
PHYSICAL RE VIE% 0 I OCTOBER 1977

Soft-photon analysis of pion-proton bremsstrahlnng*

M. K. Liou and %. T. Nutt
Department of Physics and Institute of Nuclear Theory, Brooklyn College of the City University of New Fork, Brooklyn, ¹wFork 1121G

(Received 29 December 1976)

%e defme the soft-photon approximation consistent in its treatment of both the kinematical and dynamical

aspects of bremsstrahlung. Using this consistent soft-photon approximation, we calculate ++pe cross sections

and obtain excellent agreement with experiment. Our results suggest that the contributions from off-mass-

shell effects and resonances are small.

Recently, the pion-proton bremsstrahlung pro-
cesses (v'py) have been discussed with great inter-
est both experimentally ' ' and theoretically. ' "
The tmo primary reasons for studying these pro-
cesses mere to obtain information about off-mass-
shell effects of the rN interactions and electro-
magnetic properties of rN resonances. Homever,
owing to an unexpectedly large discrepancy between
the UVULA data" and most of the theoretical pre-
dictions, attention has nom been focused on a search
for a fundamental theory which can be used to de-
scribe the experimental observations and resolve
this discrepancy. In this note me describe just
such a theory and demonstrate the excellent fit to
the experimental data produced by it.

The UVULA group has measured m'Py cross sec-
tions, d 0'/dQ dAyctk, at 298 and 269 MeV for vari-
ous photon angles. [Here dQ, is an element of solid
angle in the direction of Qz, the momentum of the
scattered pion, specified by the polar angles (8„
P,} and dQ„ is an element of solid angle in the di-
rection of the photon momentum k, specified by
the polar angles (0„$„).j The cross sections de-
crease smoothly and continuously with increasing
photon energy k. %'hat surprised us most is not the
fact that most of the sophisticated calculations have
failed to adequate&. y describe the experimentally
observed bremsstrahlung spectra, but rather the
report that the cross sections predicted by the

soft-photon approximation, which is based upon
the most important and fundamental theory i.n the
bremsstrahlung process, ' "rise steeply with in-
creasing photon energy above k =80 MeV in com-
plete disagreement mith experimental results.
Another mystery has been mhy the data can be
described by the "external-emission dominance"
approximation proposed by Nefkens and Sober. '

The purposes of this note are threefold: (1) To
clarify the definition of the soft-photon approxima-
tion and to show that there exist universal eharaet-
eristie curves for the cross section in this approx-
imation. (These characteristic curves are hyper-
bolas mhen the bremsstrahlung cross section
d G/d5lgdQydk is plotted against k. Those calcula-

tions mhich fail to produce these characteristic
curves should not be classified as "soft-photon
approximations". ) (2) To present the consistent
method for performing calculations using the soft-
photon approximation. (3) To show that our soft-
photon results are in excellent agreement mith the
UVULA data. In fact, me have obtained the best fits
to date for the UCLA data. Thus ue have shcevn
that the soft photon th-eory works remarkably zoell

for pion proton brem-sstrahlung at 298 MeV Our.
results suggest that the contributions from off-
mass-shell effects and resonances are small.

SOFT-PHOTON APPROXIMATION

It is mell known that the bremsstrahlung cross
section can be expanded in pomers of the photon
energy k as

o=o /k+o +cr k+ ~ ~ ~

where

Here the x,. refer to the set of observables mhieh
are held constant in carrying out the partial dif-
ferentiation. This expansion is the soft-photon ex-
pansion. %'e should emphasi. ze that all coefficients
in this expansion are independent of k. In terms of
this expansion, the low-energy theorem (or the
soft-photon theorem or Low's theorem), first es-
tablished by Lom' " states that o, and o, are
independent of the off-mass-shell effects and that
they can be evaluated from the knomledge of the
tmo-body elastic scattering amplitude and its
derivatives. This theorem thus provides us with
an approximate mehtod for calculating bremsstrah-
lung cross sections. In order to distinguish this
approximation from all other types of calculations
which are also based on lorn-energy theorem, me
define the soft-photon approximation (SPA) for the
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bremsstrahlung cross section as

0'

SPA k
+ 0

When «»„ is plotted against k, Eq. (3) yields a
family of hyperbolas characterized by tmo con-
stants a, and o'0. For a given a' „the shape of the
hyperbola is determined and the constant o, mill
shift this hyperbola up or down along the vertical
axis without changing this shape. If me look at the
UCLA data, me mill find that every bremsstrahlung
spectrum obtained by the UCLA group exhibits this
shape (a hyperbola) in agreement with the charact-
eristic curve of SPA. Thus without performing any
calculations, me can conclude that the skaPe of the
bremsstrahlung spectra observed by the UVULA

group is predicted by SPA.
Unfortunately, Eq. (3) has not been used by pre-

vious investigators in doing the "soft-photon ap-
proximation" calculations. Instead, they have
used the following expression:

where o'.,(k) and «,(k) are independent of off-mass-
shell effects but are still functions of k. Unlike
Eq. (3), Eq. (4) is not obtained from a, true soft-
photon expansion but uses Lom's prescription to
remove the off-mass-shell effects. In this pre-
scription the bremsstrahlung amP1itude is obtained
from the mP elastic scattering amplitudes and its
derivatives evaluated at the average total ener-
gy squared s and the momentum transfer squared
t Since s a.nd t are functions of k (i.e., three-body
kinematics should be used to calculate s and t) the
first tmo terms in the expression for the cross sec-
tion constructed using this prescription will still be
functions of k. That is, as noted above, o,(k) and

