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Quark light-cone model and current conservation
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A formulation of the quark light-cone commutators is given that satisfies curr'ent conservation on the light

cone. The results are applied to spin terms in deep-inelastic leptoproduction.

INTRODUCTION

In the description of hadronic behavior the idea
of constituents of the nucleons has played a very
important role. These constituents have been fre-
quently identified with the quarks of Gell-Mann and

Zweig. ' More recently, the quark idea has been
encouraged by the experiments on deep-inelastic
leptoproduction, where the matrix elements on
the light cone of the commutators of hadronic cur-
rents are measured. These commutators can be
abstracted' from a naive quark model to be used
afterwards in the prediction of relations and sum
rules for physical processes.

In the use of light-cone models of current corn-
mutators, current conservation must not be dis-
regarded. In a previous paper' we have discussed,
in a general situation, what current conservation
on the light cone (CCLC) means, and the restric-
tions which have to be imposed on the light-cone
expansions for CCLC to be satisfied.

The quark light-cone model (QLCM) of Fritzsch
and Gell-Mann' does not include those restrictions,
as wd shall see below, and it has to be modified if
we want to have a model giving suppressed scaling
behavior for all nonconserved structure functions
in deep-inelastic leptoproduction.

In this paper we shall study the inclusion of
CCLC in the QLCM. Also some applications of
the model thus corrected to spin-dependent lepto-
production in the deep-inelastic region will be
worked out. Our more important results are the

following:
(i) We have found one formulation of the QLCM

which verifies CCLC without essential modifica-
tions of the model. Our correction only affects

the nonconserved spin-dependent terms in lepto-
production. Therefore it invalidates only the re-
sults obtained by several authors for these terms.
The spin-independent terms do not need to be cor-
rected as they already satisfied CCLC.

(ii) We have applied the model thus corrected
to the computation of the spin-dependent terms in
neutrino and electron deep-inelastic scattering
assuming the structure for the weak (charged and
neutral) and electromagnetic currents given by a.

gauge model. We also find some relations for the
scale functions of physical processes on proton
and neutron targets, and some sum rules.

As far as we know, only Wray' has considered
the problem of current conservation in the QLCM,
but his treatment only affects electroproduction
and predicts dominant scaling for some noncon-
served spin-dependent v-production terms, in
disagreement with our analysis. Hey and Man-
dula' have studied spin-dependent electroproduc-
tion starting from an explicitly conserved expan-
sion of commutators on the light cone. Our treat-
ment agrees with this kind of expansion only for
spin-dependent electroproduction. Other workers
on this field, such as Dicus' and Ward, ' have dis-
regarded the question.

Applications have been carried out by Wray, '
Dicus, ' and Ward' for electroproduction and v

(charged) production, by using standard SU(3) cur-
rents. Our results agree with (in general) and
enlarge those found by these authors.

The paper has been divided into two sections.
In Sec. I, we study the QLCM and its modification
as imposed by CCLC. Section II is devoted to
applications.

I. THE QUARK MODEL

In the study of inclusive leptoproduction on nucleus, we are interested in the knowledge of the hadronic
tensor W&,

W&„= —e" "
p, s J&~ g), J„O) p,. s

~ gS', P OW3 W4 S',
gppiv & +pppp M2 i~p pP U'V 2M2

+

elope.

M, + (p„q. +P. f„) M2
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+ (pp sp+ppsp) + qpqy(q' s) 3 + (Ippp+ qvpp)(q ) 3+ (qpsll+ qll p)j J. J & ~~ ~7 .

where W. (I = 1-5), 1 (I = 1-9) Rl'e dlmensionless fullc'tlolls of q Rnd vq v= q'P, gpss =gpss qp q~/q, IIp

-=o„—q„(a q)/q', and normal currents under time reversal have been assumed. For conserved ones
8', 8"„V„Y„I;, 7, vanish.

ln the cluark model, the physical currents are some linear cc&mbinations of V'(x) = q(x)y -'-A q(x), A'(»)
= q(x)'Yp75z A, q(x) i whe~~ A, i II=0, 1,~, II2 —1, are the generators of the Lie algebra associated to the

group U(II)~ and q(x) ls t"e supermultlplet of cluark fields. The current commutators on the light cone are'

[V'„(x), V', (0)]= [A'„(x),A'„(0)]

[sp p &:{xl0)—&„.,8:(»Io)]+8'"[s„,p, &,'(xlo)+ &,„„8;(xlo)]j,

[A.„'(x),V'„(0)]=[V;(x),A'„(O)]

