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Fictitious-particle vertex in quantum gravity*

G. Leibbrandt'
Lyman Laboratory of Physics, Harvard University, Cambridge, Massachusetts 02138
(Received 11 July 1977)

We derive an exact expression for the fictitious-particle contribution to the pure graviton triangle diagram
which is needed to verify, through the appropriate Slavnov-Taylor identities, the gauge invariance of the
scattering matrix to third order in the gravitational coupling constant k. The calculation is performed by
working in the framework of covariant quantization and exploiting the technique of dimensional
regularization which is known to preserve the local gauge symmetry of the underlying Einstein-Hilbert
Lagrangian. The derivation is simplified by setting the energy-momentum of one of the external graviton
lines equal to zero. It is shown that the final expression for the fictitious vertex is characterized by 14
invariant amplitudes and that the original divergences of the triangle graph reassert themselves as poles of

Weierstrass’s gamma function.

I. INTRODUCTION

In a previous paper,' henceforth referred to as I,
we calculated in the context of covariant quantiza-
tion*® the one-loop contributions to the graviton
self-energy by employing a modified technique of
dimensional regularization™?® and by extending
Goldberg’s version® of the Einstein Lagrangian to
2w dimensions. The regulating parameter w is
in general complex, with w=2 corresponding to
four-dimensional space-time. It was shown in I
that the sum of the graviton and fictitious-particle
contributions to the graviton propagator satisfies
the Slavnov-Taylor identities'®!! and that pure
quantum gravity is renormalizable at least at the
one-loop level.!?

Next in line of complexity, after the self-energy
loop, is the pure graviton triangle diagram (Fig.
1) with its associated contributions from fictitious
particles (Fig. 2) also known as Feynman-DeWitt-
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FIG. 1. The pure gravitation triangle diagram. All
lines are graviton lines.

Faddeev-Popov ghosts.?***** In pure quantum
gravity these ghosts are unphysical massless vec-
tor particles which appear only in oriented, albeit
closed, loops called fictitious “fermion” loops.
The fictitious particles are needed to restore
both the unitarity of the S matrix and the trans-
versality of the scattering amplitudes.>®

The purpose of this paper is to derive an ex-
pression for the fictitious-particle diagram, Fig.
3, by working again in the framework of covariant
quantization and by employing the technique of di-
mensional regularization.® !> A knowledge of the
detailed structure of the fictitious amplitude is
essential in order to verify explicitly the gauge
invariance of the scattering matrix to third order
in the gravitational coupling constant k. We re-
call that the technique of dimensional regulariza-
tion preserves the local gauge symmetry of the
underlying Lagrangian and thus allows for a con-
sistent gauge-invariant treatment of divergent
Feynman integrals. The continuous-dimension
method may be applied not only to Abelian models,
but also to non-Abelian massless spin-2 gauge
theories such as quantum gravity.

The computation of the fictitious-particle am-
plitude is somewhat less complicated than that of
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FIG. 2. The graviton—f{ictitious -particle vertex. The
fictitious particles £ and  have momentum labels ks
and %, and polarization labels y and A, respectively.
The graviton line is denoted by ¢ 4.
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FIG. 3. Fictitious-particle triangle diagram. The
fictitious particles ¢ and 71 occur only in closed oriented
“fermion” loops.

the corresponding amplitude for the pure graviton
triangle diagram (Fig. 1) which contains, even in
symmetrized form, over 150000 terms.'*

This article is organized as follows: In Sec. II
we summarize the relevant Feynman rules. The
general structure of the fictitious amplitude is
stated in Sec. III, followed, in Sec. IV by the com-
putation of the corresponding integrals over 2w-
dimensional Euclidean space. In Sec. V we give
the final expression for the fictitious-particle
contribution to the pure graviton triangle diagram.
The article concludes in Sec. VI with a brief sum-
mary and discussion.

