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We present new equations for four-body scattering, obtained by generalizing our three-body formalism to
the four-body case. These equations, although equivalent to those of Faddeev and Yakubovskii, are
expressed in terms of singularity-free physical transition amplitudes, and their energy-independent effective
potentials require only half-on-shell subsystem transition amplitudes (and bound-state wave functions) as
input. However, due to the detailed index structure of the Faddeev-Yakubovskii formalism, the result of our
generalization is considerably more complicated than in the three-body case.

I. INTRODUCTION

The treatments of the four-body problem that
exist in the literature provide a variety of solu-
tions to the problem of finding appropriate four-
body scattering equations. Of those obtained by
generalizing Faddeev’s three-body theory,! the
approach due to Yakubovskii? is the most well
established, in particular because its equivalence
with the Schrodinger equation has been demon-
strated. The most characteristic feature of this
formalism, and also its main weakness, is its
very detailed classification of the clustering pro-
perties of the four-body system.

In some alternative approaches (such as that due
to Sloan®), a less detailed index structure is con-
sidered, for instance, using only a two-cluster
classification of the four particles. As compared
to Yakubovskii’s, the resulting equations exhibit
in general a more complicated structure, and
their connection with the Schrddinger equation re-
mains unclear.

A common feature of all these formalisms is that
they have been developed almost exclusively at the
formal operator level: The actual complexity in-
volved (such as the singularity structure of the
considered entities) is therefore not explicitly
shown.

In the present work, we seek to establish a four-
body formalism based on the Faddeev-Yakubovskii
(FY) theory in a way that makes the actual struc-
ture of the formalism more evident. For this
purpose we follow a method suggested by our
previously developed three-body formalism,* in
which a thorough singularity analysis of the Fad-
deev kernel led us to singularity-free physical
amplitudes that obey dynamical equations with a
considerably simplified input.

With these results in mind, we carry out a
similar singularity analysis of the four-body ker-
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nel. As in the three-body case, this task is con-
siderably simplified by using the complete sets of
eigenstates of the channel Hamiltonians. The
analysis turns out to be particularly straightfor-
ward for FY entities labeled by two-cluster indices
only—such as the wave-function components ¥°
=Z>5\I/‘§ , ¥§ being the conventional four-body FY
component—and leads very naturally to new sin-
gularity-free amplitudes components for four-body
scattering.

In order to obtain equations for such amplitudes,
however, the FY formalism requires that we also
analyze the wave-function component ¥§ itself;
i.e., it requires that the singularity analysis be
made taking into account the full index structure
of the formalism. Unfortunately, this more de-
tailed analysis turns out to be less straightfor-
ward than the first; in addition to the physical
transition amplitudes, we are forced to introduce
a nonphysical amplitude which, although not pres-
ent in the full four-body wave function, still ap-
pears in the dynamical equations.

Nevertheless, the set of equations we are led to
exhibit essentially the same features as our cor-
responding three-body equations: namely, a multi-
channel Lippmann-Schwinger structure with ener-
gy-independent effective potentials that require a
simplified subsystem input (i.e., only half-on-shell
subsystem scattering amplitudes and bound-state
wave functions).

In Sec. II we review the main techniques and re-
sults of our three-body formalism. In Sec. III we
introduce the four-body notation that will be used
throughout the paper, some basic aspects of the
FY formalism, and the appropriate complete sets
of the channel Hamiltonians. The singularity
analysis of the component ¥° is carried out in
Sec. IV, where the physical scattering amplitudes
are identified.

The fully split FY components ¥§ are analyzed
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in Sec. V, and the equations that the scattering
amplitude components satisfy are obtained in Sec.
VI. Finally, in Sec. VII we generalize our form-
alism to the fully-off-shell case and connect our
amplitudes to the operator formalism. In the
Appendix we confirm that our amplitudes are in-
deed components of the physical scattering am-
plitudes.

Il. THE THREE-BODY CASE: A REVIEW

The main feature of our three-body formalism*

is the analysis of the singularity structure of the
kernel G,t,0,, of the Faddeev equations

In (2.1), | ¥} is the Faddeev component of the
three-body wave function corresponding to an
initial state | p ’¢2) of a bound pair in channel

o and a third free particle; E=p% - ? is the
total energy, f4(E+1i0) is the two- body trans1t10n
operator in channel 8, G,(E+ 20) (p +q% - E—-i0)1,
6g,=1-0,,, and 5a2=pm2/2na, R —qa2/2pa, with
Ny =Mg(mg+m,)/(my+mg+m,), and p,=(mgm,)/
(mg+m,).