=
p, "[&{x'»{x')]I&'"[sp.p.tt:(x Io) —e„.p.~.'(» lo)]+D'"[s„p.e,"(xIo)+ cp.p p). (x Io) Jj,

&&here the bilocal operators are defined as

~t'„(» ly) =—'[q(x)~„~,k A.q(y) + (y —x)],

&p (x ly) =
2, [q(x)1„r,-'A, q(y) —(J -x)],

and similar definitions for v'p(» Iy) and i'„{»ly),

[It„A,]=2IZ'"A„{It„It(=2D' A, .
In order to calculate the Bjorken limits of the

structure functions W,. (i =1-5), Y, (i =1-9)

lim I "' F, (v, q') -G,.()C), i=1-9

lim v ' WI(v, q')-EI(){), i=1-5,

where I»;, n; are the scale orders, and X =-q'/2I,
QDe needs to define th6 expectatloIl value QD a pro-
ton state of the bilocal operators:

(pg,"(»IO)lp)=p" v', (x'x p)+x" v', (x', » p),
(1.5)

(pl{tp(xlo)lp)=spA;(x'„x p)+p"(x s)A;(x', x p)

+x"(x, s)A', (x', x P),

and similar definitions for (tt,"(xlo)) and g&p(xlo)).
The spin-dependent scaling functions arise as
combinatiox s of

=1A; (){)-=2 dc» e '" '"A', {a),

for t=l~2q /=0, j, , . . . , A)2-$,

A;(n) = A', (0, II) .

The use of the commutators given above leads
to dominant scale order fox' the function 7~ in
electx'opx'oduction. The conservatioD of the elec-
tro-magnetic current invalidates this result. ~ The
scale orders obtained from this model for' Y,,
and Y9 ln Weak pl oductlon ax'6 alsQ dominant. On

the othex hand, the quark model gives suppressed
scaling behavior for the nonconserved functions

W@, W~ (spill lndepenclent) Rlld F7 (spl11 depenclent).
These results show that the @LCM given in

(1.2), (1.3) does not accommodate the conservation
of the current and, II fortiori, it violates the con-
dition of CCLC' that pxedicts scaling suppressed
for all the structure functions associated with
nonconserved terms, independently of whether the
current is conserved or not. CCLC must hold if
the scale dimension of the current divergence is
less than four, as happens in simple models where
the current conservation is broken by mass terms
in the Lagrangian.

TQ see hoer CCLC is violated by the @LCM, it is
convenient to formulate the right-hand sides of
(1.2), (1.8) in terms of irreducible local operators.

In Ref. 3 we have found the general expansion
for the commutator of tyro currents giving any con-
tribution to the spin-dependent terms in inclusive
leptoproduction. The light-cone-dominant piece
is {dlsl egRI'dlllg llltel'11Rl illdlces)
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[Jt(x),J„(0)]=Q[E(x', S)a„xpx,x„.x„+E(x',a —1)c„g„„x~~ ~ ~ x~

+E(x & —2)d

gpss

gu) xx ' 'x) +E(x n 1)b (xpg ). +xvgp k )xx xx

+E(x', S —1)l„e„„„,x"x„x„]O["''""~)(0)

+ Q[E(x, a -1)2g„(g [ x )g„~ + p, v)x„~ ~ x~ +E(x, z )2h„«[pe,)„„xxq ~ ~ ~ «„

+E(x ~ & )2hn( xgpu[ pxg )+V v)xx, . ' xg +E(x, b')l„(xpc„p~~x —)t, v)x~ x) ]

x O[pa]() ~ "x„)(0)

The contribution to the spin-independent terms
comes from a similar expansion' with only full
symmetric operators and the corresponding set of
coefficients a„, 6„, c„, and d„.

After some straightforward algebra we can see
that the QLCM (1.2), (1.3) corresponds to the fol-
lowing particular situation:

c„+5„=0, a„=0

c„+6„=0, a„=0,
l„=0, g„=0,

tion be a minimal one. This will be accomplished
if the addition of these new operators does not
change the predictions from the unmodified quark
model (1.2), (1.3) for the scale functions related
to conserved terms in W&, . The spin-independent
functions are already free of suffering any modi-
fication as only mixed-symmetry operators are
added to the expansions.

