gravity and
classical general relativity theory are used. Their
conclusions include possible astrophysical conse-
quences and suggestions for gravitational-wave
experiments. Papini and Valluri*® used a Lagran-
gian-based quantum theory of gravity to study the
role of conversion scattering in pulsars. Ginzburg
and Tsytovich®* recently calculated conversion
cross sections by using the formal analogy between
conversion scattering and dielectric wave-induced
transition radiation.

This paper is the second in a series advocating
the reassessment of the quantum approach in the
investigation of the role of gravitation in astro-
physics.? Using Feynman perturbation techniques
we have derived conversion cross sections in
closed form and have analyzed in detail their de-
pendence on the polarization of the incident wave.
Many of our results have been obtained before by
the use of some other method. The reader is in-
vited to compare the ease with which results can
be obtained by the Feynman perturbation technique
as opposed to the calculations hitherto used.

The paper is in eight sections. Section II sum-
marizes the relevant Feynman rules. Section III
treats interactions with a nonspinning test charge.
InSecs.IV and V we calculate conversion cross
sections in magnetic and electric dipole fields.
Sections VI and VII are devoted to conversion in
uniform magnetostatic and electrostatic fields.
Finally, in Sec. VIII we discuss our results in
the light of previous investigations and make re-
marks about some inaccuracies in the literature.

In the following we shall use natural units (G =

7i=c=1) and a metric &qp With signature +2. Semi-
colons denote covariant derivatives and commas
denote partial derivatives. Greek indices take
values from 0 to 3, Latin indices from 1 to 3.

We shall also use the abbreviation:

ab=3-b-ap,, (1.1)

where 3 (D) is the spatial part of a (b).

II. THE FEYNMAN RULES

We review here the Feynman rules which will
be relevant for our purposes. The Lagrangian den-
sity describing the interaction of a charged massive
scalar field (e.g., a pion) and a photon field in a
Minkowski background is

=—{n*[(8, +ieA,)y*][(8, - ieA,)}]
+MPY* + 30 “"8F, , F ot 2.1)
Here § is the scalar field, M is the scalar field’s
mass and e is its charge in Lorentz-Heaviside
(rationalized) units (for an electronic charge e2/
4m=g3). A, is the Maxwell 4-potential, and F,,

is the electromagnetic field tensor computed from
A, by
113

F =A, -A

134 Vilk oy

(2.2)

Through minimal substitution we obtain from (2.1)
the corresponding manifestly covariant Lagrangian
density in a curved background®?:

=—V=g{g"[(a, +ieA,)¥*][(3, - ieA,)y]
+M2*p+ 384 g F,  F .} . (2.3)

An infinitesimal variation of * in the action
8 = [ £d*x yields the following field equation for
P
1 . .
~\/_——_§ [(8, —ieA,)V-gg"¥(8, — ieA,) [y - M2p=0.
(2.4)

Similarly, varying the action 8 with respect to
A, provides a set of Maxwell equations

Fev =gt (2.5)

N4

where the conserved current j* is defined as

J* =g V[P(d, +ieA, )P* — p*(8, - ieA,)Y]. (2.6)
The other Maxwell equations

F,,n+F,,, +F,, ;=0 2.7

follow from (2.2).

Following Feynman®® and Gupta?* we define the
gravitational field as the deviation from Minkowski
space-time:

V=ggob=gaB=q2b _ QAF08, (2.8)
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where the gravitational coupling constant X =v87.
The indices of the trace-reversed metric pertur-
bation %*® are lowered with the Minkowski metric
N4 =diag(-1,1,1,1). The contravariant compon-
ents of the metric and the determinant factor are
now expressed as infinite series in A,

g8 =18 - 2\ (h*8 — 3n**h) + O(\?), (2.92)
V=g =(-detllg g lI)*/2=(-det [l g*# ||)*/2
=1-\F+0(A2), (2.9b)

where the trace of the metric perturbation is de-
noted by Z=h,*. Substituting (2.8) and (2.9) into
the Lagrangian density (2.3) we find that we may
break up the Lagrangian d'ensity into three pieces:

L=L+L,+L;,

L5 =—( kY, + MOP*Y),

Lom == *N"*F,  F .4,

Lp=—ien* ¥ (A, ¥, 0% — Ay, V%0)
+ 2BV (UX Y,y 3T, M 2URY)
+20eNF (A LB, 0% = AL %, 1)
+X(R* 18 - SR *1"P)F,, F o+ O(€%,0%),

(2.10c¢)

(2.10a)
(2.10b)

where we have used the notation A ,B,,=3(4,B,
+A,B,). £5 and £ describe how the free mass-
ive scalar and photon fields propagate in Minkow-
ski space. From (2.10a) and (2.10b), we can de-
duce the propagators for the massive scalar field
and the photon field in momentum space

1
S =

DY(P)= e (2.11a)
em _ n

DEn(k) = (2.11b)

where € is a small real positive number.

