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Following the example provided by the ordinary derivative and vector Yang-Mills fields, we give an
argument which demonstrates that spinor superfields may be combined with the fermionic components of the
invariant superspace gradient in order to define a fermionic, supersymmetric Yang-Mills covariant derivative.
Additionally, it is shown that this fermionic, covariant gradient is the “square root” of a bosonic covariant
gradient. Thus, it is possible to define a “supercovariant derivative” in superspace. We also discuss some

general aspects of supersymmetric, Yang-Mills theories.

I. INTRODUCTION AND SUMMARY

The spinor superfield has not been studied very
extensively thus far. In the work of Adjei and
Akyeampong, a Lagrangian for the interaction of
a chiral, spinor superfield with a chiral, scalar
superfieldwas examined. Itwasfound thatthat La-
grangian is nonrenormalizable. As far as we are
aware, this is the only work that has been done in
this direction.

In supersymmetric theories, there exists a dif-
ferential operator known as the covariant deriva-
tive. In order to avoid confusion, we will hence-
forth refer to this operator as the fermionic com-
ponents of the invariant supergradient or, more
succinctly, the fermionic gradient. This deriva-
tive transforms as a relativistic spinor under the
Lorentz group. This suggests that perhaps the
spinor superfield may be able to play a role that
is analogous to that played by gauge vector fields
in ordinary theories. We shall see that in exact
analogy with the covariant derivative of usual Yang-
Mills theories one may define a “supercovariant
derivative” in the fermionic sector of superspace.
More remarkably, the existence of this fermionic
Yang-Mills covariantized derivative implies the ex-
istence of a bosonic Yang-Mills covariantized de-
rivative. The truly remarkable feature about this
relation is that it does not require the introduction
of independent vector superfields for the bosonic
components of the supercovariant derivative.

The organization of this paper is as follows. In
Sec. II, we give a brief discussion of supersym-
metry and introduce several important operators.
In Sec. III, we recall some very familiar results
from ordinary gauge theories. In Sec. IV, we pre-
sent our argument, which is guided by the experi-
ence gained from the usual Yang-Mills—type the-
ory. Here we introduce the “supercovariant de-
rivative,” which will allow for local invariances

in a manifestly supersymmetric manner. We also
use this operator to deduce the form of the pure
gauge Lagrangian for the spinor superfields. We
present an example for the interaction of the gauge
superfields with matter superfields. The final
section is a discussion of Yang-Mills invariance

in both ordinary space and superspace. We show
here a possible connection between this work and
earlier works on Yang-Mills invariance and super-
symmetry.

An important question we shall not address here
is whether the example given is renormalizable.
This we shall do in a future paper. There is a hint
that our example may be renormalizable. It has
been observed''? that in supersymmetric theories,
as in ordinary theories, the presence of coupling
constants which possess dimensions which are
positive powers of inverse mass usually indicates
nonrenormalizability. Our example contains no
such coupling constants.

II. SUPERSYMMETRIC GEOMETRY

By starting from a pseudogeometric viewpoint,
we may think of the supersymmetric group of
Wess and Zumino® arising from an extended space-
time {X} which has elements which are of the form

X¥=(x*,0m), (1)

where x* are the usual coordinates of spacetime
and 0™ are, in the simplest instance, the coordi-
nates in a four-dimensional fermionic space. The
coordinates 6™ anticommute among themselves,
commute with the bosonic coordinates, and are
further restricted to transform as a Majorana,
Dirac spinor under the Lorentz group. I we choose
a representation where charge conjugation is
equivalent to the complex conjugation of a Dirac
spinor, then the fermionic coordinates are real.
As a result of these requirements, the generators
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of Lorentz transformations on the extended space-
time are given by

MaB= (chﬂ)ﬂuxuau - '%(Gae)m,,O"Am " (2)
where
@B =G5y, 2D,
(LB, =il ™50 -0 e])
)
ag™ *

A=

The supersymmetric generators of supertransla-
tions are given by

St ==l 6°) ™A, +iz(#0)']. (3)

In writing this expression, we have asserted that
(°)'™ acts as a metric for the fermionic coordi-
nates in much the same way as p,, does for the
bosonic coordinates. We have also redefined com-
plex conjugation so that in addition to its usual ac-
tion (i~ -i), it also reverses the order of all pro-
ducts of fermionic factors. This laststatementisim-
portant since it ensures that the real extended space-
time will be mapped into a real extended spacetime
under the action of exp(;€S), where ¢, like 6, is a
real, anticommuting spinor.