As for G„only 0„,/„ mixed coefficients contrib-
ute; let us add to the commutator a new mixed
piece with new characteristic coefficients 0„', /„',
in such a way that

6 —1=6'=2

The coefficients of the fully symmetric operators
satisfy the CCLC restrictions for a=3:

(n —1)a„+2(c„+b„) = D,

n(c„+b„) + 2d„= 0,
and identical relations for the coefficient
a„,b„,c„,d„. On the other hand, the coefficients
of the mixed operators do not satisfy the CCLC
relation for 6'= 2:

(n+ 2)h„+g„=0,
nl„—(n+ 2)h„= 0. (1.9)

Therefore the spin-independent scaling functions
satisfy CCLC. We see also that CCLC violation
is the spin-dependent terms comes from the mixed
operators. This fact explains the results quoted
above, that CCLC is violated only by the spin
terms in the QLCM.

Furthermore, we only need to add some new
mixed-symmetry local operators to the commuta-
tor expansions to incorporate CCLC into this mod-
el. As a matter of fact it is this mechanism that
works in the free model and restores current con-
servation on the light cone.

We are also interested in letting this modifica-

kgb kf1 ~

This addition does not modify G„G, (because h'„
= l„') and the resulting expression satisfies (.'CLC
(1.9), i.e. ,

nl„' —(n+ 2)(h„+ h„') = 0.
Therefore, the piece to be added to (1.2) is

c(x')5(x') op„p, Of~)(«~0), (1.10)

where the biloeal operator is

=-»Q(n. 2)h x, ".«„O[~)&' - ")(0).n tt
n

Analogously, to correct G, and 6, we shall add
some suitable antisymmetric bilocal operators
giving new coefficients g„', k„'. The CCLC rela-
tions (1.9) require

2g'„+ (h„+ h'„) (n+ 2) = 0,
and G„Q, do not alter if the relations below hold:

-2g„'+n@„' =0.
Note that mixed-symmetry operators do not give
any dominant contribution to G4 in this model, and
dominant contributions to G, do not arise as G,
and G, remain unchanged (see Ref. 3).

Therefore the new piece to be added to (1.3) is

[e(x')6(x')(gp[px, ) s„+p. —v)+2&(x')5'(x')(xpg„[px, )+ p —v)]02[P')(xiD)

=(e(x')5(x')(g„[ x,) s„+p v)+{op[a(x')5(x')]g„[px,)+ p. —v} )O~[p')(«~0) . (1.11)
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The final result is that the QLCM must be modified in the following way:

[V„'(x), V'„{0)]=[A„'{x),A', (0)]= old terms ——«(x')5(x')«„„,[D"Otg~(x Io) E-'~ O,P~(x I 0)],

[A'„(x), V„'(0)]=[V'„(x),A', (0)]=old terms+2 e„([«(x')5(x')g, t x,g+(p -v)][E' O,';(»IO)+O' 0,",(»I0)]},

(1.3')
where the bilocals 0...0, , have matrix elements at x~ = 0 defined through

{0,~'~(»IO)) I„,=pi~8'lg, (p. x)+.~, i =1, 2,

with g', ()t) =g', (X) =i[XA,'()t)+iA;()t)] and similar definitions hold for O, ~ (xlo), o, c(»10).
The right-hand sides of (1.2'), (l.3') can be written in a more compact form by adding some new terms

that do not give any dominant contribution to the scale functions. The resulting expressions for these com-
mutators are the following:

[V'„(x), V'. (0)]= [A'„(»)A'. (0)]

{s~ [«—(x') 5(x') ]s„„p,[E"g,'(x I0) + D"'~,'(x I0) ]

+ s'(«{x'}6{»')«„„,.[D'"8,'(»Io) —E'"8,'(» lo)]}),

[A„'(x), V'„(0}]=[V'„(x),A $0)]

= 2', {e'[«(x')&(x')]&s„„t [E"'tt;(» Io)+ D'"@(xIo)]+ «„„.[D'"~:(»Io} —E'"~:(»Io}]}
- -,'(g„(p e,)8 „+p, —v) «(x') e(x') [E'~Of;(x Io) +D"O~~ (x Io) ]}.

(1 2IE)

(1 3lt)

Our treatment of the quark model is not equivalent to writing an explicitly conserved expansion for the
light-cone current commutators. The modified @LCM (1.2"),{1.3") gives suppressed scaling behavior for
8'„5„I;,Y„F„T,as dictated by CCI C. For instance, the scaling behavior of the spin-dependent struc-
ture functions is

(1.12)

where n & 1, Q„Q„C„|",are unknown for weak processes and, of course, are zero for electroproduction.

