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The corrections to the Goldberger-Treiman relation are examined in a unified gauge-field model. The
strong interactions are governed by the local chiral SU(2) ® SU(2) gauge group, whereas the weak and
electromagnetic interactions are based on SU(2)® U(1) gauge invariance. We find that the Goldberger-
Treiman formula is a zeroth-order relation, so that its corrections are finite. We estimate the corrections in
the case that the pion is a pseudo-Goldstone boson. The result, of which the gauge independence is explicitly
verified, is proportional to the weak and electromagnetic coupling constants.

I. INTRODUCTION

In a previous publication' (henceforth referred to
as I; equation numbers referring to this paper will
be prefixed with a I) we presented the calculation
of the corrections to several zeroth-order sym-
metry relations? in a unified gauge-field model of
strong, weak, and electromagnetic interactions.
Zeroth-order relations have two important aspects,
as was pointed out in particular by Weinberg.®* The
first aspect is a technical one. Corrections to
zeroth-order relations originate by definition from
closed-loop contributions, and in a renormalizable
theory these corrections must be free from ultra-
violet divergences.* But secondly, the existence
of zeroth-order symmetry relations may provide
explanations for the various approximate sym-
metries that are found in nature.

The examples of zeroth-order relations that have
been discussed in the literature concern mainly
relations among masses or mass differences,® and
the corrections calculated in I were to relations of
that type. In this paper we establish the existence
of a far-more-complicated zeroth-order relation,
namely, the Goldberger-Treiman formula.® As is
well known, this formula is a relation among
several different physical quantities: the proton
and neutron masses, the pion decay constant, the
pion-nucleon coupling constant, and the axial-vec-
tor-current coupling constant as measured, for
instance, in neutron g decay.

Both the pion mass and the corrections to the
Goldberger-Treiman formula are considered to be
a measure of the amount of chiral-symmetry
breaking in hadron physics.” However, in the case
that the pion is a pseudo-Goldstone boson that picks
up its mass from higher-order weak and/or elec-
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tromagnetic corrections, as is the case in our
model, the effects of chiral-symmetry breaking
are expected to be of weak and electromagnetic
origin. In I we have calculated the mass of the
pseudo-Goldstone pion, which indeed originated
from weak and electromagnetic corrections, and
we found the value of 37 MeV. Hence the correc-
tions from weak and electromagnetic interactions
can give rise to considerable chiral-symmetry-
breaking effects in the hadronic sector.

In this paper we analyze the effect of chiral-
symmetry breaking as it is measured by the de-
viations from the Goldberger-Treiman relation.
This will be done by examining each of the quanti-
ties that are involved in this formula. Therefore
we will first express the Goldberger-Treiman re-
lation directly in physical quantities, which should
be gauge independent according to the general
theory, and we will explicitly establish this gauge
independence in our calculation. Because of the
complexity of our theory, and the variety of quan-
tities that are calculated here, the cancellations
among the gauge-dependent parts are highly non-
trivial, so that it is fair to consider this calcula-
tion as yet another confirmation of the general re-
sults of the quantum theory of gauge fields.

We should mention here that previous discussions
of the corrections to the Goldberger-Treiman re-
lation have assumed a different approach to ours.
Sirlin® has determined the second-order electro-
magnetic corrections to the quantities occuring in
the Goldberger-Treiman relation. He treated the
hadronic matrix elements in the corrections using
partial conservation of the axial-vector current and
operator-product expansion techniques and found
an 8% deviation from an exact Goldberger-Treiman
relation for neutron g decay. This conclusion is
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similar to that of Pagels.” Several authors have
tried to explain this 8% deviation as a strong-inter-
action correction. Pagels® and Pagels and Zapeda!®
used dispersion relations to calculate the correc-
tions while Domingues'! used Veneziano-type form
factors, Strubbe!? and Braathen!® have used the re-
normalizable o model as a basis for calculating the
hadronic corrections. Generally these calculations

yield corrections of the order of magnitude of 1-2 %.

With the advent of renormalizable gauge-field
models of the strong, weak, and electromagnetic
interactions it is possible to discuss botk the elec-
tromagnetic and weak corrections to the Goldber-
ger-Treiman relation in a more fundamental way.
As was indicated above, it is crucial in this ap-
proach that the Goldberger-Treiman relation is a
natural one. Apart from establishing this fact for
the model discussed in this paper, we check by
explicit calculation that the final answer is indeed
free of ultraviolet divergences. We are then able
to discuss some numerical aspects of our result.
We find that there are no purely hadronic correc-
tions so that the answer is proportional to the
weak and electromagnetic coupling constants. The
actual magnitude could be enhanced by the presence
of terms involving the large vector-boson mass
and/or the small (or vanishing)masses of the pion
and the photon. A detailed investigation shows that
there is no such enhancement in the limit of infi-
nite vector-boson mass. Hence we are left with
terms which have the typical magnitude of electro-
magnetic corrections and are numerically small.
The final answer, however, still depends on the
photon and pion mass parameters in an infrared
divergent fashion. These effects are not substanti-
ally different from those discussed in previous
work on the subject, so we have refrained from
making any specific estimate of their magnitude.

This paper is organized as follows. In Sec. II we
introduce the model and derive the Goldberger-
Treiman relation. The next section (III) contains
an introduction to the calculation. Then in Sec. IV
we calculate the corrections to the pion-nucleon
coupling constant and the pion-decay constant and
show them to be gauge-independent. The next step
is to discuss the gauge-dependent corrections to
the axial-vector coupling constant, which is done
in Sec. V. Section VI contains an analysis of the
gauge-independent result for the corrections to the
Goldberger-Treiman relation. Finally, Sec. VII
contains our conclusions. We have given some de-
tails of our calculations in various Appendixes.

II. A GAUGE-FIELD MODEL
AND THE GOLDBERGER-TREIMAN FORMULA

In this section we will first briefly introduce the
model that we will be dealing with in this paper.

This model is a unified gauge-field model of the
strong, weak, and electromagnetic interactions.*
It was previously used in I in a calculation of the
pion mass, as well as of several other corrections
to zeroth-order symmetry relations. Subsequently
we will discuss the Goldberger-Treiman formula
and the expected corrections to this formula.

The gauge symmetry that governs the strong in-
teractions in our model is the chiral SU(2) ® SU(2)
group,'® and we have corresponding gauge fields
denoted by Ug and V3 (a=1,2,3). The underlying
group of the weak and electromagnetic interactions
is the SU(2) ® U(1) gauge group, and the leptonic
interactions of the corresponding gauge fields, wi
and A,, coincide with those of the Weinberg-Salam
model.’® The heavy gauge fields W, mediate the
weak interactions and the massless photon field
A, mediates the electromagnetic interactions.

The model contains four complex doublet fields,
Ky, Ky, Kz, and K,, of which the first three are
hadronic, and the last one is the Higgs-Kibble
field of the Weinberg-Salam model. All these
fields have components that acquire vacuum ex-
pectation values such that all but one of the gauge
fields are massive. As in I we decompose the
spinless fields according to

Ky=5@2V2g M +0,+0,+ 20y + 2i,),
Ky=% (2\/’2_g'11’l/1,,+ Oy = O+ 28y = 2i0,)

(1)
Kp= %fz_(\/'Z—g‘lgMU+OE + Ziwn) ’

K;=3V2(2g, M, + 0,5+ 2i0,),
where we use the notation y=3 y°7,. The parame-
ters My, M,, and ¢ are introduced to give vacuum
expectation values to o, oy, and o, in the tree
approximation. The Lagrangian contains terms which
are linear in oy, 0, 0g, and 0,, so My, M,, and
¢ are determined by the requirement that the terms
linear in o,, oy, and 0, vanish. A complete dis-
cussion of the model is given in I. However, the
physical content of the model is as follows. We
have two isotriplets of hadronic gauge fields, pre-
sumably the p and A, vector mesons, and a triplet
of pions, which are defined by a linear combination
of thefieldsy,, ¥,, ¥z, and y,. The remaining (in-
dependent) combinations of these fields are un-
physical. Furthermore, we have a doublet of nu-
cleons and three isosinglet spinless fields, oy, og,
and o, the first two scalar and the last one pseudo-
scalar. The particles without strong interactions
are the three intermediate vector bosons, the pho-
ton, a spinless field ¢,, and the leptons ! and v,,
where ! denotes electron or muon.

For further discussion we specify the most gene-
ral, gauge-invariant Lagrangian of dimension less
than or equal to four, as a sum of five terms:
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L= L+ Lyt &+ L, +£,. (2)

v

The explicit form of these terms can be found in I.
The first term, £, contains only the hadronic
fields, U,, V,, Ky, K4, Kz, and N, together with
interactions among themselves as well as with the
weak and electromagnetic gauge fields W, and A .
Ly ey is the Lagrangian of the fields W,, A,, K
and the leptons [ and v,.

The remaining three terms are interactions
among the spinless fields. £, gives the parity-
conserving interactions of K, with the hadronic
fields, and £, represents the parity-violating
interactions among the various spinless fields.
Finally, £, is an interaction that is linear in each
of the spinless fields, K,, K,, Ky, and K,. This
term can consistently be chosen equal to zero
without disturbing the renormalizability of the
Lagrangian, since it is the only interaction that is
linear in each of the spinless fields. In that case
the pion will be a pseudo-Goldstone boson, which
implies that the pion mass originates from (finite)
closed-loop corrections. The calculation of these
corrections was presented in I. As we have ex-
plained in the previous section, we will be dealing
with pseudo-Goldstone bosons in this paper, so that
henceforth we will choose the interaction £, equal
to zero.

We will now introduce the Goldberger-Treiman
(GT) formula. First, let us define the various
physical quantities that are involved in this rela-
tion.

We will define the pion decay constant F, by
writing the invariant amplitude for the decay pro-
cess in the form

wr 2

M(n™=1U+7)=iF,Q,u,y,(1+ 5, , (3)

where @ is the momentum of the incoming pion.
Notice that we have not extracted the Fermi con-
stant G of the weak interactions, which is still
included in F,. Notice also that the pion is not
able to decay in lowest order since its mass is
zero because of its pseudo-Goldstone character.
However, this is merely a technical difficulty.

A similar problem exists in the definition of the
pion-nucleon coupling constant, G,,.. This constant
is in principle not a directly observable quantity,
because of kinematical reasons. In practice it has
to be derived from a theoretical analysis of pion-
nucleon scattering. However, in our calculation
G ,,, is kinematically accessible, because of the
zero pion mass in lowest order. Hence, G, is
directly calculable as an on-mass-shell quantity,
and is defined by the invariant amplitude
Yt GUX e, (4)

pnm

M{u~p+77)=10,(G

pnr

We have introduced here a second parameter (;“;',,",,‘
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which represents the parity-breaking contributions
in the pion-nucleon vertex. Such contributions are
induced by radiative corrections from the weak in-
teractions. In this particular case the effect of
these corrections must be finite because of a ze-
roth-order symmetry relation: There is no cor-
responding counterterm available in the Lagran-
gian, and since the Lagrangian is renormalizable
the correction must be finite. We will come back
to these parity-violating contributions in Sec. IV.