The Lagrangian density £, describes the mutual
interaction of the scalar, photon, and graviton
fields and yields the Feynman vertex functions
(see Fig. 1):

(a) the scalar-particle-scalar-particle-photon
vertex

T,(p,%p,"k)=e("p +7p),,

(b) the scalar-particle-scalar-particle-graviton
vertex

T,,(p,%p,k)=21("p %D, +sM>n,,),

(c) the scalar-particle-scalar-particle-graviton—
photon vertex

Tup,a(lp ’ 21) ) !k, Yk) = —297\(11’ + 2P)(u7?au),
(d) the graviton-photon-photon vertex

(2.12a)

(2.12p)

(2.12¢)

(a) (b)

(d)

FIG. 1. The Feynman vertices. The solid lines rep-
resent scalar quanta, the dashed lines represent pho-
tons, the wavy lines represent gravitons.

Tuv.u,B(gk’ nk’ sz)
=2N["k (%R, g + Tlu(unu)sﬂf° ﬂf =R,y Ry
- ﬂk(unv )ankB - %nuv (ﬂk ° Yz_lznaﬂ - nkﬂﬂka)]'
(2.124)

The transition matrix elements above have been
normalized by the definition

Spi=0,+i@MYYQp, = 20Ty,

where S;; is the scattering matrix element

(f|S]9.

(2.13)

III. EXCHANGE COMPTON SCATTERING

We are now in a position to work out the cross
sections for the conversion of gravitational waves
into electromagnetic waves in the electrostatic
field of a charged scalar particle.

Let the initial and final 4-momenta of the scalar
particle be p = (*E,'p) and 2p = (3E, 2p), and those
of the incident graviton and scattered photon ¢k
=(fw,®k) and "k = ("w,”K), respectively. The pol-
arizations of the graviton and photon are denoted
by €*¥ and €*. The lowest-order diagrams for
exchange Compton scattering are shown in Fig.
2. Figures 2(a) and 2(b) are the pion-pole terms,
and Fig. 2(c) is the seagull term familiar from
meson theory. The {-pole term, exhibited in Fig.
2(d) is a unique feature of gravitation. It arises
from the fact that the gravitational wave interacts
not only with the mass of the particle, but also
with the energy associated with its long-range elec -
trostatic field.

A straightforward application of the Feynman
rules summarized in Sec. II yields for the indiv-
idual contributions of the separate graphs

'p 9k
(a) (b) (c) (d)

FIG. 2. Feynman graphs for exchange Compton scat-
tering (graviton — photon) by a charged spin-0 meson.
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T,=2xe(*p, v 'p,+zM2)p-*('p+c k)", (3.1a)
Ty=-2xe(*p,e**?p,+3M%e)p-*('p-"k)*, (3.1b)
T,=-2xee"(*p +p) €5, (3.1¢c)
Ty=nefl B, 2 k(D +2p) €% — B (p+7p) €k

=@k €k (p+7D) +;u”k(u(1p+zp)u)gf°5*
SHE ke ROR ) € = T Tk Cp )T (3.1
r

Here el kP =-2"7% "k, (3.7¢)
z=2,". (3.2) ke "k =M("w - fw), (3.7d)

To obtain the above, we have used vk o (13 +2g) =—M(w+fw). (3.7e)
pelp=2peip=-M>, (3.3a) The above relations follow from conservation of
Chefl=TkeTR=0, (3.3b) energy-momentx.lm and the transverse nature of the

- - = = photon and graviton.
fr, e’ =fke"" ="k € =0. (3.3¢) The frequency of the outgoing photon is related

To investigate the gauge invariance of the scatter-
ing amplitude, we consider the tranformations

-éﬂv_,éuv+£k(uxv)’ (3.43.)

€ —et +fTR* (3.4b)

where "kux“=0, and f and x* are otherwise arbi-
trary functions.

It can readily be shown that the individual terms
are not gauge invariant though their sum is. In-
deed, the fact that the sum turns out to be invari-
ant under gauge transformations is a strong test
which assures us that no algebraic errors have
entered into the calculation.

In our expressions for the cross section we
shall use the laboratory frame, in which

15=0, 'E=M,
fR=25+7k, (3.5)
fw+M="w+3E.

We remove the gauge freedom for the electromag-
netic field by choosing the photon polarization €
to be purely spacelike (€°=0). The gravitational
gauge freedom is specified by choosing the trans-
verse-traceless (TT) gauge (g“°=2¢% =0; €=0).