Since Gyt;=G, V,, Where Gg= (P*+q%+ Vg—
—i0), the singularity structure of the Faddeev
kernel is best exposed using the spectral decom-
position of G4, or equivalently, by considering
projections onto channel eigenstates, i.e., onto
the complete set of elgenstates {[pacbf’) Ide)q )} of

Ut ) 5 (0)¢a>
I Bl Bal the channel Hamiltonian H, =p2+ g0+ 5
— G (E+i0)¢ (E+i0)2 (¥, (2.1) In this way, we obtamed for the three-body
° ¢ 7#8 v wave-function components the representation*
-
<5Ba8|q’;(a)>= ésaé(ﬁa _*210))(4’)?(60:) - 2.5?—-_——’(:2(—q-§l-1—0-3(38a(pﬂ,p(0) E+ 10)
1 = =, =0,
qusw (q) 7T E =0 G PsiPa 3 E+i0), (2.2)

where the elastic/rearrangement and breakup poles
occur explicitly in separate terms, and 3, and
Eﬂé’m are the corresponding physical scattering
amplitudes. It is important to note that these am-
plitudes are free from primary singularities.® We
then proceeded to show that, when expressed in
terms of 3C,, and &,,, the three-body equations
(2.1) take a particularly simple form: They be-
come coupled multichannel Lippmann-Schwinger-
type equations, whose “effective potentials” are
energy independent, and require only half-on-shell
two-body input (in contrast, in all previous exact
formulations of the three-body problem such ef-
fective potentials are energy-dependent and re-
quire fully-off-shell two-body input).

IIl. THE FOUR-BODY CASE:
PRELIMINARY CONSIDERATIONS

For our treatment of four-body scattering we
make use of the FY equations for the FY wave-
function components,”® i.e.,

Iq,g(r)) =57 I @éf)}

=3 G(E+i0)K 5 (E+i0) ) 5% |we™).

rca POY

(3.1)

The wave-function components are labeled both
by two-cluster indices o, p, T, etc. [i.e., of the
type (123)(4) or (12)(34)], and by three-cluster
indices «, B, y, etc. [of the type (12)(3)(4), i.e.,
pair indices]. The decomposition is such that
sco ¥ 3™ is the full four-body wave function.

A three-cluster index below a two-cluster index
(as in \Ifg“’) indicates that the three clusters have
been obtained by further splitting one of the two
clusters [as in o=(123)(4) ~ (12)(3)(4) = g].° This
is also described by writing RC o.

In Eq. (3.1), (" denotes the g component of the
initial-state wave function'®; the operator K,
the three-body kernel operator of subsystem c
(more precisely, it is the two-cluster subsystem
kernel operator, since o can be either of the 3+1
or the 2+ 2 type), defined as

KZ7’= Z (VBGBA— BGUVA)E)W ’ (3.2)
ACO
where
G°=(H° - E—i0)= <H + 3V, - E—zO)
rYCca

In order to proceed with our treatment of the
four-body case, we need to define the appropriate
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complete sets of eigenstates of the channel Hamil-
tonians H°. For o of the 3+1 type, the complete
set of eigenstates of the three-body Hamiltonian
p*+q°+22, .V, is given by Faddeev'! as being

{|®), |¥23), [ ¥2:)}, allsco

where |<I>) is a three-body bound state (we only
consider one three-body bound state per channel)
of energy —«,?, |¥{;;) is the (outgoing wave) scat-
tering state corresponding to an initial state of a
bound pair & and a third free particle with relative
momentum {5, and |¥%;) is the (outgoing wave)
scattering state corresponding to an initial state
of three free particles of relative momenta p, q.
Therefore, in the 3+1 case, the complete set
of four-body channel eigenstates can be written
as

(3.3)

{[Fe), [Fe@p), [Fuh), allsco @4

where if, say, o=(123)(4), T, is the momentum of
the fourth particle relative to the center of mass
of the other three. (Note that we suppress the
channel indices of all variables.)

On the other hand, if o is of the 2+ 2 type, the
complete set of channel eigenstates is given by

{|§d>‘°)>, [BE)E), |§‘Ilfi°a’,*)}. (3.5)

In (3.5), if we let 6, y label the two subsystems of
o [i.e., if 0=(12)(34) and 5=(12), then y=(34)],
|§®(9)=|8¢8¢r) represents a state of two bound
pairs moving with relative momentum § and cor-
responding to a total energy E=s%- k;® — «,?, where
§,2=5,2/2n,, with n,=(m,+m,)(my+m,)/(m,+m,
+m,+m,) if 0=(12)(34). Similarly, |5¥{3)%)
= }§¢2zp§1> represents a state where the 6 pair is
bound, while the y pair is in a scattering state of
initial momentum §,, and so forth.