V,(k) of Eq. (4) are not independent of k. Now, it
is obvious that Eq. (4) does not represent a family
of hyperbolas. As a consequence, when Eq. (4)
mas used by the UVULA group to predict bremsstrah-
lung spectra, they found that the cross sections
rise steeply with increasing photon energy above
k =80 MeV in total disagreement with experimental
observations. This disagreement led the UVULA

group to conclude that the fault lay with the soft-
photon approximation, The problem does not arise
from SPA, but rather from Eq. (4) which is not the
soft-photon approximation.

Having defined SPA and described its relation-
ship to other so-called soft-photon approxima-
tions, me next discuss the derivation of o, and o', .
To do this we must modify Lom's prescription for

obtaining the cross section. In particular me must
address ourselves to the consistent expansion of
the three-body kinematics around k=0.

METHOD OF CALCULATION

In all present bremsstrahlung experiments, there
are three outgoing particles with nine degrees of
freedom. This number is reduced to five by the
four equations of energy-momentum conservation.
The choice of these five independent kinematical
variables is strongly influenced by experimental
considerations. In the UVULA experiments, the
variables 8„$„8„,Q„, and k mere chosen to be
independent, and the cxoss section mas expressed
in the form &Pa/dQ, dQ„dk. All other kinematical
variables qt, pt, 82, and Q2 (which can be obtained
from the energy-momentum-conservation equations)
are functions of 8„$„8„,&t&„, and k. [Here pt
=(pt, 82, &f&2) is the momentum of the scattered pro-
ton. ]

Since the lom-energy theorem is derived for
small k and is valid only to zeroth order in k, the
expansion performed by Lom to demonstrate the
cancellation of the off-mass-shell effects in the
limit of small k, must be accompanied by an ex-
pansion of the kinematical aspects to a consistent
order mhen calculating o, and a0. This means
that one must expand the solution for qf, pf, 8&,
and Q~ around k =0, retaining only the terms to
first order in k. The expansions for these vari-
ables can be combined to obtain tmo important
four-vectors, pf and qf, correct to the first order
ln k:

q" =~q+A",f f
p" =p~ —A" —k",f f
A =[m2p, (p,. q, )q,'](p, k)/lq,

mhere

and m (M) is the pion (nucleon) mass.
%e use these expressions for qf and pf to expand

the bremsstrahlung amplitude, phase-space fac-
tor, proton projection operator, etc. %hen all
expansions are performed consistently, me obtain
0

y and 00 completely independent of k:

o =cd&"Tr(X)
and

o, = c[Z&'& Tr(X)+Z&'& Tr(r)],
where

3 2 (0) (& )
(0 ~ (0) tta(0) p(l ) (1

16(2&&)5[( ~ )2 2 m]1M22t &~ I & 2 fr&0&
D(0)
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q ~ k q&' k 2 ' 2 pf k p& k qf k q,. k i 1 f

()(+ 1)y„lt (&+ I)Q„)([(p~ k)y, —p~„Jt] &[(p; k)y„- p;, tt]

aT, (p~+q~) k 2e,(q~+pt) ~ kq, , —2e,q, k(q~+p~),

, k '
( ~ k)

+—2(1 —g, ) Pt„—~ P, +(2Pi k —2g, jt k)

Q(o) — [(P .q )& m2Mo]&/&1

Q"'=-M, [(P q )'- 'M']'"[2g, (p, k)(P; q )'-2gM'(P, k)(P; q,)],

D"'=—((P q, )[(P; q;)-(P; P,)l+(p; qi)M' (P, P,)m''-t,

D "=—[m +(p,. q, )][—g, (p, qz)(pz k)+goM'(pt ~ k)+(p,. ~ k)] ——(p, q, )(p, k)

(P;+qi) k—[—(P q;) —(P; Pt)+M'],

T(s, t) = -A(s, t) + —,'((I', + gf)B(s, t),

(P, q, ) m' (P, qt)' —m'M'

(p. ~ q )(p ~ q )™(p.~ p&)
' (p; ~ q&)(p&' q&) ™(pi'p&)' (p, q&)(p&

'
q&)™(p, p&)

'.

and

~ =1.'193,

e, =l for m'