We work exclusively in Euclidean space and
employ natural units #Z =c=1. We note that in
four-space the gravitational coupling constant &2
«G, i.e., k2=321G~>4X10"* (m,)?~4 x 10738

GeV™2, where G is Newton’s constant and m, is
the mass of the electron. In 2w-dimensional space,
however,

K2 G/(p2)e?;

u is an arbitrary constant with the dimension of
mass. s

II. FEYNMAN RULES
The pure Einstein-Hilbert Lagrangian density
for the gravitational field reads
2
£=72'V_gguvRu.ui (21)
where g"¥ is the metric tensor, g=detg,,, and
R,, is the Ricci tensor given by

R,,=T,,.°-T,,,,° -T,°T, +T,°T,.°, (22)

Fuup:%gw(guu.v"'gou,u. "gu.u,u)' (23)

It is convenient to rewrite the Lagrangian density
(2.1) in terms of the tensor density g°® of weight
+1,!

gf=V-gg*®, (2.4)
so that

1 (oo - 1 gen - -
L=5> ( 8% nule — g 1y & Gushv - 255°51°gw>

XZ,a"8, 5" - (2.5)
If we define the graviton field ¢** by
ghv=o"" + kot (2.6)

where §*Y is the 2w-dimensional Kronecker §, then
g.ru.v = 6uv - K¢uv+ Kz¢ua¢av - K3¢ua¢a8¢ﬁv
+0(k%). (2.7

The inverse of the fictitious-particle factor A( g‘“’)
turns out to be [see Eq. (2.12) of I]

[A(g-uv)]-l =fd(g7t)d(nu) eXp)‘Z_[dx nu[évXD - K(¢uu,)¢u - qbu.pévkauap - ¢u,p,u5ulap+ ¢uv,ua)¢)]£l} ’ (2'8)

where &, and 7, are the fictitious particles dis-
cussed in the Introduction. Their Feynman prop-
agator has, in momentum space &, the simple form

(T(&,m,) =6,,/k?, (2.9)
with
(T, 0=0=(Tn,1,)N,

while the graviton-n-£{ vertex reads, again in mo-

(2.10)

—

mentum space,

Vaa,x. (ku Ry Ry [ (Brok 18 +5mkm)kzu

+ Gxu(kzakaﬂ*'kzsksa)] . (2.11)
These Feynman rules are sufficient to derive, to
order k3, the contributions to the fictitious-par-
ticle amplitude.



2432 G. LEIBBRANDT 16

III. GENERAL STRUCTURE OF FICTITIOUS-PARTICLE AMPLITUDE

Consider the triangle diagram with vertices A, B, and C depicted in Fig. 3. According to Egs. (2.9) and
(2.11), the momentum-space propagators are

<T(£onr)>BA: 601/k2 ’ (31)

<T(£unv)>AC= 5uv/(k+Q)2, (3.2)

(T(Em))es = b/ (k =), (3.3)
while the graviton-fictitious-particle vertices C, B, A are of the form

VutB,).,u(pu -k +p5 k+q)=g'{(5lmpu§ + 5X8p1a)(k _p)u. + GXu[(p = k)a(k+ q)B+ (.b - k)B(k+ q)a]} ’ (34)

VYG,T.G(AD’ _k! k _p):g{(éwp5+ Gfﬁpr)ka+ Ofo[ky(p - k)&+ ks(P - k)y]} ’ (35)

Vnz'B',v,p(q7 "k -4, k)zg{(ﬁva"h' + 6u6'qa')(k+ q)a - 5vp[(k+ q)a'kﬁ' + (k+ q)s'ka']}a (36)

respectively. Consequently the amplitude for the fictitious loop drawn in Fig. 3 reads

d®“r o
FaB,yﬁ,a'B'(pup’ q)= —T:EVa'B',u,p(q, -k -4, k) _Lfvaﬁ,x,u(p1’ —-k+ﬁ, k+(])

(2m) (k+q)

W —kyk-p) 2
X -pr Vye,q,q(% ’ P B2’ (3.7
or
d'zwk

FaBn'ﬁ.a’B’(pl’p, q)=f (21r)2“’k2(k+q)2(k _ p)z VaB.MILVYﬁ,T.lVot‘B'.U-yT . (3'8)

Expression (3.8) is general. Unfortunately, it is also unwieldy since only some of the integrations in (3.8)
can be performed in closed form. In order to display the explicit structure of the fictitious amplitude and
to be able to analyze later the crucial Slavnov-Taylor identities, it is desirable to simplify the integrand
of (3.8) without destroying any of its essential characteristics. This may be accomplished!® by setting the
energy -momentum of one of the external graviton lines, say of ¢,,, equal to zero: p, =0 (see Fig. 4), in
which case the fictitious amplitude (3.8) assumes the following structure [we replace the indices (y§) in
(3.8) by (vo)]:

k\3 d2@p
Faﬂ.uo,a'ﬂ’ (0’ ps'p) =2 (§> ] méhu(k - P)lx(k - P)B {kx(bwpu"' 6Tcpv)+ er[kv(p - k)u+ ka(p - k)v]}
X {(6u a’ pB' + 5uB' pa')(k —p)r+ 6urr[(k —p)a'kﬂ' + (k ‘p)a'ka']} b} (3-9)
or
2% dzep
F op,v0,ar5 (0,0, =p) =2 (§> f Bk —p) Vasvoars (W P5 k), (8.10)
where
8
Vasvoare (@, P, k)EZ V(iéuaa'e' (w,p, k) (3.11)

i=1

consists of 56 terms. Whereas in four-space (w=2) the vertex integral appears, from power counting, to
diverge quartically, in the spirit of dimensional regularization the integrals in (3.10) are now well de-
fined.””® Regrouping the various %k terms in Vg,,,.5 @nd remembering that 6,, = 2w, we obtain for the in-
dividual V%”s

Vitvoars: (W Dy k)= =2(ky Do PaPolar Por + RoDa PaDyPor Do + kot Do PPy DoPpe +Rge Do PPy laPar) s (3.12)
Vinoars (0,0, k)= 2(kaky: Dy PsboDs + Rake: PaDyPolar + Rk ar DaPyDolsr + Rgkg Do DyPoblar + 2Rk Do Psbar Do
+RakyPePobar Par + RakoDaPyDor Par + ey PaDoPar Do + Rgko Do PyPar Der)
+ (1 -20)(kyky Do PePobp + Ry Do PsloPar +RoRar Do Dby Ppr + RoRer Do PsPuPor) s (3.13)
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V& voursr (0,05 k)= =2(kokgkar DyDoPpr + Rokske: PyPoDar + 2Rakiko PaDar Par + 2kgk ko Do Dor Dor+ Rok g% o DyPer P g
+Rokgky Do por ppr) + 2(1+ 20)(kykgi kg Do P Do+ ko Rarkee Do Dgby)
~ (1 -2w)(2k, kg Ry Do PaDpr + 2k kg Rge Do Pa P + BakyRor g DoDae
+koR Ry Do Dp Por+RaRok oo g Py PartRakokge Pg Dy PortReR R Do Do PpetRgR kg Po Do Dur
+kgkoRarDo Py Dot kskokgi Do Dy Par) 5 (3.14)

Vt(x‘;B)vau'B' (w’ b k) = 4(kak8kvkopu'p8' - zwkvkoka'ke'pa pB)

- 2(1 + zw)(kakvka’kﬁ'pﬂpo"' kBkvka'kB'papu+ kakuka’kﬂ'pvp8+ kBkuka'kB' pvpa)
+ (1= 20)(2k ko kyko PaDps + 2k ok kokp DaDor+ 2kakkokaiDo Dar + 2k gk ks D o Do

+EakakykoPoDe + kokakukaDoDort kakghoka:DyPa +Rokekoks DyDar) s (3.15)
V) oarsr (W5 D, k) = 8w(kok ok or kg Dg + kgkykok kgD o)+ 2(L+ 20) (R okgk, kor kg Do+ kakekokas kgiDy)
—2(1 = 20)(kokok, kokos Dar+ EakakkoksDas) s (3.16)

V;GB)voa'a'(w,P9 k)= 8wk, kgk koky ke -

Expressions (3.12) to (3.17) comprise in full the
numerator in (3.10). The integration is summar-
ized in the subsequent section.

IV. INTEGRATION OVER 2w-DIMENSIONAL EUCLIDEAN
SPACE

In this section we evaluate the various integrals
occurring in the amplitude F .4 ,, 4.5 in Eq. (3.10).
Since we operate in complex-dimensional Euclid-
ean space, with w acting as a regulating param-
eter, all integrals associated with the triangle
graph, Fig. 4, are convergent. The basic integral

d*k

I(w,p%) = [ Gk —pYP (kD) 4.1)

u
(k-p) X
"7,}/
A g B
&
-p 4 ip
$a'g’ L.

FIG. 4. Fictitious-particle diagram with the energy-
momentum p, of the external graviton line ¢ .5 set equal
to zero.