We then see that the contributions of the dia-
grams (a) and (b) vanish and the remaining terms
take a much simpler form:

T, =2xee" 7k ¥, (3.6a)

T,=2\e

T 7o CRECATS (3.6b)

where we have used
P T=K-T, (3.7a)
B2p €5y =~ TR €, (3.70)

to the frequency of the incident graviton through
the Compton relation

fw

T 1+2(Fw/M)sin?(20) (3.8)

Tw

where 0 is the angle between ¢k and ”k.

The differential cross section for converting a
graviton with frequency #w and polarization g“¥
into a photon with frequency *w and polarization
€” is

27

0= S oEr e

|T,+7T,|%D, (3.9)

where D denotes the density of final states

1 Z2E%w®

D= @r)P® Mfw

Substitution of (3.6) and (3.10) in (3.9) and use of
(3.8) yields

do _ e? 1
dQ” 8w sin“(%é))[

as. (3.10)

2 ~
—iiy €* |2
1+(2"w/M)sin2(%9)ji [ ken

(3.11)

where 7% is a unit vector in the direction of the
outgoing photon.

In the nonrelativistic (NR) region, i.e., fw
<« M, there is negligible recoil of the scatterer,
and (3.11) reduces to

do e? v ok |2
E—=8ﬂsin4(516)‘e k“'€”l (3.12)

(NR limit,? in laboratory frame).

It is easily seen that the cross section (3.12) is
solely due to the contribution of the /-pole dia-
gram. We therefore conclude that although the
t -pole term is notinvariant by itself with respectto
gravitational gauge transformations, it yields
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the correct nonrelativistic scattering amplitude
in the laboratory frame, but only if one chooses
the TT gauge for the graviton. One is free to
choose the photon gauge, as the {-pole term is
invariant with respect to photon gauge transfor-
mations.

When fw<« M, the source of the electromagnetic
background field is not appreciably affected by the
incident graviton. This justifies the use of the ex-
ternal-field approximation®® in the nonrelativistic
limit. In this approximation the differential con-
version cross section is given by

27

do= mlleD, (3.13)
with

L4 i D ywz

w="w and = Wdﬂ. (3.14)

The transition amplitude to be used in (3.13) is
given by (2.12d), where one of the photon polar-
izations that must be contracted with it stands
for the 3-dimensional Fourier transform of the
Coulomb potential

e
Ay = o Moo (3.15)

ie.,

0,=5{A,}= 55 Mo (3.16)

Here g is pure spacelike (no recoil of the scatter-
er). It is readily checked that the external-field
approximation leads to the nonrelativistic cross
section (3.12).

From now on we shall restrict our attention to
this more realistic case of nonrelativistic scatter-
ing (unless otherwise stated). The relativistic (R)
cross sections can be obtained from the nonrela-
tivistic cross sections by multiplication by the
appropriate factor

(), () ).,

=[1 + (Zgw/IIVI) sinz(ée)}Z)(%)NR . (3.17)

We choose now for the basis states of the inci-
dent graviton and the outgoing photon the circular
polarizations

?R = %[axéx - Eyéy + 1(2"85' * éyéx)],
T OATRAGTAS 3.18a
?L'—‘%[exex— ee, - l(exey+eyex)]’ ( )
1 A s
ER = _\/é—— (eg+wq,),
. ) (3.18b)
€L= "\/E_"' (eg— ieo)’

where ¢,, €,, ¢,, and ¢, are the unit vectors in
the x, y, 0, and ¢ directions. Substituting (3.18)
into (3.12), we find

2
(g—aﬁ) =<Z—?z-) = %cotz(%e)(l - cosf)?,
RL LR
(3.19a)

do _(do e? 1
<d_§>ax —<d—Q)LL 167 cot?(30)(1+ cosb)?,

(3.19b)
where the first (second) subscript denotes the grav-
iton (photon) polarization. The cross section for
converting circularly polarized gravitons into pho-
tons (of any polarization) is then

<§%) =<Z—?Z) = g_jr cot?(30)(1 + cos?). (3.20)
R L

For any angle 6 #0 the outgoing electromagnetic
radiation is not circularly polarized anymore, but
elliptically polarized. In the forward direction
however the outgoing photon has the same helicity
as the incident graviton. We also note that there
is no backscatter,

<§i%>a=.=°' (3.21)

It is worthwhile to compare these conversion cross
sections with the Compton-scattering cross sections
for photons and gravitons. The photon Compton-
scattering cross section (in the nonrelativistic
limit) is the familiar Thomson cross section

do < e? >2 5
d—g-a W (1+COS 9). (3.22)
Unlike Thomson scattering the conversion cross
sections (3.19b) and (3.20) exhibit a Rutherford
peak in the forward direction. This feature is en-
tirely due to the f-pole term and is also present
in the cross section for graviton scattering?

do M2 .

T [cos®(36) + sind(36)], (3.23)
where M is the mass of the scatterer.

We turn now to linear polarizations. We choose

for the graviton basis states

(3.24a)

-~ A A )
Ly+ee.).