Following Salam and Strathdee,* we may also
introduce the supersymmetric covariant derivative
via the definition

D' =) A, —ix(#0), (4)
and verify that it satisfies the relations
1 my —

D'D™=iz(#°) ™ +34°)™(DD)
+i0YH ) ™Dy, D) +1rY° V" (Dy° D),
where
D_l =(70)tmDm .
If we restrict ourselves to the Poincaré group
and the supertranslations,® then we find a Lie al-
gebra which closes. In addition to the usual com-

mutators of the generators of the Poincaré group,
we need the following relations:

(s',Pu]=0,
[Ma8, St ] = ~3(c*BS)", (6)
{s*, 8™ ==0*H°)"P,,
where
Py=—i3, .

III. RESULTS FROM ORDINARY GAUGE THEORIES

We would like to recall some results from other
theories which possess gauge invariances. We be-

gin from the simplest of gauge theories, quantum
electrodynamics. In this theory, by the minimal-
coupling prescription, we introduce a covariant
derivative via the definition

D=9, +ieAy . (N

It is natural to introduce a vector field since the
operator 9, transforms as a vector under the
Lorentz group. With this definition of the covari-
ant derivative, we can ensure the existence of a
local invariance under redefinition of the phase of
the electron field. The well-known transformation
is given by

93 =explieA ()], , ®)
A=Ay =0,A (%),

where A (x) is an arbitrary local function. Next,
we need an expression for the kinetic energy of the
gauge field A,, which is invariant under the gauge
transformation. This is done by defining the field
strength tensor

Fuy=8,A,=-8,A, 9)

and contracting it with itself. With these defini-
tions, we observe that the identities

[D,,D,)=ieFy,, (10a)
FMY=—i(L"V)% o A" (10b)
are valid.

If we now consider some non-Abelian group,® we
introduce a multiplet of vector gauge fields which
transform as the adjoint representation of the
group. The covariant derivative in Eq. (7) is re-
defined so that

Dy=a, +igT, A%, , (11)

where T, is some representation of the group. In
analogy with Eq. (10), we find

[Du ,Du]=igT¢Fauu s (123)
Fauu =auAav - auAap —gfabcAbuAcy
==i(Ly, )*B (0 A%~ 38/ %cA%0A%), (12D)

where f?,. are the totally antisymmetric structure
constants of some Lie algebra.

IV. GAUGE SPINOR SUPERFIELDS

We can easily see that the covariant derivative
of supersymmetry transforms like a Dirac spinor
under the Lorentz group, for we find the relation

[p°8, D']=~3(c** D) (13)
is satisfied. Thus, if we think about the covariant

derivative, D, as being a projection of a super-
space gradient, 3/6X¥, onto the fermion sector of
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superspace and the ordinary derivative, 3,, the
projection onto the boson sector, then, in the case
where superfields” possess some internal sym-
metry, it does not seem unreasonable to add to the
supergradient the quantity

V=[G, 30r°A%),] T, (14)
to form a supercovariant gradient

9 .
D, = W+ngu. (15)

In Eq. (14) the multiplet of spinor superfields,
A%(X), must transform as the adjoint represen-
tation of the internal-symmetry group. The vec-
tor superfields G®, are defined by the equation

GduE_i%(ﬁ'YuAa+%gfachbYuAc)- (16)

The quantities T, have their usual meanings. We
may require that the spinor superfields are con-
strained to be real. With our conventions, this
implies that the vector superfields are also real.

A priovi, in Eq. (14) we could assume that the vec-
tor superfields are independent of the spinor super-
field. We will have to justify Eq. (16) below. The
analogy between Egs. (11) and (14) is more striking
if we recall that an arbitrary spinor superfield
contains a spinor superfield which is the covariant
derivative of a scalar superfield. By thinking of
this as the analog of the transformation of the pho-
ton field in Eq. (8), we are led to require that the
Lagrangian for the gauge, spinor superfields be
invariant under the transformation

A®~A®-2D6®" —gf°, 6B°A°, %))

where 6®°? is an infinitesimal multiplet of scalar
superfields. Under this transformation, the vector
superfields G% change as

Gy~ Gy — 9,007 —gf*, . 58° Gy, (18)

which justifies the identification made in Eq. (16).
Next, we need to construct the Lagrangian for the
gauge-spinor superfield. To this end we need to
employ the generalized Lie bracket. This Lie
bracket is defined by the relation

[A,B}=AB - (~1)*4°8BA , (19)
where o, =(0, 1) depending on whether A is a Bose

or Fermi operator. Using this operator on the
supercovariant gradient, we arrive at

(['Dm :DN})‘}' =ig(RMN)ij - (MLMN)(:DL)ij ’ (20)

where we have used the following definitions:

i
—?(YOO'W )m,, Eauu Fe

(Ryy)';= (T, )ij s
Falln Gauu
i, = —
Eauv S 'Z ( Do'uuAa +%gfanc1\b°'uv A°) ’
Famv = D™ G¥ — éau Aam - %gfabc Abm GV , (2 1)

amvV _ avm
Fom? = _ pavm

G®y, =8, G =8, G —gf%, Gbu G°

V)
((0°v*),, H L=X, M=m, N=n

¥~ 0 otherwise.

