PHYSICAL REVIEW D

VOLUME 16, NUMBER 9

1 NOVEMBER 1977

Monte Carlo approach to multiparticle production
in a quark-parton model

V. Cerny, P. Lichard, and J. Pigat
Department of Theoretical Physics, Comenius University, Bratislava, Czechoslovakia
(Received 14 December 1976)

We present a simple Monte Carlo quark-parton model based on the following intuitive picture: During a
hadron-hadron collision gluons are first converted to QQ pairs. Then a compound system is formed in which
quarks and antiquarks are distributed according to longitudinal phase space modified by Kuti-Weisskopf
weight factors, pressing valence quarks to higher values of momentum fractions x. Quark-antiquark pairs and
QQQ and QQQ triplets (whose members are nearby in rapidity) form hadrons in the SU(6) 35-plet of mesons
and 56-plets of baryons and antibaryons. Stable hadrons observed in the final state are to a large extent decay
products of resonances. Results on multiplicities and inclusive spectra are compared with the data.

I. INTRODUCTION

The present picture of the nucleon is to a large
extent based on the data from deep-inelastic lep-
ton-nucleon scattering and on the quark-parton-
model interpretation' of this data. The dynamics
of multiparticle production is more complicated
and less known. Still, if a coherent picture of the
nucleon and its interactions is to be obtained, it
will be necessary to understand alsc multiparticle
production from the quark-parton-model point of
view. This idea has already been followed in pa-
pers by Satz,? by Anisovich and Shekhter and their
collaborators,**'®> by Bjorken and Farrar,® by
Montvay and collaborators,” and by Van Hove,
Pokorski, and Fialkowski.® Recently the version
of Anisovich and Shekhter was corroborated by
results of Morrison’s group at CERN.’ The situa-
tion was summarized in Chliapnikov’s talk at the
Thilisi Conference.'®

A great amount of data on multiparticle produc-
tion has already been accumulated, ranging from
detailed studies of some exclusive channels to in-
clusive characteristics like rapidity spectra,
charge distributions and fluctuations, rapidity
gaps, etc. It seems, however, that the dynamics
of multiparticle production is so complicated that
no part of the data, if taken separately, can lead
to a deeper understanding of the process. In this
situation it is, in our opinion, unavoidable to con-
struct Monte Carlo models'' which permit us to
compare the results of a particular model with all
the available experimental information.

The purpose of this paper is to describe a Monte
Carlo model for multiparticle production based on
the quark-parton picture of hadronic collisions,
and to compare the model predictions with the
simplest features of the data, like particle multi-
plicities and rapidity distributions. In the near
future we are going to study correlations, rapidity
gaps, energy dependence of multiplicities, and

other subjects. In this way we hope to learn some-
thing about the mechanism of multiparticle pro-
duction and in particular about the role which
enigmatic gluons play in this process.

We assume that in the near future Monte Carlo
approaches to multiparticle production will be
frequently used and that the description of a par-
ticular Monte Carlo method may be of some in-
terest. Because of that we shall show below in
some detail how our model works.

The paper is organized as follows: Basic ideas
and motivations are presented in the next section.
A detailed description of the model is given in
Sec. III with some technicalities shifted to the Ap-
pendix. Presently available results are compared
with data in Sec. IV. Comments and conclusions
are given in Sec. V.

1. BASIC IDEAS AND MOTIVATIONS

According to the parton-model picture' the two
colliding hadrons are represented as coherent
superpositions of valence quarks, Q@ pairs (the
“sea”), and gluons. A collision initiated by the
interaction of “wee” partons destroys at least
partly the coherence and leads to the formation
of a compound state. It is well known that the re-
combination of valence and sea quarks to hadrons
cannot give the observed number of outgoing par-
ticles. In fact, using the data on deep-inelastic
e” p scattering, in particular

uW,(x) = e x| ulx) +78(x)] + e 2x [d(x) + d (x)]

+esy[s(x) +35(x)]

~0.3
for x -0, and assuming that near x =0 all the prob-
ability densities u(x), ..., S(x) are about the same,

one finds that in the proton there are about 0.55

QQ pairs per rapidity unit (RU). The “soft” inter-
action of wee partons can hardly cause a substan-
tial change in the density of Q@ pairs the original
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sea. However, 0.55 Q@ pairs per RU are clearly
insufficient to produce by recombination the ob-
served number of final-state particles in a hadron-
ic collision (about 3/RU).