We will now define the axial-vector coupling con-
stant G, from the invariant neutron-proton-lepton-
neutrino amplitude. We abbreviate this to the
(nplv) amplitude. Most of the contributions to this
amplitude are of the current-current form. By
this we mean that they can be described by the
exchange of some vector particle between a nu-
cleonic and a leptonic vertex. Those vertices are
then considered as the matrix elements of some
current, which can be decomposed in three dif-
ferent terms: uy,u, #[v,,7,]Q.u, and #Q ,u, with
corresponding form factors which are functions of
Q* only. Here @ is the momentum that is exchanged
between nucleons and leptons. A factor (1+y,)
should be added if the spinors # and » correspond
to leptons. For nucleons there may be an addi-
tional y,, depending on the parity classification of
the current that is involved. With this decomposi-
tion we can define G, from the form factor in the
scattering aniplitude that is given by

G A @)y vsu ity ,(L+ vo)u,) (5)
and

G ,=G,0).

However, we stress that this definition is not
unique unless the remaining terms in the ampli-
tude are fully specified. In particular there are
terms coming from two-particle-exchange dia-
grams (box diagrams) in the one-loop approxima-
tion that may contribute to G,. In fact, we will
find that the gauge-dependent terms coming from
such graphs will cancel against certain gauge de-
pendent terms from the one-particle exchange dia-
grams. Therefore we will retain both the current-
current terms of the form (5) and the contributions
to the (nplv) amplitude that are not of the current-
current form.

We now define the quantity
G \(m,+m,)

G , (6a)

Agp=1-

;
pnntow

where m, and m, are the proton and neutron mas-
ses, respectively. The Goldberger-Treiman
formula® then gives the result

Agr=0. (6b)



16 CORRECTIONS TO THE GOLDBERGER-TREIMAN RELATION IN... 1843

We wish to point out that we have defined Aj, di-
rectly in terms of physical, on-mass-shell ampli-
tudes, and not in terms of matrix elements of cur-
rents. Consequently A;. is a physical quantity
which should be independent of the gauge in which
we will perform our calculations. Notice that both
F, and G, still contain the Fermi coupling constant
of the weak interactions.

Let us now further discuss the Goldberger-Trei-
man formula in closer connection with our model.
This relation is usually discussed in the frame-
work of current algebra. In that case G, and F,
are the axial-vector coupling constants of the had-
ronic axial-vector current (the Fermi constant G,
is usually not included in the definition.) The axial-
vector current is related to the (approximate) in-
ternal chiral symmetry of the strong interactions,
and according to the current-algebra hypothesis'’
it is identical to the hadronic axial-vector current
that is measured in the weak interactions. This
makes G, and F, observable in neutron g decay and
pion decay, respectively.

In models of the type that we are dealing with, the
hadronic chiral current does not coincide with the
currents that describe the weak interactions. For
example, the chiral currents are not gauge in-
variant with respect to the chiral gauge group of
the strong interactions, contrary to the weak and
electromagnetic currents which are gauge invari-
ant with respect to this group because of the in-
variance under the combined strong, weak, and
electromagnetic gauge transformations.'® The
main current-algebra results, however, can be
derived from the Slavnov-Taylor identities'® for
the weak and electromagnetic gauge group, without
any reference to the internal symmetry properties
of the strong interactions. This was shown in Ref.
20 and we will briefly present a derivation of the
Goldberger-Treiman formula along the same lines.
From this derivation we will then be able to dis-
cuss the corrections to this formula.

We start by considering the charged gauge field
W,, and the complex spinless field K, with charged
component 3,. Both W, and §, have interactions
with hadrons and leptons, and W, couples with a
universal coupling constant g,. One of the neutral
components ¢, of K, has a vacuum expectation val-
ue which was given in lowest order in Eq. (1):
(0,),=V2g, M ,. Since we will consider perturba-
tion theory in g,, while keeping M , constant, in-
teractions with the field ¢, will always be propor-
tional to g,. So is the coupling constant between
leptons and ¢,, G,, givenby G,=3g,m,M,™, as
was shown in Eq. (I8). We wish to point out that
such a perturbation expansion makes sense for
two reasons: theoretically, because it is related
to an expansion in the number of closed loops, and

experimentally, because g, is small, whereas M,
is supposed to be large. In I we have already made
the factors gy, explicit in the coupling constants of
the Lagrangian where interactions with K, were
involved.

We now quantize the gauge field, by defining a
gauge-fixing term C,=p 3, W, and adding to the
invariant Lagrangian - C,2. The quantization of
the hadronic fields will be ignored here. In this
gauge we find the following propagators in lowest
order g, and e:

i2m0[(w,w,).|0)

=(Q*+ M%) M5, +Q,Q,Q7 7 (M + (1 - p)Q°] }.
i2m*0[(W,1,),]00=iM,p7Q"Q, , M
iRm0 [(¥29,),[0)=Q4Q*+ M*p™).

Our starting point is now the Slavnov-Taylor iden-
tity for the matrix element between proton and neu-
tron states

(p | Cy | ny=0.
By using the propagators (7) we can write this as

PQEIQ(p|IY W)+ M (p|T Y |0)=0(g,2, €%, (8)

where J% and J % are defined as the sources of the
fields W, and ,, where in both cases we have
extracted a factor g, explicitly. The momentum
associated with these sources is denoted by Q.

The second term of this identity (8) can be shown
to be at least of order g,°, since the only interac-
tions with the field ¢, involve either the gauge
fields W,, the lepton fields, or additional compo-
nents of K ,. It is here that the pseudo-Goldstone
character of the pion enters in an implicit way
since the interaction term £,, which was taken to
be equal to zero so that the pion became a pseudo-
Goldstone boson, would give rise to a §, interac-
tion without bringing in these additional fields that
interact weakly. Hence we have found an approxi-
mate conserved-current identity:

Q.(p|T¥|n)=0(gy? €% . 9)

We will now consider the contribution from the
pion to Eq. (9). Suppose that in the limit of vanish-
ing weak and electromagnetic interactions we have
a pion field that we denote by 7g. In lowest order
of g, we then write down the Slavnov-Taylor iden-
tity

- 'i(21r)4<0 l (CWTTs)+

0)= % PGSR (10)

where f,(Q?) is in principle defined by the transfor-
mation character of g under the weak gauge group.
However, f,(Q%) will also contain the higher-order
corrections from the strong interactions; in low-
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est order f, would simply be a constant.

Hence, Eq. (10) shows that there is the following
contribution from rg to the current matrix ele-
ment (p|J}|n):

Q.Q2(@Np|J, |m+0(gy?, €,

where J, denotes the hadronic source of the field
mg. This result is found under the same assump-
tions as for the derivation of Eq. (9). Note that the
Q2 term indicates that the pion is massless up to
order g, and ¢?. If we then take relation (9) in the
limit of vanishing @ for the axial-vector part of
the current, we find

g4(0)(m y+m,) - £,(0)G, .= 0(g,7, €°) , (11)

where g, is the axial-vector form factor of the
current, and G,,, is the pion-nucleon coupling con-
stant that was defined previously. g, can, of
course, be directly related to the quantity G, by
using the propagators defined in Eq. (7). However,
to relate f, (0) to the pion decay constant F, we
must specify what constitutes the physical pion. In
first order of gy, the physical pion field will no
longer be given by 7, but by a linear combination
of 75 and ¥, which can also be defined off the
mass shell

7= T+ Mz (@)Y (12)

which is determined by the general conditions on
physical field components

<0 ! (Cwﬂ)+ |0>=0 .

Using this definition for the pion one can then cal-
culate the physical pion decay, making use of the
propagators (7) and the fact that the coupling of
P, to 7g is of higher order in g, and can be neglec-
ted. As a result of our definition of the pion (12)
the final result will no longer depend on the para-
meter p, and we find that the pion decay constant
F, is simply proportional to £,(0).

An explicit calculation then shows that Eq. (11)
leads to the Goldberger-Treiman formula

Agr=0(gy, €, (13)

with the perturbation expansion as was specified
before. As we have pointed out previously, there
was indeed no need to refer to the internal-sym-
metry structure of the strong interactions. Our
proof depended only on gauge invariance, and
some simple information on the interactions of the
field ¥,, namely that the interaction term £,, which
was linear in ¢,, was absent. There is, however,
a somewhat implicit relationship with the symmetry
properties of the strong interactions, since these
are indeed chirally invariant when £, is absent.

Let us now consider the result for A, for our
model in tree approximation. We introduce

A=1+e2+3 28,282 M M 2, (14a)

which enters our calculation in the definition of the
physical pion field, and in the results for the gauge
field propagators at Q>=0. Using the results of I,
we find

F,= %ngngMUMz-zA-llz s

G, =58y M,2A™, (14b)

- _ - a1 A=
m lemv—g€ 1IMU A 1/2 ’

so that A5, =0.

In obtaining this result we have taken the two
independent coupling constants of the chiral SU(2)
® SU(2) gauge group of the strong interactions both
equal to g, and, moreover, we chose the vacuum
expectation value of the field o, equal to zero. In
doing so, we have ignored part of the hadronic
parity violations of this model, as we will further
discuss in the next section. However, even if the
contributions from these terms had been taken into
account, we would still find the result that Ag,
was equal to zero. Hence, although we expect in
principle to find corrections to this result of order
g, and e, we find that the Goldberger-Treiman
formula is an exact relation in the tree approxima-
tion for arbitrary values of the parameters of the
model. This implies that the Goldberger-Treiman
formula is a zeroth-order symmetry relation: be-
cause Agp is zero in the tree approximation there
are no counterterms available in the Lagrangian
to cancel possible ultraviolet divergences in the
higher-order corrections to this relation, so that
Agr must be finite due to the renormalizability of
the model. Hence the result of this section is that
Agr is both finite and of order g,° or €2

Since we have not found a sufficiently elegant
explanation for this zeroth-order symmetry rela-
tion, we will refrain from further elucidation on
the generality of this result. However, it is worth
mentioning that we have not found similar zeroth-
order relations that involve the hadronic vector-
current coupling constant. The presence of such
relations could have been expected on the basis of
the conserved-vector-current hypothesis or lepton-
hadron universality. This shows that current-al-
gebra results are in general no indication for the
existence of corresponding zeroth-order theorems,
as has been suggested elsewhere.?

III. INTRODUCTION TO THE CALCULATION

In order to determine the corrections to the
Goldberger-Treiman formula Ag; in the one-loop
calculation we will separately calculate G,, m,,
My, G,y @and F, as they were defined in the pre-
vious section. In this calculation we will first es-
tablish the gauge independence for each of these
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quantities in a way that will be described later.
This will provide us with a first nontrivial check
on the correctness of our results. All our calcula-
tions will be performed using the n-dimensional
regularization method.??

The perturbation scheme that is used for these
calculations was extensively discussed in I. Here
we will briefly sketch the main ingredients.

To quantize the gauge model we have added
gauge-fixing terms - 1 C? to the invariant Lagran-
gian given in Eq. (2) for each of the ten generators
of the gauge group. We have made the following
choice for these gauge-fixing terms C which de-
pend on a set of parameters &, £,, &, and &,:

Cy=Ey0,UL - &y Myl
Cy=8,0,Vy— £, My(¥5+ i),
Cy=Ewd, W,
- by [9G - 3 V28,8 MM (05 + 45)]
C,=8,09,A,.

