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We generalize and elaborate a model recently proposed by Cheng and Li. It is characterized by the
breakdown of separate conservation laws for e and ILI, lepton types and allows for such processes as p. ~ e + y,
p, —~ 3e. Our generalization incorporates the singly charged heavy lepton discovered in e +e colliding-beam

experiments, and it opens up the possibility of introducing CP-violating effects in lepton reactions. We

analyze the p, ~3e decay process, both with respect to rate (relative to p, ~ e + y) and spectrum, including

CP-violating correlations. Other physically interesting features are also discussed for the generalized

scheme: neutrino "sharing" and off-diagonal neutral-current effects.

I. INTRODUCTION

A revival of theoretical interest has developed
recently concerning a possible breakdown of the
usually accepted lepton conservation laws —separ-
ate conservation of e-type and p, -type lepton quan-
tum numbers. Such a breakdown would reveal it-
self, for example, by observation of the processes
p. —e + y or p, —e + e + e. It is easy enough to con-
struct models in which the separate conservation
laws are overturned, the hitherto forbidden pro-
cesses being nevertheless quantitatively suppress-
ed. Indeed, several such schemes have already
been elaborated. ' "' In the present note we wish
to pursue several further issues, in particular for
the model proposed by Cheng and Li, but also more
generally.

The new schemes inevitably introduce new para-
meters, so that the absolute rates for p, - ey and
p. —3e decays are still theoretically adjustable.
One may expect that the y'agio of the two rates is
somewhat less sensitive to the parameters. This
question has already been addressed for the model
of Wilczek and Zee. '-' We shall take it up here for
the Cheng-Li scheme where, in the simplest ver-
sion of the scheme, the ratio turns out to be rather
insensitive to the unknown parameters.

A second issue that we address has to do with a
generalization of the models of Hefs. 1 and 2, de-
signed to incorporate the singly charged heavy
lepton {call it L ) discovered by Perl and collabora-
tors. ' We adopt the "sequential" view, associating
to I. a massless, left-handed neut;rino &~ and
treating the pairs (&, , e), {~&, p. ), and (~1, L, ) on a
similar footing. This opens up the possibility of
CP -violating phases in the lepton interactions. We
discuss the implications for the spectrum in p, -3e
decay. For the Cheng-Li model, this incorporation
of (&~, L, ) also introduces other new features of
considerable physical interest, quite apart from
the CP question.

Right-handed v' and &" fields make no appearance
in the theory. With no loss of generality the states
e and p, ma)j be taken to be mass eigenstates (with

masses m, , m„). In general, however, v', v", N',

are not eigenstates of the mass matrix. In this
neutral sector the physical particles (linear com-
binations of v', v, N', N") will consist of two

massless neutrinos, v, and v„, and two heavy lep-
tons, N, and N, (masses m, and m, ). The simplest
possibility for the mass matrix involves the intro-
duction of a single Higgs doublet. For this situa-
tion, as we have learned from Bjorken, Lane, and

Weinberg, ' the doublets can be expressed in terms
of the mass eigenstates in the following form:
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II. GENERALIZED CHENG-LI SCHEME AND CP VIOLATION

The SU(2)& U(l) model of Cheng and Li, which we
will shortly generalize, is based on the lepton pairs
(v, , e) and {v„,p. ), plus two additional heavy, neu-
tral leptons. The neutral heavy leptons enter in
left-handed SU(2) singlets and in right-handed
doublets. The doublets may be written initially in
the form
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In addition there are two left-handed singlets (com-
binations of v„v„, N„N, ) orthogonal to the neutral
combinations appearing in the left-handed doublets.
The important point about the structures displayed
in Eq. (2) is that the mixing effects on the left and

right are correlated in a definite way (a single
parameter 8). This emerges naturally when one

diagonalizes the mass matrix. It is crucial to the
viability of the model, for, otherwise, interference
between the left and right couplings might give an
unacceptably large rate for p,- e + y. Although a
single Higgs doublet (in addition to direct mass
couplings) suffices for the present scheme, we ob-
serve that one could add any number of Higgs sing-
lets and doublets without altering the structures of
Eq. (2). For simplicity we speak of this as the
single -Higgs-doublet scheme. The essential as-
sumption is that there are no Higgs triplets. These
would alter the structure of Eq. (2) and endanger
the suppression of p, -e + y decay.