(3.17)

r

is readily computed by employing three times the
parametrization for massless momentum-space
propagators,

—1r=f do exp(-ak®), k>0 4.2)
k o

together with the formula

d2wk
D exp(-ak®+2b * k)

=T2—1:?7 (%)w exp (%) , a>0. (4.3)

Consequently I, (w, %) becomes

Il(w,p2)=721:727 ]: ]:j:dadﬁdy(awhy)""

con(2ithz )

(4.4)

It is convenient!” to introduce in (4.4) the new
variables &, 7, A defined by a=£&x, B=TA, and ¥
=\(1 - £ —7), with Jacobian |J|=22, so that

f;daf:dsj:dy-foldgfo"'dff:xzdx.

Subsequent integration over A yields

(p*)“=°r@ - w)
(4m®

x [Cagea -0 [Tar,  @s)
J, J,

I (w, AL

or
I,(w, p?) = (A7) (p?)“=T' (3 - w)

xI‘(w—2)I‘(w—1)/I‘(2w—3), (4.6)
where
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o by repeatedly differentiating Eq. (4.3) partially
I'(z)= Z ) (n " z) f det*let (4.7 with respect to b, to yield the following formulas
" (Ref. 16):

denotes the Weierstrass representation of the T’ .
. w
function.'® . f-—;—z—ﬁ——z (Zw kk pula(w, p?) (4.8)
The other integrals in (3.10), as seen from Egs. m*k*(k - p)*
(3.12) to (3.17), are of the form (&, ) (I ko ko), d*kk,k,
.., and (I,k, ***kg,), Wherel, acts as an integral f R =P =pu by (@, P+ 8,1, (w, p%),

operator. These 51x mtegrals may be computed

| (4.9)
[ e e, b0+ (D00 PuBa DB, ), (4.10)
R SN RIACAEN § DEIRN AL 3 Oun (3 5°), (4.11)
J LR oot b0+ ( T Bbabrb) 1,0+ ( T bbb lalns?),  (4.12)
[t dte < b, bbb epab a0+ ( T Bubabiboba)lisor )

+ (45;“ 5w6mpa1>p>1,5(w, )+ (15‘%;,,,5 aa,opa> 16(0,07), (4.13)

where ENperm denotes the sum over N distinct permutations. The integrals I,(w,p%),. ,I,5(w,p?) are sum-
marized in Appendix A and are seen to be expressible in terms of the basic integral I,(w, p°) in Eq. (4.6).
V. TOTAL CONTRIBUTION FROM FICTITIOUS-PARTICLE LOOP
The machinery developed in the preceding section is sufficient to integrate the right-hand side of Eq.(3.10),
Fo8,v0,a0p (0, 5 —=p) =2 (%) 3[11Vaeuoa's' (w,p, k)],
over 2w-dimensional Euclidean space with the numerator V ,,.4.5 given explicitly by Egs. (3.12) to (3.17),

while the relevant momentum-space integrals are summarized between Eqs. (4.8) and (4.13). The final
expression for the fictitious-particle contribution to the pure graviton triangle diagram then reads

Fassoas 0,0, ) =2(3) 3{papspupopa.pB.F,(w, D)+ agbo Dy Db Fals )+ B by bs e Falt0y 5°)
+ 8g oDy Po Do PeF (W, p°)
+ (BaoPaDvDarlpr + Barbs ParPoPar + OugPaPasboPar + OopPa Par Py Pse )F5(, 17)
+ (BugePa PorPo P+ OuarPaPpPolprt SoarPa Pg Dy Ppr + Sagel o Doy Pg)F (@, p°)
+(BapDyPoParPa+ SaaPsPeby Do+ OppPo ParDy Dot OparPa Per Py Po)F - (w, p?)
+ Do Dp(Byrge Ouo + Bg0yBr o+ Bpr g0 ry ) F (@, %)
+ 5y Do(B0g0arpr + Oag Opar + Oaar Opge ) Fo(@, p2)+ Parbpr (DacOsy+ Oaplos + Oau 0o F 1(w, P7)
+ [P Do(Bag Byar + BanBarsr + Baar Og0) + Do PolBpge Byar + 85, 0ar gr + Ogar Ogry)
+ 0, P6(6080 Oaro+ BaoBarsr + OaarOags )+ Do Du(Bags Boqe + BaoOarps + Ogar Ogr o) IF 11 (@, H7)
+ [ D5 s (Baoary+ Oaar Oov + OawBoar) + P Par (BayBass + Baralugr + Oauge Oyo)
+ D oD (Bgar Bug+ 85,000 o+ OgoDary) + P oD ar (Bag Bug+ 85, 8a0 o+ Bae0ey) IF 1o (@, p°)
+ [pupﬂ'(aaa'éﬂv‘" OapOary+ OargBay) + Dol ar (Baglupr + Oy Opgr + Dagr Ogy)