The precise definition of the gauge fields can be
found in I. In addition, we have corresponding
Faddeev-Popov ghost fields, and their contribu-
tion to the effective Lagrangian is also explicitly
given there. We have not diagonalized our propa-
gators in lowest order, so that propagators are
generally given as matrices. The gauge-field
propagators are decomposed as follows:

Duv(Qz) =DT(Q2)(6uv - QuQvQ-z) + DL(QZ)Q,;,QVQ—z b
(15)

where D, and D, are 3 X 3 or 4 X 4 matrices, de-
pending on the charge of the corresponding gauge
fields. The propagators for the gauge fields D,,
D, and the propagators for the y fields, D,, are all
listed in Appendix B in I.

Given a choice of the gauge one can write down
the generalized Ward-Takahashi, or Slavnov-Tay-
lor identities of the local gauge symmetry. These
identities were given in I. In the tree approxima-
tion they provide us with relations among the gauge-
dependent propagators: D;, D;, and Dgp. Dgy is
the propagator of the Faddeev-Popov ghost fields.
In order to establish the gauge-independence of our
results, we will express all the gauge-dependent
parts in terms of the propagators D,, such that the
only dependence on the gauge-fixing parameters
Ey» &y, Ew, and £, will be contained implicitly in
D,. This can be generally achieved by making use
of the Ward-Takahashi identities. We will then
systematically show that all the D -dependent.
terms cancel in the final results.

To establish these cancellations we will use
several manipulations. For instance, we will fre-
quently make use of the fact that all Feynman in-

tegrals are Lorentz-covariant in order to project
quantities of interest. Special care is given to
performing the limits @ -0 or Q>~0. (Q denotes
the pion momentum in F, and G, ,,, and the mo-
mentum transfer in G,). Sometimes this limit
can not be taken without using the explicit form of
the propagators, in which case we have usually
refrained from further evaluations.

We will also frequently change integration vari-
ables in order to show that certain terms are equal
to zero. This is of course allowed in the context of
the n-dimensional regularization method. Fur-
thermore, we will express all oy} coupling con-
stants in terms of the inverse propagators of the
fields 0. Such inverse coupling constants are then
usually multiplied by the o propagators of the in-
ternal lines, which simplifies the expression con-
siderably. A similar technique will sometimes be
used for the D, propagators. Since D,™ has a ra-
ther simple form in terms of coupling constants
and masses, we can write the matrix identity
DD, '=1 as a set of simple relations among the
complicated matrix elements of D,. We have col-
lected some of these identities and techniques in
Appendix A.

One more aspect of the calculational scheme
deserves special attention, namely the occurrence
of the factor A, which was introduced in Eq. (14a).
The denominators of the gauge-field propagators
are complicated polynomials, which at zero mo-
mentum are exactly given by M ,?A (see Appendix
B of I). This means that after proper normaliza-
tion with respect to the lowest-order amplitudes,
each diagram will exhibit its own characteristic
power in A. For instance, the box-diagram cor-
rections to G, are linear in A, propagator correc-
tions are of order A™!, whereas vertex corrections
are of zeroth order in A, This implies, as we will
see in subsequent sections, that cancellations are
to be obtained in steps. One first combines the
terms of order A™!, which should yield a factor of
A in order to be added to the next terms of order
A° etc.

As we have mentioned in Sec. II, the fields ¢ are
mostly unphysical. The only physical components
are the pion fields, defined as

7= A2 (= e+ Py - '-%‘/z_gwg-lequd’z) . (16)
Since the pion is a pseudo-Goldstone boson, its
mass is zero in lowest order. In the one loop
approximation the charged pions pick up a mass

proportional to e2. This mass was calculated in
I and we recall the result of that calculation:

M=~ 6i(27) e’ g, M ,2A f d*q DAA(q)DY"(q) .

)]
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This answer was obtained by choosing the two
coupling constants of the chiral SU(2) ® SU(2) gauge
group of the strong interactions equal to a common
constant g, and by taking the vacuum expectation
value of the field ¥, equal to zero in the tree ap-
proximation. This means that we are ignoring cer-
tain parity-violation effects in the strong interac-
tions. Since we are always calculating corrections
to zeroth-order symmetry relations, which hold
by definition for a continuous range of the parame-
ters of the model, this has no theoretical conse-
quences. Also, since these parity-violating effects
are experimentally of the size of the Fermi con-
stant G, they can safely be ignored when com-
paring our final results with experiments. The
corrections to the Goldberger-Treiman formula
will be determined under these same conditions.
For that case the tree-approximation results for
the quantities that enter the Goldberger-Treiman
relation have already been listed in Eq. (14).

We will make use of several results of the cal-
culations in I that were not always listed there. We
have the same decomposition of the tadpole dia-
grams T}°!, i.e., the diagrams with an external
line o; vanishing into the vacuum,

Tit=p N 0)t,+ T, i,j=U,V,2,Z (18)

where T; and ¢; are given in Eq. (113). Note that
t; contains all the gauge-dependent contributions
of these graphs.

From the self-energy diagrams of the y fields
and the fermions of the model, which were mostly
calculated in I, we have extracted the wave-func-
tion renormalization constants for the pion and
the fermions, as well as for the fermion masses.
These results are presented in Appendix B.

Although the corrections to the Goldberger-
Treiman relation are ultraviolet finite, as we
have shown in the previous section, they are in
general not free from infrared divergences.
Those divergences are related to the fact that the
photon is massless, and that our calculations are
performed for the case that the pion is a pseudo-
Goldstone boson, which is by definition massless
in the tree approximation. However, apart from
that, we have often encountered unphysical in-
frared singularities in our calculation that are
connected with spurious poles in our propagator
decompositions, or, for instance, with the longi-
tudinal photon propagator, D44. (In view of such
infrared problems, the decomposition that we
have used for the gauge-field propagators is ob-
viously not the most convenient one.) Of course,
such unphysical singularities should cancel in the
final result. Since most of our calculations con-
sist of performing algebraic manipulations on the
integrand of Feynman integrals, which are dimen-

sionally regulated, the presence of these singu-
larities is usually irrelevant.

More precisely, the S-matrix elements are
calculated for n, the continuous number of dimen-
sions, different from 4. Only after the physically
relevant quantities are obtained do we consider
the limit n—~4. However, the gauge dependence
in those quantities will be absent for all values of
n. Therefore we can freely perform algebraic
manipulations on the integrands, such as taking
external momenta to zero, in separate terms
that exhibit unphysical infrared divergences at
n=4, by simply chosing suitable values for n.
This is not allowed if the infrared problems are
of physical origin, unless special care has been
taken to absorb the divergences at n=4. There-

‘fore, we have kept the pion mass u? different from

zero in those cases where we encountered physi-
cal infrared problems to enable an identification
of the origin of the singularity.
For consistency this should then be done for
both internal and external pions. This makes sense
for physical reasons also, since the infrared di-
vergences due to u?=0 are the result of our ap-
proximation scheme. The pions do acquire masses
in higher orders of perturbation theory after all.*
In general, one should be careful to take limits
and (n-dimensional) integrations in the correct
order. In the presence of infrared divergences,
limits and integrals sometimes cannot be inter-
changed.

IV. THE (np7”) AND (nlv) AMPLITUDES;
DETERMINATION OF G5, G, .F,

In this section we will describe the evaluation of
the various diagrams which contribute to the npn~
and 7~lv amplitudes. An important part of the dis-
cussion will be to establish the gauge-independence
of these quantities. We will also discuss the pari-
ty-violating term in the pion-nucleon amplitude,
Ghne-

Since the gauge-dependent terms are only rele-
vant insofar as one must show that they cancel
among themselves, we will confine ourselves to a
systematic description of the way in which these
cancellations occur. In ordér to obtain the can-
cellations we have made extensive use of the
techniques that were described in the previous
section and in Appendix A.

We will distinguish three different contributions
to the npr~ and 7-lv amplitudes. First, we have
the lowest-order diagram with the contribution
from the external line corrections, as shown in di-
agrams A of Fig. 1. These contributions follow
from the wave-function renormalization constants,
as were calculated in Appendix B. However, for
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A ——-<+ -x--< + --< + ---{

(4) (5) (6)
o C
() R T
+ --< + - + —-~<|:
(3) (4) (5)

FIG. 1. The diagrams which contribute to the pion
decay amplitude or to the pion-nucleon amplitude. In
the first case the solid line represents the lepton spinors
and in the second case the nucleon spinors. The wavy
lines are gauge-field propagators and the dashed lines
are spinless field propagators.

F, there is an additional contribution, since the
lowest-order diagram, which is proportional to
#(1+ y,)u,, must be written in the form (3) by ap-
plying the Dirac equation for the lepton and neutrino
spinors. Through this the renormalized lepton
mass M, enters. Apart from that, the effect of the
diagrams A of Fig. 1 is to multiply the lowest-or-
der npy~ vertex by (2,Z,Z,)*'?, and the lowest-or-
der value of F, with (Z,Z,Z,)'/?m,M ;. Notice
that the terms proportional to y, in the lepton
wave-function renormalization do not change the
structure of the 7~Iv vertex, since those are pro-
portional to (1+y,). Inthe npr- vertex, however,
they give rise to a new type of vertex, which is
parity violating, i.e., it is proportional to #u, in-
stead of #,y;u,. This contribution to G}, follows
straightforwardly from the nucleon wave-function
renormalization constants, and is given by

GP- Ve i

nt

Gpnr (2m?*

—‘fi; eg f d"qD7(q)
X[8=-n-(n-2)p-gm32]
X(g*-2p-q)*. (19)

where p?=-m?. The second contribution comes
from the diagrams B of Fig. 1, where the pion in-
teracts with the nucleons or leptons through a
gauge-field line. The third contribution consists
of the vertex corrections that are shown in C of
Fig. 1.

In order to discuss schematically the cancella-
tions among the various graphs we will use the
following notation. We will denote the diagrams
of B and C of Fig. 1 by [B,i] and [C,i], where i
corresponds to the number of the diagram as given
in Fig. 1. Moreover, we will denote by
T,L,y,0,(4-im)* the transversal and longitudi-
nal component of the gauge-field propagators, the
propagators of the fields ¢ and o, and of the nu-
cleons or leptons, respectively. Each (internal
or external)momentum will be denoted generically
by q,, and each quantity with the dimension of
mass by M. The notation (¢ —im)™* will indicate
the presence of a fermion propagator. If we then
decompose the gauge-field propagators in their
components L and T, and, moreover, use the sub-
stitutions for the propagators of the y fields as
they were given in Appendix B of I, we find the
following results:

(B,1]~[q,MLL]+[q,MTL]+[q,MTT],

[B,2]~[q,47M°LL] +[q“q'2ML] ’

[B,3]~[g,4°M*LL)+[q,q°ML)+[q,q"*M*TL]
+[q,q°MT])+[q ,MoL]+[q Mo0T],

(B, 4] ~[q.q7*M°0L])+[q,47*Mo0],

(B,5]~(q.4°ML]+[q,.47°M™]+([q,(D,(0)T)],

(B, 6] ~[( —im)™ (4 -im)?],

[C,1]~[MLL(f - im)™*]+[MLL(4-im)?]
+[MTT(4 -im)™],

[C,2]~[d(4 -im)™Lo)+[q%f(4 - im)*M>LL)]
+[a7?d(d - im) L)+ [ (d - im)™*To)
+[q724(f - im)*MPTL) +[q"%4({ - im)™*T],

[C,3]~[q7%(f - im)M30L) +[q™%(4 - im)*Mo],

[C,4]~[(4=-im)*T(4 -im)™]
+[(4 = im)L(4 -im)*],

[C,5] -[(q'- im)to(f - im)™?]
+[(f = im)2q2MPL(4 - im)™]
+[(4 - im) g7 (f - im)™].