II. APPI. ICATIONS

In this section we shall use the modified @LCM in order to investigate the behavior and properties of the
spin terms in electroproduction and weak (charged and neutral) production on nucleons. We have chosen
physical currents suggested by gauge models of the kind first discussed by Salam' and %einberg, "and in-
corporating the Glashow-Iliopoulos-Maiani" mechanism for the suppression of neutral currents that vio-
late strangeness. Those currents are linear combinations of U(4) vector and axial-vector currents in the
following way:

J"(x)= v ' (x) + v "~(x) —(—')"' v'"'(x) + v "{x)
1 vY

v (2 1)

P'( )=»[V (x) -A (»)]"" ""'"cose +[V (x) -A (x)]""""""sine, , (2.2)

J„(x)= [V~'~(x) -A"„~(x)]+ [V '~(x) -At„'~(x)] —(—')'~' [V"'~(x) -A'"~(x)] —QZ~(x) (2.3)

where 0 —= 4 sin 8~, 8~ is the Cabibbo angle and 8~ is the steinberg angle.
Applications for the spin-independent terms have been worked out in a, paper by Budny and Scharbach. "
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Therefore we shall restrict ourselves to the spin-dependent terms. Taking into account the discussion
of Sec. I and the procedure of Ref. 2, we have obtained for the scaling functions the expressions below:

t'i) electroproduction (di sre garding sneak effects)

Gn/t ( ) A(0) + A(3) + A(8) (z)1/2A(15)1 5&2 1 1
1 X 2 9 1 3 1 ~3 1 3 1 (2.4)

n

G 3( )
~A( )'

~ g(3)'+ A( )' (2) / A(»)'
2 X 2 9 2 +3 2 +V&3

(ii) production by charged sneak current

0"'""( t= — tl: 2"& X"& (-'t'&'2""' -1/2n"&I1 . — 1
ws

(2 5)

(2.8)

G v(v)/&( ) +2i A(3) + A(8) + ( )1/2 A(15) 2 V 2 ~(0)
X

—
2 2 ~3 2 + 3 2 (2 7)

G ("
(X) = —— 2 1/2 (A + iA (

) + 2i (A(3) + iA(3) ) ~ (A(8) + iA«)') (2) 1/2 (g(») + i~(15)') (2.8)

G ( )P(X) I 2~2 (j(0) 5 Xg(0) ) ~ (A(3) + /t(3) ) (A(8)

|'iii) production by neutral sveak currents

G"(X)=- -V2 (—'n2-n+2)A(0)+ 1-- — Z(3)+
1 4 18

5

+ XA(8) ) (2)1/2 (~(15) A(15)')

+(8) {2)1/2A(15)
3 ]

{2.9)

(2.10)

5

G' (X)=—
~

-t/2 (—'O'-0+2)A ' + 1-— — A" + A" —(-')"'A" (2.11)

(I t-
I

2/1 (1 —
) (g(& tr &') — (2t & tt» &') (r & tg»'t ( ) & (2» g» ) (g lit

The scale functions G, in weak production can be
obtained from the general relation 4Gzp (n) 1 Gl/+ P + G G lttp (n)~pp (n)

0 Q

2XG,(X) =G, (X)+2G,(X), (2.14) (2.18)

which is a relation characteristic of the QI.CM
that holds, whatever the structure chosen for the
weak currents. Therefore it also arises for (t(7)
production from standard SU(3) currents. '

Note that all the formulas are independent of the
Cabibbo angle. If the target was a neutron instead
of a proton. , the scaling functions would be obtained
by changing the sign in front of the A"' terms.

The formulas above imply the relations

and therefore

Gvp-vn 8(G + G )eD-nn (2.19)

GzP-zn 1 pep-en
182 (2.20)

Gnp nn (G G )vn-vn
4 12 1 2 {2.21)

As for sum rules (SH), we have the following:
Gvttttt/& Gl'lllvtl —Gvtv (i 1 2 4 5 8)

12(G + G )0/t(ll) 5 (G G )v+v Gvt&(tl) vt&(n)
2 3 1 2 4

(2.15)

(2.16)

GeP (n)d O
Q

1
GP+P d~ O

(2.22)

(2.23)

(2.24)
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which are independent of the structure of the cur-
rents. (2.22) was derived by Hey and Mandula'
and by Dicus, Jackiw, and Teplitz. " (2.23) has
been obta, ined by Dicus' and %ard. 7

Another set of SR connect integrals over scaling
functions with measureable axial-vector form fac-
tors at zero momentum transfer in weak elastic
processes:

Gzz{G&d 1 Gg
'

