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The strong-interaction corrections to the matrix element of the KL —t2p, decay and the K~-Ks mass difference

arising from gluon exchanges at short distances are considered. We discuss the controversy existing in the
literature on the problem and try to elucidate our approach proposed earlier.

I. INTRODUCTION

The processes of the second order in weak in-
teractions, namely, K~-2p. decay and the K~-
K~ mass difference, have been considered within
the Weinberg-Salam model in a number of pa-
pers. ' ' In Refs. 1-5, 9 the calculations were per-
formed within the free-quark approximation, while
in Refs. 7-9 the gluon corrections to the matrix
element are included.

There existed a controversy over the results ob-
tained in various papers which has been only parti-
ally settled at the present time. According to Ref.
1 the K~- 2 p, branching ratio in the free-quark ap-
proximation is equal to

I'(K~ - 2p) G'm, ' cos'Hc
I'(K'- gv) 2m~

where 8~ is the Cabibbo angle and m, is the mass
of the charmed quark. Qn the other hand, accord-
ing to Refs. 2, 6 the branching ratio (1) is just equal
to zero in the approximation considered. Because
of this difference the problem has been reanalyzed
in Refs. 3-5 and the final result obtained by these
authors coincides with Eq. (1). Moreover, the
most recent calculation by the authors of Ref. 2

also agrees' with Eq. (1), so that this matter seems
to be settled. However, the controversy over the
calculation of the gluon corrections still exists.

The calculation of the effects of the strong inter-
actions on the processes under discussion was tried
first in Ref. 7. The problem h3s been reconsidered
in our previous paper, ' in which we obtained results
which differ rather radically from those of Bef. 7

and indicated our understanding of the origin of the
difference. More recently, there appeared a pa-
per' in which new results for the same effects are
obtained and which accounts partially for the criti-
c31 remarks of our paper. ' However, some es-
sential points of our treatment are not yet included,
so that, to the best of our understanding, the final
result of Ref. 9 is not correct. There is no direct
critique of our approach in Bef. 9 although it con-

tains an indirect argument which, according to the
opinion of the authors of Bef. 9, shows that our re-
sults are not self-consistent.

We feel that it might be helpful under the circum-
stances to present a more detailed derivation of
our results and to try to elucidate the reasons for
the differences. We will consider also the indirect
argument mentioned above and present a critique
of the assertions of the authors of Ref. 9.

It is worth noting that the primary motivation for
the consideration of the processes of the second
order in weak interactions was the derivation of
upper bounds on the mass of the charmed quark.
In particular, it was claimed in Bef. 7 that the
strong- interaction corrections affect these bounds
essentially. However, according to our calcula-
tions the account of strong interactions is not im-
portant numerically. ' The same conclusion is
reached in the most recent publication' despite the
remaining difference in the results obtained. Thus,
thewhole problem seems to be of academic rather
than practical. interest. Still, we believe that it
is worth having a correct theoretical formula for
the gluon corrections to the matrix elements con-
sidered, no matter how important numerically
these corrections are.

The organization of the paper is as follows. In
Sec. II-V we consider the amplitude of the K~
-2+ decay. In particular, Sec. II contains a dis-
cussion of the gluon corrections to the box graph
(see Figs. 1,2), or, more generally, to the T
product of two hadronic currents. In Sec. III the
gluon corrections to the T product of three cur-
rents or to the triangle graph (see Fig. 4) are
evaluated. In Sec. IV we will present the final re-
sult for the matrix element of the K~-2 p. decay
taking into account the strong interactions at short
distances. In Sec. V we will discuss the problem
raised by Gaillard et al. ' namely, the indepen-
dence of the results obtained on the choice of the
gauge of the W boson field and strong-interaction
effects on the gauge-dependent terms. Finally, in
Sec. VI we will discuss briefly the case of the K~-
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K~ mass difference. Although this matrix ele-
ment is not discussed in Ref. 9, we will present
the results of the corresponding calculation for
the sake of completeness.

AL 2p DECAY. THE BOX GRAPH

In this section we will consider in detail the
calculation of the box graph represented in Fig. 1

taking into account the gluon exchanges (see Fig.
2). This is the simplest calculation in the series,
and for this reason the difference between various
papers is not so drastic as in the other cases.
However, the difference does exist, and we will
elucidate the reasons for this. It is worth noting
that there are some common points in all the de-
rivations and the difference appears only at the
last step of the derivation.