In what follows, we will in general not treat the
two kinds of indices o separately, but use only

-

dr

G"(E+1'0)=f [F o) srmt g (P27l 3

6Co

- (0)- dt¥dpdg
+f [P 7i4p*+q - E-i0

(P
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the set (3.4), with the understanding that when o
is of the 2+2 type, the labels ¥,p,{ of (3.4) should

- > >

be replaced by the labels §,q,q’ of (3.5).

IV. SINGULARITY ANALYSIS OF wo (7).
THE SCATTERING AMPLITUDES

The most natural generalization of our three-
body formalism would be to consider four-body
wave-function components labeled only by a two-
cluster index 0. As we have seen in Eq. (3.1),
however, the FY components \II“B“’ represent a
more detailed splitting of the full wave function,
since in them not only the last interacting sub-
system is specified (labeled by o), but also the
last interacting pair (within the subsystem labeled by
o).

Therefore, we first consider the singularity
structure of the “partially summed” wave-func-
tion component ¥V =23, ¥, Using Eq. (3.1),
we find

|‘I/ a(r)> = 601"{.(0)@(1’))

—GUE+i0) ) Y TOFe|wemy,

YCco pOY
(4.1)

where V(' =23,  V,35,, (it is understood that yC o),

and we have used the relation
G, 2 K%=GV, (4.2)

B
which follows from (3.2).
With the explicit appearance of the channel
Green’s function G° in (4.1), the singularity
analysis of ¥°‘") becomes straightforward.

Using the complete set of channel eigenstates
(3.4) or (3.5), we obtain

- (o)e dtdp - (0)-
fqu'?;ii) Py L E__i0<r‘1’§g;§

(4.3)

where p? and §° are defined in Sec, II, and #,2=72/ 2n,, with n,=m(m,+m,+m,)/(m +my,+my+m,) if
o=(123)(4). With the aid of Eq. (4.3), Eq. (4.1) can now be written as

(FRE[wom)=5676(F - F )2 ™(5,d) - (P, §)

ap’

JCT(F, T, E+40)

72—k, —E-i0

- [

6Co

pd)

dﬁ' d'(il

72+p? — k2= E—-10

)- (=
- f \I’ﬁ('ad’ (pq) 1‘;2+ﬁr2+qu_E_

5 87 (E, B, T F% E+i0),

-, - .
F0,(T,p’; T; E+40)

(4.4)
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where

5COT(F, T, E+i0)= <F<I>‘°’ 3 e

YCQ@ pDY

Z E saat_/éu)

YCo pPOY

Z Z 509‘_720)

Ycao pOY

oT ( R7. (0), '0) =/ *lo)=
FU(T,p3 T ,E+zO)—<r\Il(5,;,

87 (E, A3 T, B+ i0) = <f vy

Equation (4.4) constitutes a four-body analog
of Eq. (2.2); i.e., it explicitly exhibits all the phy-
sical poles of the wave-function components ¥’
in separate terms. The residues at these poles—
i.e., the amplitudes (4.5)—are free from primary
singularities (just as in our three-body formalism),
and are the components of the physical scattering
amplitudes: As is shown in the Appendix, the on-
shell values of 3¢, 25 & %,, and 2, 8" are the
amplitudes for elastic/rearrangement, partial
breakup, and full breakup, respectively.'?

The remaining step in the generalization would
now be to find equations for these amplitudes. Un-
fortunately, as can be seen from Eq. (4.1), ¥°7
is coupled to all the FY components ¥5™, and not
simply to the remaining ¥°‘”. As a result, no
equations for the wave-function components ¥ (™
are available within the FY formalism, and it is
therefore not possible to obtain dynamical equa-
tions for the amplitudes (4.5) at this stage.

To proceed within the FY formalism, it is also
necessary to perform a singularity analysis of the
FY components ¥ §™ [for which, of course, Eq.
(3.1) is available]. This, however, is not straight-
forward, as will be seen in the next sections, and
is certain to lead to a larger number of amplitude
components (which is the weak point of the FY
formalism in general).

At this point one could therefore abandon the FY
formalism and use other dynamical equations for
the components ¥ ™, for example, those dis-
cussed in Refs. 3 and 13. However, all such al-
ternatives we are aware of lead to dynamical equa-
tions with effective potentials that are not only
energy dependent, but also require fully-off-shell
subsystem input. In addition, these alternative
equations may possibly admit spurious solutions.
For these reasons, we choose to remain within
the FY formalism for the present work.