In this notation we have not made explicit a factor
(M,2A)™" in the diagrams B of Fig. 1, which origi-
nates from the gauge-field propagator at zero
momentum squared, as well as the contraction of
the vector index p with that of the fermion ver-
tex. It is obvious, as was explained in the previous
section, that in order to have cancellations be-
tween the diagrams of B and C of Fig. 1 it is cru-

cial that the terms from the diagrams B be pro-
portional to a factor A, to cancel the effect of the
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gauge-field propagator, and that the terms from
the diagrams C produce a factor to remove the ex-
tra internal-fermion propagator. Apart from the
straightforward decomposition of gauge-field and
p-field propagators, we used the expressions for
the tadpole diagrams that were obtained in I [see
Eq. (17)] in diagrams of type [B,5]. In the dia-
grams of [B, 2] we first substituted the product of
two Faddeev-Popov propagators by the product of
a longitudinal gauge-field propagator and a y-field
propagator, so that these diagrams were then free
of explicit dependence on the gauge parameters £.
These substitutions follow straightforwardly from
the Ward-Takahashi identities which were given
in Eq. (9) of 1.

Obviously the schematic decomposition shows
very clearly which diagrams are manifestly gauge-
independent. The aim of the subsequent discussion
is now to show how the gauge-dependent terms,
i.e., the terms that contain the longitudinal com-
ponents, cancel each other. The cancellations are
established with the pion momentum @ satisfying
Q%*=0, except when infrared divergences are en-
countered, and with the leptons or nucleons on the
mass shell. As was mentioned previously, the
limit @~ 0 may give rise to difficulties, and one
needs complicated algebraic manipulations to ar-
rive at the final result. We now give a brief dis-
cussion of the various cancellations.

(@) The terms proportional to LL. The contribu-
tion from [B, 1] is absent. The terms from the
diagrams [B, 2] [B, 3] can be summed in the @*=0
limit, and are indeed proportional to A. This then
cancels, sometimes after involved algebraic mani-
pulations similar to those described in Appendix
A, against the contributions from [C,1] and [C, 2].

(b) The terms proportional to cL. In the dia-
grams [ B, 4] we express the o)y coupling constants,
represented by a factor M in our decomposition,
in terms of the inverse propagators of the o fields.
Schematically we have then M —~ (1/M)[D,™(¢?) - ¢?)
in those diagrams. Since these coupling constants
are multiplied by D,, we can use that D, (¢*)D,(g%)
=1, so that we arrive at the following decomposi-
tion for [B, 4}:

[(B,4])~[q,47*ML]+[q ,MoL]+[q,q7?M ']+ {q, 0 M™].

The terms proportional to ¢L can then be added to
those of [B,3]. However, it is only after we com-
bine these terms with similar terms from Z,, the
wave-function renormalization of the pion, that a
factor A can be extracted. Then, finally, one can
obtain a cancellation with the terms from [C, 2]
and [C, 3].

(c) The terms proportional to TL. As is ob-
vious from our decomposition the terms from [B, 1]
and [B, 3] cannot be added directly since they differ

by a relative “factor” ¢®M™2. In order to bring
them on the same footing, we can use identities
among the gauge-field propagators D,. These
identities are listed in Appendix A, and they have
the following structure (schematically): ¢*T=M?T
+1. After using these identities, the terms from
[B,1] and [B, 3] can be combined and turn out to
be proportional to a factor A in the limit @*—0.
However, -through the use of the identity ¢*>7T=M?T
+1, we generate additional terms of the form
[9.97ML] in the diagrams [B,1]. All the TL terms
cancel when combined with the result from the
diagrams C.

(@) The terms proportional to a single L. We
have found many terms proportional to a single L,
either directly in our schematic decomposition, or
after subsequent manipulations similar to those
described under (b) and (c) respectively, for the
graphs [B,4] and [B,1]. In order to obtain a com-
plete cancellation we must add the contributions
from the wave-function renormalization constants
Z,, Z,, Z,and Z,. After that, a factor A can be
extracted from the diagrams [B,1-5] and the re-
sult cancels with terms from the diagrams C of
Fig. 1. Notice that the terms proportional to L
and fermion propagators cancel separately.

We will now complete our discussion of the parity
violation in the pion-nucleon form factor, G},;. It
turns out that the only contribution, beside the one
from the wave-function renormalization constants
given in (19), comes from a diagram of type [C, 5]
in Fig. 1. It gives rise to the following result:

ey i1
5’; @y V2eg(n-1)
x [ a7 BYMa)a-2p - a)* (20)

If we consider the total answer (19) and (20) for
M, very large, then we find that both contributions
are of order M ,2, which is of the size of the
Fermi constant G,. This result supplements a
discussion in I where it was argued that parity vio-
lations, although not naturally of order G in these
types. of models, are usually softer than could be
expected on general grounds.

V. THE (nplv) AMPLITUDE; DETERMINATION OF G,

We will now describe the evaluation of the dia-
grams which are relevant for the axial-vector
form factor G,. Again we will schematically in-
dicate how the gauge-dependent terms cancel in
the final answer. The diagrams of interest are
given in Fig. 2. The diagrams A of Fig. 2 contain
the effect of the wave-function renormalization
constants of the external fermion legs. Again it
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is relevant that these constants, which are listed
in Appendix B, contain terms proportional to ;. A : X + >< +X + X + X
The diagrams B of Fig. 2 give the self-energy

corrections to the exchanged vector boson. The

diagrams C, and C, of Fig. 2 give the vertex correc-

tions to the nucleon and lepton vertex, respectively. . i

Finally, the diagrams D of Fig. 2 are the box-dia- . .

gram contributions to the amplitude. § { } I I §
As we have already mentioned in Sec. II, the

box-diagrams D are no longer of the current-cur-
rent type. Nevertheless, these diagrams have

gauge-dependent pieces, and, since those must
cancel at the end, one should be able to cast at Y
least the gauge-dependent parts in the current-
current form. Several gauge-independent parts

will also factorize directly in that form, but at
the end we will still be left with terms that are of

a different structure. We have listed these terms \__{ \_/
in Appendix C. Of all the current-current terms,
we have kept only those that contribute to the axial- /—\ /—\

vector form factor G,, evaluated at zero momen-
tum transfer as we have explained in Sec. II. 3)

_We will now d.escr.’lbe tbe decompositions of the FIG. 2. The diagrams which contribute to the axial-
diagrams A-D in Fig. 2 into gauge-dependent and vector coupling constant G4. The notation is the same
gauge-independent terms, using the same conven- as in Fig. 1, and the dashed line with an arrow repre-
tions as in Sec. IV: sents the Faddeev-Popov propagator.

(B,1]~[q.q, M*TT]+[q,q,M™*TL]+[q,q,MLL],
[B,2]=[M*q?)+[q L] +[M*q°LL],

(B3] ~[aL]+[q7*T] +[M*q™LL] +[oL]+[0oT],
[B,4]~[q?L])+[M*q2LL)+[M%0]+[Lo],

[B, 5] = [MT]+[M2L]+[M?q™*]+[q L] +[M 0],
(B, 6] ~[q°L]+[Mq™*]+[M™(D,(0)T)],

(B, ] ~[M*(4 - im)™ (4 —im)™],

(C,1]~[Mg™L( - im)*|+[q, TL({ - im)™)+[q,TT({ - im)™],
[C,2] ~[Mg™°L(4 - im)™*)+[Mq>T({ - im)™*)+ [M°q2LL({ - im)™)
+[M*q2LT( - im)™ ]+ [MOL(4 - im)™*]+[MoT({ - im)™],
(C, 3]~ [q.q7*(d - im)™ ) +[q.q *M?L({ - im) ™) +[q,q *M*LL({ - im)™*]
+[9,q7%0 (4 = im)™| +[q,qM?0L({ - im)™*],
~[(d = im)*(f = im)*T)+[(d - im)™*(f - im)™L)]
+[(d = im)(f = im) g2+ [(4 - im)(f - im) Mg L] +[(f = im)*({ - im)™ 0]

[C,5)~[(d = im)™(d - im)q ]+ [(d - im) (d - im)q"ML],
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[D,1]~[M2TT(4 - im) (4 —im)™ ]+ [MPLL(f — im)™ (4 —=im)™] +[M2TL({ - im) (4 —im)™],

[D, 2]~ [M%q™2T(d - im)™*(f - im)
+[M2To (4 —im) (4 —im)
(D, 3] ~[M2q20 (4 — im)™(4 —im)™

1
1

1+ (g TL(4 - im) (4 = im)™)]
1+ [MPLo (4 —im) (4 - im)?],
1+

[M%q2Lo (4 - im) (4 - im)™?)

+[MPqH(f —~im) (4 — im) )+ (Mg L(f = im) (4 - im) ] +[MOq A LL(f - im)™(4 - im)™].

In making these decompositions we have written
the gauge-field propagators as linear combinations
of L and T, and we have made use of the expres-
sions for the tadpole diagrams obtained in I [Eq.
(13)], and the substitutions for the propagators of
the Faddeev-Popov fields and the y fields, which
were also given in I. The factors ¢ in these de-
compositions correspond to those in the y-field
propagators. In the box graphs we have not yet
taken the pion mass u to zero, so that g~ may
stand for (g%+ u?)™ also. In the other graphs no
infrared problems are encountered when taking the
limit u2-~0. The decompositions are normalized
dimensionally relative to the lowest-order ampli-
tude.

It is again important that the diagrams A-D of
Fig. 2 carry certain powers of the quantity A™,
originating from the number of zero-momentum
gauge fields that are exchanged. Normalized to
the lowest-order amplitude [which has one such
propagator, and carries thus A™; see Eq. (14)]
the diagrams B of Fig. 2 have a factor A™, where-
as the box graphs D of Fig. 2 have A. The others
have no such factors. Hence, to establish the
cancellation of gauge-dependent parts, the dia-
grams B of Fig. 2 have to yield a factor A. That
result will then combine with the diagrams C of
Fig. 2, and must then again lead to an answer
which is proportional to a factor A in order to
cancel with the terms from D of Fig. 2. It is ra-
ther tedious to do the algebra and extract these
factors, but the general theory requires that the
results are to be obtained along this line.

The aim of the subsequent discussion is now to
describe systematically the cancellation of the
gauge-dependent terms, i.e., the terms that con-
tain the L propagators. In this discussion the
limit @?=0 is generally understood.