The coefficients P, , P„, and b„, in Eq. (2) are
determined by considerations of orthonormality.
Since m, /m, and m&/m, are surely small, we can

take

and for 5& we find

Ale Ffl
p

b = ~, (m, '-m, ')sin&cos8«1.Pg ~+ 2 2 j.

One is clearly free to redefine the two physical
neutrinos to be any two orthogonal combinations of
&, and v„. We have made a particular choice in the
writing of Eq. (2), so that the left-handed electron
couples to &, , but the left-handed muon couples not
only to an orthogonal neutrino v&, but also, with
tiny coefficient, to v, (neutrino "sharing"). How-
ever, this latter coupling is negligible for practi-
cal purposes (b„,«1).

Let us now turn to a generalization of the above
scheme. We introduce the pair (vr, L), with v~
taken to be a massless left-handed neutrino, and
we generalize from two to three heavy neutral lep-
tons, N„N„N, (masses m„m„m, ). The mixing
parameters cos6), sin&, are similarly generalized.
The SU(2) doublets now become

P v +m, —'N, a'@, Pv„+ b&& +m„&& d&N~

lef right

rp +a~ „+b„~ P —'x,i (g a,'x,)L L Lff y Lee L

left L, right

and

a", a; = a~ ai] = a, a, = 1,

a"a" = a" aL = ai'" aL = 0. (5)

bLp = -mpWL~
m

Since m, /m, and m„/m; are presumably very
small, we can take

and

However, if some of the heavy neutral leptons
are not too much more massive than the L particle,
the coefficient pL could depart appreciably from
unity {iPi i(1) and bi„could be non-negligible.
Adopting the approximations of Eqs. (8) and {'I) we
have

iP.|",'+is;I' =1
j 2

In all of the above parameterization we have
allowed for the CP-violating possibility that the
coefficients a&, P„b&~ are complex. In the original
Cheng-Li scheme, with only two neutral heavy lep-
tons N, and N„ the phases can all be reabsorbed
into re5efinitions of the fields so that in fact, as in
Eq. (2), the coefficients can be taken real. With
(vi, l. ) added to the scheme along with the third
heavy neutral lepton N„ this reabsorption can no
longer be carried out all the way. After allowable
redefinitions one finds that the nine complex a; can
all be expressed in terms of three real parameters
plus one phase factor e' .' The possibility thus
arises of CP-violating lepton interactions. Of
course even if they are there in the couplings, they
can show up observationally only for processes
where phase interference comes into play. This
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could happen for the process p, -3e, where CP-vio-
lating effects would reveal themselves via the exis-
tence of a spectral correlation term of the form
f (Pa~ P~) o' &',x P„where &Vis the muonpolarization,
p~ and P~ are two final-state momenta. Even if the
p, -3e reaction occurs at all, which for the present
is the main issue, and even if the CP-violating
phase differences mere large, there are several
reasons mhy this correlation term would be sup-
pressed. Nevertheless, we keep this issue in mind
in the folloming discussion and in the Appendix we

discuss the decay spectrum in general terms,
allowing for the possibility of CP violation.

Here let us consider the amplitude for p, -3e de-
cay in the framework of the Cheng-Li model. The
diagrams are shown in Fig. 1. Kith the electron
pair removed from the photon line, the diagram in

Fig. 1(a) describes the process p- e + y, a magne-
tic-dipole transition. For the p. -3e process, if we

were to retain only this magnetic-dipole amplitude,
me mould find that'

amp (p. 8~ + 82 + e3)

= i f [(e,sy p)(Ae, syze3s + Ife2~y e,~)
v'2

—(e,—e, )j,

where the electron field is decomposed into right
and left helicity parts according to e = e„+e~. The
parameter & is given by

m'ln-a ~ a~ a' M'

2n sm'8~ ~
with (9I the %einberg angle, and

(12)

+ =2 sin og~ g = 3+2 sin'8~. (13)

For the branching ratio we then find

lect terms formally of order unity relative to terms
which are forma11y of order in M'/m, '. With these
approximations the contributions from Figs. 1(b)
and 1(c}dominate over that coming from Fig. 1(a),
and me find

I (p-Se) ~ 1
&(p-ey) magdipo)e 150

(10)

F( )
=

1
(2A'+ a').