V. SINGULARITY ANALYSIS
OF THE FY COMPONENTS \I/g(”

Recalling Egs. (3.1) and (3.2), we see that the
kernel that must now be analyzed for singularities

‘I’:(T)> ,

\I,;!’(T)> ,
(1)

welr > .

(4.5)
r
is G,K §,. In analogy with (4.2), we write
G, K5, = ; G\ VB, 5 (5.1)
where
G =05Gy - G, V4G° (5.2)

is the Faddeev component of the Green’s function
G°, with the property that 23,G 5, =G°. Therefore,
we see that for the pole decomposition of ¥ 3™, it
is necessary to analyze the Green’s function com-
ponents Gg, rather than G° itself. As is evident
from (5.2), use of the spectral decomposition of
G° [Eq. (4.3)] is not sufficient, since there is also
a pole in G,. This pole is accounted for in the
following way: In each term that results from
applying the spectral decomposition (4.3) to the
product G,(E+i0)V,G°(E+i0) of (5.2) we use the
resolvent identity

Gy(E+i€)=Gy(2")+ (E+ic = 2" )Gy(E+i€)Gy(2"),
(5.3)

with 2’ equal to the energy of the corresponding
channel eigenstate (with an imaginary part ¢’ that
is always understood to go to zero before ¢). Then
the G,(z’)V, factors in (5.2) can be eliminated using
the three-body relations

Go(72 = kA V| TR = — | TB)

Go(72+D% = k2 — i€/ )V | T¥ (330 = = | T¥ £15)3)
(5.4)
Go(72+p°+ 3% —ie ) Vo |[TU {7 )= - | Tx{27),

where x{”’" is what remains of ¥ {’~ once the ini-
tial-state plane wave has been subtracted.

As a result, we obtain a “pole decomposition”
of the Green’s function components given by
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; F af z - dfap
G5 (E+10 =f N - (a) f (0)- p - (0)-
S(E+10) [T o) Tg_Kaz__E_m(r@ | +§ [T F <y oy (T Qs

+J IR 2 g—2.L L1 WS 27

0)-
BB 72 p24 G2 - E—i0 |

q

"

+GO(E+i0)<GB)- f |[T& AT (T

-2 Fvghparaseg| - [ Fegisoatbaaceg ), 69
where we have also replaced |Tx{'ky) by |T¥§2)5.50) — 05, | TP ) and made use of the fact that G, is diagonal in
an |TPq) representation.

In (5.5) we see that upon summation over gC o, the factor multiplying G,(E+i0) vanishes identically. In
addition, the first three terms become equal to the expression (4.3) for G°, since the Faddeev compo-
nents of (5.5) add up to the full channel eigenstates.

Using (5.5), we finally obtain the sought-after pole decomposition of the FY kernel (5.1), and also
of the FY wave-function components (3.1),

('I’-"" \PU(T)>=501‘6(" FONGINBZE q)é(’)(ﬁa) FeOT(T T 0. .
pa|¥; F-TONe(Pq) - —25"—F—= (7, 7@ E+40)
72—k, = E-1i0

L es ap’ S
- ‘Il(") -, oT r. 7 (0), ;
EZ; f B;(a)p(pQ) ’7’2+[)'2—K52—E-1'0 FiH (TP T @5 £+40)
. - ap'dq’ -y, =
(o) . . ;
- ; f‘l’s‘?m;a'a'(PQ) 1"2+13’2+§’2—E—i0 3‘{’(rp'q',r‘°’,E+zO)

Y5(FPG;T; E+i0), (5.6)

where 3C°T and F{j, have already been defined in (4.5), and §J" is a decomposition of the amplitude §°" of
(4.5), i.e.,

ET(FPYHT @ E+i0)=(FUEN|V, D 5, > 5wy, (5.7
Y. o PZY
with Z,m, 83"=8°". The remaining amplitude YI" is given by

Y EBET 1 Ei0)= (75| T [0- [ [FoP)at(Te| T [ |59 aTap v ;)

6Ca

- f|f'\11g;;;;5,a,>d?d§'dc’y< el } Vi) Ty D B[R, (5.8)
rco

Py

Equation (5.6) constitutes a further generalization of our previous decomposition (4.4), where now all
physical singularities of the FY component ¥§‘™ are explicitly exhibited in separate terms. It is a re-
markable fact that in (5.6) the g dependence in the terms containing 3C and & factorizes, so that these scat-
tering amplitudes still depend only on the two-cluster index o of the wave function. In other words, fur-
ther splitting of ¥ ™ in (4.4) into ¥ §™ in (5.6) only produces a splitting of the amplitude &.