(3.24b)
Substituting (3.24) into (3.12) and summing over the
polarizations of the outgoing photon we find

<d_cr> -2 cot?(36)(sin®2¢ + cos20 cos?2¢)
aQ/, 4n 2 ’

(3.25a)



( >
dﬂ X

From (3.19) it follows that the outgoing photon is
also linearly polarized. For unpolarized incident
waves we must average over ¢, and we recover
(3.20).

The differential cross sections can also be ex-
pressed in terms of the frequency w of the out-
going photon instead of in terms of the scattering
angle 6. Using (3.8), we find, after integration

e2

over ¢
“sealealln (5 -1) -3
Tw 2o\f/M\Tw ™7/ "2
M

-

- &
where the range of *w is

WALTER K. DE LOGI AND

eZ

v cot?(30)(cos?2¢ + cos?0 sin?2¢).

(3.25b)

(3.26)

w

=Y y<§
T/ - =

The total conversion cross section obtained by
integrating (3.20) diverges because of the long-
range character of the Coulomb field. This di-
vergence may be avoided by Debye shielding if
the scattering takes place in a plasma. In the
nonrelativistic limit the interaction of the gravi-
tational wave with the fixed charge is now assumed
to take place through a screened Coulomb potential

(3.27)

_ eml=r/rp)

A“ 4mr

o (3.28)
Here the Debye screening length A, is given in

terms of the electron thermal velocity

_ ZkTe 1/2
UTG—(Me) s (3.29)
and the plasma frequency
Wy = (Anr;ez)l & (3.30)
as
A= —Te . (3.31)
V2w,

The screened Coulomb potential has a spatial
Fourier transform

e
O’u = mnuo, (3 32)
where § is the momentum of the spacelike photon
mediating the Coulomb interaction and g, =1/A.

Using (3.32) and (2.12d) we find that when shield-
ing occurs, (3.20) must be replaced by

ALAN R. MICKELSON

() ™ (8), (),
e? sin®6(1 + cos?0)
327 [sin*(30) + (g,c/2wPF

(3.33)

For linearly polarized incident gravitational waves
the 3(1+ cos?8) must be replaced by (sin?2¢
+c0s20 cos?2¢) or (cos?2¢ +cos?6 sin®2¢) for the +
and X polarizations, respectively.

The total cross section now becomes finite and
is given by

T tho. .
o_fofo g sino o de

=2e*[In(2wr,) - 2].

unpolarized

(3.34)

Note that this result is valid only for tenuous
plasmas, i.e., for wA,>>1. For dense plasmas
the electromagnetic index of refraction

n(w)=(1-—wpez/wz)1/2 (3.35)

will not allow the electromagnetic wave to travel
with the same phase velocity as the gravitational
wave, and therefore the conversion cross section
will be reduced to a value considerably less than
(3.34)2

If the scattering does not take place in a plasma
but the incident gravitational wave front has a
width D, the Rutherford forward scattering peak
is again suppressed and (3.34) applies with the
Debye screening length A, being replaced by the
width D.

Finally, note that the formulas derived above for
a point charge are also valid for a charge distri-
bution confined to the coherence volume

3
v
w
All of the previous formulas applied to gravita-
tional-electromagnetic wave conversion. The in-
verse process is also possible and is described by
the Feynman diagrams in Fig. 3. Straightforward
calculations similar to the ones above lead to the
differential cross section for converting an elec-
tromagnetic wave with frequency "w, polarization
€ and propagation direction "% into a gravitational
wave with frequency fw and polarization €:

d(T B ez 1 2
dQ ~ 8wsin*(30) [1+(2’w/M) sinz(%e)]
xléu*y’;(ifnlz

(valid for all *w/M).

(3.36)

(3.37)

The cross sections for circularly polarized or
unpolarized incident electromagnetic waves are
the same as those for the corresponding inverse
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and utilize the external-field approximation. The
magnetic dipole field*”

B= 3r(m-T) —5m(r- T) N

yp 2mo3(F) (4.1)

is obtained by applying (2.2) to the Maxwell 4-po-

tential
(b) (c) (d)
A,=0, (4.2a)
FIG. 3. Feynman graphs for exchange Compton scat-
tering (photon— graviton) by a charged spin-0 meson. _ (AXT),