This indicates that gluons play an essential role
in all processes initiated by hadronic collisions.
Various quark-parton models of multiparticle pro-
duction differ mostly in (tacit or explicit) assump-
tions about the conversion of gluons to hadrons.
The assumption that we are going to accept is in-
spired by the following consideration:

A simple estimate based for instance on the
McElhaney-Tuan distribution functions' shows that
gluons carry about 3.6 times more momentum than
all partons (here and below parton means either
Q or Q) from the sea. If gluons were converted to
Q@ pairs and if the distribution of these pairs
were about the same as that of the original ones,
the total density of Q@ pairs after the conversion
of gluons would be about 2.5/RU. This is about as
much as one needs to produce by recombination
the observed number of particles. We shall there-
fore assume that during the first stage of the had-
ron-hadron collision gluons are converted to Q@
pairs and a compound system consisting of valence
quarks and of partons coming from (sea and con-
verted) Q@ pairs is formed.

In our approach we shall not try to construct a
model for this stage of the hadronic collision, but
we shall start from the rapidity distribution of
partons in the compound state. In order to obtain
such a distribution we shall consult the model of
Kuti and Weisskopf.'® In their approach the quali-
tative features of the nucleon structure functions
have been well reproduced by a model where
gluons and partons are distributed according to
the longitudinal phase space, and where valence
quarks receive additional factor vx , pushing them
to higher values of momentum fraction x. The
following assumption is therefore natural to ac-
cept:

The partons within the compound system formed
during the first stage of a hadronic collision are
distributed according to the longitudinal phase
space multiplied by the following factors:

(i) G", where G is a “coupling constant” adjusting
the mean number of partons pairs,

(ii) W;4, a factor for identical particles, and

(iii) TIS (] x;)'/2, where x; is the c.m.-system
momentum fraction of the ith valence quark.

The probability of finding six valence quarks with
rapidities y,, v,, ...,V 7 quarks with rapidities
Y15 Vs« -« Ynsey and z antiquarks with rapidities
Vpazs « oo » Y (N=2n+6) is then given by the expres-
sion
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APy(Yy5 o ooy V3) =KWy G" [H(|>"i ‘)‘/Z]

xé(i/}i> 5 <E—ZI::E1>IIEII(1VH
(1)

where K is a constant independent of n, p; is long-
itudinal momentum and E; the energy of the ith
parton, and E is the total energy of colliding par-
ticles.

The tendency of valence quarks to form leading
particles is built in through the Kuti- Weisskopf
factor Vx . Distribution (1) reflects also the fact
that the collision was initiated by a “soft” process.
A hard collision of two quarks would lead to a
compound state with characteristics depending on
the momenta and quantum numbers of the two
quarks. No such dependence is seen in (1). As
follows from (1) the converted ’s and @’s “do not
remember” their parent gluon. This assumption
can be checked only by comparing the results with
the data, and if necessary one should be prepared
to introduce correlations between @’s and @’s in
(1). We shall consider no such correlations here.

As seen further from (1) in the present version
of the model we neglect the transverse momenta
of partons in the compound state. This simplifying
assumption has to be modified in the further de-
velopment of the model. In our model we start
with generating random configurations of partons
satisfying the conservation laws. Each event is
then assigned the weight following from (1).

In the next step we let neighboring (in rapidity)
QQ@’s and QQQ’s recombine to (valence quarks of)
mesons and baryons from SU(6) 35- and 56-plets.
Most of them are resonant states. In this way the
model naturally gives short-range correlations be-
tween particles of opposite charges (such par-
ticles frequently appear as decay products of re-
sonances like p®—~7*7~). This origin of short-
range correlations between particles of unlike
charges may well be consistent with the data.!®

Some other qualitative features of the data which
may be perhaps interpreted as pointing to a quark-
parton-model origin are, for instance, the in-
clusive spectra!® (in particular a rapid decrease
of K~/n~ ratio with increasing x) and the behavior
of charge distribution as function of rapidity in
pp collisions, which are reminiscent of charge
distributions giving by the parton distribution
function.'®

III. DESCRIPTION OF THE MODEL
In this section we present in some detail our
model by describing the program used in the cal-
culations.
The Monte Carlo program simulates the assumed
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mechanism of multiparticle production by random
generation of events, and calculates the appropri-
ate weight for each event. The required informa-
tion is kept in memory for the final handling. The
generation of an event proceeds in the following
steps:

(i) Genevalion of the pavton configuration. The
program generates an equal number of events with
a given number of @@ pairs (n) between and n=0
and # =Rma (/1may has to be specified beforehand).
The multiplicity distribution of partons is thus
regulated by the weights of events. In an event
containing, for instance, four Q@ pairs we start
with the set (for the pp collision)

U, , d, QYRR 1, u,d, ,

where valence partons have the index v. Now we
select at random quantum numbers of Q@ pairs.
We have used probabilities P, = P;=0.439, P,
=0.122 for a QQ pair to become ui, dd, or s3,
respectively. Similar phenomenological suppres-
sion factors for producing strange partons have
been used in papers by the Leningrad group.® **°
In this way we may get the set

wy U, dy uTdd u sSu, w, d,, . (2)

Now the partons are randomly reordered with the
supplementary constraint that the left (right) val-
ence quarks remain in the left (right) half of the
sequence. In this way we may get from (2)

w,dsdydun,udu,Sud,u,. (3)

(ii) Genevalion of parton rapidities. In the next
step rapidities of partons are randomly generated
with constraints given by the energy and longi-
tudinal momentum conservation. Inthe present
version of the program transverse momenta of
partons are set equal to zero. The weight of the
event due to the longitudinal phase space (LPS) is
calculated. The calculation is based on Eq. (1)
and is performed by using a part of Jadach’s pro-
gram GENRAP.'” For the sake of completeness
we give some details about this point in the Ap-
pendix.

For this calculation one has to specify masses
of partons. We have used the following values:

m,=my;=0.3 GeV/c?, m;=0.45 GeV /c?.

(iii) The factor for identical pavions. In the pre-
sent version of the program, spins of partons
were not generated. As a consequence the weight
factor due to the identity of partons can be esti-
mated only in a very rough way. For an event con-
taining » uu pairs we use the weight factor
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W =<nl"l!—>2 _%%%‘ , (@)
m m

and the same expression is used also for dd and
§S pairs. This choice of the weight factor is mo-
tivated as follows: Let us suppose that in an event
m u-quarks have spins up and (z,-m) down. We
assume that this is compensated by 7#-quarks in
such a way that m of them have spins down and
(n,-m) up. The weight of such a configuration is
[m! (n,-m)!]~2, There are ("})? configurations of
this type. Averaging over m we get Eq. (4).

(iv) The weighl of an event. To obtain a complete
weight of an event the LPS weight W, ,¢ (see Appen-
dix) is multiplied by G", by the weight factor for
identical partons, and by the Kuti-Weisskopf fac-
tor vV x for each valence quark [see Eq. (1)]. It
should be noted that our procedure of assigning
rapidities to partons in the sequence (3) does not
guarantee the positivity (negativity) of the rapidi-
ties of the beam (target) valence quarks. In the
present version of the program we simply throw
out such “wrong-sign” events (about 20%), although
clearly a more adequate procedure should be con-
trived. The complete weight of an event reads

.8
W =W, psG" LH”x' ‘ )1/2] W(xug “v(idg W/'(iSJ . (5)
i

(v) The recombination of pavtons inlo hadrons.
At this stage the program knows the sequence of
partons like (3) and knows their rapidities (con-
sequently also their momenta and energies). The
interaction between partons is supposed to be of
short range in rapidity. The program now re-
combines the neighboring partons to Q@ and to
QQQ and QQQ triplets. The program proceeds
from left to right in the sequence like (3) always
considering three partons (leftovers from the
previous recombination plus the nearest right
neighbors) and forms Q@ pairs and QQQ and QQQ
triplets. Figure 1 gives rules for forming such
combinations. The recombination of the sequence
(3) then looks as shown in Fig. 2. These rules
were devised so as to avoid a recombination of
partons separated by large rapidity gaps. It is
quite possible that in the future they will have to
be replaced by better motivated dynamical rules.

In the next step the program decides, on the bas-
is of another random-number generator, which

QQ0 0QQ QQQ QQQ

—_— e

Q@ 000 Q0Q ©J3Q

[OI

FIG. 1. The rules for forming mesons and baryons
from triplets of partons during the process of recom-
bination.
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—— —

uUsdduuudusudu
— —_—t

FIG. 2. The recombination of the sequence (3) to
mesons and baryons according to the rules shown in Fig.
1.

resonance arises from a particular QQ, QQQ, or
QQQ combination. Relative weights of various
possibilities are given by squares of the coeffici-
ents in wave functions of hadrons within the SU(6)
scheme, averaged over spins of initial partons and
summed over spins of hadrons being formed. The
series (3) can in this way turn to

VN A (6)

The momentum of each resonance is simply given
as the sum of momenta of its constituents.