Homever, there are additional contributions to
p. -3e. One comes from the charge-radius ampli-
tude incorporated in the diagram of Fig. 1(a). The
remaining contributions are summarized in Figs.
1(b) and 1(c). The shaded box in Fig. 1(c) itself
summarizes several diagrams. An analogous pro-
blem has already been analyzed by Gaillard and

Lee, ' in the framemork of the %'einberg-Salam
model, for the process s + d-p. '+ p, , where s de-
notes the strange quark, d the domn quark. Indeed,
for the diagrams of both Figs. 1(b) and 1(c) we can
take over bodily their results, with only the follow-
ing modifications: In Fig. 1(c) the eeZ vertex is
purely vectorial for the Cheng-Li model under pre-
sent discussion (in the Galliard-i. ee calculation
there is also an axial-vector term); and in Fig.
1(b), whereas the diagrams involving N, exchange
along the upper line are exactly as in the Gaillard
and Lee calculation, the v, exchange line has no
counterpart in their work. Ne assume throughout
that the neutral-lepton masses m& are small com-
pared to the 8'-boson mass M; moreover, me neg-

F(p-ey) 75n * eiP
I (ij. -evP) 32 w, 'M' (15)

For the present rough purposes let us suppose that
the masses m, are not too different among them-
selves. Then in the logarithmic terms of Eq. (12)
we can replace each m& by the average heavy-neu-
tral-lepton mass, m, and we find

I'(p, Se) 2 o M
r(i -ey) 25 v

3 + 4 sin'8~+ 4 sin'
sin48+

This is relatively insensitive to the unknown mass
ratio M/m; with in(~m)~3, sin'SQ 3

I'(p. 3e)
F(p- ey)

%'e mant to compare this mith the p. -e+y branch-
ing ratio computed in the same model. The compu-
tation has been carried out by several authors. "
Expressing their findings in the parameters of the
generalized version of the model, one has

(b)

FIG. 1. Diagrams for p e+e+V.

(c)

This is about one order of magnitude larger than
the ratio me would have found keeping only the
magnetic -dipole term corresponding to the diagram
of Fig. 1(a) [see Eq. (10)j and indicates that our
neglect of terms of order unity relative to terms
of order ln(M /m, '} is not too misleading. But we
do see that the magnetic contribution to the exact
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answer is not altogether negligible. This is impor-
tant for the CP tests in p-3e decay, since it is
the interference of the magnetic with the leading
amplitudes that can give rise to CP-violating spec-
tral correlations. However, an appreciable effect
requires not only that the two amplitudes be at
least roughly comparable in magnitude, it also re-
quires that they have a noticeable phase difference.
For the leading amplitude of Eq. (11) the phase is
reflected in the factor

III. NEUTRINO SHARING AND

OFF-DIAGONAL NEUTRAL CURRENTS

The multiplet structure of the Cheng-Li model
contains a number of physica". y interesting fea-
tures, which become especially significant when
the model is generalized to include the sequential
leptons (v~, L}. We have already emphasized the
possibility of CP violation. Let us now discuss
several additional features.

A. Constraints on heavy-lepton masses and
breakdown of universahty

As we see from Eq. (4}, the parameter Pz, mea-
sures the strength of the 8'-boson coupling to the
left-handed P~, L) current. In the simplest single-
Higgs-doublet) version of the model the analogous
coefficients P„,P, are essentially equal to unity
(m, , m„«m, ), as is required by the well-estab-
lished universality of light-lepton and hadron
charged-current couplings. However, as Eq. (8)
shows, )P~) could conceivably be much smaller
than unity, even in the simplest (single-Higgs-
doublet) model, if some of the neutral leptons N»

are not much heavier than the J. particle, Since
~P~ ~

cannot exceed unity, on the other hand, we
have the constraint that not all of the neutral-lepton
masses m» can be less than m&. The parameter pL,
determines the rate for decay processes of the
sort 1.- v~+ - ~ ~, and the possibility arises that
these rates are smaller than would be expected by
universality considerations. Unfortunately, there
seems to be no early prospect for experimental
determination of absolute decay rates of such pro-
cesses. In principle, however, the size of P ~
could be gotten at in anotther way, from decay of
the charmed I' particle into lepton and neutrino,
(v~, L) vs (v„, g). Here one has