Ay= st (4.2b)
conversion process. Owing to the different spin Here i is the dipole moment. The Fourier trans-
nature of the incident quanta, the cross sections forms of the A, are given by
for linearly polarized incident electromagnetic
waves, however, show a different ¢ dependence %=0, (4.32)
than the corresponding inverse-process results. h X

th ponding P : o =g XD, (4.3b)
Specifically, for electromagnetic wave polariza- i @+ W2

tions along the x and y axes we find (in the non-

relativistic approximation) Here § is the pure spacelike momentum transfer

and p is an arbitrarily small positive number,
<‘_1£_) - ﬁcotz(%m(sinqu + 0520 cos?p), (3.382) which can be thought of as originating from intro-
aQ/s, 4m ducing a factor exp(- u#) in (4.2). Its meaning will
do 2 . be made clear below. We choose a pure spacelike
<Zl—§)3 = g, cot*(z6)(cos®¢ + cos®6 sin¢). (3.38b) photon polarization and the TT gauge for the gravi-
v ton and use Egs. (2.12d), (3.13), (3.14), and (4.3).
The result for scattering a gravitational wave with

IV. CONVERSION IN A MAGNETIC DIPOLE FIELD polari}ation €, frequency w, and propagation direc-
tion % into an electromagnetic wave with polari-
We turn now to electrogravitational conversion za}tion €, frequency w, and propagation direction
with a magnetic dipole field acting as a catalyst Yk is
J
do o)zmz iy A A PN A A A A A A PN A A PN A
ol B (30) 7] |e {"k(i’kj)E* s [m X ("k - ¢R)] +€§[m X ("= £R)];,(1 = TR+ fR) + TR €Kk (M X £ k)
+7k [m X ("R - k)], fk - €%} |2 (4.4)

Here 7 is a unit vector along the direction of the dipole moment and 7 is a small positive number, which
is a function of u.
We first consider circular polarizations and find from (4.4) after some algebraic manipulations

do\ _[(do\ _  «?m®sin®d . . 2 . VS

<-E>RR —<-E>LL = A (%0) m{[cosa sinf +sina(1 - cosf)cos¢ |2 + (2 sina sing)?}, (4.5a)
do _(do _ «?m?(1 - cosh)? . . 2 . Y

<E§>RL -(d9>m = e o) +n]{[cosoz sind + sina(1 - cosf) cose | + (2 sina sing)?}, (4.5b)

where the first (second) subscript denotes the graviton (photon) polarization. The angles 6, ¢, and « are
defined in Fig. 4.

Summing over final polarizations, we obtain the conversion sections for circularly polarized (or unpol-
arized) waves

(dc) =(do> _ wPm? sin4(%9)(1+cosze){[
R L

do do\ _ . . B 2 . ind)2Y. ]
9 a9 87 sini S+ 7 cosa sinfd + sina(l - cosf) cosd ]2 + (2 sina sing )2} (4.6)

Note that for any direction but the forward and backward, the outgoing wave will be elliptically polarized.
Unlike the scattering by a charge, the conversion cross section does not vanish in the backward direction
(do/dQ)y_, = T w?m? sin®a. (4.7)

The meaning of the arbitrarily small positive number 7 is now obvious. For any direction but the forward
direction (8#0), 7 may be omitted. However, for 6 =0, the presence of  ensures that the cross sections
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converge to a unique limit (namely zero). If we had not introduced the factor exp(-u7), the cross sections
in the forward direction would be nonzero and dependent on ¢.
For linearly polarized incident gravitational waves one finds from (4.4), after summing over final polar-

izations,
(i{) _ w®m?  sin’(z6)
ae/,  4m sin(z0)+7

{[(cosa sinf + sina(l — cosh) cos¢) sin2¢ — 2 sina sing cos2¢ J°

+ cos?0[(cosa sinf + sina(1 - cosd) cos¢p) cos2¢ +2 sina sing sin2¢ [*}, (4.8a)

sin%(16)

do) _ WPt . . : . . 2
<2§ = SIE0) + 7 {[(cosa sinf +sina(l - cosb) cos¢) cos2¢ +2 sina sin¢ sin2¢]

4

+ cos?0[(cosa sinf + sina(l - cosh) cos¢$) sin2¢ — 2 sina sing cos2¢ 2}, (4.8b)

As can be seen from (4.5), the outgoing electromagnetic wave will still be linearly polarized.
An obvious feature of these cross sections is the absence of a Rutherford peak in the forward direction,

a manifestation of the fact that the dipole field falls off faster than »™*.

tion,

0=2w?m*1-%cos’w).

This yields a finite total cross sec-

(4.9)

Electromagnetic-gravitional conversion is also described by (4.4) with the following substitutions:

T-T*,

EX—¢.