(vi) Resonance decay. Inthe next step resonances
and unstable particles decay to observed hadrons.
Branching ratios are taken directly from Particle
Data Group tables and an isotropic decay distri-

TABLE I. Comparison of calculated averaged multi-
plicities with the data.

Calculation ?

Average  “electronic ‘“bubble-chamber
multiplicity run” run” Data Ref.

total 14.25 13.48

charged 8.75 7.78 8.77 18°

1r' 3.69 3.44 3.7 18°

™ 3.10 2.69 3.1 18°

0 3.96 3.57 3.9 19°

K* 0.36 0.34 0.37 18P

K- 0.18 0.19 0.26 18°

K$ - 0.27 0.22 19

KY 0.27 0.25

» 1.33¢ 1.12 1.3 18%d

P 0.09¢ 0.04 0.08 18™d

A/20 - 0.31 0.11 19

A/ 0.05 0.03 19

n 0.83 0.62 0.5 20°

7 0.07 0.05

=t 0.05

= 0.03

vi 0.39 0.40

=0 0.01

=" 0.0t

2The underlined number is to be compared with the
data.

P Interpolation of ISR data at 240 GeV/c and 480 GeV/c.

¢ Estimated from the number of y’s observed.

4 Note that protons from A/Z° decays are included in an
electronic experiment.

® Estimated on the basis of the compilation of the data
and baryon-number conservation.

fOur y’s come only from decays of resonances, y’s
from neutral pion decays are not included here.

bution is assumed for each decay. The decay angle
is chosen by a random number generator. The se-
quence (6) turns with some probability to

n*w'u*ﬁ'ppﬂngﬂo . (7

If desired, any particle may be declared as stable,
its decays are forbidden and it appears in the final
state in the generated event. This is important for
comparison with the data since in an electronic ex-
periment one cannot see, for instance, K2, while
in a bubble-chamber experiment this is visible.
The final result of a generation of a particular
event is the sequence of hadrons like (7) with
specified rapidities. To the whole event there is
ascribed the weight as given above which in our
model expresses the probability for producing a
given final state in the pp collision at high energy.

IV. COMPARISON WITH DATA

We shall now compare results obtained in our
model for pp collisions at 300 GeV/c with multi-
particle production data. At this energy one can
use both Fermilab and CERN ISR data. Fermilab
results were obtained in the bubble chamber and
the ISR data come from electronic experiments.

We made, therefore, two computer runs at this
energy. In the run corresponding to the electronic
experiment we had only p, p, n, 7, 7*, K*, K2, 7° inthe
final states. Inthe “bubble-chamber” run we de-
clared as stable also A, Z*, = hyperons together
with their antiparticles and K? (these particles
appeared in the final state). In each run we have
generated about 33000 events. We have put G
=0.615 (coupling constant adjusted to give a cor-
rect charged multiplicity). Results on average
multiplicities are summarized and compared to the
data'®72° in Table I. In general the comparison
seems to be favorable, although it has to be noted

TABLE II. Average multiplicities of some particles
which are directly produced by the recombination of
partons in 300-GeV/c pp collisions.

Particle (n) Particle (n) Particle (n)

il 0.27 A" 0.22 o' 0.79
™ 0.16 A* 0.63 p° 0.71
70 0.22 N 0.35 p" 0.53
K* 0.11 AT 0.05 K** 0.28
K° 0.07 Y+ 0.08 K*O 0.18
K" 0.04 y*° 0.11 K** 0.09
& 0.04 v+ 0.04 K0 0.10
P 0.34 =* 0.04 w 0.72
n 0.16 =0 0.05 ¢ 0.09
5 0.01 == 0.02 n 0.11
7 0.01 A 0.06 x° 0.16
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FIG. 3. Rapidity distributions of 7* in pp collisions
at 300 GeV/c as calculated in the present Monte.Carlo
program.

that the charged multiplicity is regulated by G and
the overall suppression of strange particles is
given by P,/(P,+P,).

A copious production of resonances is a typical
feature of our model. To get some feeling about
this point, we present multiplicities of directly
produced (i.e., not via decay of resonances) par-
ticles in Table II.