The matrix element associated with the graph
of Fig. 1(a) is of the form

M~= —
2

G2 sinHc cosHc Xyc y,X Pycy, gl, (2)

where

dp' 1c, IV (P2+ m 2)2 y2+ m 2)

and m~ is the 8'-boson mass, m, is the mass of
the charmed quark, and we have chosen the Feyn-
man gauge for the W-boson propagator.

The calculation of the type (2) we will call the
free-quark approximation since the gluon correct-
ions are not taken into account. The calculation
can be easily performed to the very end, and the
result is as follows:

I=-.'m, ' ln
mc

I.et us proceed now with the calculation of the
effects of strong interactions at short distances.
Hereafter, we will assume the validity of the
"standard" model according to which the strong
interactions are mediated by exchanges of an octet
of color gluons coupled to the color degrees of
freedom of the four quarks tP, X, A. , c.

Because of the gluon exchanges there arises an
additional, dependence on P' of the amplitude of the
Compton scattering of the H' boson with momen-
tum P on the quark, WX- WX (see Fig. 2). We ab-
sorb this dependence into the definition of the fac-
tor F(f(2) so that the matrix element (2) is
replaced now by

O' FV')
c II' (f 2+ m 2)2 (p2+ m 2)

"' d'. F(~'), (4)
m

where the latter equality is valid only in the log-
arithmic approximation, to which we will confine
ourselves in this section.

The factor F(fI2) introduced above can be readily
calculated in the leading logarithmic approximation
in which all the terms (g2lnp2)" are summed up and

the terms of the order g are neglected, g being the
coupling constant of the quark-gtuon interaction.
As is well known, the use of the renormalization-
group technique allows the summation to be per-
formed once the calculation in the lowest order in
g' is explicitly made.

In the lowest order in g there exist several
graphs contributing to the process under discus-
sion, and these graphs are represented in Fig. 2.
If the I andau gauge is used for the gluon field,
then only the graph of Fig. 2(c) gives the logarithmic
factor and the effect of the strong interactions re-
duces to the mass renormalization. Thus, in the
lowest order in g' we have for p2» m, '.

p'
F(P') = 1 —8 ln

16@'2 m, '
If the summation of all the leading log terms is
performed, then

~(c*) ((, && &*( .*) („c' *"" ((()
3 16m' m, '

This result can be obtained either by a direct sum-
mation of the graphs or by using the renormali-
zation- group technique.

It is worth noting that all the authors agree that
in the case considered the effect of strong inter-
actions reduces to the corrections to the e-quark

6'(c)
l"

(a)

FIG. 1. The box graph for the transition &K p'p
{&I. 2p, decay}. {a}The bare-quark approximation,
{b}gluon corrections included; here the blob stands
for the amplitude of the transition with the strong in-
teractions taken into account.
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FIG. 2. The graphs describing the lowest-order gluon
corrections to the amplitude of the ~X W'8' transi-
tion.
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effective mass. However, the authors of Refs.
7, 9 use in Eq. (8) g (m') ln(p'/m') instead of g'(m, ')
xln(P'/m, '), where m is some characteristic had-
ronic mass, and we will return to the discussion of
this point later. Moreover, in our paper' we sub-
stituted F(P') into Eq. (4) and performed the inte-
gration over P' explicitly to find

dp'+(p') p,~c2

(7)

while the authors of Hefs. 7, 9 assume that it is
sufficient to multiply Eq. (3) by F(m~') to get the
final answer.

In other words, the difference can be summa-
rized as follows. We calculate the integrals of
the type

explicitly, while the authors of Refs. 7, 9 replace
the true integration by the following procedure:

which is certainly not correct since the integrals
of the type considered cannot be evaluated by sub-
stituting for the integrand its value on the upper
limit of integration.

In the case considered the difference reduces to
the numerical factor and not to a power of the log-
arithmic factor. Thus, in this case the result of
Hef. 7, 9 can be used for the sake of an estimate,
but not as an exact answer (as it is assumed to be)
since all the multip)icative numerical factors must
be kept in the case considered. In the case of the
triangle graph (see the next section) the same
neglect of the explicit integration leads to the re-
sult which differs from the correct one by the
powers of the l.ogarithmic factor as well.