@n*

The term proportional to D, on the right-hand
side of Eq. (20) might be called the ‘“anomalous
term.” It is anomalous in the sense that it does
not have an analog in Egs. (10) and (12). But the
presence of such a term has an interesting inter-
pretation within the context of differential geome-
try. Such a term can arise from the fact that we
are describing superspace in terms of a noncom-
muting coordinate basis and therefore the com-
ponents of the invariant superspace gradient are
the directional derivatives of such a basis.

There are no nonzero scalars which may be
formed from (Ryy)’;. Therefore we may form a
quadratic and take the trace over the internal ele-
ments to obtain

Rz R %ynOap - (22)

Therefore we may take as the gauge Lagrangian
the expression

£éauge = %(BD )Z{RaKL RbMN}GGbAKLHN ’ (23)

where A*¥ 5 the most general constant tensor
such that £fage is invariant. Thus, we have con-
structed a manifestly supersymmetric Lagrangian
for the gauge-spinor superfields. As can be seen,
there remains quite a bit of ambiguity in this equa-
tion. We expect, however, that the requirement of
renormalizability will place further restrictions on
the arbitrary supertensor. We may note that the
various sectors of the superfield strength tensor
E%sv E"mr and G°,, have dimensionalities of d + 3,
d+1, and d+3, respectively, where d=13 is the
dimensionality of the spinor superfield in units of
mass. Therefore, various sectors of A must dif-
fer by powers of inverse mass. Thus, we may ar-
gue that A must be chosen so that £gauwe is propor-
tional only to the square of the fermion-fermion
sector of the superfield strength tensor. So we
may assume that

£;auge = %(DD)Z{Eaquau U}co (24)

is the form of the gauge Lagrangian.
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However, when this expression is expanded in
terms of component fields, it is found not to con-
tain a term which may be interpreted as the Kinetic
energy of a vector gauge field. Thus, by following
the procedure which leads to a gauge theory in or-
dinary Minkowski space, we have not, as yet, a
complete gauge Lagrangian. On the other hand, the
expansion of the quantity

thuge = 3(DD){G%, G, } (25)

is found to contain the kinetic-energy term of a
gauge vector field, but it is not invariant under a
gauge transformation. Under an infinitesimal
gauge transformation this quantity is changed by an
amount

-:(DD)*{G", 3" (6%,)}. (26)

Therefore in order to have a Lagrangian which is
gauge invariant, we must add an additional termto Eq.
(25). This additional term should have the same
dimensionality as Eq. (25). We note that in Eqgs.
(24) and (25) two powers of the fermionic gradient
act on the gauge superfield. We also know from
Eq. (5) that two powers of the fermionic derivative
may be combined to yield the bosonic derivative.
This suggests that we may try to add Eq. (25) a
term which is linear in 8,. The simplest such
term is of the form

$(DD){A*JA"}0,, . (27)

We may subject this to the gauge transformation,
and we find it is changed by the amount below plus
two pure divergence terms:

i4(DD)*{G*%,0"(8®,)}. (28)
Thus, it is clear that the expression
Llhuge = s(DD)*{G%, G, " - i s K*JA,} (29)

will change by pure divergences under a gauge
transformation. But this is exactly the manner in
which a supersymmetric Lagrangian transforms
under a fermionic translation. Therefore, the
gauge Lagrangian for the spinor superfield is

Loauge = i(DD)*{c,[6%,G," =i 5 A%TA,)
+CE L EL T (30)

Using either the bosonic or fermionic sectors of
the “supercovariant derivative” we may couple the
gauge fields to matter superfields, provided that
the pure kinetic terms for the matter superfields
are only expressable with the use of fermionic
and/or bosonic components of the invariant super-
gradient. An example of an interacting model is
provided by

Louge + S(DDPRT(D°(19)0D%) +M, 0}, (31)

where @ is a complex scalar superfield belonging

to some representation of the group.