(4.10a)
(4.10b)

For circularly polarized or unpolarized incident electromagnetic waves, the conversion cross sections
are the same as the corresponding gravitational-electromagnetic cross sections. For linearly polarized
incident electromagnetic waves, the cross sections exhibit a different ¢ dependence when contrasted with

(4.8)

aQ 41 sin*(%6) + 9

<£EL> _ w?m? _ sin*(z0)
as 5 41 sin*(i6) +1q

V. CONVERSION IN AN ELECTRIC DIPOLE FIELD
The electric dipole field®”

EODPED 5o 6.1)

may be obtained from the Maxwell 4-potential

E:

-
‘r

kel

A0= ._41”,3 , (5.23)
A;=0. (5.2b)
The Fourier transform of A, is
_; b4
O,=1 m N (5.33)
0;=0. (5.3b)

Here p is the electric dipole moment. Again we
choose a pure spacelike polarization for the pho-
ton and the TT gauge for the graviton. Using

2,2 sin®(10
(iq-> =L’ (36) (sin®¢p +cos®9cos?¢){ [cosa sind +sina (1 - cosd) cos¢]® +(2 sina sing )7},
&y

(4.11a)

(cos?¢ +cos?0 sin®p){ [cosa sind +sina (1 — cos6) cos¢|? +(2 sing sing)?}.
o] ¢ ¢ ¢

(4.11b)

-

(5.3), (2.12d), (3.13), and (3.14), we find the dif-
ferential cross section for converting a gravita-
tional wave with polarization ¥, frequency w, and
propagation direction € % into an electromagnetic
wave with polariza}ion €, frequency w, and prop-
agation direction "k,

X

FIG. 4. The spatial orientation of the magnetic mo-
ment  and the direction "k of the outgoing photon rela-
tive to the direction k of the incident graviton.
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do _ w?p?
aQ 8n[sin*(z6)+ 1]
Using the notations of the previous sections, we find that the cross sections for various polarizations
are given by

[sina sinf cos¢ — cosa(l - cos6)?| &' ’Iz»“(;", 2. (5.4)

T ——
(%) 2 (Z%) - wzgzzviisrl::4((1%2)cf Z;e) [sina siné cos¢ - cosa(l - cosd) I, (5.6)
(%)x -2 Sinzel((é:[s;zié;; f:]sm%) [sina sind cosg - cosa(l - cosf) . (5.7b)

As before, electromagnetic-gravitational conversion is described by (5.4) modulo the substitutions
EU__EU* s (5.88.)

€¥—-¢€,.
§o (5.8b)

Formulas (5.5) and (5.6) remain the same but (5.7) must be replaced by

do\ _ w?p?sin®6(sin’¢p + cos®6 cos®¢)

—) = sina sinf cos¢ ~ cosa(l — cos6) ], 5.9a
(dﬂ) 2 167 sin®(26)+ 1) [ ¢ ( 2 (6.92)

do w?p? sin®6(cos®¢p + cos?0 sin®¢p) . .

Z) - sina sinf cos¢ ~ cosa(l - cosd) . 5.9b
<dﬂ> 2 167 sin®(z6)+ n] [ ¢ )] (6.90)

Unlike scattering off a magnetic dipole, the conversion cross sections vanish in the backward direction.
The total cross section is finite and is given by

o= w??*(1 =+ cos?a). (5.10)

V1. CONVERSION IN A UNIFORM MAGNETOSTATIC FIELD

N

4
We first study the inverse Gertsenshtein pro-
cess,'? i.e., gravitational-electromagnetic con-
version in a homogeneous magnetostatic back-

ground. Consider a plane gravitational wave £/2 !
|
Rt =groethx 6.1 =
’ ( ) B ‘ 0 gi(.
propagating along the z a}_c.is and incident on a uni- ! a
form magnetostatic field B (see Fig. 5). This ;
magnetic background is confined to the region be- | ——
tween the planes z =~1/2 and z=1/2 and makes an |
angle a with ¢k:
B=B rect<li> (sina 2, +cosaé,), (6.2)
X —_e/z *
where the rectangle function is defined by '
1 |x|=3

rect(x) ={ (6.3)

0 otherwise.
FIG. 5. The spatial orientation of the uniform magne-

In the TT gauge the conversion process is des- tic background B relative to the direction £k of the in-
cribed by the 2-photon-graviton interaction func- cident graviton.
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tional [cf., Eq. (2.10c)]
$;=X f RYNPF F d*x (6.4)

where F,, and F,, stand both for the outgoing elec-
tromagnetic wave
Fy= =ik, e} = "k,et)e b, (6.5)

and the magnetic background

F,,=-F,=0,
F3==-F; =0,
Fo==F,

= (27)3Bl cosa

Xf sinc(%‘:é-> 5(Q1)5(q2)5(q0) eisl'l‘. (;i;;l ’

(6.6)
Fpy==Fg

= (27)*Bl sin«a
3 ‘_Igl_ igex d4q
o LALALA R
The sinc function is defined by

sinc(x) = sir:r(;rx) =j,(mx), (6.7)

where j, is the zero-order spherical Bessel func-
tion. For the electromagnetic wave we choose the
pure spacelike gauge (¢,=0). From (6.4) we de-
duce the transition matrix element

Ty =i2Qm)2A[("k x B) + T - €]

4 £
X Bl sinc l:(ks___‘_kﬂ] "k,
27

X 8("hy —1,)6("ky — ¥hy) . (6.8)

The presence of § functions in (6.8) means, among
other things, that the electromagnetic wave is
constrained to travel the +z directions.