I.et us return now to the discussion of the other
point of difference mentioned above. We would like
to insist that in the logarithmic approximation con-
sidered here the lower limit of integration in Eq.
(7) is m, ' and not m' as is assumed in Refs. 7, 9.
Moreover, for p' s m, ' there is no logarith-

mic factor in the gluon corrections to the mass
operator, as is readily seen from the considera-
tion of the graphs in the perturbation theory [see,
e.g. , Eq. (5)]. If m, is not much larger than m

then the difference is not so important numer-
ically, but here we have aimed at deriving a cor-
rect theoretical formula and for this reason we
wouM like to emphasize this difference as well.

In conclusion of this section let us notice that
all the calculations above are performed in mo-
mentum space, while the calculations of Refs.
7, 9 are made in coordinate space. This makes
in fact no difference, and in the next section we
will try the coordinate space to make the process
of comparing various papers more straightfor-
ward.

~ 6(c)
x

Z
W~ 4'(~)

(b)

III KL 2LLI DECAY. THE TRIANGLE GRAPH

In the previous section we considered the strong-
interaction corrections to the matrix element of
T product of two weak currents (Figs. 1 and 3). In
what follows we will find the gluon corrections
to the triangle graph of Fig. 4 which corresponds
to the matrix element from the T product of three
hadronic currents. Therefore, there exist now two
independent distances instead of one distance in

the case of the box graph. To be more precise,
let us notice that the Ward identity for the ZXZ
vertex allows us to reduce the calculation of the
matrix element of the K~- 2 p, decay to that of the
T product of two currents and the matrix element
of the T product of two currents and pseudoscalar
density ey, c. The former case was discussed in
detail in the previous section, while the latter
case is dealt with below.

Let us denote the appropriate T product of the
three operators by T„„(x,y):

T„„(x,y) = m, TQ'„(x)j„(y)c(0)y,c(0)), (8a)

where j' are the sources of the 8'-boson field. The
part of the ZXX vertex contributing to the K~-2 p,

decay is then given by the following expression:

r. &01 fd xd yD'„(x y)T „(x,y)(x+y—)

(8b)

where D„„ is the Green's function of the W boson.

FIG. 3. The triangle graph corresponding to the T
product of tvvo hadronic currents.

FIG. 4. The triangle graphs corresponding to the T
product of three hadronic currents: (a) bare-quark ap-
proximation, {b) gluon exchanges included.



NO VIKO V, S HIF MAN, VAIN S HTEIN, AND ZAKHARO V 16

The authors of Refs. 7, 9 assumed that the dis-
tances x, y of the order m~ ' are essential for the
calculation of the XXX vertex. Our point is that the
whole region of x, y

m~-'~x, y ~ m ', x-y-m~'

contributes to the matrix element considered.
This observation changes the result completely.

To substantiate the point let us consider first the
free-quark case. The integral describing the
ZXX vertex is then of the form

d4xd4y(x+y)„&[y z(1+y )S(y, m, ) y S(-x,m, )y „~z (1+y )]XD(x-y, m~)

8 1 2d4xd y(x+y)i +, 2 ZiypXLD(x —y, m~),' ax, ey, x'y' (9}

where S (x, m) is the Green's function of the ferm
ion field with mass m, and we use the Feynman

gauge for the W-boson propagator D~„(x y) so-
that

D~„(x y) =g„„D(x-y, m~') .

f), (p) = [g'(m')/g'(1/p')] ",
where g'(1/x') is the effective quark-gluon coup-

ling constant squared, and in the model considered
g' is equal to

It is convenient to introduce the variables p, z
so that (x y) = p and (x+y)/2 =z. Then we get

g'(1/x')=, (l4)
1+—", [g ( m')/1 6w'] ln(l/m'x')

I')„-m ' d'zd'pa p, m ' z+-,'p 'z —,'p '
g&~ -i

C

and e, = ——', 0, = —". Mass scale m stands in
Eq. (14) for the normalization point, so that

X Xg p}t XJ ~ (10) g'(m')/4v = 1 .

The function D(p, m~') fails off exponentially at
p& m~ ' and the integration over p in Eq. (10) just
reduces to the substitution of p by m~ '. In this
way we get in the logarithmic approximation

m ' 1+y ~&mc ~

1' - ' xy y' X d'z/z4.
md( 2 e)fftg -j.