1
5 3(f/d) —1

(2 34)24 G~ 3 f/d —1

f 1 G~ 3(f/d) —1
G",'"dy =--—" (2.35)

can be obtained by estimating A,{9'(0) in the way
pointed out by Ellis and Jaffe." These approxi-
mate SR are

(9 Gu+v 6GZP{n'l)d {FzP{n)
1

~ v

6 1 1 X 2 A

1
Gvp {n)-vp {n)y pep {n)

4 A

„F'„""'=(f()(p, )~~;(0)~P( )(p, )}

(2.25)

(2.26)
5n' „3(f/d)
16 f/d+ 1

(2.36)

SR (2.26), when Gd is put in terms of G, , through
(2.14), are the scaling limit of the generalized
Adler SR,'z and they depend only on the [0,0] cur-
rent- algebra commutators. The general fixed-q
SR has been derived by I ane and Suzuki" from the
standard weak current; in this case the right-hand
side is not directly related to any physical pro-
cesses.

From (2.25), (2.26), the Bjorken" SR arise:

where f, d are the usual axial-vector SU(3) cou
plings f+d= —,'G„/G», f/d = —,'.

Heretofore we have considered the effect of the
whole weak charged current (2.2), but in the kine-
mat;ical region below the charm threshold, the
charm-changing piece is ineffective. It is worth-
while to consider the scaling functions associated
to this truncated weak current. In that case, and
in the 8~=0 approximation, only the relations
(2.19)-(2.21) can be obtained, and (2.15) is re-
placed by

(2.27)
G",.' = G',." (f = 1, 2, 4, 5, 6) . (2.15')

and its weak analogous

1
Gv p-vs AX=2G- (2.28)

As for the SR (1.25)-(1.28), only the two last ones
can be obtained. (2.29), (2.31) do not arise and we
get instead

1

4 G

Gv p {n)-Pp {n)y + A1G
4 X

(2.29)

(2.30)

From (2.29) we have

1

G1 QX= 18 G1 (2.31)

and from (2.30) and the relation (2.17), it follows
that

r G; ""dy= —,'{,—', O' —9+2)J G", dd,
0 0

(2.32)

1
GzP+zzd~ ( g9 9 f1 + 1S)

1 5 5
0

G'„9""d}(. (2.33)

Further SR beyond the scope of SU(4) symmetry

Moreover, if we assume that the weak axial-vector
currents are a good SU(4) 15-piet a.nd that the nu-
cleons belong to the 20' representation, "one ob-
tains (A„{9'(0))= &2(A„""(0)}.This relation gives
the right-hand sides of (2.25), (2.26) in terms of
G„/G», so one has

(-'. G",'-3G;""')dX=- —.'(f- d/3) *-'(f d)

(2.29')

1

(—,
' G",'"—3G;9 ")dy = —,'(f d/3) . ——(2.31')

(2,30) is now equivalent to (2.28). (2.33) is obvi-
ously still valid and a new (2.32') could be ob-
tained from (2.33) and (2.31'). The last three ap-
proximate SR (2.34)-(2.36) are still arising, and
from them (2.31), (2.32) appear as approximated
SR.

It is also interesting to carry out a study of the
spin-dependent terms under the assumption of
standard SU(3) electromagnetic and weak charged
currents, instead of the ones in (2.1), (2.2). The
results, in the case 8~=0, can be summarized as
follows: relations (2.15'), (2.19) and the general
sum rules (2.22), (2.23), (2.27), (2.28) can be ob-
tained. These conclusions were derived by a num-
ber of workers in this field (see Ward' and refer-
ences therein). By assuming A„' (i=1-8) are a
good octet, one gets
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1
(-,'G",' —4G; '"')d)( = —'(f-—d/3) a ,'(f+—d),

(2.29")

l j.
(Get+en t Gv+P)d + z (y d/3) {2

0

SH (2.29'), {2.31") were first derived by Wray. '
Approximate SH (2.34), (2.35) also follow, and from
them (2.31) appears now as an approximate SR.
(2.37) was derived by Ellis and J'affe, "by as
suming a low contribution of the quarks that carry

strangeness in the nucleon.
We can summarize our results in this section.
(1) Relations (2.15)-(2.21) are new; {2.15), (2.19)

are also val. id for the ~S= ~C=O piece of the weak
currents, and they were derived in this situation
4y Wray, Dicus, ' Ward. '

(2) Sum rules (2.25), (2.26) are new; their con-
sequences (2.27), (2.28) were found by Bjoken,"
Wray, 4 and Ward. The sum rules (2.29)- (2.36)
and (2.29'), (2.31') are also new.
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