To obtain the transition probability per second
we must square (6.8) and substitute into the “gold-
en rule”

transition probability
sec

27
= srpogeg | Tni|"DOCR —8), (6.9)
where D is the density of final states
a3k
O

This transition probability exhibits quadratic de-
pendence on 6("k, —k,) and 5(*%k, —°k,). Following

D (6.10)
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the usual procedure,?® we put

L
|60k, - &) [?=5- 60k, - k), (6.11)

|6(7k2 _gkz) |2=2L_115(rk2"‘k2)’ (6’12)

with L an arbitrarily large but finite length. Ill-
defined mathematical expressions containing
squares of 6 functions can be avoided if one uses
wave packets to represent the ingoing and out-
going waves. The infinities in |7}, |? arise as a
consequence of the infinite extent of the interac-
tion region (infinitely wide wavefronts propagating
in a magnetic background, which itself is infinitely
extended in the transverse directions).

Therefore we calculate the transition rate per
unit area

r= transition probability
- cm?sec

2r 1T, l1?
=gz Lz oK -k, (6.13)

and we obtain, after using (6.8), (6.10), (6.11),
and (6.12)

rforward=87Tlezz I(YEXE)'?-E* ’2’ (6.148)
€
Tyackwara= 87B%1 sincz<—c§£>2 |(ExB)-e-&* |2,
€

(6.14b)

Here Z)'g denotes summation over the final photon
polarizations and w=%°="%°, Evaluating

P=|(kxB)-T-e*|?

for different choices of initial and final polariza-
tions we arrive at

Py.s =Py.3,=0, (6.15a)
Px_,E:=P,_,3y=% sin®a, (6.15b)
Ppy=P,=0, (6.15¢)
Ppr=P,,;=3sin’a, (6.15d)

i.e., linearly polarized gravitons generate linearly
polarized photons, whereas circularly polarized
gravitons generate circularly polarized photons
with the same helicity.

Note that these transition probabilities have been
computed for an incident number flux=1 particle/
cm® sec. It follows that

+1
THw=&)ITTE, = 4n B? sin®a I’T3,,

—sinc? —
T

(6.16)
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where T3,y and T, are the power flux of the
electromagnetic wave and gravitational wave,
respectively, and where the upper (lower) sign
refers to forward (backward) outgoing electro-
magnetic radiation. The electromagnetic power
flux in the backward direction is smaller by a
factor sinc?(wl/m) as compared to the flux in the
forward direction and vanishes if the condition
I=nA/2 n=1,2,...; A=21/w) is met. The fact
that the conversion efficiency I' is quadratic in
! depends critically on the equality of the propaga-
tion velocities of the electromagnetic wave and
the gravitational wave. If we introduce a medium
with a dielectric constant #1, we destroy the co-
herence between the gravitational and electromag-
netic perturbations and thereby put a limit on the
useful length I. Note al_§o that for propagation
along the field lines of B resonant conversion
does not occur.

A magnetic field with finite transverse direc-
tions ~L (L > 27 /w) has a conversion cross sec-
tion of the order

o~ 4rB2L%I?sin’x

~4rB?Vt sin®a, (6.17)

where V is the volume of the magnetic field re-
gion and ¢ is the travel time of the gravitational
perturbation through the magnetostatic background.
The propagation direction of the outgoing electro-
magnetic wave is not confined to only (z) the di-
rection of the incident gravitational wave but can
be within a solid angle centered about this direc-
tion of incidence.

If the magnetic background is chaotic with an
ordered structure on some scale [,> 27 /w (I,
stands for correlation length), the electromagnetic
waves generated in different cells are incoherent.
One must therefore add their energies, and one
obtains for the conversion efficiency

T ~2m(B)1 2,

where ¢ is the time of passage of the gravitational
wave through the magnetic background. For the
Gertsenshtein process (electromagnetic-gravita-
tional conversion) all of the formulas above apply,
allowing the substituion €*— €, €—€* in (6.8) and
(6.14).

(6.18)

VII. CONVERSION IN A UNIFORM ELECTROSTATIC FIELD

Finally, turn to the Lupanov process!* (and its
inverse), i.e., gravitational-electromagnetic
conversion (and vice versa) in a homogeneous
electrostatic field. Choose the same geometrical
configuration as in Fig. 5, with B being replaced
by E,

E=E rect<i~> (sina &,+ cosa g,). (7.1)

The conversion processes are again described by
(6.4) where the electrostatic background is now
described by

F,,= -F,, = (21)°El sina

X f Sinc(‘gﬁl) 6(q,)5(q,)0(q,) €222 (‘;_:1)?,

(7.2)
F,,= =F = (21)°El cosa

xfsin0<‘12_31¢)5(41)5(‘12)5(‘10)311'1f(;—:rg)?’

all other F,,=0.