(a) Terms proportional to LL. The contribution
from [B, 1] is of order @*. The terms [B,2,3,4],
when added yield a factor A%, The only contribu-
tions from the triangle graphs come from [C,, 2]
and [C,,3]. They can be added and are then pro-
portional to A. Subsequently this contribution and
the previous one cancel completely against the
contribution from diagrams [D, 1] and [D, 3].

(b) The tevms proportional to oL. The contri-

r

butions from [B, 3] and [B, 4], [Cy, 2] and [Cy, 3],
[C;,2] and [C,, 3], and [D,2] and [D, 3] cancel
among themselves.

(c) The terms proportional to TL. In order to
add the terms from [B, 1] and [B, 3] one has to use
the identities among the gauge-field propagators
D,, which are listed in Appendix A. If those iden-
tities are used twice we can add the two contribu-
tions, after which the quantity A factors out. In
addition, the use of these identities will lead to
terms proportional to single L’s, which are dis-
cussed in (d). The terms proportional to LT are
now combined with those from the diagrams [C, 1]
and [C, 2], some of which exhibit a nucleon or lep-
ton propagator together with an explicit factor A.
The terms without such propagators will also yield
a factor A after recombining them with the result
of the self-energy graphs B of Fig. 2. The cancel-
lation is then obtained after adding these terms to
the box diagrams D of Fig. 2.

(d) Terms proportional to a single L. The dia-
grams A, B, and C of Fig. 2 give terms linear in
L. If one also takes into account the terms that
originate from the manipulations in (c) then the
total result adds up to zero.

This, then, completes the discussion of the
cancellation of the gauge-dependent terms. In the
next section we will describe what happens to the
gauge-independent terms in the calculation of A,
the deviation from the Goldberger-Treiman for-
mula.

VI. CALCULATION OF A ¢

In the previous sections we have shown how the
gauge independence of the quantities that enter into
Agr was obtained. The next step is to combine the
answers for the various quantities and calculate
Agr. In doing so it will be of crucial importance
to verify that A, is indeed free of ultraviolet
divergences, and that the answer is of order g,°
or ¢%, as we have argued in Sec. II. Since the
box graphs which were listed in Appendix C al-
ready satisfy these two requirements, we will
ignore those in the first part of this discussion.

We have again found a large number of cancella-
tions which can be obtained by using the same
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techniques as were described in the previous sec-
tions. Again, the presence or absence of powers
of the quantity A was usually relevant. First, we
have calculated the effect of the various tadpole
diagrams, and we have found that all these terms
add up to zero. Concerning the remaining terms
that still depend on the propagators of the fields o,
we have established by direct computation that all
those terms cancel as well, except for

i n-1 AM
- @y o 28 ot [ D).
(21)

We have then considered the contributions com-
ing from the fermion-loop diagrams, given in
[B,6] in Fig. 1 and [B, 7] in Fig. 2. A direct calcu-
lation of these quantities, when combined with the
fermion-loop contributions of Z,, leads to a re-
sult proportional to

" 1 2 p2>
fdp(p2+m2—2([)2+m2)2 ’

which looks ultraviolet divergent at first sight.
However, dimensional regularization ensures that
this result vanishes. This can be seen either by
substituting the explicit expressions for the various
integrals, or by introducing (1/n)[(8/3p,)p,] in the
first integral, and performing a partial integration.
In this context it is also worth mentioning that we
have generally ignored integrals of the type
f d"p p~2 throughout the calculation, since these
integrals can be shown to vanish also within the
method of dimensional regularization. Hence all
the contributions from fermion-loop diagrams
vanish. However, in establishing the gauge inde-
pendence of our results, we have sometimes
generated terms that are of a similar structure.
Such terms, which do not contain the o-field or
gauge-field propagators are present in the wave-
function renormalization factors, the corrections
to the fermion masses, and in some of the triangle
diagrams. When all these terms are combined,
their contribution to A, turns out to vanish also.
All these cancellations have been obtained by di-
rect algebraic manipulations. However, to com-
bine most of the triangle diagrams, like those
given in [C,1,5] in Fig. 1 and [C, 1] in Fig. 2, we
will need a different approach. To introduce this,
let us first consider the following example of a
triangle graph with two internal fermion lines, as
is shown in Fig. 3(a). The contribution of this dia-
gram to G, will be proportional to

1
B —im Yu¥s p-im’

where p and p’ are the momenta of the incoming
and outgoing fermion line, respectively. Let us

(22)

(a) (b)

FIG. 3. Examples of triangle diagrams: (a) contri-
butes to G , and (b) contributes to G, .

discuss the case that the fermions are the nucle-
ons. We can then determine the contribution to
G, by taking the divergence with @, =p;, - p, and
dividing by 2im. In the limit @2~ 0 we will then
obtain G ,(i,ys1,). If we take the divergence of (22)
we can now apply the well-known trick

1 ( 1 1
2im Qu F—im "7 Fim
T 1, 1
" 2im F —im (# 75+ Y5 F) B —im
11
T oim |\ F—im = B —im y5>

1 1

+ﬁ’ “im s F—im" (23)

The last term will be proportional to a diagram
that contributes to G,,,, which is shown in Fig.
3(b). In this particular example, there is an exact
correspondence to the diagram of G,,,, so that by
this method one can directly write the difference
between the corrections to G, and those to G,,, as
an integral that involves only one, instead of the
original two fermion propagators. Not only will
this lead to simpler expressions, but this trick
will enable us to treat larger blocks of diagrams
at the same time. In this way we were then able to
write the result for A, from all the triangle
graphs with two fermion propagators in a form
with one fermion propagator and one gauge-field
propagator. (The terms without any gauge-field
propagator have been discussed before.)

A generalization of the same method can now be
applied to the propagator and triangle diagrams
with two gauge-field propagators, like the dia-
grams [B,1], [C,1] of Fig. 1 and [B, 1], [C,1] of
Fig. 2. The general structure of the diagrams that
contribute to G, is shown in Fig. 4(a), and leads
to the following contribution:

Dy (p)Dy(q) = (p+29) o 8,5+ (20 +q)s0, 0+ (4 — ), Ogs]

X (613“1 - p;f”) <65P_ Zf;%) )

where p and ¢ are the momenta of the gauge-field
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(a) (b)

FIG. 4. Examples of propagator or triangle diagrams:
(a) contributes to G, and (b) contributes to G,,, or F,.

propagators, and @ =p+q. If we now again take
the divergence with @, we find

D,()D,(g)(g? - p*) 8,5 (aw - %{Q) (% - g%) _

We could now generalize the previous discussion
and try to write g2 — p? as the difference of two
inverse gauge-field propagators with possible
correction terms. This can be done straightfor-
wardly by using the identities (A3) and (A4) of
Appendix A. Schematically we can then write

(¢° = p)D,(p)D,(q) =~ D,(q) - Dy(p)+ M?Dy(p)D,(q) .
(24)
Again the last term has the structure of a diagram

J

that contributes to G,,, or F,. The general struc-
ture of such graphs is shown in Fig. 4(b). How-
ever, in this case there is never an exact corre-
spondence, and we are not able to completely
eliminate the terms with two gauge-field propaga-
tors, as was previously found to be the case for
diagrams with two fermion propagators. The re-
maining terms represent contributions to Ag,,
which we have listed and further evaluated in Ap-
pendix D.

We will now discuss the terms that contain only
one gauge-field propagator. We have already
mentioned such terms, coming from the diagrams
with two fermion poles after using the substitution
(23). Those terms can be combined with similar
terms from the fermion masses and wave-func-
tion renormalization factors. Now we have also
generated contributions from the diagrams with
two gauge-field propagators, after having used the
substitution (24). In addition, we will find terms
with one gauge-field propagator that originate from
the pion wave-function renormalization factor Z,,
listed in Appendix B, as well as similar contribu-
tions from the diagrams [8,3] and [C, 2] of Fig. 1
and [B, 3], [B,5], and [C,2] of Fig. 2. All these
terms can be combined into the following relative-
ly simple contribution to Agq

o dn=t e by 099 bgo VT D3A) - 1 Epsye (047 53 vE € By by )

“@r¥a e p
1 g2 f1 i = 1 - 2_2q¢*
o 288 contyont (LT egBYA - ogubit) - o [ (o540 L Eegb ) 2] o
s=(p+q)2=mps
_t 31 (ep5aa, 1 'UA) ¢ (epaa, 1 'm) <_1_ 1\ 2m? 2py-4
+ (271)“np2<e DAA 4 2ﬁegDT - G\ DA + 2«/—2—egDT PP PRy (25)

In this result the argument of the gauge-field propagators is p. In the first and third terms the limit @2

— 0 has been taken and an integration

f d"p has been suppressed. The second term originates from the

pion wave-function renormalization Z,. Here the integral f d"pd"q 6"(p+q — Q) has been suppressed. In
the fourth term we have ignored the same integral, and again we have refrained from taking the limit @
=0, because of infrared difficulties, as we have discussed in Sec. III.

Two remarkable properties of this result are worth mentioning. In the first place, one can easily verify
[for instance, by using the identities (A3) and (A4) to extract the large momentum behavior] that the result
(25) is ultraviolet finite. Secondly, the dependence on nucleon and lepton masses has cancelled.

We will now discuss the final result for A;,. We distinguish the following five contributions:

(a) the term containing DE?, given in Eq. (21);

(b) the box graphs that are not of the current-current form, given in Eq. (C2);
(c) terms proportional to (# — 1)/, given by the first term of Eq. (25) and by the following contributions

from Z, [see Eq. (B2)]:

T (2n)? p?

n

i 1n-1 E€My® [ 2 uu VY L pUVVARW L L o 2ROV, RYV . RUV\WW
N fd"ﬁ {5 2w* (DY + D1V + DIVIDYY + § g *(DFY + DYV + DYDY

-5 232 (D%Y + DY¥Y(DYY + DY¥)+ 5 g2(DYUDYY + DYDY — 2DYYHYY)

-+ V2gg,[D7" (D} + DF")+ (DF¥ + DF")DF¥~ DF*(D3Y + D3¥)-(DF” + DEVIDF¥]} (26)
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(the propagators all depend on the momentum p);

(d) the result of propagator diagrams, shown in Eq. (D3) combined with the remaining terms from Z,:

(27 w dQ*

o= DM AT [ty g 57p 4 - QDA 4} VEegDPIDYY ~ 2 TeaDAD2Y)

H (27)

$=Q“=0

(e) the box graphs that were written in the current-current form, Eq. (C1), together with the terms
originating from triangle diagrams that were given in Eq. (D1), and the remaining terms from Eq. (25).

All these contributions (a)-(e) are separately ultraviolet finite, which proves our claim that the Gold-
berger-Treiman formula is indeed a zeroth-order relation, from which the deviations are finite and cal-
culable. The results (a)-(e) are also separately of order gy,° or ¢?, as was required according to the argu-
ments presented in Sec. II. The only terms which are not manifestly of this order are those given under

(c). Namely, we have the following terms:

- it 2 e[ @ (oX B -0 - B VB BYA) s e, DB DYDY - 0B (20)

n

However, using the Eqs. (A3) and (A4) this can be rewritten in the form

inlll

@y g [ av (

Zz(Dgw]j;A — DL¥DYA)

+ %ﬁ g Mg*{[DYV ~ (1+ 2€2)D}Y DA - [DZY — (1+ 2e2)D;’V]D;A}> , (29)

which is of order e2. In fact, one can show that
the total contribution from (c) is of order e2.