+P,Da (BaarOgs+ 0ap0ara+ OagOars)+ Pyl ar (Oupr Ops+ Oaplpro+ Oaolprg) JF 15(w, p7)

+ Z 0480,00428 Fm(w,pz)}: (5.1)

15 perm
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where the invariant coefficients F;(w,p?), j=1,
2,...,14, possess the following structure (note their
dependence on the regulating parameter w):

F (w,p?)==8[I,+ (w - 3)[,+ (3 — 4w,
+ (6w = 1)I, ~4ol + wl,], (5.2)

Fy(w,p?)= =8[I;+ (w - 1) - 2w, + wI,,], (5.3)

Fy(w,p?)=4[I,+ (2w = 3) + (3 —=6w)I,

+ (6w - 1), —20l,,], (5.4)
F,(w,p%)=4[(1+2w)[{ - (2+6w)I,
+ (146w, —201,,], (5.5)
F(w,p?)=2[I,+ Qw -4)I;+ (4 - 8w)I,
+ (10w - 1)1, —4wl,,], (5.6)
Fo(w,p?)=(1 = 20)[,+ (12w - 2)[+ (1 - 26w)I,
+ 2401, -8al,,, (5.7)

Fo(w,p?)=2[I,+ 2w - 2)I, - 8wl

+(10w+ I, —4wl,,], (5.8)
Fy(w,p?)=-8w(l, -2 ,+I), (5.9)
Fy(w,p?)=4[(1+2w)I, - 2wI ], (5.10)
13'1()((‘0.),1)2)=4[I9 -(1-2w), —ZwIm], (5.11)

F, (w,p?)==2[(1+2w), - (6w+ 1), +4wl,.],

(5.12)
F,(w,p%)=2[(1 - 2w)[,+ (6w - 1), —4wI.],

(5.13)
F(w,p?)=(1 -2w),+ 8wl , - 8uwl,, (5.14)
F (0, %)= —8ul,, . (5.15)

The integrals I,(w, p?), .. .,I(w,p?) are summar-
ized, respectively, in Eqs. (A3)to (A17) of Ap-
pendix A. To study the analytic structure of the
invariant coefficients F,, j=1,..., 14, it is con-
venient to rewrite them as functions of the basic
integral I (w, p?). It is evident from the “reduced”
F’s in Appendix B that the original ultraviolet di-
vergences of the vertex graph manifest themselves,
in the framework of the continuous dimension
method, as poles of Weierstrass’s partial frac-
tion expansion of the I" function (4.7). Thus

1 = (-1)"
I'(w-2)= W -2 +§ nln+w—2)

+ f dtt*'e
1

exhibits, for example, a pole at the “physical”
value w=2. (We recall that 2w=4 corresponds
to four-dimensional space.)

(5.16)

VI. SUMMARY AND DISCUSSION

Working to third order in the gravitational coupling
constant k, we have derived in the context of di-
mensional regularization an explicit formula for
the fictitious-particle contribution to the pure gra-
viton triangle diagram. Our final expression
F 46, v0,ase in EQ. (5.1) is characterized by 14 in-
variant amplitudes F;(w, p?). The latter are sum-
marized in Egs. (5.2) to (5.15) and again, in re-
duced form, in Appendix B, where they are seen
to exhibit [through the basic integral I,(w, p?)]
various poles, for example at w=2 and w=1. The
pole at w=1 is connected with the fact that the
Einstein-Hilbert Lagrangian L = [ £42“x collapses
in two dimensions to a surface integral.’®* We also
observe that the fictitious-particle loop associated
with the graviton self-energy® yields, by compari-
son, only ten terms with five invariant coefficients.

The calculation presented here is the first step
in a program designed to verify the gauge invari-
ance of the scattering matrix to order «3. The
second step consists of tackling the pure graviton
vertex in Fig. 1, a somewhat tedious exercise
since the corresponding amplitude contains, even
in symmetrized form, over 150000 terms.

The gauge invariance of the S matrix to order
k* may then be verified first, by adding the ficti-
tious-particle amplitude F g o 4:5- to the contri-
bution from the pure graviton triangle diagram
and second, by ascertaining that the sum of the
“real” graviton and the fictitious-particle contri-
butions to the graviton vertex does indeed satisfy
the appropriate Slavnov-Taylor identities. The lat-
ter can be derived from the general Slavnov-Tay-
lor identity!®'!!