The transition amplitude is given by (6.8) with B
being replaced by E. The conversion efficiencies
and cross sections of Sec. VI are applicable if we
substitute B by E.

VIII. CONCLUSIONS AND COMPARISONS WITH PREVIOUS
RESULTS

We have computed electrogravitational conver-
sion cross sections using Feynman perturbation
methods for various electromagnetic backgrounds
of possible astrophysical and/or experimental
interest. For reasons of ease and straightforward-
ness, a quantum approach has been used to calcu-
late a process which is classical in itself (the
conversion efficiencies do not depend on 7).

For the exchange Compton scattering, various
authors have obtained conflicting results. Papini
and Valluri,?® and Matzner® have obtained finite
total cross sections. Our results confirm the
findings of Ginzburg and Tsytovich,? who exploited
the formal analogy with electromagnetic transition
radiation and obtained exactly the nonrelativistic
limit of our (nonintegrable) differential cross sec-
tion. The divergence is avoided only after either
introducing Debye screening or by limiting the
spatial extent of the incident wavefronts. Boughn?®
also arrived at a divergent cross section in the
form of a multipole series. The quadrupole term
in this series is the most important one but the
higher-multipole terms do not fall off fast enough
to ensure convergence of the series. For this
reason one may not limit oneself to quadrupole
waves in computing the total cross section as
Matzner does.

It must be stressed that we have calculated a
gauge-invariant transition matrix element. We
have also shown that in the nonrelativistic regime
(w<< M) one can still obtain the correct transition
matrix element by limiting one’s attention to the
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t-polediagram, if one chooses the TT gaugefor the
gravitational wave. This is what Ginzburg and
Tsytovich, and Boughn have done, If one were to
choose a non-TT gauge for the gravitational wave,
the ¢-pole term becomes (in the nonrelativistic
limit)

—.E—}%{.—Sz (W 7k e — wet R e+ swBF R €*

=%

170 KR — ) 2hoTk R T 4]
(8.1)

For notations see Sec. III, The transition matrix
element (8.1) was calculated for a pure spacelike
photon gauge. (The ¢-pole term is independent of
the photon gauge.) In the TT gauge only the first
term in (8.1) survives. Note that for a non-TT
gauge the backscatter is nonzero,

T(7E=-‘E) = —2)\?"05;‘ . (8.2)

If we choose to calculate in the TT gauge, how-
ever, we find T g ep,=0. This glaringly illus-
trates the ambiguities we must face if we calculate
a transition matrix element which is not gauge
invariant. The best we can hope for is that for an
appropriate choice of gauge, the effect of the
omitted diagrams is negligible. The gauge to
choose for this problem is the TT gauge.

Finally note that we have studied exchange Comp-
ton scattering only for spinless particles. For
spin-3 fermions the calculations are similar but
more complicated owing to the extra spin degrees
of freedom. In the nonrelativistic limit, however,
the results for scalar particles are valid for
spin-3 fermions as well.

Conversion scattering in the field of dipoles has
received attention from Ginzburg and Tsytovich,
and Papini and Valluri. Ginzburg and Tsytovich
give differential cross sections that are integrated
over ¢. Our differential cross sections for an
electric dipole, when integrated over ¢, agree
with the results of Ginzburg and Tsytovich.®
For magnetic dipoles, however, Ginzburg and
Tsytovich find the same results as for electric

dipoles, whereas our results are different. This
is because they do not use the correct field for a
magnetic dipole.®

The Gertsenshtein and Lupanov resonant pro-
cesses (and their inverses) have been analyzed
rigorously by Boccaletti et al.!” For electromag-
netic-gravitational conversion our results are
identical with theirs: Only the transverse com-
ponents of the background field contribute to con-
version, the converted wave propagates only in
the same or in the opposite direction of the inci-
dent wave, the converted wave propagating in the
backward direction is weaker than the converted
wave propagating forwards and may be absent
completely, and the conversion efficiency depends
quadratically on the travel time of the perturba-
tion through the background. We also confirm their
their numerical correction to Gertsenshtein’s
original results.

There is some disagreement with the results of
Boccaletti ef al. for gravitational-electromagnetic
conversion in a homogeneous background. These
authors find a backward-travelling electromagnetic
wave if the incident gravitational wave propagates
along the field lines of the background. This er-
roneous feature (which destroys the electromag-
netic-gravitational symmetry) is due to their
choice of a gravitational gauge which is not TT.

If one chooses to use the TT gauge, the method
used by Boccaletti ef al. reproduces our results.
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