In addition, the amplitude Y$™ must now be introduced. Just as in (5.5), this amplitude vanishes identi-
cally upon summation of ¥§™ over all gC o [as did the last term in (5.5)], and is therefore also absent
from the full wave function. Consequently, Y3 is not a physical scattering amplitude.

VI. EQUATIONS FOR THE SCATTERING AMPLITUDES

Let us now derive the equations that our amplitudes 3C°7, F¢;,, and &3 satisfy.
Replacing the pole decomposition (5.6) for | ¥ °() in the definitions (4.5) and (5.7) for these amplitudes,
and in the definition (5.8) for Y, the following (half-on-shell) equations are immediately obtained:
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3(:01'(-— * (0), E+i0)=3mv(ﬂc.’}(:)ar(r r(0))

-

dr’
LXK oo( T T e JCPT T . E+1O
P#uf (537 ) 7 sz"E_ i0 ( )

77 dt’dp’ -, > .
- Z Z[eo(scs)ap( Ip ) -,2+5’2“K5£—E—i0 3:;(71(;)( r’p’;r“”;E+zO)

p#o 6Cp
ey AT DAY e o
- Z Z f’oiscé)on( T, r'p’q’) Py Lo qE_z‘o 8o (¥ q’; T E+140)
p#0 ACp
= wm e, dr’dpdq' o
VFWH 5 T) s FE O E4i0),  (6.1)
p#o e f (T '2+p12+q —0 Y(r ),

where E=7(2_ 2 The corresponding equations for §%5,, 3", and YJ" are obtained from (6.1) by re-
placing, respectively, V@ py DEF0 VX apnd VYO and so on.
Examples of the potentials appearing in (6.1) are

0 @eI00( T, F1) = Z <rq>(°)l v, 5 lpq,(o))

ao(scff)op(" -, -—,) Z <rq>(cr)|V 6Brl-f,\1l';(/l(’)).),n (62)

'U(SS)OD("’ - -—,) Z(rq,;g;'p] v OB'rlr,\II:?)L-) p>

where the index y is uniquely determined by the conditions yC o and yCp (0#p). (Note that when both o and

p are of the 2+ 2 type, 0N p=0, so the corresponding potentials vanish.)
In spite of the fact that two-body potentials appear in (6.2), all effective potentials in (6.1) can be ex-
pressed in terms of half-on-shell subsystem scattering amplitudes and bound-state wave functions, with

no two-body potentials remaining explicitly. For example, V%% in (6.2) can be written as

- - B2 =, B2 - 0)
VXD F 2 F 1) = (@) | D g7 Wz _ 2y {5 6(B & -5 - n( ,mex K= ]
A ( by |p7 (034 >(17 ) (D32 - By (2)2 y P;2+K)‘ )
- -~ e\ T ~ 1 >(2) >y = .
- fdq,@"Ipi“wa,>(1>£”2+qf+xa"‘) T pr ere 0 OB LB A - 1 - i0),

(6.3)
where, as in (6.2), y=0Np is uniquely determined by o and p (0# p). Also,
- M M -
p(1)= e I‘+I‘ andp(Z) + kil - S I"
Y M,+M, M, +M,

where if, say, o=(123)(4) and p=(124)(3), y=12, M,=M,,=m, +m,, M,=m,, and M,=m,.

The factors appearing to the left in (6.3) are projections of the three-body bound-state wave function onto
the complete set of two-body channel eigenstates. The amplitudes 3¢ and & are the scattering amplitudes
of our three-body formalism, taken half-on-shell.

The potentials coupling Y¢" to the physical amplitudes differ somewhat from those in (6.2), e.g.,

VYYD, T B d)= (TP |[5, f |T7® () dF7(F7@ )| - [ |57 005 5 AT A B (F¥ 254
6Co

= [ 1F e aFr a a3 25 |V,5, F B D). (6.4)

-

term &, in (6.4) is actually cancelled by a piece
of the fourth term].
The coupled integral equations (6.1) constitute
a generalization of our three-body equations to the
four-body case. We obtain inthisway a formalism

As expected, all these potentials vanish upon
summation over gC 0. Again, all two-body poten-
tials that appear explicitly in (6.4) can be elimi-
nated in favor of half-on-shell subsystem ampli-
tudes and bound-state wave functions [the first
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with advantages similar to those present in our
three-body theory as follows:

(i) The dynamical equations are expressed in
terms of components of the physical scattering
amplitudes.

(ii) The amplitude components defined in the
formalism are free from primary singularities,
i.e., from poles (in the off-shell variables).

(iii) The equations have the structure of a multi-
channel Lippmann-Schwinger formulation, with ef-
fective potentials that are independent of the four-
body energy.