Rapidity distributions of charged pions are shown
in Fig. 3. The comparison with the data is rather
difficult, since bubble-chamber data are available
at lower energies (see Figs. 61,62 in Ref. 20) and
ISR data should be integrated over p, with uncer-
tainties at low p,. Figure 4 contains rapidity dis-
tributions for charged kaons. In this case there is
no difference between the “bubble-chamber” and
“electronic” runs. The shape of the histogram for
K~ indicates that fluctuations are still present. In
order to obtain more smooth curves one would need
to increase considerably the number of generated
events.

In Fig. 5 we present the rapidity spectra of the
proton, both for the “electronic” and for the “bub-
ble-chamber” runs. Antiproton distributions are
shown in Fig. 6. Here, as expected the difference
between both runs is rather large.

The bubble-chamber data of Sheng e/ al.'® on K2,

Pt

FIG. 4. Rapidity distributions of charged kaons.
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bubble electronic

FIG. 5. Proton rapidity distributions.

A, and A production are compared with our results
in Fig. 7. The agreement is quite satisfactory for
K?, debatable for A, and really bad for A. The
case of A is no surprise since the average multi-
plicity of A’s (see TableI) disagrees with the data.
The A production is also notoriously known to be
the source of troubles for quark models of multi-
particle production. The problem has to be studied
in more detail in the future.

The charge distribution dQ/dy obtained in our
model is shown in Fig. 8. In a qualitative way the
shape of the curve corresponds to that given by
Sivers?®' and based on the compilation of ISR data.
The enhancements at [y[~=3 is caused by the ten-
dency of valence quarks to stay at large values of
momentum fractions. In our model this was built
in by the Kuti-Weisskopf factors Vx;. The same
holds true for the rapidity distribution of protons
(see Fig. 5).

Finally, in Fig. 9 we present probabilities for
charge transfer AQ across y =0 calculated from
our model. The dispersion of the curve (A Q%
=1.03, in agreement with experimental values?®®
(AQ* =0.99+0.03 at 205 GeV/c and (AQ? =1.11
+0.03 at 405 GeV /c.

V. COMMENTS AND CONCLUSIONS

In a Monte Carlo model one can calculate any
quantity measured in the experiment. In some
cases, however, the amount of computer time nec-
essary for the calculation becomes prohibitively
large. For instance, in order to calculate correla-

bubble

electronic

FIG. 6. Rapidity distributions of antiprotons.
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FIG. 7. A, A, and K rapidity distributions. Histo-
gram shows our results from the “bubble-chamber run”,
data points come from the Fermilab bubble-chamber
experiment (Ref. 19).

tions we would need to increase the statistics by
an order of magnitude. For the present we have
concentrated mainly on integrated quantities post-
poning more computer-time-consuming calculation
until the limitations of the model are better under-
stood on the level of single-particle distributions.

We shall now mention briefly some uncertain
points of the present model:

Diffractive dissociation. We have assumed a
complete incoherence of the initial parton distri-
bution. Because of this we do not have events due
to the diffractive dissociation. As a consequence
we have depletion of low-multiplicity events and
our multiplicity distributions are much closer to
the Poisson distribution thanthe data are (we have

2= 0).

Correlations. We have not yet performed a de-
tailed study of correlations. It seems, however,
that we shall have about a right amount of short-
range correlations between particles of opposite
charges. It is also clear that this model, as it
stands, will not be able to describe correlations
between like particles, which are most likely due
to Bose-Einstein effects.?®

The vecombination process. Our prescriptions
for forming Q@ pairs and Q@@ triplets are proba-
bly oversimplified. More global and more dyna-
mically motivated criteria should probably be con-
trived. Moreover, at present we do not take into

‘J—‘J bubble

FIG. 8. Charge distribution dQ/dy in pp collisions at
300 GeV/c.

IS
w
~h

FIG. 9. The distribution of charge transfer AQ across
y =0 as calculated in our model.

account any possible relationships between masses
of resonances being formed and effective masses
of respective pairs or triplets.

The identity of partons. Since we are working
with probabilities and not with wave functions of
partons we can in an approximate way include the
effects due to identity of particles into the phase
space, but we are unable to include these effects
in the wave functions. Simple arguments based on
counting the number of permutations indicate that
this enhances u«ds combinations relative to uud or
udd. This is perhaps the reason for producing too
many A’s in our model.