This concludes the calculation of Ag,. It is,
however, worth mentioning that although A, is
ultraviolet finite, it is still infrared divergent.
The infrared divergences are contained in the con-
ventional box-graph contributions, mentioned
under (b), and in the contribution (e). Most of
them are due to the presence of massless photons
and pions (in the limit u?=0). However, some of
them do not seem related to the presence of mass-
less physical particles. Of course, these diver-
gences must be superficial and should cancel in
the final result. Indeed, if we add all these terms,
it turns out that they are all proportional to the
term

l_ﬁ_g_M ZAM.
q* gw 2 q

This particular combination no longer exhibits
a pole at g®>=0, so that the infrared divergence
disappears.

VII. CONCLUSIONS

We have shown in the previous section that the
result for Ay, is finite and of order e® or g% It
is now straightforward to examine all the remain-
ing terms for physical values of the parameters
(Le., My =M, -, e/gx<1, g,/g<1). In this
approximation the complicated gauge-field pro-
pagators in I reduce to much simpler forms, and
the integrals can be evaluated. However, before

we can obtain a final answer, there are several
problems to be faced.

First of all, the numerical magnitudes of G,
and F, which are commonly used in checking the
validity of the Goldberger-Treiman relation have
already been adjusted for radiative corrections.
Taking G, for instance, this involves the compu-
tation of the virtual corrections through order e?
and the infrared divergent bremsstrahlung correct-
ions. The extraction of the virtual corrections®?2*
is usually done in the limit in which m, and p, can
be neglected. This reduces a box graph, which is
a function of two invariants, say @ and w=p, +p,,
down to a triangle graph which is a function of @*
only. The infrared divergency is then cancelled by
the corresponding bremsstrahlung term in the rate
for the radiative decay. However, these standard
considerations apply to the computation of various
decay rates whereas our calculation concerns the
ratio of amplitudes.

Since the same order of e* graphs are already
included in our answer for G, and F,, these
terms would need to be subtvacted out before we
can find the remaining corrections to Ag.

Then there is the problem of infrared-divergent
terms due to the presence of a massless pion. We
have regulated this divergence by calculating these
dangerous terms with a finite pion mass u?. Hence
we are not strictly using a pseudo-Goldstone pion
everywhere in the calculation. Clearly the regular
infrared-divergent terms due to the presence of a
massless photon now get mixed with these addition-
al terms. Also the procedure used to extract
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the regular infrared-divergent terms, namely,
setting m; and p,; equal to zero, becomes much
more subtle. For instance, what should one do
with terms involving In(m,;?/u?)? Recognizing that
we are dealing with a model and are only interested
in the approximate magnitude of the numerical
result, it does not seem worthwhile to get entangled
with these problems. Hence we take the point of
view that the remaining terms in our answer should
only be checked to see whether there are any ano-
malously large terms. We have already shown that
the corrections are of order e? and g,%. In the
limit that M,, - < there could, for instance, be
sizeable contributions from terms proportional

to e InM,2 If such terms are absent, then we

can -safely conclude by saying that the corrections
are of typical electromagnetic size, say 1% or
less, and avoid giving an explicit number for the
correction to the Goldberger-Treiman relation.

An analysis of our final answer has indeed shown
that the large value of M, does not induce an en-
hancement of the corrections. Let us discuss some
of the final terms and make a few additional com-
ments.

gy dQ

-0 L [y [aa0(peg- 0 (b Fedp) o) -3

MM,

SMITH 16
First, consider the terms which are independent
of nucleon or lepton propagators. These consist
of the terms in (n~ 1)/z in Eqgs. (25), (26), and
(29). Most of these terms do not contribute to

order e®. We find the result
-i n-le Mu 2
2m? n (1+€)
MW2

X f &q *(@*+ M) (g + M%) (q* + M)

3e2 M2 <M 2>
s — ¥ n(% ), (30)
167° M,° - M2\ My,

which is proportional to the pion mass as calcu-
lated in I. The term in Eq. (21) is also propor-
tional to (n - 1)/n. However, it does not contribute
to order e? because DEZ is approximately given by

DEZ%gWg'lMU3MW‘1(q2+m:2)'1(q2+m22)‘l .

The term in Eq. (27) which is proportional to
n -1 can be evaluated by expanding the propagators
in a Taylor series in Q2. After isolating the terms
which are finite in the limit M,?~ = we find

72 e By030) |

3e?
“16r7 M7 - M3

M,? My* 3 M2
<_V‘2> 01,7 2)2+2M t] M z} (31)

Clearly there is nothing surprising about these answers. All dependence upon M,? has canceled completely.
In this limit (M~ «), we can identify M, and M, as the masses of the p meson and A, meson, respectively.
Hence both results in Eqs. (30) and (31) are numerically small.

We now turn to the integrals with infrared problems and nucleon or lepton poles. The terms in Eq. (C1)
and Eq. (D1) which are of order e? involve the propagator combinations [e2D44(p)+ (V2/2)egD%A(p)]D%¥(g)
and (V2/2)egD%4(p)D%¥(g). All the other terms lack sufficient powers of M,? to be finite in the limit where
M,?—~=. Note that the former term has a factor of p™ so it is more likely to be infrared divergent. The
latter term has no such problems and is actually of order G,. If we now collect together all the terms in

e2DAA + (V2/2)egDY4

fdpfd"qé‘"’(pw Q)( 2D""(p)+\[—egD“(p)>{ <

V2 g

w

+

M2 ADY¥(q) [%‘“ (n—2) <1+

, including those in Eq. (25), we find the result

V2g D','.W(q) 1) V2gM 2A  4p-q,

- v _p
M= 5y 7-25,09
2q-p,,> 1 _ 1 . (n-2)p-p, ‘J
m? -2p+p, @ -2q-p, wmA(p*+2p-p,)

- 2¢°%

Et? B [fd"pfd"q 6 (p+q- Q)( 2DAA(p) + f— egD¥ (P)) —T—'z'] a2’ (32)

9 +
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where D(g) is defined in Eq. (C3). As mentioned
previously, some of the infrared divergences are
superficial. The combination V2 gg, M ,>AD%¥(q)
-1 behaves like ¢2 for small g2, so the first term
in Eq. (32) is infrared convergent. The second and
fourth terms are infrared divergent in the limit
that the pion is massless, so we have regulated
the terms with a small mass p2. In the approxima-
tion that higher orders in e and g, are neglected,
D(g) reduces to

V2 g, / 1 1 43
2gM 2A (q’+ 2 _q2+M27> ' (33)

Some of the integrals in Eq. (32) are trivial.

The terms with no lepton or nucleon poles can be
evaluated and lead to answers similar to those in
Eqs. (30) and (31). The terms involving nucleon
poles lead to more complicated expressions in-
volving M2, m? and m ;. Unfortunately, one of
the lepton pole terms is infrared divergent and
leads to a term involving In (m,*/u%). There are no
terms containing InM,? in this part of the answer.

The last part of the analysis concerns the contri-
butions from the box graphs which cannot be
written in current-current form, namely the terms
in Eq. (C2). All these integrals are well behaved
in the limit that M %~ « and never yield terms in
e?InM,?. Hence there are no anomalously large
terms in our answer for Agq.

We do not want to discuss the box graphs further
because they have severe infrared divergence
problems. The only way to extract the virtual
photon terms is to take the limit that »,; and p,
tend to zero. Such a program runs into trouble
due to the additional infrared singularities caused
by zero-mass pions.

We conclude by briefly summarizing the main
results of the paper. The corrections to the Gold-
berger-Treiman relation have been calculated in a
unified gauge-field model. We have explicitly dem-
onstrated that the corrections are finite and gauge
independent, which confirms our general result
that Az =0 is a zeroth-order relation. In the
case that the pion is a pseudo-Goldstone boson, so
that its mass is due to the electromagnetic and
weak interactions, the corrections to Asy are also
of order ¢® or g,2. In the physical limit (M, -,
e/g<<1, g,/g<1) the corrections are completely
independent of M, so we expect the size of the
correction to be approximately 1%.

D(g)=
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APPENDIX A: SOME USEFUL FORMULAS

In this appendix we have collected some results
which have been used throughout the calculations.
Some of those were already briefly sketched in
Sec. III.

One can generally express a four-vector p, in
terms of two other vectors P, and P, by means of
the following formula:

_ (P,*P)(P,+p) = P*(P, D)
Pu= = (P:-P:)Z-Pl"’fz’z2 — (P),
. (P, P,)(P,+p) —P2(P,p)

(P!. B p2)2_ P12P22

(P, . (A1)

This result, which can be generalized in various
ways, allows one to write Feynman integrals of

the form f dpp,F(p,P,,P,) as a linear combination
of the external momenta P,, and P,,. The co-
efficients are integrals involving scalar functions
of p, P, and P,.

As was described in Sec. III, one can express the
oY coupling constants of the Lagrangian in terms
of the inverse propagators of the fields 0. These
relations are given by

64p M’ =5~ [D,]7(s),

16u,M2=s—[D, *|"%(s)+8V2 be M M,,
16 u,€2M,?=s - [D,]"E(s) + 8V2 be M M, ,
16 uge My?= - [D, ] UB(s) - 8Y2 bM yM,,

32p,M,*=s—[D,™]?%(s) + 4V 2 beg,2gM M, ,
(A2)
16V2 gpg My M\ =-[D, ] V%(s) - 8beg g™ M2,

8V2 €gyg My My, =[-D, |5 %(s) - 8bgog™'M*,
16g4’g™°M ;*6,=~[D,*] "7 (s),
82,°¢ M *€d;,=~[D,™] VE(s),

8V2 g,8 M yM,6,=-[D, ] V2(s).
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The argument of the propagator s is a free param-
eter in these relations. The coupling constant b
has been taken equal to zero in most of the cal-
culations reported in this paper.

Similarly one can derive relatively simple rela-
tions among the various transversal gauge-field
propagators D,, by substituting explicit express-
ions for D, (s) into the relation D,(s)D,(s)=1.
We then find
SMy2(D%¥ + eg, D 74)

=3v2 2,8 (DY%Y+DYY) - M, 2 MDY,
sM, (DY +eg, " DY)
=3V 2 g, g (DY + DY) - M} M,,';D‘;W ,
SM;2(D¥Y +eg, D¥4)
=32 g,g™ (DY + DY) — M, 2M,*D%Y + M2,
SMy?(D%"+eg™ V2 D¥4) =372 g, gD -DY¥,

sMy2D3¥=3V2g,g D¥¥ - (1+ €)DY¥, (A3)

SMy2(DY% +eg™V2 DY) =3 V2 gog D~ DY+ M,

SM?DYY =3V2 gug DY - (1+ 2D + M2,
sSM (DY +eg™ V2 DIA)=3V2 g,g DY - DY,
sM, DY =3V2 g,g DY - (1+ DY’ .