From this expression we see that the whole region
of m~ '&z(m, ' is essential. Thus far we have
considered free quarks. However, the gluon cor-
rections are logarithmic in nature and, therefore,
they do not change the convergence properties of
the integrals and the characteristic values of z .

After this preliminary exposition of the differen-
ces in various approaches let us describe in more
detail our procedure of calculating the gluon cor-
rections. To this end let us return to the con-
sideration of the T product of three operators [see
Eq. (8)]. As the first step in evaluating the gluon
corrections we use the Wilson expansion for two

currents

Let us also notice that Eqs. (12) and (13) were
first obtained in fact in Refs. 10 and correspond
to the calculation of the effective four-fermion
Hamiltonian of weak interactions provided that
1/p'= m~'.

To find the z dependence of matrix element (8a)
we use the Wilson expansion of the product of the
operators 0, and c(0)y,c(0). This expansion looks
as follows

m, o,(z)c(o)y,c(0) ™c'A'(z)—s Jn(0)

d6(0) = X, y, 3f, .
(15)

The z dependence of the coefficients A'(z) intro-
duced in this way is determined by the anomalous
dimensions of the operators appearing in Eq. (15),
namely, operators O„c-quark mass, and current

The anomalous dimension of the current is
equal to zero, while the anomalous dimensions of
the other operators can be easily read off from
Eqs. (13) and (6). Combining all the factors we
get for A'(z}

Tii:(x),i;(y)] = P,(p}0,(z}+& (p)o (z)

where where

g'(m') ~ ' g'(m, ')
g'(1/z') g'(1/z')- (16)

0 = —(Xiy 0 iS'~y„XL,

chery

XI.S iy 5 r)((P c),
(12)

12
fft 25

and the coefficients a' can be found from an ex-
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plicit calculation in the free-quark limit since we
require that for the strong interactions switched
off the result coincides with the bare-quark cal-
culation.

Combining Eqs. (11)-(13)and Eqs. (16) and (16)
we get

g2(m 2) I 26~

g'(1/z') " g'(1/z')
g'(1/p') g'(1/P')

x(z, /z')X~(0)y, X z(0) .
It isworth noting that if we put x-y -

p in this equa-
tion, then we reproduce the results of Refs. 7, 9.
However, as is explained above, the distances
z» p are also essential and Eq. (17) differs from
the corresponding results of Befs. 7, 9.

To get the final, answer for the triangle graph we
substitute Eq. (17) into Eq. (6b) and come in this
way to the integrals of the type

m ~' '
g

z' g'(1/z') g'(m~')

(16)

which can be easily evaluated to be

m 2

m g
' —"g'(m, ') /16m' 26 —n, + 1

-g(m 2) qz6~+1 ga(m 2) t u~

&(mw')
i

g'(mw')-
. (19

Thus, the difference between our calculations and
those of Refs. 7, 9 in the case of the triangle graph
can be summarized as follows. %e evaluate the in-
tegrals of the form

c ~ 1- Clnm 1 1(1- C 1nm, x)~ ~ =
C 26 1 ([1+C ln(m ~/m, )]' ~"—[1+C ln(m ~/m, ) ] o~}

1 —Cln m, /m~ c C 26 —o

(20)

explicitly, while the authors of Refs. l, 9 use a
certain procedure which amounts in fact to an as-
sumption that all the integrals can be found by
replacing the integrand by its value on the lower
limit of integration. In the case considered this
assumption corresponds to the replacement

f dxCln(1Cl )zy
x 1- C 1n(m, /m~)

—[&+Gin(m /m, )]" f "*/"
mgp &

which differs from Eq. (20) both in numerical co-
efficient and in. the power of the logarithmic fac-
tor.

IV KL +2p DECAY. RESULTS

In the two previous sections we have exempli-
fied all the principal problems which are encount-
ered in the course of calculation of the gluon cor-
rections to the matrix element of the K~-2p,
decay. For the sake of complete~ - we will pre-
sent in this section the final result cur the gluon
corrections to the amplitude of the K~-2 p. decay
derived first in our paper. '

As shown in Refs. 1-5,9 the amplitude consid-
ered, M(K~-2p), is determined by the graphs of
the three types represented in Figs. 1, 3, and 4.
Using the %ard identities for the ZA, X vertex the
general expression for the amplitude of the X X

transition can be transformed into the

M„„=i d xe '"0 T '4+,gv0 E

d4xd e" "'
4v

x (Oj T(m, t'(x)y, c(x)j'„(y)j„(0)}~Kz),

j '„=6'zy„('Z~ cos 8c+ A.~ sin 8c)

+ V~y„(-6lz sin8C+ X~ cos 8c) .