(2/a)<T¢uu,y.(x)¢m,x(y»= 'Gvﬂa(x -y), a#0

which is valid to all orders in x and which holds
for any gauge specified by the parameter @. It
is clear that the successful completion of the above
two steps hinges decisively on a knowledge of the
fictitious-particle contribution. The detailed
structure of this contribution is given in Eq. (5.1).
It has been known for some time that calculations
in gravity can be fun and the above computation
is no exception. Yet our enthusiasm to attack Fig.
1 has diminished uniformly during the course of
the present investigation and is now roughly pro-
portional to 1/#2, where n, the total number of
terms in the corresponding vertex amplitude, ex-
ceeds 150 000.
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APPENDIX A

In this appendix we express the integrals
L(w,p?),...,I4(w,p?), appearing between Eqgs.
(4.8) and (4.13), in terms of the basic integral
I,(w,p?), Eq. (4.6). The reduction is achieved with
the help of the beta function

B(x,y)=fd£ £°1(1 - £)', Re(x)>0, Re(y)>0

(a1)
Blr,y)- T90), (a2)
and eventually yields
(0, ?) =L, (0,1), (a3)
13(, 0 = 5z —gyTa(@, ), (a4)
10, ) =g gypLa(: ), (a5)
I5(0, 1) = g )1 (0,59, (a6)
1@, 1) = e et i@ ),  (@&n
L(w, p?) = Tg:t—lﬁ?;—;?_)—s)ll(w, %, (A8)
10, 1) = gy @, p),  (49)
(0, 1) 15— Tys =y (P 1@ p?)
(A10)

o(w, p)= YOO D) 1 0,1y, (a1

1(0,57) =gt Dt 0%, (A12)

Ilz(w’ pz) = 16(4w2(i’;)1()2w - 3) (Pz)le(w’ p?) H
(A13)
(oD = G b)), (A1)

114(“’: pz) = 16(_‘1(‘:02+_2])_§?;:,:33§jp211(w; pz) , (A15)

2 2
115(0’,1)2)= 32(40_)2(-(:’;-)(2)(0 _3) (Pz) Il(w’pz) ’

(A16)

_1 2\3 2
Ile(wypz)‘: 64(4(.02 — 1)(2w _3) (P )Ix(wyp ).
(A17)

APPENDIX B

By substituting the appropriate integrals from
Appendix A into the right-hand sides of expressions
(5.2) to (5.15), we may rewrite the invariant am-
plitudes F;(w,p?), j=1,..., 14, explicitly as func-
tions of w, p?, and the basic integral I,(w, p?).

Consequently,

—(w=2)(w -1)(W?+4w+2)

Fl(w’pz): (4w2—1)(2w—3)

Il(w’ %,

(B1)

Fy(w,p?)= (2“24’0,12)5“;)&1“’_*;)) pL(@,p"),  (B2)

oy —(@-1)(w+ wt+1) , 2
Fy(, ) =5 a e —3) P L@ p),  (B3)

F A, )= g o P (@), (B9)

Fs(w,P2)= 4(4w;0£wl)_(212’ _@szll(w’pz)y (Bs)

2y _ —(w-1) 2 2 \
FG(w7p )= 8(4w2_1)(2w_3)p1x(w’p )s (B6)

. ~w(w-1) 2 R
F.,((U,p )" 4(4(02_1)(20)_3)1711((1’,1’ )) (B7)

2

Fs(w’pz) = 4(40)2 _—S(zw_3) (pz)le(w’pz) ’

(B8)

o (WP+w+1) - R
Fg(w’p )‘ 4(40)2—1)(2(.0—3) (p) Il(w,p) ’

(B9)

-~ w(w+1) ona 2
Flo(w’p )_ 4(40.!2 -1)(2(.:.) _3) (P )Il(wrp ) 9

(B10)

2) _ -w 2)2 2
Fu(‘*’,P )" 8(4(.02—1)(20.!—3) (P )Il(w!p ) 9

(B11)

2y _ w 2)2 2
Flz(w;p )“ 8(4w2_1)(2w_3)(p )Il(w!p ) ’

(B12)

2y _ 1 2 2
Flg(w’p )" 16(4(.02 — 1)(20)—3) (P )211(w,P )’

(B13)
and finally,

2y _ w 2\3 2
F,(w,p?) = 8(4w2—1)(2w—37(p )Il(w,P ) .

(B14)
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