For the charged propagators the terms that con-
tain the photon field A must be deleted. For
neutral propagators our notation requires the sub-.
stitution of D by D. In addition, we have the
following identities for neutral fields only:

SM % (eg, D44 +D%)
= % ﬁgwg-l(ﬁgA+5;A) - MW2MU-25¥A ’

M, ?(eg DA + 1V DY) = 4g,g D% - 4V DY,
~ - ~ (A4)
sMy?D%A=3V2 g,g D% - (1+ €)DA,

SMy (DA% + eg, ' DA +eg™V 2 D) =M.

These relations (A3) and (A4) are convenient in re-
arranging some of our results in order to obtain
the necessary cancellations discussed in the text.
The square of the momentum of the propagators is
q’=s.

Finally, we will discuss a typical example of the
algebraic manipulations that we have used. Con-
sider the diagram [B, 1] of Fig. 1, with two dif-
ferent propagators D, and D,. This diagram is pro-
portional to

I= fd"pd"qé"(P+q—Q)DI(P)Dz(q)(P..—qu)-

(A5)

If we now interchange p and ¢, and then use that
this integral has to be proportional to @,, we find
the result

-19,Q7 [d"pd g &"(p+q-Q)
X [D,(p)D,(q) — D,(q)D,(p)] ($* - 4°) .
In the limit @ - 0, we know that D,(p)D,(q)
-D,(q)D,(p) can be written as R(z(p - q)) * (p* - ¢°).

If we then perform a symmetrical integration, we
obtain the result

I=

YN\

Qu [dpR(P)W. (A6)

Thus we have now evaluated the general structure
of (A5), which is usually sufficient in order to
obtain the various cancellations. In most cases

it is not necessary to find the explicit form of R(p).

APPENDIX B: THE WAVE-FUNCTION RENORMALIZATION
CONSTANTS, AND THE FERMION MASSES

In order to calculate the correct expressions
for G,,,, F,, and G4, and to arrive at gauge-inde-
pendent results for these quantities, we have to
normalize the wave functions of the pion, the lep-
tons, and the nucleons. The wave-function re-
normalization constant for the pion, Z,, follows
from the pion propagator D, in the one-loop ap-
proximation, with the pion field as defined in Eq.
(16). This propagator was calculated in I, where
it was also found that the eigenstates of the mass
matrix remain unchanged in this approximation.
The definition of Z, is then given by

Z_= lim ) (s +M ,*)D_(s) ,

L
s> - My

and as a byproduct of the calculations presented in
I we find the following expression for Z:

i ezf n
Z"=1—(ZT);X drql(q) ,

where
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1 -1
M= [ D5Y(22 D40 10)« (087 - 2607 " 0" - 301”)

+(DY%+ 4€*DE* — 4¢ DY ’-)(———"; 1 Dy~ %D{")

+gW2g-2[%Dgu+%D:V*'ng*'gwg_zM —ZDZ -V2gyg” MUMz-l(DUz+DVZ)]<n IDVII‘W‘%D;.VW)

-gw& (VDG +VZ DTV - 28, g MyM, "D”)(" Lpgw D‘L’W)

~&y& ' [VZ D5"+VZ D57~ 2/Ze (D% + DY¥ - V2 gy g~ MyM,; ™ D5?)

- _ n-1
- 2gy,¢7m, 11,7027 (2L 1 - 1)

~38%%[(1+8¢-?)DrY
4-n

- e®Ae"%g 73 (DAA - DA + %

+(1-4€7?)D)"+3V2 g, g (DI¥+ D/¥) + g,2g72(1 + g, 2g~ MM, ~*) D }¥¥]

gzMu_z[DgU + DZV“’ 45—4D§£ + (gwg_leMz-l)4Dcz:z]

) 4
- 472G (q* +m°) % + gy g T MM, 26, 2 n (@*+m,?)~2

n-11
n

+

+8y8 (1 + g, g "My*M, 2) (DY

Egzq‘z[ (1+4e2) DY+ D7)+ DYV + DYV + V2 g, 8" (DF¥ + DY¥

+DE¥+ DFY)

¥+ D¥¥)+ 4V Zeg (1 + 262 DJ4

d
+4egy g (1+2y'g " My"M; *)D7*] + - 1,(q, k) o’ (B1)

,(q, k) is defined by
(2k2+2p2 _q2)(p2+u2)—1A£—2e2D~7,'4A

2
+(n-1) <1 - % %)Mvz(%ngﬁ gw(p)(quU+DTvv+ 2D1€,y) +%gW2[D ;‘m(p) +D_1YV(P) +2151["V(P)] D‘zv'w

- 38y’ D2"(p)D7 ¥ - 3 2D ¥ (p)DF¥ - § £, DY (p)D7 ¥ - 5 8,°DX¥ (p) DY
+38°[D7(p)DL" + DyY(p)DFY = 2DV (p)D Y]
- :VZggy{D7*(p)(D7Y + DY) - DI¥(DFY + DY)

- [DF¥(p)+ DFY(0)IDF ¥+ [DF¥p) + DEY(p)IDEYD) . (B2)

We have suppressed the argument ¢ in the propa-
gators. Furthermore, we used the definitions
s=F, andp =k—q. Notice that there are infrared
divergences contained in II,(g, k). In such terms
we have kept the lowest-order pion mass u finite,

in which case the derivative is evaluated at s=—p2,

The definition of the fermion wave-function re-
normalization constant requires more care, be-
cause of terms proportional to #y, in the fermion
propagators. As far as the neutrino is concerned,
only its left-handed chiral component has interac-

I

tions. These give rise to a wave-function renor-
malization constant Z, (for the left-handed compo-
nent only):

; 2

i
Z,=1+1% (2_15_4 _[d"qDLWW(3q2 —m, 9g?

x(g*+m*) " +2, (B3)

where z, is a gauge-independent contribution that
we need not specify.
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For the remaining fermions we first write the
inverse propagator in the form

“(p) =exp[-a(p®)ys]S ~(p)expla(p?)y,] ,

where a(p?) is chosen such that S is now free of
terms proportional to y,. The wave-function re-
normalization constant of an incoming fermion is
then given by Z™*/%exp[-a(-m?)y,], and that of an
outgoing fermion is given by Z"%exp[a(-m?)y,],

where m is the fermion mass, and Z is defined by

= 4

Rt e
Hence the total wave-function renormalization
constant can be written in a form that includes a
term proportional to y,, the sign of which depends
on whether the fermion is incoming or outgoing.

For the (incoming) lepton we obtain in this way

the following result:

- igw n AAl 1
Z,—1+(2”)4fd { +g D2

q*-2pq

2 2
+2 L > (1+vs)

q*(p-q)®

1 ——-—12— W4 = 2"”..72_) 2 )1
-875[ ik +<ﬁ,. +4gr by ><3-n+ T (g°=2p-q)

Mz*q*(p-q

+D¥¥[3 = n+ (2 = n)g°m,

n—2
* om,?

“2+my g ) (p-q) "

<2Dr +D;’W+4—ﬁ“)+DT q" j‘}+z, , (B4)

where we have suppressed the argument g° of the various propagators. z; is again a gauge-independent
constant, which contains a logarithmic infrared divergence. We have used that p*=-m, 2.

For a (incoming) nucleon we have

1+7, e

ZN_1+ 2 )4 fdn %___é__agz DAA -2 %(DUU Dw')q'2+;D

—t
= s q°-2pq

[w;’u < 2DYY + DYV 4 T 5(1”3)5,“) [3-

__.1__
q*-2p+q

-(n=-2)p ‘qm'zl]}+zﬂ )

(B5)

2 y is a gauge-independent constant, which is different for protons and neutrons. For the proton it contains
the usual logarithmic infrared divergence. We have suppressed the argument ¢ of the propagators and we
have p?=-m®. Finally, we list here the expressions that were obtained for the fermion masses in the one-
loop approximation:

M,=0,

M, _

8w

1= Gy ot
Lliagt g f1 (1

"8 (2n) [d q? <q2+m, q*(p- q)2>

=DF¥[3=n+(2-n)g’m, ~2+m, g 2] (p-q) "%+ 32 - n)m, 2(2D}¥ + D}¥)

2
_ - 1 8w 5 Iy "+ 2-ng
_DTEV 2—4g——w zm, 2<DT ;ge D;YA)<7I—2+ q2_(2p.q) )}#2 2,
=—my

gw pZi(o)T,

_ 2-n q¢° zq +4m, ] 1
(3 "2 ml) - M;* q° -2p°q

m i ;
1= @ne :VZge My~ DG (0) T,

i
T en? %ng d"q(q® - 2p+q) e "My ~2[3 + DE%(4m +¢?)]
[D”U+D1?V+ZDT +1DYV + 2e%¢7%( 1+7'3)(D +%\/'2'ge-lﬁ1(‘l,4)]

X[2=(n=-2)(p-qm]+(n=1)@DF" + DY )},2-_ 2 . (B6)
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APPENX C: THE BOX-DIAGRAM CONTRIBUTIONS TO G,

In this appendix we will list thvarious gauge-independent contributions from the box graphs. These dia-
grams are all finite and of ordegy” or e®. We distinguish two different contributions. The first one can
be written in the current-curre form. Here we have ignored all terms that do not have the axial-vector
form. The second contributionannot be written in the current-current form. In this case we have not yet
taken the limit of vanishing moentum transfer. All the expressions have been normalized with respect to
the lowest-order value of G4.

We first give the current-cuent contribution:

D" /1 q? m,? 20,9 q?
2pAA [T 12z (___ _ 1 v _ )
e DTN 28\ " e, Tmi+ @ -2 by 4°=24°D,

2, =1 nUWRY vw 1 m?*
et 0T D DI -,

1 11 ~ ~ _
gz(p2+2p-pN ZP—E[D%WD‘;W+D‘}WD%W+eg Y DYYBYA + DEYDYA) + VT og IDYVHYA]

- 2 1 1 q® 2m 2> 1 m,?
Uw v w V2 es™ DD - (1-5 - )= 1
g (D Dr +D YD+ V2 eg Dr D [l) 2 pi—2p- Iy (1 e 7 7 P2+2P‘P,,:|' (C1)

In this result we have igno:d the overall factor
-i(21r)'4MzzAfd"P fd’b‘")(pw -Q)

and the momentum conventils are p, -p, =@ =p, —p,. We have generally taken the limit Q%=0, except for
the first term containing thphoton propagator where we encounter infrared singularities. The momentum
of the neutral gauge-field ppagators is p, and that of the charged ones q.