(22)

In the free-quark approximation M„„,T„„are
equal to

M„'0' = sin8~ cosa~

1 1

Pl+

following form:

M = M~+ M2+ M3,

d4k m~4 1
(2s) (~ m *) "''T)'""' ""'

(21)
M, =-40'i Py„y, p,

d'k m ~'
(2 )4 ()p z)z ( g pa+ y %u) t

d'k m~' 8
Me 2G f pygynp

(2 qg yl g 7gg
mw ~q

where
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1
T„"„'=— , '

8 o 8 X~ „-
5 , - 2 ),

C C

If we include now the strong-interaction correc-
tions, then the mass of the c quark in the matrix
elements M„M, must be replaced by

and we come to the result obtained first in Ref. 1

M =M '+M +M'2

25 g 2(m 2) /22 12/25
m, -m, 1+—,' 1.n (23)

= (-G'm, ' sin8c cos&c/4K )2i2y„y5i1

x (O]iy„y,of hce').

(see Sec. II). As for the matrix element M, the
general expression for it can be transformed in
the following way:

M, =2G'p, y~y, p, d'xx„0 T m, V x y,c x d4ym 'D Y, m ' j+ y)j„0 K~ .

In Sec. III we have shown that the gluon corrections
to this matrix element are not reduced to the mass
renormalization, but include the modification by
the strong interactions of the weak XX-V'c transi-
tion as well. Proceeding with the calculation out-
lined in the previous section, we get the following
answer:

M=M q)

[2 (K
12/25 —K 1/25) + 3(K 1/25 I)

1 16m'

2 g'(m ') "' 1

6 (K
-6/25

K 1/25)]
7 1

+ 1(—K
12 25+2K 6/25+ K )2 J j. 1 )

(24)

V. GAUGE INDEPENDENCE OF THE RESULTS OBTAINED

In this section we will consider the gluon cor-
rections to the contributions depending on the

K, =g2(m, 2)/g2(m ~2) .

It is worth emphasizing that if [g'(m, ')/4n']
x ln(m '/m, ') - I, then the second term in the
right-hand side of Eq. (24) is, in principle, of the
same order of magnitude as neglected "correc-
tions" to the first term. We have kept it for two
reasons. Firstly, it interpolates smoothly the
calculation of the gluon corrections to the free-
quark ease in the limit of g'-0. Secondly, the
leading term is canceled out in t4is limit, and
just because of this cancellation the leading term
is not so large numerically as it might be expected
to be. Thus, it seems reasonable to present the
result in the form (24). Let us notice that Eg.
(24) refiects the fact that the strong-interaction
corrections do not just reduce to multiplicative
renormalization of the result of the free-quark
approximation as is asserted in Refs. 7, 9. The
reasons for this were in fact discussed above as
well as in our previous paper. ' The point was
criticized in Ref. 9 and we turn to the considera-
tion of this criticism in the next section.

choice of the gauge of the W-boson field. The
problem was brought up by Qaillard et al. ,

9 who

argue that the strong-interaction corrections are
the same both to the gauge-dependent and gauge-
independent pieces. On the basis of this argument
the authors of Ref. 9 conclude that the cancellation
of the ln(m~2/m, 2) terms which takes place in the
free-quark approximation maintains in the pres-
ence of the strong interaction. s as well, and this
conclusion is in variance with the results of the
explicit calculation presented in the preceding
section.

%'e will show here that in the case of the T pro-
duct of three currents the gauge-dependent and
gauge- independent pieces are in fact modified by
strong interactions in different ways, so that the
assertion of Ref. 9 is not valid, to our mind.

I,et us introduce the gauge-dependent term in
the Green's function of the W-boson field in the
following way:

D~„(x)=g,„D(x,m ~2)

m g+ e„2S„D( mx~ )-2D x,

(25)

where parameter $ corresponds to the so called
R, gauge.