(iv) The equations require as input only half-on-
shell subsystem transition amplitudes and bound-
state wave functions.

As pointed out before, however, the equations
also include a nonphysical amplitude Y3, and our
goal is therefore not fully achieved. The presence
of this nonphysical amplitude can be understood as
follows.

The FY equations are obtained from the four-
body Lippmann-Schwinger equations by means of
a two-step procedure®, The two-body disconnected
pieces are first removed from the kernel, and only
then are three-body disconnected pieces removed.
(This is done in such a way that the resulting FY
kernel connects three particles after one iteration
and all four particles after two iterations.®) As a
consequence, the full wave function is split first
according to three-cluster indices and then split
further according to two-cluster indices.

On the other hand, as we have seen, the singu-
larity structure of the full wave function is most
naturally exhibited by considering the wave-func-
tion components ¥°‘™, split only according to the
two-cluster index 0. The (prior) additional splitt-
ing according to three-cluster indices required by
the FY formalism (in order to achieve connected-
ness of the kernel) appears therefore far less natural
from the point of view of the singularities of the
kernel (or from the point of view of asymptotic
channels).

The FY formalism nevertheless requires that we
perform the more complicated singularity analy-
sis of the fully-split wave-function components
¥3™, j.e., that we retain the full index content
of the FY equations. In choosing to remain within
the FY formalism and insisting on energy-inde-
pendent half-on-shell input, we are not only re-
quired to split the breakup amplitude §°" further
into components §§" (an expected complication) but
also to introduce the nonphysical amplitudes Y§'.

VII. GENERALIZATION TO THE FULLY-OFF-SHELL CASE

In the previous sections we constructed our four-
body formalism keeping the use of four-body

operators and operator relations to a minimum,
i.e., staying essentially within the wave-function
approach. It is illustrative, however, to consider
how our formulation relates to the four-body
transition operators, and how a fully-off-shell
version of our amplitudes can be obtained from
these operators.

To do so, we first recall that in our three-bodv
formalism the fully-off-shell amplitudes are de-
fined using the three-body operator?

Tpo(2) = VGy(2)Ugo (2)Go(2) V,, (7.1)

where Ug,(z) is the three-body Alt-Grassberger-
Sandhas (AGS) transition operator.!* The on-shell
matrix elements of the operator (7.1) between ap-
propriate channel eigenstates give the various three-
body physical transition amplitude components.

In order to obtain the corresponding four-body
operators, it is convenient to make use of the
matrix formalism’. We first define a matrix ver-
sion of (7.1) by means of the four-body matrix of
operators T°"={7'9"}, according to

-'fo-r=v(u)G((]a)Ta-rGéf)V(r) , (7.2)

where V' ={_7,,G,}, G{ ={= 6,,G, 1,G,}, etc.
(with g, @C o), and T°"={U "} stands for the matrix
of four-body AGS operators.”

Next, as in (7.1), we define

T3, = ViGoT 5nGo Ve » (7.3)

or, more explicitly,

TS = VBGO<Z D By 1,GoU TG, z@a) GyV, -

YCo ACT
(7.4)

The equations these operators satisfy are easily

obtained using the four-body equations for U, ,’

T50(2)=0" 8, VaG,(2) £,(2)Gy(2) V3

[+ 47

S0 VB, G TS (2), (7.5)
p#a ACP
where G2, has been defined in (5.2) [recall also
(5.1)], and y,’ are determined by the conditions
vy=0NT7and ¢y =0Np.

By analogy with the three-body case, we expect
matrix elements of the operators (7.4) (rather than
matrix elements of just U§.) to be closely related
to the amplitudes of the previous sections. Indeed,
by applying the pole decomposition (5.5) of G2,
(with E+40 - z) to (7.5), and projecting onto chan-
nel eigenstates, we easily verify that the resulting
kernels are identical to the kernels of Eqgs. (6.1).
Moreover, when z is chosen to be the energy of
the initial state, the resulting driving terms also
become identical to the driving terms of (6.1).

We can therefore identify the half-on-shell ma-
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trix elements of T§, between appropriate initial
and final states with our previously defined scat-
tering amplitudes 3°7, F 77, of (4.5), and &%" of
(5.7) (recall that §°"= 2 oo 897

With this identification it is straightforward to
define the corresponding fully-off-shell versions
of our amplitudes as

J_Cor( 'f 'r’ (0). Z) =<‘f¢(o)l T"(Z) |-I.‘ (0)@(1’)) ,

FUATD;T©52)=(FY ;| T7(2)|TO9T),

(7.6)
so= (T

=y ST (7.7)

BCo aCT

Z TUT(Z)

acT

"(0)@(1’)>

It is important to note that it is from the appro-
priately “dressed” operator (7.4) that we can obtain
singularity-free scattering amplitudes. This is in
analogy with the three-body case, where the factor
VG, in Ty, [Eq. (7.1)] is present to eliminate the
primary singularities of the matrix elements of
Us,- In the four-body case, the factor V,G,8, £,G,
in (7.4) performs a similar function.