We now give the contribvons which cannot directly be written in current-current form. We have taken
out the same factor as abe and use the same momentum assignments:

5 2°[vp (DY +2V2Zeg ™' DYADT79)S,7, (DT +D7¥v)
=7, (DY + DYy )8,y 17 + D v ) [ 7Sy v (1+75) =3y, (147987, (1+7)]
VW ~ -
+88y [V2e’D3*y,S, (DT + DT v +3egv, (DT + D7¥v)S,v,(DF* +D%yy)

—3egy, (DA 2% y9)S, v DT + DT v, Sivu(1+79)

1 2 d}’ (5 DVW) 70¢(DT Ys—ﬁ?w)><(d-im1))’p(1+75) im170(1+7/5))

I mm’( v . a7 -2q D, Piopep, T pr-2pp, ) D@
. dv LA75+D“) 4(5%“%—5VTA))(79(¢+1"M,)(1+75))

P& =S ( Zzuz b, 9’24 p, =25, )P

e, (g S Snd) b ot

- gt (P D) 2B Drs L D) (LG i)

£ ) (G T ) (o pwin

) () b0

b [yl d) G pry (BB h) | G, |

_ﬁ+ Uim ))(1+ ys) m2m|2 drs d'J’s (=#+2im )(1""}’5)
( 27— 25, )Du(”) gzeMUMz(qhzq-p,*qz-?mp,)( 22,

-e ggw"Zw/—mm,w

)DEZ(p)Mq) :
(c2)
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We have used the following conventions. The first term in the large brackets is supposed to be sand-
wiched between the proton and neutron spinors %,(p,) and u,(p,), while the second term is sandwiched be-
tween the electron and neutrino spinors u;(p;) and u, (p,). All the spinors satisfy the Dirac equation
(# —im)u(p)=u(p)(# -im)=0. Furthermore, we have introduced the following notation:

IAL0) _«Zz% 1 (1 _1_) 5ip)= DX _ V2 gy 1 (i 1 >

Sp = (i{n _d _im)—l= (p/p*'ﬂ —im)_lx Sn= (ﬁn "ﬁ"'im)-l= (ﬂp+ d _im)'l,
(C3)

S;=(#y +d =im)) ' =(F,=F ~im)", S, =($,+H) = ($ - ).

Notice that the functions D and D will only exhibit a pole at zero momentum if 12, the lowest-order pion
mass, is taken equal to zero.

APPENDIX D: SOME CONTRIBUTIONS TO A QUADRATIC
IN THE GAUGE-FIELD PROPAGATORS

In Sec. VI we have described how the triangle diagrams with two gauge-field propagators were reduced
to expressions with only one such propagator. The effect of this reduction method was, however, not
complete, and we were left with some terms. These terms will be listed in this appendix. We will dis-
tinguish two different contributions. The first one originates from the nucleon and lepton triangle dia-

grams:

i - “aa. V2 o 2 1 2pQ (2-n)2q-p, > _2g-p,
————(Zﬂ)4MzzAg gwiv2 {(ezD’,‘.‘+—2-egD'7’-‘>D;W [;ZI‘E +sz2 - <1—n+ 2 +m,r:h+Q2 qqu
1 n"z p'Pn]_Q VA W[i_( - Zq'pu 2q'pv) 1
“P-2-p P+2p-p, m* 2 &P Dr| gz = (1-n+@-m= 5= +=0 ) 5o p,

n-2 me=p- 3 i A _ .
P p mt; : }} ~ @) M3 &* (D%¥ DY ~DY¥ DY¥ —V3e g D¥ADYY)

. 2 .

q q PP+2p- by
2q - v %p . N 2q- v 1 ° -q? .
*((2'") ol >p2-2p-1>, e } (D1)

The neutral gauge-field propagators carry momentum p, the charged ones q. The integration [d"pd'q
x 8™ (p + q — Q) has been suppressed. Notice that we have not always taken the limit @* -0. However, it is cru-
cial that the result (D1) is both ultraviolet convergent and of order ¢* or g,2.

The second contribution comes from the propagator diagrams. The reduction method goes along the
same lines, and we have found the following result:
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b5 M2 (D (B +/8eg™ B - DFBY]
+38° (M7 (1+€") - 38" g7 My €] (D7 DY +V2eg ' Df*) - D (DY +VZ ¢4 Dy*) +DY 5F - DYDY ]
+gE M, (1 + DT B + ey DY)~ D DY +ogy™ D]
V2 1 gy° - - - -
+=3 88w (Mzz(l +2€%) +5 %ﬂfz— M?(3 +2€2) | {(DF +DF) D7 - DY [DY +D%V3eg (D% + D))
w uw -1{WA uw ([, Huv V2 2 a_lg, , 2
+(DF+DY)DYY +V2eg~' D7) -DF¥ (DY + D7V )} —3 88w Mz*1+€ )"'2' gMu (1+2€%)
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2 2

+<e2134‘ +egwb'%‘>[ —% &’ g7My*(2 +€*) DY +J—§: &g~ My*(1 +€* DY

+(MZ* + 3gw’ 72 M,*)(1 +€2V2g gw"D;'-W]

V2 .
5 egD%? ([Mzz(l +€%) +38w° 8 M2 (2 +€2) IDF +[ M;%€? + gy ® g2 M, 2(1 + €2)] DY

- V2 - V2
- [M22(2 +e?)+3g8,% g 2M,2(3 +€2)]“2—gwg ng-w— e 8g73M,A(1 +€2)D¥W) . (D2)
We have ignored an overall factor and integration,

__._1__ - (n) - pz__qz
Gy 3 =D [ @pdas® pra-@ ESL,

and we have used the same momentum assignments as in the previous result. Alsche result (D2) is ultra-
violet convergent, as can be deduced from the following argument. We can write a:rm of the form

”zgzqznmuzm at @=0 as 755 {40, ()]Dy(¢") - D, (PN a*DylaM]}

We then use the Egs. (A3) and (A4) to obtain terms of the form (d/dQ?)[Dy(p*)D,(¢*)] s well as
(d/dQ*)[D,(p%)] and (d/dQ*)[D,(¢%)]. The first term is finite because of the differentiaon with respect to
an external momentum. The other terms vanish, because their dependence on @ isily superficial. If
we use this technique, it turns out that Eq. (D2) can be written in a much simpler fon,
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i eM? d - " -
e VT, ‘TQT{ fd"ﬁ Jd"qé"(p+q—Q)<4gw DY (P¥+DY +2D%) +1g,*OF+DY +2 DDV

~ DY +DP NP DY) +1g* OF DF+ DE DY - DY DY)

V2 sy = = - -
2 ggy [DY¥(BY +5Y) + DY + DY DY - DYDY+ 5 -w%v';vwm)} .
s=Q2%=0

~Gr )4(n 1)M,2AV2 ggy™! sz {jd"Pfd"qé("’(p+q Q)[ (ezb ‘/ egDUA)DV\V

_‘-fg— eg [)‘;‘D‘;"] } . (D3)

s§=Q2=9

This form can then be combined very easily with certain contributions from Z, (see Appendix B), leading

to a complete cancellation of the first block of terms.

*Work supported in part by the National Science Founda-
tion under Grant No. PHY-76-15328.

tWork supported in part by the Bundesministerium fiir
Forschung and Technologie.

IB. de Wit, S.-Y. Pi, and J. Smith, Phys. Rev. D 10,
4278 (1974).

%3, Weinberg, Phys. Rev. Lett. 29, 388 (1972); 29, 1698
(1972), H. Georgi and S. L. Glashow, Phys. Rev. D 6,
2972 (1972).

3. Weinberg, Phys. Rev. D7, 2887 (1973).

4G. "t Hooft, Nucl. Phys. B35, 167 (1971).

SH. Georgi and T. Goldman, Phys. Rev. Lett. 30, 514
(1973); H. Georgi and S. L. Glashow, Phys. Rev. D 1,
2457 (1973); R. N. Mohapatra, ibid. S 3461 (1974);

S. Eliezer, Phys. Lett. 53B, 86 (1974), D. A. Dicus
and V. S. Mathur, Phys. Rev. D7, 525 (1973); D. Z.
Freedman and W. Kummer, ibid. 7, 1829 (1973);

A. Duncan and P. Schattner, ibid. 7, 1861 (1973);

T. Hagiwara and B. W. Lee, ibid. 7, 459 (1973); S.-Y.
Pi, ibid. 7, 3750 (1973); 1. Bars and K. Lane, ibid. 8
1169 (1973); K. Fujikawa and P. J. O’Donnell, ibid. 9,
461 (1974); J. Lieberman, ibid. 9, 1749 (1974); L. M.

Brown and J. D. Mich, ibid. 9, 1779 (1974); J. Frenkel,

M.L. Frenkel, and M. E. Ebel, Nucl. Phys. B74, 125
1974).

M. L. Goldberger and S. B. Treiman, Phys. Rev. 111,
354 (1958).

"An extensive review of chiral-symmetry breaking has
been published by H. Pagels, Phys. Rep. 16C, 219
(1975).

8. sirlin, Phys. Rev. D 5, 437 (1972).

°H. Pagels, Phys. Rev. 179, 1337 (1968).

10y, Pagels and A. Zepeda, Phys. Rev. D 5, 3262 (1972).

G, A. Dominquez, Phys. Rev. D 7, 1252 (1973).

12y, J. strubbe, Nucl. Phys. B38, 299 (1972).

134. Braathen, Nucl. Phys. B44, 93 (1973).

4Models of this type were proposed by I. Bars, B. Hal-
pern, and M. Yoshimura [Phys. Rev. Lett..29, 969
(1972); Phys. Rev. D 7, 1233 (1973)], and by B. de Wit
[Nucl. Phys. B51, 237 (1973)].

15M. Gell-Mann and M. Lévy, Nuovo Cimento 16, 705
(1960); B. W. Lee, Nucl. Phys. B9, 649 (1969); J. L.
Gervais and B. W. Lee, ibid. Bl12, 627 (1969).

183, Weinberg, Phys. Rev. Lett. 19, 1264 (1967); A. Sal-
am, in Elementary Particle Theory: Relativistic
Groups and Analyticity (Nobel Symposium No. 8),
edited by N. Svartholm (Almqvist and Wiksell, Stock-
holm, 1968), p. 367.

M. Gell-Mann, Phys. Rev. 125, 1067 (1962); Physics 1,
63 (1964). For further references about current-al-
gebra methods see S. L. Adler and R. F. Dashen,
Current Algebras and Applications to Particle Physics
(Benjamin, New York, 1968).

18Note that this statement itself may depend upon the
choice of gauge.

13G. ’t Hooft, Nucl. Phys. B35, 167 (1971); A. Slavnov,
Teor. Mat. Fiz. 10, 153 (1972) [Theor. Math. Phys.
10, 99 (1972)]; J. C. Taylor, Nucl. Phys. B33, 436
(1971); B. W. Lee, Phys. Lett. 46B, 214; G. 't Hooft
and M. Veltman, Nucl. Phys. B44, 189 (1972).

2B, de Wit, Phys. Rev. D 9, 3399 (1974).

41, Bars, Phys. Lett. 51B, 267 (1974).

2G. ’t Hooft and M. Veltman, Nucl. Phys. B44, 189
(1972); B. C. Bollini and J. J. Giambiagi, Nuovo
Cimento 128, 20 (1972).

ZThis is not so for the neutral pion, as was pointed out
by B. de Wit, S.-Y. Pi, and J. Smith, Phys. Rev. D 10,
4304 (1974). However, it is mainly the charged-pion
mass which is relevant in our calculation.

%3, M. Berman, Phys. Rev. 112, 267 (1958); T. Kino-
shita and A. Sirlin, ibid. 113, 1652 (1958); S. M. Ber-
man and A. Sirlin, Ann. Phys. (N.Y.) 20, 20 (1962);

A. sirlin, Phys. Rev. 164, 1767 (1967). These authors
investigated the infrared problem prior to the intro-
duction of gauge-field theories. The more recent
models based on gauge fields are renormalizable but
still have the same difficulty with soft photons. There-
fore, the old methods of extracting the divergences re-
main essentially unaltered.