Thus, formally at least, it appears that we have
a solution to the problem of implementing Yang-
Mills invariance for nonchiral superfields. The
gauge-spinor superfields allow the Yang-Mills
transformation of the gauge superfields to be real-
ized linearly in a manner that is consistent with
global supersymmetry. In previous works done on
supersymmetry and Yang-Mills invariance by Sa-
lam and Strathdee® and Ferrara and Zumino,® the
Yang-Mills transformation of the gauge superfield
is implemented nonlinearly with respect to the
supermultiplet, by introducing the gauge fields as
components of a multiplet of real pseudoscalar
superfields, v%X). This allows the definition of
two “phase factors” via the equations

exp[xgVv(X)], (32)

where V(X)=V%X)T,. Using chiral matter super-
fields permits the gauge and matter superfields to
be coupled:

4DD)*@! explgv e, +& T exp[-gvie_}.  (33)

We will return to this point at the end of the next
section. It remains to be seen whether our linear
approach will prove as useful in model building as
the nonlinear one. We are presently studying this
question.

V. YANG-MILLS BASIS VECTORS AND SUPERSYMMETRY

In ordinary Yang-Mills theories, we have a set
of gauge fields, Aj(x), and set of generators, T,
which belong to some representation of a compact,
semisimple Lie algebra. At each point in space-
time, we associate a set of internal basis vectors,
e}(x), which are given by the expression

iix)= _ig [ aya® Tali, 34
e'f(x) {eXp[ lgfo Y A" () J(l (34)

where we have explicitly exhibited the matrix in-
dices { and I. That we should recognize this as the
set of basis vectors for the internal space is made
plausible by observing that if we define a connec-
tion Ty, in the usual manner,

de'; =dx"T,’ e ,, (35)
the equation below then follows:
0=dx"D,e’,
=dx* (3,6] - T,7 e, (36)

Now we may perform the differentiation indicated
in Eq. (29) and substitute the result into Eq. (30) to
find

D, =9, +igA®, T,, (37)
which is the usual expression for the covariant de~
rivative in a Yang-Mills theory. Now we make the
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observation that the internal-basis-vector concept
easily generalizes in a flat, Fermi-Bose super-
space. Indeed, we may replace Eq. (34) by the ex-
pression

eil(X)_-_;{exp[—igfx(§d5A0+deGau)Ta]}i ,

I
(38)

where X is somepoint in the superspace. Here we
can see that it is crucial that both spinor and vec-
tor superfields are present in order to define the
supersymmetric generalization of the line integral.

Equation (38) is reminiscent of the phase factor
in Eq. (33). It appears that we may make some
identification between V° and the supersymmetric
line integral. The fact that chiral superfields cou-
ple to the basis vectors is analogous to the cou-
pling of ordinary spinors to the vierbein fields of a
gravitational theory. Thus, chiral scalar super-
fields may be viewed as Yang-Mills spinors.

It is obvious that the internal basis vectors are
nothing but Yang’s gauge phase factors.® This in
turn implies that the usual supersymmetric “phase
factors” discussed in the previous section may
also be identified as a supersymmetric version of
the Yang gauge phase factor for chiral theories.

This viewpoint suggests a whole class of super-
symmetric, chiral gauge models which have not,
as yet, been explored. One could consider a chiral
model where the matter superfields are chiral
spinor superfields. The gauge superfields may
couple to these matter superfields through the
chiral, gauge vector superfields. An example of
such a model is given by

£=3Tr{(DD)*v*v, +v™v' )}

+ {(DDI{¥ _[iv"(3, +Vv,) - M,]¥}
+H.c., (39)

where for simplicity we have used the notation of
Salam and Strathdee.? In this expression, ¥, and
¥_ are independent chiral spinor superfields which
belong to a representation of the group. An inter-
esting point about such a model is that it easily ad-
mits the existence of a conserved fermion number.
It would also be of some interest to see if this
model is renormalizable in view of the model of
Adjei and Akyeampong.! It is clear that the free
propagator for the chiral spinor superfield here

is just the Dirac propagator. This is to be com-
pared with the propagator for the aforementioned
model. Therefore, naively, we might suspect that
the model of Eq. (39) may be renormalizable.

Note added in proof. At the completion of this
work, we were informed by Dr. V. I. Ogievetskii
and Dr. E. Sokachev that similar conclusions were
reached about the spinor superfield by them (Zh.