~e, m» M2 2

a» a».~ ln
ll% m»

In the magnetic amplitude the phase is that of the
factor

2

Pn& ~f
»

Insofar as the differences among the masses m»

are small, so that we can set ln (M'/m, ') = ln(M '/m'),
the two factors, though perhaps complex, are seen
to have the same phase. One has to go beyond this
approximation, therefore, to reach the possibility
of CP-violating phase interference; and the obser-
vational effects may well be small, even if p, - Se
decay does occur (the main issue} and even if the
intrinsic CP violation were substantial. In the
Appendix we parameterize the p, -Se amybtude in
rather general terms, with a leading effective
interaction of the form given in Eq. (11), to which
we add an interaction of the sort that arises from
the magnetic contribution of Fig. 1(a). The coeffi-
cients are allowed to be complex. The correspond-
ing spectrum is worked out as a matter of possible
future interest, quite apart from the CP question,
but we also display the spectral correlation term
that would serve to test for CP breakdown.

Ne conclude this section by describing briefly a
natural generalization of the model of Ref. 2. In
the original version of the model one has two

doubly negatively charged heavy leptons E, and E,
in addition to (v, , e), (v„, p, ). The SU(2} multipiets
consist of two left-handed triplets: (y, , e, E, cosy
+E, sing), (v„, p, , E, sing+ -,EcPo)s. To incorpo-
rate (vz, L) it is natural to add a third doubly
charged lepton E„so that there are now three trip-
lets:

I~ e, )
& ~,cm-),'(me'-m, ')'

8. Neutrino sharing

The multiplets contain mixtures of the three
neutrino types. As a matter of convention we have
taken combinations such that: e couples exclusive-
ly to v, ,' p. couples primarily to v&, but also with
very small strength (in the single-Higgs-doublet
model} to v, ', L couples primarily to vi, , but also
with small strength to v„and even smaller
strength to v, . These neutrino-sharing effects
allow, for example, for m'- p. '+ v, decay, and
hence for the chains+- p, '+ v, , v, +n-P+e; i.e. ,
the classic "two-neutrino" experiment, if carried
out with sufficient precision and careful tagging,
would yield a non-null result. Of course, with

m, «m» the effect is very tiny. A small, but
nevertheless more substantial rate is expected for

Again, the possibility of CP violation arises be-
cause the a, can be complex (if so, in general, the
phases cannot all be absorbed in redefinitions of
the fields).

For the remaining discussion we return to the
generalized scheme of Cheng and Li.

, , e,gafz, )., ( „, p,"
)a, ,aI„I , )ace
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v + nucleon -L, + hadrons.

The amplitude is set by the parameter b I„]see Eq.
(9}]. If the lightest of the N, , say N„has mass

m, comparable to mr, and if the mass differences
among them& are substantial, the ratio of the
cross section o„(L) for I, production and &„(ord}
for ordinary reactions v+ nucleon - p + hadrons
could be as big as o, ( L)/ o„( ord)= (nc „m~/m, ')'.

C. Off-diagonal neutral currents

In the model under discussion the neutral-current
interactions contain off-diagonal couplings among
the different heavy leptons N& and between the X&

and neutrinos. This latter effect is especially
interesting, since it, leads to the process v&

+ nucleon -N& + hadrons. The coupling strength
is set by

p»~ 1I P 4 2~ f fa, -a, nz
m $ 28 J

Thus, above threshold for N& production in a &&

beam, one could have

+or(W)
o„(ord) m

If the heavy leptons are of order a few GeV this
ratio might lie in the range 10~ —10 4.

Of course, through charged-current interactions
of normal weak-interaction strength one also has
the production reactions

e + nucleon -N&+ hadrons,

e +e N+v, ,

and through interactions of normal, weak strength

e +e -N;+N, .

In these cases, however, one is competing against
stronger (electromagnetic} reactions to normal
channels.