Furthermore, in the case of the free-quark ap-
proximation we find for the contribution of the (-
dependent part of D~„(x) into the vertex I'„ the fol-
lowing expression:

mc (~+~P) 8 —gp)

x [D(p, m~2) —D( p, m ~'/$)],a 9

~Pv

(26)

where we used Eqs. (9), (25).
After integrating over p by parts we see that the

integral over z converges at.a - p, unlike the case
considered in Sec. III, where we used the Feynman
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gauge for the W-boson Green's function. Qn the
other hand, the gluon corrections depend crucially
on the value of p/z [see Eq. (17)], Therefore, the
contribution of the $-dependent part of D~„ is af-
fected by the strong interactions in a different way
than that of D(x, m~z)g „.

This does not imply of course that the final re-
sult is gauge-dependent. Moreover, the cancella-
tion of the gauge-dependent terms can be followed
in a rather general way. The central point here
is that the contribution of the $-dependent part of
D„„reduces to the integral from the T product of
two currents. Indeed, substituting D~„by its
longitudinal part [see Eq. (Sb)] and integrating by
parts over x, Y we come to the integral from

T(j '(x)j„(y)c(0)y c(0)1 .
8 8

As follows from the properties of the function
D(x, m~') the characteristic values of (x —y) and
z are of the order m ~ '. As for the values of x
they are of the order m, ' as is readily seen from
the consideration of the graphs in the perturbation
theory,

Using the Wilson expansion for the pairs of cur-
rents j'„(x)j„(y) and j„'(z)j„(0) [see Eq. (12)], we
come to the T product of two effective Hamiltonians
of weak interactions. Furthermore, applying the
Wilson expansion to this product we come to the
operator

Performing the differentiation explicitly we get
both the terms containing equal-time commuta-
tors of currents and the T product of divergences
of the corresponding currents. The latter terms
give a contribution to I'~ which is proportional to an
extra factor of m, '/m ~' and can be neglected for
this reason.

The gluon corrections to the commutator terms
which are in fact T products of two currents re-
duce to the replacement of the mass of the c quark
by its effective mass [see Eq. (23)] in all the equa-
tions obtained in the free-quark approximation.
Thus, all the gauge-dependent terms in. the gen-
eral case can be obtained by this simple substi-
tution and the cancellation of the gauge-dependent
terms proceeds just in the same way as for free
quarks.

Thus, we have shown that the gauge-dependent
and gauge-independent terms are modified by
gluon exchanges in different ways, contrary to the
assertion of Gaillard et al. This circumstance
does not affect the gauge independence of the final
result, which can be easily checked.

VI. KI -Ks MASS DIFFERENCE

The calculation of the gluon corrections to the

K~-Ks mass difference proceeds mostly in the same
way as in the case of the amplitude of the K~-2 p.

decay considered above. We will give the final
result here for the sake of completeness. We will
also use the opportunity to rectify the numerical
error contained in our paper. " Because of this
error the final result presented in this paper is not
correct, although the approach to the calculation
seems to be adequate to the problem.

The K~-K~ m.ass difference is determined by the
T product of four currents

Accounting to the anomalous dimension of this
operator, we finally find that the effect of gluon
exchanges in the case of the K~-Ks mass difference
reduces to the following factor:

( g 24/25 ~ 6/25+ 3
({ -12/25)~ 2/9

z, =g'(m, ')/g'(m ~'); z, =g'(m')/g'(m, ') .
(27)

Two remarks concerning this result are now in
order. Firstly, we have kept not only the highest
power of the ratio g'(m, ')/gz(m ~'), but the other
terms as well. In other words we sum up all the
leading log terms. This is justified for the case of

[g (m, ')/4v] ln(m~'/m, ') - 1 and &(m, ')/4v « l. In
the rather unrealistic case of [g'(m, ')/4v]
xln(m~'/m, ')» 1 only the first term in the right-
hand side of Eq. (27) can be retained. Secondly,
there is no logarithmic term in the effective mass
of the c quark at the distances m '&x&m, '. For
this reason the power of z, in Eq. (27) does not in-
clude the anomalous dimension of the mass opera-
tor.

In conclusion let us notice that numerically the
factor q is close to unity for all the reasonable
choices of the parameters m, m„m~ entering Eq.
(27). In other words, the result of the free-quark
approximation is only slightly modified by the gluon
corrections.
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