The equations satisfied by the amplitudes (7.6)
can be directly obtained from the operator equa-
tion (7.5), using (5.5) with E+i0 replaced by z.
The effective potentials in the resulting equations
are identical to those of Egs. (6.1), but the driving
terms are slightly different.

At this point, in view of the complications we
have encountered in generalizing the three-body
formalism of Ref. 4 (in particular the appearance
of the nonphysical amplitude YJ"), one may ask
whether the off-shell four-body amplitudes have
really been chosen properly. We therefore con-
clude this section by giving another argument in
favor of our choice.

For this we turn to the full four-body Green’s
function G, and note that in terms of the transition
operators we have defined, it is straightforward
to write

G=G,-G, TG,

=G, - Zcot,c =Y D GeTYG,

o BCo
aco

_ZGOTUTGT, (7.8)

where T () is the three-body (i.e., two-cluster)
transition operator [Eq. (7.1)], and T°" has been
defined in (7.7).

In (7.8) we observe that the four-, three-, and
two-cluster disconnected pieces of G have been

separated from the true one-cluster (i.e., four-
body connected) piece in a very natural manner.
In addition, it is easy to verify that the four-body
connected pieces of G can be written as

GTG™= [;G TG, , (7.9)
[
rYco

where G§, is the “left-hand” splitting of G as de-
fined in (5.2), and G, =6,,G,~G"V,G, is the cor-
responding “right-hand” splitting of G".

We thus see that both the operators 7°" of (7.7)
and 7', of (7.4) appear in the cluster decomposi-
tion of the four-body Green’s function in a very
natural manner, suggesting that they are indeed
the proper choice of transition operators in this
formalism.

VIII. CONCLUSIONS

In a previous paper, we have shown how a
thorough singularity analysis of the Faddeev ker-
nel leads to a three-body formalism that holds
several advantages over Faddeev’s formulation,
although remaining completely equivalent to it.

In the present work we have carried out a gen-
eralization of this method to the four-body case
by performing an analogous singularity analysis
of the Faddeev-Yakubovskii four-body kernel.
When performing such an analysis on the wave-
function components ¥ ° _where ¢ is a two-clus-
ter index—we find, as expected, a natural expan-
sion of ¥°™ in terms of singularity-free scatter-
ing amplitudes that exhibits all the physical sin-
gularities of the full wave function. In addition,
we also find a corresponding natural separation
of the four-body Green’s function into pieces of in-
creasing degree of connectedness.

However, since this analysis is carried out on
objects that are labeled only by two-cluster in-
dices, while the FY formalism involves objects
labeled by both two- and three-cluster indices,
no dynamical equations within the FY formalism
can be obtained in this manner; it becomes neces-
sary to carry out a more detailed and much less
transparent singularity analysis of the FY com-
ponents ¥ g™,

Such an analysis does yield dynamical equations
that exhibit advantages analogous to those obtained
in our three-body formalism as follows:

(i) The equations are expressed in terms of com-
ponents of the physical amplitudes.

(ii) The amplitude components defined are free
from primary singularities, i.e., from poles (in
the off-shell variables) that correspond to physical
singularities.

(iil) The equations have the structure of a multi-
channel Lippmann-Schwinger formulation, with
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effective potentials that are independent of the
four-body energy.

(iv) The equations require as input only half-on-
shell subsystem transition amplitudes and bound-
state wave functions.

However, the equations also include a nonphysi-
cal amplitude Y§', which is an unexpected compli-
cation. This additional amplitude is the result of
a lack of correspondence between the singularity
structure of the FY equations and their detailed
index structure. In fact, to our present under-
standing, the connectedness of the (twice iterated)
FY kernel has been obtained through a procedure
that is incompatible with a straightforward singu-
larity analysis. The nonphysical amplitude Yg"
serves to compensate for this incompatibility, in
a way that allows the desired features (i) to (iv) to
be carried over directly from the three-body case.