As for modes of decay of the heavy leptons, the
possibilities are fairly obvious: Through charged-
current reactions of normal strength

N, - (e, p. }+ had rons,

N, —(eev, , p, Pv„, epv „,p, ev, );
for m2&m, ,

N2-N, + (ee, p. p, ep, pe);

for m) &m~,

N, -L, + (ev, , p, v„),

N& L, + hadrons;

and the converse, N& L, , for m~ &m&,. via off-
diagonal neutral currents also (m, &m, )

N] + hadrons.

One can imagine spectacular signals, e.g.,

v& + nucleon N + ~ ~ ~,

Ãs N~+ p. + p. N~ p + p + "p ~ For e collisions
even more spectacular,

e'+e -N, +N„

N, (N, )-N, (N, )+ pp, N, (N, )- ppv , .

M'PEN DIX

On any scheme where the process p. - e + y
occurs, the process p. -3e must also inevitably
take place, one term in the amplitude arising from
magnetic -dipole coupling of (e p. } to a virtual pho-
ton which converts to an electron pair. For the
p. -3e process this term has the momentum depen-
dence characteristic of a magnetic-dipole transi-
tion. The remaining terms, arising from the
charge-radius transition p, - e + virtual photon and
from nonphotonic diagrams [as in Figs. 1(b) and

1(c)] will be independent of external lepton momen-
ta and will have the form of a. direct current-
current interaction. Provided that I'(p. - 3e)/
I'(g-ey) is much larger than+» [see Eq. (10)],
these direct terms must dominate. We assume
that this is the case. In parameterizing the transi-
tion amplitude we include both kinds of terms, but
in displaying the decay spectrum we ignore the
magnetic-dipole contributions except where they
interfere with the leading amplitudes to produce
CP-violating correlations. In the Cheng-Li model
the muon always couples to aright-handed electron.
Thjs specialization is adopted in the following
expressions. In the Wilczek-Zee scheme the
muon, conversely, couples to a left-handed elec-
tron. To deal with this difference it is enough to
change the sign of all spin-dependent ter m s in the
final spectrum. For the most general case, where
both kinds of couplings are envisaged, one can
take advantage of the fact that the two kinds of
terms contribute incoherently in the spectrum
(provided that one sums over electron spins and

ignores the electron mass, as we do), so the
generalization is trivial. With these things under-
stood we write for the p. -3e amplitude

amp(p. -e, + e, + e,}

—Qg a= 442 ——e, zygo p, e,zype3z + pe»yz p, e»yze3L,
V2

may~e,„o V, „p(e „yze, + e yze, )
q

—(1—2)
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where q, -=p„-p, is the four-vector momentum
transfer between the muon and ith electron. The
various numerical factors introduced into the
parameterization are for later convenience. The
coefficients &, P, y are allowed to be complex
(phase differences among them would reflect CP
violation); the term with coefficient y represents
the magnetic-dipole contribution. Ignoring the
magnetic contribution to the net decay rate, we
have

'= I~I'+ 2IPI'.I'(p, —ey)

For the decay spectrum we take as independent
variables the energies E, and E, of the two identi-
cal electrons and their polar angles 6, , I9„mea-
sured with respect to the muon-spin polarization.
The muon spin is denoted by o (its magnitude re-

presents the degree of polarization). The decay
spectrum is

3
d&u= ~(1 —q -zo' —X'+2hz, z, )

' '
0

xfdE,dE,dz, dz, ,

where the normalization corresponds to

I d~ =I&I +2IPI

and

&] = cos(9), Eo =
~z

Eo(Eo E, E,-) . -

The spectral function f is given by

f= I~I'(E, +E. E.)(2E.-E, -E,)-+ III'[(E.-E,)E, + (E.-E,)E,t

+ I~l'(E, +E, —E.)o (Pi+P. ) —It)I'[(E.—E )o ~ P +(Eo —E.)&'P I

[ (2Eo —E, -Eo)impy —(E, + Eo Eo)Ima-y jo'(p, xpo) .
(Eo Ei (Eo —E-.)

Hecall that we are dropping all terms containing the magnetic coefficient y, except for the CP-violating
correlation term o (P, x P,).

Concerning CP-violating effects for the process p-e+ y, one can easily see that these cannot arise for
the models under discussion (the electron is produced in a definite helicity state, so the amplitude contains
only one term, whose phase is unmeasurable). More general possibilities have however been discussed by
Tung.
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