Resonance production. Our model predicts the
p° average multiplicity at 300 GeV/c of about 0.7
while the data®* suggest something like 0.3. This
indicates that the recombination of a Q@ pair into
a vector meson is suppressed relative to the exact-
SU(6) case. This may be a dynamical effect due to
higher masses of vector mesons.

Transverse momenta. For a detailed comparison
with single-particle spectra it seems to be nec-
essary to build in transverse momenta of partons
which we have neglected in the present version of
the model. This will somewhat narrow the single-
particle spectra since a part of the total energy
will be consumed by the transverse motion. The
full inclusion of transverse momenta is also nec-
essary in calculating the short-range correlations
in rapidity. It is also impossible to adjust quark
masses before building in the transverse momenta
of partons.

The vole of gluons. In our model gluons are con-
verted into QQ pairs prior to generation of rapid-
ities. The model by Van Hove ef al.® ascribes
quite a different role to gluons: The central re-
gion is populated mostly by gluons and one would
not expect a significant baryon production there.
Deeper understanding of the role of gluons re-
quires apparently a lot of further work.

To conclude, it seems to us that the present
Monte Carlo quark-parton model is able to des-
cribe the general features of the multiparticle pro-
duction and that a more detailed comparison with
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data may bring information about the dynamics of
the hadronic collision. Further work along these
lines might clarify the uncertain points listed above
and throw, finally, some light on the role of glu-
ons.

A Monte Carlo model like this one may also be
useful from a practical point of view since it per-
mits a rough estimate of what one can expect in a
particular experiment on multiparticle production.

Within the framework of our model the recombi-
nation of partons to mesons and baryons is made
possible by the destruction of coherence relations
between partons during the first part of the had-
ronic collision. It is then natural to assume that
QQ pairs can either recombine or annihilate via
virtual photons to e*e”~ or u*u~ pairs.

Recently, we have performed the corresponding
calculations and obtained a qualitative description
of the production of dimuons with low dimuon mas-
ses® and the production of electrons®® with low p.
These results give support to the idea, first advo-
cated by Bjorken and Weisberg,?” that the annihi-
lation of @’s and @’s produced during the collision
provides a substantial contribution to the direct
lepton production. If this picture turns out to be
qualitatively correct, the dilepton production and
the multiparticle processes will be two comple-
mentary sources of information about the behav-
ior of hadronic constituents during the hadronic
collision. There are at least two points in which
the dilepton production can provide essential in-
formation: First, the effective mass of hadronic
constituents might be reflected in the shape of the
dimuon mass spectrum at low masses and second,

J
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the quantum number of constituents which annihi-
lated to a dilepton may be inferred from the com-
parison of multiparticle distributions in events
with and without a dilepton pair. If such informa-
tion were available it would be a considerable
help in attempts to construct models for multi-
particle production.
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APPENDIX

We use a part of Jadach’s program GENRAP
for assigning rapidities to partons in the seq-
uence (3) and for calculating the LPS weight of
the given event. In the present version of our
model we put all transverse momenta of partons
equal to zero. For the sake of completeness we
shall reproduce here briefly the main points of
the relevant part of Jadach’s Monte Carlo rapid-
ity generator.

The LPS of an n-particle configuration (without
a factor for identical particles) is given by the
expression

L,- f( dp‘)(E/)) E-YE). (A1)

After some simple algebra the formula can be
rewritten (using rapidity variables) as

e (T (= 2 S ) ) o -2

In order to get rid of the 6 functions, Jadach
makes the change of variables

nw=2,
V,=2Z+YE,,
. (A3)
Y1 =Z+YE,_,,

Yn=Z+Y .

Equation (A2) then becomes
nn-1
mn-1) < Hdﬁt >

zn 1E2
where Y and D are implicit functions of (n - 2) in-
dependent variables &,,..., &,_, given by the equa-
tions

L,= s (A4)

- (:;m,-e"" > <Zm e§‘Y> =0, (A5)
=‘ ———ln(Zm, Ei y> (i"’ie-giy>

and £,=0, &,=1 is understood in summing over &’s.
In the computer program one selects random num-
bers &, 0<¢; <1, i=2,...,n—-1, calculates nu-
merically Y from (A5) and Z from the condition

, (46)

n
E—an‘ez"gi":O. (AT)
i=1
Rapidities are then calculated from (A3) and, ac-
cording to (A4), the appropriate weight reads

nn-1) y" !

Wips =2n—1‘fa‘ D
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