Whether or not to remain within the FY forma-
lism becomes therefore a matter of deciding which
characteristics of the four-body equations one
chooses to emphasize. As was pointed out, we
could have chosen to consider formalisms other
than that of FY to obtain equations for the compo-
nents ¥°™, None of these formalisms, however,
are clearly free from spurious solutions; and,
more importantly for our present treatment, all
the alternative formalisms we are aware of lead
to equations with an input that is not only energy-
dependent, but also fully-off-shell. In keeping
with our aim of obtaining a theory without such
features, we have chosen for the present work to
remain within the FY formalism. Nevertheless,
further work on alternative formulations of the
four-body theory is clearly called for.
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APPENDIX

We show here that the on-shell values of our
amplitudes 3¢°7, F{7,, and §°" yield the transition
amplitudes for all physical processes starting
from an initial state of the 3+ 1 type.

In order to do so we first establish some inter-
mediate results, such as the relationship between
the three-body initial-state wave function and its
Faddeev components. Combining the relations
[@ (™= _Gov%cb (M) with the Faddeev equations
! @ ;T)> = _GO ty AcT 57)«[ ¢ {1)>’ we get

|®™My=a, l,?: 5,,G,Vy| @ ™), (A1)
T

where it is understood that all operators are to
be taken on-shell.

Combining now relations (7.6), (7.4), and (A1),
we get for the half-on-shell amplitude 3C°7 the ex-
pression

3CoT(T, T © E+40)

=<'Itq,(a) ‘f(o)q,('r)>
P .

Z Z Vlgkv Z; Go trGoUg;
aC

YCO ACU
(A2)

If we now take (A2) fully-on-shell, we can again
use (A1) to obtain

5COT(F, F O E+i0)= Z Z (Te|Us|T@e™),

YCOo aCT
(A3)
which is known to be the expression for the elastic
and rearrangement scattering amplitudes.?
Next we turn to the full breakup amplitude. Tak-

ing the expression for §°7 in (7.6) fully-on-shell,
and applying (A1), we get

& (TP FO; E+i0)

<F~1/g<;.>- PIPIRA > Gy LGUL
«xCT

Yo ACo

F O (T
r®e/ > .

(A4)

In order to proceed we need the expression for
|T¥{%") in terms of the initial state [F§§). This
is obtained from three-body theory by recalling

that
[X§2%) = =Go(E - i0) ;j: M(E=-i0)|pd), (A5)
co

where Mg, =V, 0, — V4G°V, is the three-body Fad-
deev operator in subsystem o. Combining (A5)
with the last of Eqgs. (5.4) we obtain

Go(E = i0)V, |T ¥ (") =G,(E - iO); MS,(E -i0)|5).
Co

(A6)

With (A6), the on-shell amplitude §°7 can be writ-
ten [recall that G}(E - i0)=G,(E+10), etc.]

8OT=Z ZZ Z (Fﬁﬁ]M‘;)‘EMGO t,G, U IF(O)‘I’LT)> .

BCo vco ACo acT
(A7)

To simplify this expression we recall from the
matrix notation’ that G,’ ={- 5°"G,W§,G,}, where
W3, is the connected part of Mg,, i.e.,

Wga=Mga"68a tB=_ZMgrgruGOta' (AB)

rco
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Using the fact that G{* T =N® ={G K %.}, where
% is the four-body kernel operator, we can now
write instead of (A7)

=3 2 (FPA|KL|

ACO aCT

(0)4,((;')) . (A9)

When summed over o, (A9) becomes identical to
the expression for the full breakup scattering am-
plitude given in Ref. 8.

We conclude by considering the partial breakup
amplitude. We proceed as before, and take ex-
pression (7.6) for & {3, fully on-shell,

=2 2 2 (P V8,604, GU L [T e,

rYCco Co aCT

(A10)

again using (Al). Further, we recall from three-
body theory that

| W §0%5)5) = [0g5 = Go(E = i0)K 55(E - 0)] D &2) .
(A11)

If this expression is multiplied by ¢,(E -i0)3,,, the

Faddeev equation for K, can be used to simplify
the right-hand side. Using, in addition, the sec-

ond of Eqs. (5.4) on tht left-hand side, we get
- ; to(E = i0)5,,Go(E = i0)V, | ¥ 2)3)
Co

=K3(E-i0)[Bog). (A12)

Finally, with the relation K §,= - {,G,U §, we get for
the on-shell value of (A10),

ey o (75

yCo aCT

= O)H(T)
r¢; >
/

2 USG, hG U,
ACO

(A13)

We compare this with the expression obtained in
Ref. 8 for the partial breakup amplitude, i.e., with

Z (@1037| B (32| plazly; (A14)
by
with the definitions ®%?={6,,® ,}, @'’ ={6"&{"},
and

(32 ={por} = ZU Gy t,GyU: {

YCo e ‘

(A14) becomes identical to (A13) when the latter
is summed over all oC 4.
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