=-1 for m

In Eq. (6), q", =[(d,. -=(m'+(I', )'t', (I,] is the four-mo-
mentum for the incoming pion, s =(p,. +q,.)' =(p
+qt), and t=(pz- p)'=(q -tq)'. In deriving o,
and o„we have expanded the bremsstrahlung am-
plitude around two k-independent Mandelstam vari-
ables, s and t. Roughly speaking, this expansion is
valid if k &-,'v s and k & —,'v t, and these conditions
are satisfied for the whole range k (from zero to
its maximum value). It should be emphasized that

all contributions to o, and o, have been included.
This is to be contrasted with calculations in which
the k dependence of Eq. (4) is suppressed. All of
the dynamics of the problem now reside in the
elastic v'P amplitudes, T(s, t) = -A(s, t)+ o(5I,
+ g&)B(s, t), and their derivatives with respect to
s and t; BA/Bs, BA/St, SB/Ss, and BB/St. Our
results are still relativistic even through the ex-
pansion in kinematics was introduced here. This
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FIG. 1. A comparison of our theoretical predictions with m*P bremsstrahlung data at 298 MeV. The solid curves
represent our theoretical prediction based upon the soft-photon approximation (see text). The data points are from Befs.
3 and 4. The dashedcurves are the calculations of Nefkens and Sober, Ref. 5. The notations s&, t&, s2, and t2 used here
are, respectively, those of s, t, s, and t defined in Ref. 5.

can be easily seen from the fact that the expres-
sions for the expansion of P~z and qz retain the
four-vector forms. As for gauge invariance, it is
satisfied automatically since the gauge condition
has been used to determine the expression for the
internal scattering terms. We can check the gauge
inva, riance by noting that (3R +5K )„k~=0.

RESULTS AND COMPARISON VfITH EXPERIMENT

We have calculated m'py cross sections at 298
MeV for various 8„, using SPA as we have defined
it in the previous sections. (We have considered
only the coplanar case for simplicity. ) We have
used tabulated 8 and I' partial wave mp phase shifts
and inelasticities" to evaluate the mp elastic scat-
tering amplitude and its derivatives, and we have
included the proton anomalous magnetic moment in
our calculation.

In general our results are in excellent agree-
ment with the UCLA data. As a matter of fact, our
fits are the best yet obtained. Some of our results
and their comparison with the UCLA data are
shown in Figs. 1 and 2. In Fig. 1, the m'py cross
sections in the laboratory system d'o/dQ, dQ„dk s.re
plotted as a function of photon energy k, for various
photon angles 8„. In all cases, the incident pion en-
ergy in the laboratory system is 298 MeV and the
angle for scattered pions is fixed at 50.5 (8,
=50.5'). These bremsstrahlung spectra (solid
curves) are all hyperbolas characterized by o, and
o„which are independent of k but are functions of
8„. The first two solid curves in Fig. 1 represent,
respectively, the v py (top) and v'py (bottom) cross
sections for 8„=160', and they are compared with
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FIG. 2. A comparison of our theoretical predictions
with m~P bremsstrahlung data at 298 MeV. The solid
curves represent our theoretical prediction based upon
the soft-photon approximation. The data points are from
Ref. 3.

the measurements obtained by photon detector G»
of Ref. 4 and with the external-emission-dominance
(EED) calculations' (dotted curves). The next two
solid curves represent those for 0 =140 compared
with the data obtained by photon detector G» of
Ref. 4 and with EED calculations (dotted curves).
Finally, the last two spectra in Fig. 1 are the
average cross sections over 8„=-120, -140,
-160', and 180', and they are compared with the
average data over the 10 photon detectors G, to
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G» of H,ef. 3. In Fig. 2, the 7t'py cross sections
are plotted as a function of k for 8„=-140and

-160, and they are compared with the data ob-
tained by photon detector C, and 6, of Ref. 3. Our
results show that the agreement between the pre-
dictions based on the soft-photon approximation,
Eg. (2), and the experimental observations is ex-
cellent over the entire measured photon angle 8„.
This excellent agreement suggests that the contri-
butions from off-mass-shell effects and the reso-
nance effects (if any) are sma, ll.

Based upon the arguments given in previous sec-
tions, we are now able to explain why the external
emission dominance approximation proposed by
Nefkens and Sober gives reasonable cross sec-
tions. The EED approximation is equivalent to the
application of Eq.(4) without including a,(k), i.e.,
using o =a, (k)/k. This approximation would agree
with our result if o,(k) were well represented by

o,(0)+k(so, /sk), , and (so, /sk), ,=o,. But the

EED approximation is justified only if o,(k) is
small. In fact, it is not small for large k. As we
have previously noted, when o,(k) is included, this
type of calculation [i.e., the use of Eq. (4)j gives
results which are in total disagreement with data
at large k.

In conclusion, we have calculated ~'p brems-
strahlung in a consistent soft-photon approxima-
tion and obtained an extremely good fit to the data.
'The calculation is unambiguous, relativistic,
gauge-invariant, model-independent, parameter-
free, and based upon a fundamental theorem due to
I.ow. There are two important implications of our
results: (1) The off-mass-shell effects are small
and (2) the effects of radiation from vp resonant
states (when treated as a single particle) are small
if they exist at all. Further improvements to our
calculation, while requiring a model to generate
the higher-order terms, must not affect the two
leading terms which we have presented here.
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