Eksp. Teor. Fiz. Pis'ma Red. 23, 66 (1976) [JETP
Lett. 23, 58 (1976)]). We thank these authors for
bringing this work to our attention.
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APPENDIX A: REPRESENTATION AND CONVENTIONS

We use a representation of the Dirac matrices
where

Y=(*®0%il®0',i6’°Q0%,il00°),

1 .
yo=i 4—!euupoy"7/"v"y°=w°y’72‘ys=o’®02,
*’=iz[y "],
Then the full set of Dirac matrices is given by 1,
v, o"’, y%»*, and y®. In this representation we
find

Pr Y y==20"",
diag(n”" )=(-1,1,1, 1).
Under Hermitian conjugation, we find

1T=1, T =y°,

=

yu'r - _Z nmt'),u' ,
u

oy =Zn““'(75y’") ,

@)= 20 " ).

n,v’

For this representation, we have an orthogonality
relation,

$Tr{l, I‘Z}=6AB ’

if we restrict ¢*” so that 4 <y. This in turn im-
plies a completeness relation given hy

D%, =3 ; (T (L),
We may use this to derive the following Fierz re-
arrangement matrix:
S v T A P
1 -1 1 1 17
-4 -2 0 -2 4
-3/ 6 0 -2 0 6
4 -2 0 -2 -4
1 1 1 -1 1

D )
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where
S(1234) =(9, 9. )(¥s94)
V(1234)=(9,7" o) (D57 uda)
T(1234)= 3(9,0"" ¥ ) (93000 ¥4) »
A(1238)=(P,7° " 0 ) (D3 vuds)
P(1234)=(,v°0,) (P37°0,) -

Note that the minus sign preceding the matrix is
the consequence of the anticommutivity of ¢, ¥,,
¥ and y,. Furthermore, the sum on y and v in
the tensor, T, is unrestricted.

Under charge-conjugation, time-reversal, and
parity transformations, we define the following
transformations for a Dirac field (¢, X):

lpc (¢, i) = (-70) W(t,i)]‘ =4)*(t, i) ’
lpT(t, i) =7570¢*("ty§) s
lpp(t,-i) =iy0¢(t9 _i) .

J

a(x) =s(x) =iy*oy (¢) +i30" 8, (x) +7 ¥ a, () +iy°p(x),

With these conventions, we find that
ZPCTP(t’ ;() =i7’5¢‘(‘tg "i)-

Additionally, the matrices y°, y%y®y", and y°%y
are antisymmetric, while y°y and y%"” are sym-
metric.
APPENDIX B: COMPONENTS OF THE SUPERFIELDS
The spinor superfield multiplet A%(6,x) may be
written in the form
A%(8,x) =2¢°(x) +a®(x)6 +566£"°(x)
-167%0(r°n" () +567°y 0 (=iy P (x))
+1068°(x)0 + 55 (06)271'%(x) ,
where a is an internal index. I we ignore this
momentarily, then we see that this superfield
contains a Rarita-Schwinger field ¥}, four Dirac
fields ¢, &’, n’, and 7/, and two sixteen-compo-

nent matrix fields ¢ and 8. These matrix fields
may also be expanded:

Bx) =8 (x) —iy" [V, (x) +a,s(x) +8%t, , (x)] +i30"V [Ty, () =8, v, (%) +8,0 (x) +€uynd at(x)]

+y39* @y () +8,p(x) +3€uap, 3t BY (x)] +iy®[® (x) +3"a, (x)].

So, additionally the spinor superfields contain two
scalars, two vectors, two antisymmetric tensors,
two axial vectors, and two pseudoscalars. With
our conventions, the reality of the spinor super-
field implies that all boson components are real and
that all fermion components are Majorana fields.

Furthermore, it may be convenient to express
some of the fermion components as linear com-
binations of other fermion fields:

;“:ca _i.yxzpax _H,la +iﬂ¢“ ,

Id _,’7 +Z’¢ .
Py =90 =13y 8t =ivan® +F YA e,
78 =7® +ige® +20My°, +i29n° .

The scalar superfield may be expanded in com-
ponent form as

®°(6,x) =A°%(x) +6y°(x) +106F°%(x) +i L6y °0G (x)
+3075y*0A% (x) +1006x%(x) + 55 (66)2 D% (v) ,

where A§ is an axial-vector multiplet, A®, F*, and
D® are multiplets of scalar fields, G is a multiplet
of a pseudoscalar field, and ¥ and X are multi-
plets of Dirac fields. Once again, the reality of

the boson components and the Majorana properties
of the fermion components are fixed by the require-
ment that the scalar superfield be real.

With these expansions, we may express the
transformation law of Eq. (17) in terms of the
component fields. In particular, for the fermion
fields ¢* and the vector fields +*, we find

¢a_.¢a - 6(,1)“ .

vau"vau —9uA® "gfaz,cA'J vcu "izfabcé";b?’ud)c .
The first of these implies that there are gauges
where ¢° vanishes, and in such a gauge the second

of these transformation laws reduces to the usual
transformation law of a Yang-Mills vector field.
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